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ABSTRACT. We sharpen and generalize the dimension growth bounds for the num-
ber of points of bounded height lying on an irreducible algebraic variety of degree
d, over any global field. In particular, we focus on the affine hypersurface situation
by relaxing the condition on the top degree homogeneous part of the polynomial
describing the affine hypersurface, while sharpening the dependence on the degree
in the bounds compared to previous results. We formulate a conjecture about
plane curves which provides a conjectural approach to the uniform degree 3 case
(the only remaining open case). For induction on dimension, we develop a higher
dimensional effective version of Hilbert’s irreducibility theorem, which is of inde-
pendent interest.

1. INTRODUCTION AND MAIN RESULTS

This paper improves the state of the art of the uniform dimension growth con-
jecture in the affine situation, with some consequences in the projective situation as
well.

We explain our affine results from Section 1.1 on, but we first sketch the simpler
projective situation. Recall the uniform dimension growth conjecture from Conjec-
ture 2 of [HB02|, following questions raised in [HB83, p. 227, [Ser89, p.178|, and
[Ser92, p. 27|. For a projective variety X C P", write

N(X,B)
for the number of points z on X (Q) of height at most B, namely, that can be written
in homogeneous coordinates (zg : ... : z,) for some integers x; with |z;| < B for
1=20,...,n.

Conjecture 1.1 (Uniform dimension growth conjecture [HB02|). Fiz ¢ > 0 and
integers d > 2 and n > 3. Then there is a constant cq, . such that for any integral
hypersurface X C PG of degree d, one has for all B > 1

(1.1) N(X, B) < cqp.BY™*te,
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Heath-Brown proves the cases d = 2 (for all n) and n = 3 (for all d > 2)
in Theorems 2 and 9 of |[HB02|. Furthermore, he introduces a p-adic variant of
the determinant method, which has been strengthened and generalized in [BHBO05|,
[Sall5], [Sal23b], [Wall5], [CCDN20|, [Ver22|, [PS22b], [BCN24]. In particular,
Conjecture 1.1 is now known when d > 4 while removing the ¢ and making the
dependence on d polynomial. We improve these results further by showing the
following.

Theorem 1.2 (Uniform dimension growth for projective varieties). Fiz n > 3.
Then there is a constant ¢ = c(n) such that for any integral hypersurface X C Pg
of degree d > 5, one has for all B > 1

(1.2) N(X,B) < cd"BY™X.

The new aspect of Theorem 1.2 is the factor d7, improving the factor d*™ for
some e(n) depending on n from Theorem 1 of [CCDN20]. Apart from the p-adic
determinant method from [HB02|, [Sal23b|, our methods involve new ingredients: a
combination of Bertini’s Theorem and an effective Hilbert’s irreducibility theorem
in higher dimension (see Sections 1.3 and 4.2), and, counting separately on linear
subspaces of maximal dimension (see Section 3.2). We also obtain a variant of
Theorem 1.2 for any global field K instead of QQ, including positive characteristic,
see Theorem 4.21.

By the work [BHBO5|, one shows results like Theorem 1.2 by showing underly-
ing affine counting results, namely, for affine hypersurfaces. In this paper most of
the work and focus is on this underlying affine situation, and, we present several
improvements and generalizations for this affine situation, more than needed for
obtaining Theorem 1.2. Let us now explain our affine results.

1.1. Improvements to affine dimension growth. If X' C Af is an affine variety,
define

N.g(X, B)

as the number of points © = (xy,...,x,) lying on X(Z) and satistying |z;| < B for
i =1,...,n. Also write Nug(f, B) for Nuz(X, B) when X is a hypersurface given
by a polynomial f.

In previous results about affine dimension growth for a degree d > 2 hypersurface
defined by f = 0, it was typically assumed that the degree d part f; of f is absolutely
irreducible, see [BHBS06, Sall5, Sal23b, CCDN20, PS22b|. We relax the conditions
on fy4, see Theorems 1.5 and 1.9 below.

Our first variant of affine dimension growth uses a condition on f which we coin
NCC, for ‘not cylindrical over a curve’. This condition means that f depends non-
trivially on at least three variables in any affine coordinate system over our base
field, which is Q up to Section 4.

Definition 1.3. Let f be a polynomial over Q in n > 3 variables and X = V (f) the
affine hypersurface cut by f. Say that f is cylindrical over a curve if there exists
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a Q-linear map ¢ : A} — A3 and a curve C in Ag such that X = ¢7(C). We
abbreviate not cylindrical over a curve by NCC and say that X is NCC if f is.

Note that f is cylindrical over a curve if and only if there exist a polynomial
g € Qly1, y2] and linear forms ¢(z), ¢'(x) over Q such that f(z) = g(¢(z),l (x)).

Definition 1.4. Let f be a polynomial over Q and let r be a positive integer. We
say that f is r-irreducible if f does not have any factors of degree < r over Q.

The following is our main result on affine dimension growth over Q, for NCC
hypersurfaces.

Theorem 1.5 (Affine dimension growth). Given n > 3 an integer, there exist con-
stants ¢ = c¢(n),e = e(n) such that for all polynomials f in Zlyi,...,y,] of degree
d > 3 so that f is wrreducible over Q and NCC, and whose homogeneous degree d
part fq is 2-irreducible, one has for all B > 2 that

Nug(f, B) < ed"B"2, if d > 5,
Nug(f, B) < cB"*(log B)*, if d =4,
Nuz(f, B) < ¢B" /Y3 (log B)®, if d =3.

If fq is only 1-irreducible (instead of 2-irreducible), then we still have that
Nag(f, B) < ed"B"%(log B)*, if d > 4,
Nug(f, B) < ¢B" 3%/ V3(1og B)®, if d = 3.

Remark 1.6. If f is not NCC, then determining N.g(f, B) reduces to counting inte-
gral points on a certain curve. Indeed, if f is not NCC, then there exists a Q-linear
map ¢ : Af — A and a curve C' C A such that V(f) = ¢7'(C). Hence

Nug(f, B) < ¢B" *N,(C, B),

where the constant ¢ depends only on n, see e.g. [Bro09, Lemma 4.5|. In particular,
one cannot hope to remove the NCC condition in this generality, as the example
T = :1:‘21 shows.

By the proof of [CCDN20, Proposition 5|, the exponent of d cannot drop below
2 in the bound for d > 5 in Theorem 1.5. In [Ver23, Theorem 1.2|, Vermeulen
removes the condition on f; from Theorem 1.5, at the cost of losing the polynomial
dependence on d and reintroducing a factor of B°. In Section 4, we give a variant of
Theorem 1.5 for any global field K instead of Q in Theorem 4.1, which generalizes
work by Vermeulen [Ver22| and Paredes-Sasyk [PS22b].

1.2. A conjectural approach. Our second affine variant is given by Theorem 1.9
and is based on Conjecture 1.8 that we first motivate by some context.

For curves, recall the following variant of a classical finiteness result, which follows
from Siegel’s theorem as stated in e.g. [HS00, Thm. D.8.4, Thm. D.9.1, Rem. D.9.2.2],
see also [Sch69].
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Theorem 1.7 (Siegel). Given f in Z[z,y] whose homogeneous part of highest degree
is 2-irreducible, then there are only finitely many solutions in Z* to the equation

f(z,y) =0.

Also recall a conjecture by W. M. Schmidt, just below (1.4) in [Sch85|, which
conjectures a bound ¢(d, ) B® for integer points up to height B on a planar curve of
degree d and positive genus, with surprising evidence in [DGH21].

Motivated by the finiteness result of Theorem 1.7 for d > 3, by Schmidt’s con-
jecture for positive genus, and by Theorem 2 of [BP89|, we introduce a question
which includes all genera, and which is in line with a more abstract conjecture on
(-primary parts of class groups of number fields from Conjecture 3.5 of [Zha05|.

Conjecture 1.8. Fiz d > 2 and € > 0. Then there exists a constant cq. such
that for all f in Z[z,y] of degree d whose homogeneous part of highest degree f; is
1-1rreducible and all B > 1 one has

(1.1) Naz(f, B) < cq.B.

The case of Pell or Thue equations forms some evidence for Conjecture 1.8. In
general, we expect this conjecture to be very difficult. Note that if f is irreducible
(and no condition on fy), then by the well-known result by Bombieri and Pila [BP89,
Theorem 5|, the above conjecture holds as soon as € > 1/d.

We obtain affine dimension growth results for those values d > 3 and ¢ > 0 for
which Conjecture 1.8 holds, see Theorem 1.9. This presents a (conjectural) approach
to the uniform dimension growth conjecture (Conjecture 1.1) when d = 3, since
the projective case follows from the affine case. The proof of Theorem 1.9 uses a
basic induction argument with base case given by Conjecture 1.8 and induction step
enabled by a higher dimensional effective form of Hilbert’s irreducibility theorem. As
far as we can see, the dimension growth conjecture for degree 3 projective varieties
is at best partially known: either non-uniformly (with ¢ depending furthermore on
X in Conjecture 1.1) in [Sal23b|, or, assuming ¢ > 1/7 in [Sall5], or, with n = 3 in
[HB02].

Theorem 1.9 (Affine dimension growth, assuming Conjecture 1.8). Fiz d > 2
and € > 0 and suppose that Conjecture 1.8 holds for this d and €. Let n > 2 be
given. Then there exists a constant ¢, 4. such that for all degree d polynomials f in
Zly, - .., yn) whose homogeneous part of highest degree fq is 1-irreducible, and all
B > 1 one has

Naf‘f(fa B) < Cn,d,aBn_2+E'

Theorem 1.9 includes the planar case n = 2, which coincides with Conjecture 1.8.
A sharpening of Conjecture 1.8 with an upper bound with (log B)¢ for some e = ¢(d)
instead of the factor B® would naturally lead to a corresponding improvement in
Theorem 1.9.

The proof of Theorem 1.9 follows a basic simple induction argument by cutting
with well-chosen hyperplanes, reducing it to the planar case of Conjecture 1.8. The
choice of hyperplanes is enabled by a higher-dimensional effective form of Hilbert’s
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irreducibility theorem given below as Theorem 1.10, which is a new ingredient com-
pared to the induction argument from [BHBS06].

1.3. Higher dimensional effective variants of Hilbert’s irreducibility the-
orem. Given a polynomial f over Q, let ||f|| denote the height of its tuple of
coefficients in projective space. Theorems 1.10 and 1.12 are our main results on
higher dimensional effective Hilbert’s irreducibility theorem.

Theorem 1.10. Let r,n, d be positive integers, let T = (Ty,...,T,),Y = (Y1,...,Y,)
be tuples of variables, and let F' € Z[T,Y] be an irreducible polynomial of degree d
in Q[T,Y] such that degy ' > 1. For an integer B > 1 denote by Sr(F,B) the
number of t = (t1,...,t,) € [-B, B]" for which F(t,Y) is reducible in Q[Y]. Then

Sp(F, B) <y, 220D (log | F|| + 1)1 B2 log(B)0—Y,
for every B > 2, where c¢(r) = 118 + 10(r — 1).

As a corollary, we obtain an effective high dimensional version of Hilbert’s irre-
ducibility theorem for several polynomials. Since for applications one might need a
good tuple ¢ which avoids a given hypersurface, we state it accordingly. See [Wal05,
Théorémes 2, 3| for a similar formulation in the one dimensional case.

Corollary 1.11. Let r,n,m,d be positive integers, let T = (T1,...,T,),Y = (Y1,...,Y,)
be tuples of variables, and let Fy, ..., Fy, be irreducible polynomials in Q[T,Y] of de-
gree at most d such that degy (F;) > 1 for each i. Then there exists a polynomial G

of degree at most 30 in m + 1 variables whose coefficients depend on r,n,m,d such
that the following holds for every s > 1. If X C Ay is a (possibly reducible) hyper-
surface of degree at most s, then we have a tuple of integers t € ZZ, not contained

in X(Q) of height -

Ly Glog||FA],- .., log || Fnll, ),

such that for each 1 <1i < m the polynomial F;(t,Y) is irreducible over Q.

The proof of Theorem 1.10 with » = 1, is based on the case n = 1 from [Wal05],
[PS22a] and on the use of Kronecker transforms. The planar case where r =n =1
of Theorem 1.10 is covered by [Wal05], [DWO08|, [SZ95]|, and [PS22a]. We first prove
the case where n > 1 and r = 1, and then use induction to prove the r > 1 case.

In fact, for our purposes we only need the case where r = 1 and n > 2, and so the
last induction argument is not strictly necessary for our dimension growth results.
Theorem 1.10 and Corollary 1.11 as given above correspond to the general situation
of Hilbert’s irreducibility theorem, and are of independent interest.

Finally, we also obtain the following result resembling both Bertini and effective
Hilbert’s irreducibility theorem, which does not include dependence on the height of
F', and which we use in the proof of Theorem 1.5 to take care of the case where the
degree of f is small. Let (I%_l)* denote the dual space of ]P’%_l, which parametrizes

hyperplanes in Ag through the origin. We will identify elements of (I%_l)* with
linear forms (up to a scalar) in n variables.
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Theorem 1.12. Let n > 4, and let F' € Z[ Xy, ..., X,] be an r-irreducible homoge-
neous polynomial for an integer r > 1. Then there exists a hypersurface W C (I%_l)*
of degree at most O, (d®) such that if ¢ ¢ W is a Q-linear form, then F|g—gy is r-
wrreducible over Q.

The proof of Theorem 1.12 uses Bertini’s irreducibility theorem in an essential
way, and therefore works for homogeneous polynomials in at least 4 variables.

In Section 4, we naturally obtain versions of our main results for all global fields,
namely Theorems 1.5 up to 1.12 which generalize and improve recent results for

global fields from [Ver22|, [PS22b] and [PS22a].
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Notation. For functions f, g, and some data n = ny,ns,..., we write that f =
O,(9), or f <, g if there exists a constant ¢ = ¢(n) depending only on n such that
|f] < clg|. We write f = o(g) if lim f/g = 0.

For f a polynomial over a field K, we denote by V(f) the corresponding variety
defined by f = 0. Depending on context, this is either a projective or affine variety.
If f is of degree d, we denote by f; its homogeneous degree d part.

2. PRELIMINARIES

To prove our results, we need to construct certain auxiliary polynomials, for which
we use [CCDN20, Prop. 4.2.1].

Proposition 2.1 ([CCDN20, Proposition4.2.1]). Let n > 1 be an integer and let
f € Z[xq,...,xny1] be primitive and irreducible of degree d > 1. Then for each
integer B > 1 there exists a polynomial g € Z|xy,. .., Tpi1] of degree at most

<, &Y BIT (log B + d),
not divisible by f and vanishing on all points of x € Z™ with f(x) = 0 and |z;] < B.
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Proof. Write fy for the degree d homogeneous part of f. Using [CCDN20, Propo-
sition 4.2.1] with the first term of the minimum, we obtain such a polynomial g of
degree at most

log || fal| + dlog B + d*

| fal 77

Now use the fact that the function

<, B1/d1/"d2—1/n 4+ Ji-1/n log B + Ji-1/n

log()

1
T ndlF1/n

h(z) =

is bounded by nd'*'/"/e on the interval [1,00) to conclude (we amend [CCDN20,
Lemma 4.2.2] which is used in the proof of [CCDN20, Proposition 4.2.1], that the
dependence on d should have been made explicit and that g should be coprime with
f; this is done in both [PS22b, Lemma 5.12] and in [Ver22, Lemma 3.5| and is
harmless for the proof of [CCDN20, Proposition 4.2.1]). O

Combining this with a projection argument as for [CCDN20, Proposition 4.3.1]
gives the following. Note that the proofs of [CCDN20, Propositions4.3.1 and 4.3.2]
refer to [Har95] which assumes characteristic zero, but the result still goes through in
the positive characteristic case, by the basic theory of Chow varieties, see e.g. [Ryd03,
Prop.8.3|, [Har77, Ex.4.9 Part I]. We amend Theorem 5.9 of [PS22b|, where the
degree of p(C) is not sufficiently controlled in the proof, and, an extra factor d
appears which is forgotten in the upper bound of the statement of the theorem; to
avoid these problems, one should reason as for [CCDN20, Proposition 4.3.1].

Corollary 2.2 ([CCDN20, Theorem 3]). Let n > 2 be an integer and let C' C Ag be
an affine irreducible curve of degree d. Then for every integer B > 1,

N.z(C, B) <, d*BY?(log B + d).

In [BCN24|, the authors show that the exponent of d can be improved (in both
the affine and projective cases) at the cost of additional logarithmic factors.

Theorem 2.3 ([BCN24, Theorem 2|). Let n > 2 be an integer, let C' C Ay be an

irreducible curve of degree d and let C C PG denote its closure in projective space.
Then for every integer B > 2,

N.g(C, B) <, d*BYlog(B)",
N(C,B) <, d*B*?log(B)",
where k 15 a universal constant.

The quadratic dependence on d in Theorem 2.3 is known to be optimal (up to the
log(B)" factor), by Section 6 of [CCDN20]. Recall also the Schwartz—Zippel bound,
sometimes also called the trivial bound.
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Proposition 2.4 (Schwartz-Zippel). Let X C A% be a variety of pure dimension m
and degree d defined over Q. Then
Nag (X, B) <d(2B+1)™.
Proof. See e.g. [HB02, Sec. 2] or [BHB17, Thm. 1]. O
We will use effective Noether forms throughout the paper. We recall these below.

Theorem 2.5 (|[Rup86, Satz. 4|, [Kal95, Thm.7|). Let d > 2,n > 3 and let K be
a field. Put Cx = 2 if char K = 0 and Cx = 6 if char K > 0. Then there is a
collection of polynomials {Fy}, over Z in (”:d) variables of degree O(d°%) such that
for any homogeneous polynomial f over K of degree d in n + 1 variables:

o If f is not absolutely irreducible, then each Fy vanishes when applied to the
coefficients of f.

o If f is absolutely irreducible, then there exists F, which does not vanish when
applied to the coefficients of f.

We need an effective version of Pila’s result on integral points on affine vari-
eties [Pil95, Thm. A] as below. The effective aspect here is the polynomial depen-
dence on d.

Proposition 2.6. Let X C Ay be an irreducible hypersurface of degree d. Then
N.g(X, B) <, d*"=1 =2t/ (1og B 4 d).

Proof. We prove this result by induction, where the base case is [CCDN20, Thm. 3]
for curves (i.e. when n = 2).

Let X = V(f) where f € Z[zy,...,x,] is irreducible of degree d, with n > 3.
If f is not absolutely irreducible, then we can immediately conclude by [CCDN20,
Cor.4.1.4]. So assume that f is absolutely irreducible and consider the polynomial

for(@) = f(——20— =03 — ... — —x, — k,z2,...,2,) € Qza, ..., Ty,
ay ai

where a;, k € Z, and a; # 0. By Bertini’s theorem, the polynomial f, ¢ is still abso-
lutely irreducible for generic choices of a;. By using Noether forms as in [CCDN20,
Lem. 4.3.7], see Theorem 2.5, we can find ay, ..., a, with |a;] < d*(d — 1) for which
fa,0 is absolutely irreducible. Let F' be a Noether form as in Theorem 2.5 witnessing
that f, o is absolutely irreducible, and consider I as a polynomial in k& by plugging in
the coefficients from f, ;. This is a non-zero polynomial of degree at most d*(d — 1)
in k, and so setting (,(z) = >, a;x;, there are at most d*(d — 1) values of k for
which the variety X N {¢,(x) = k} is reducible over Q. Using Proposition 2.4 if the
intersection X N {¢,(z) = k} is reducible, and the induction assumption otherwise,
we get

Nat(X,B) < > Nu (XN {lo(z) =k}, B)
[k|<d2(d—1)B
& d*(d —1)B"2 + d*(d — 1)Bd*"=2 B"=3+Vd(1og B + d).
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This proves the result. H
A projection argument allows us to establish the following.

Proposition 2.7. Let X C Ay be an irreducible variety of dimension m and degree
d. Then
Naff(Xa B) <, d3m+2(n—m—1)2(m—l)Bm—1+1/d(10gB + d)

Proof. We apply [CCDN20, Prop.4.3.1] to obtain a hypersurface X’ C Ag“ of
degree d birational to X and satisfying

Nug(X, B) < dNug(X', 0,(1)d*" ™" V" B).

The result then follows from the previous proposition. O

3. AFFINE DIMENSION GROWTH

The goal of this section is to prove Theorems 1.5 and 1.9.

3.1. Base of the induction for Theorem 1.5. The following is the base for the
induction argument for showing the affine dimension growth result of Theorem 1.5;
it provides a more precise variant of Theorem 1.5 when n = 3.

Proposition 3.1. There exist constants ¢ and k such that for all NCC polynomials f
in Zly1, Yo, ys| of degree d > 3 which are irreducible over Q, and whose homogeneous
degree d part fq is 2-irreducible, and for every B > 1, one has

Nag(f, B) < cd?B,  when d > 5,
Nag(f, B) < c(log B)*B, whend=14,
and,
Nag(f, B) < c(log B)*B*Y3  when d = 3.
If fa is only 1-irreducible (instead of 2-irreducible), we still have that
N.g(f, B) < cd*?B(log B)®,  when d > 4,
Nag(f, B) < c(log B)“BQ/\/g when d = 3.

Proposition 3.1 improves Proposition 4.3.4 of [CCDN20| with a far lower exponent
for d, and, with a factor log B instead of B® when d = 3,4. Precisely, the bound with
a factor d'® coming from the proof of Proposition 4.3.4 of [CCDN20| now becomes
the factor d”/2 (we hereby amend the statement of Proposition 4.3.4 of [CCDN20]
that the d'* should be d'®, coming from its proof; this correction is now obsolete
given the strengthening of Proposition 3.1).

To prove Proposition 3.1, we need to count integral points on lines contained in
our surface. In fact, the integral points on lines will typically be the main contri-
bution to counting all integral points. Counting on lines is done in Proposition 3.2
below, which improves Proposition 4.3.3 of [CCDN20] and Proposition 1 of [BHBS06]
(we amend Proposition 4.3.3 of [CCDN20], Proposition 7.1 of [PS22b] and Theorem
0.4 of [Sal23b] whose proofs use the condition that f, is absolutely irreducible, and
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thus this condition should be mentioned in their statements). Note that we need to
impose the NCC condition, otherwise our surface contains infinitely many parallel
lines.

Proposition 3.2. There exists a constant ¢ such that the following claim holds for
every NCC polynomial f € Zlxy,x9, x3) of degree d > 3 whose highest degree part
fa is 2-irreducible. Let I be any finite set of affine lines lying on the hypersurface
X =V(f) and let B > 1, then

(3.1) Nag (X N (UperL), B) < cd*B + (#1).
If fq is only 1-irreducible (instead of 2-irreducible), then for every B > 2,
(3.2) Nag(X N (UrerL), B) < cd*Blog B + (#1).

Proof of Proposition 3.2. Write [ = I; Ul where Iy = {L € I | Nyg(L, B) < 1} and

Iy ={L € I| Nag(L,B) > 1}. It is clear that Nog(X NUper, L) < #1,. If L € I,

then there exist a = (a1, ag,a3),v = (v1,v2,v3) € Z* such that H(a) := max; |a;] <

B, v is primitive and L(Q) = {a +tv | t € Q}. Since v is primitive we deduce that
L(Z)N[-B,BP? ={a+tv|t€Z, H(a+tv) < B}

and thus since L € I, it follows that H(v) < 2B, so we have

2B 4B
Nug(L,B) = #(L(Z)n[-B,B*) < 1 < .
ff(a) #(() [ 7])— +H(U>_H(U)
d
We also have fi;, = 0, therefore when we write f(a + tv) = > ¢;(a,v)t’, it follows
i=0
that ¢;(a,v) = 0 for every 0 < ¢ < d. Explicitly,
_ dfa df
_ d—1 _
fla+tv) =t fa(v)+t (Z aid—xi(v) + fd_l(v)) +.. .+thidwi (a)+f(a) =0.
::cd:(a,v) =c1(a,v)

Let C denote the curve in IP’(%Q cut out by fy and fix vg € C(Q). We count the number
of lines in I in the direction of vy. Because of the NCC condition, ¢;(a,vg) is a non-
zero polynomial in a. Indeed, otherwise there exists a linear change of variables such
that f only depends on 2 variables. Hence, there are at most d(d — 1) lines on X in
the direction of vy, since they must all lie on the intersection of X with the surface
cut out by ¢1(a,vy) = 0, which is a 1-dimensional variety of degree d(d —1). Factor
fa =11, 90 over Q, where g, is irreducible of degree d; and set

Ay, ={v e IP’%Q(Q) | ge(v) =0, and H(v) =1},
and ny; = #A;. Then by Theorem 2.3, we have that
(3.3) 3" g < d2k (log k).
1<i<k
At the same time, for each ¢ > 1 the Schwartz—Zippel bound gives us
(3.4) ng; <K dgt.
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By our discussion,

Nog(X A (UperL), B) < (#11) + d(d Z Z nh‘“?.

It is now left to bound fol ng,i% for each ¢. Let us first assume that f; is 2-
irreducible, so that dg > 3 for every /. From Inequality (3.4) we find,

Zn“—. < Zdﬂ— < Zd@B < B

On the other hand, summation by parts yields:

2, p 2870 B 0B B
(3.5) Znu — = Z (Znh> <— — k——|—1> + (Zn“> 35

1= d[ k= d[ 7 d[ 1=ayp
2B-1 B ,
3.6 d; K 1 B log(B)°M | .
(3.6) <<e<<kzd: log(k k(k+1)>+  log(B)
4

Now since dy > 3, one has (note that dl/de is universally bounded):

kit log(k log(k dz/dz log(dy)°™ . o(1)
67 > W Z e 2/d4 % < d; " log (dy) 1,

k>dy

and hence one finds
2B

4B
Zn“—. < dylog(dy)°V B + d2B*% log(B)°M « d2B.
i=dy
Thus we conclude the correct upper bound in this case, proving the proposition
when f; is 2-irreducible. When f; is only 1l-irreducible (instead of 2-irreducible),
one estimates (3.6) by using
2B-1 (k’)o(l)

log
2V < oe(B)PW
; o <log(B)

instead of (3.7). The proposition is now fully proved. O

Remark 3.3. Let f € Z[xy,xs, 23] be a polynomial of degree d > 3. If the surface
defined in P? by the homogenization of f is smooth, then there can be at most cd?
lines lying on X, where ¢ is a universal constant (see [Seg43, BS07|). One therefore
gets an improved bound of c¢d?B in Proposition 3.2 under that assumption.

We can now prove Proposition 3.1.

Proof of Proposition 3.1. We start by using Proposition 2.1 on f to find an auxiliary
polynomial ¢ of degree at most O(1)d*2BY/V4(d +log(B)) which is not divisible by
f, and which vanishes on all integral points of V(f) of height at most B. We now
consider two cases, depending on whether d or B is large.
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Assume first that d > log(B)2. Then BV = O(1) is universally bounded, hence
g = f =01is a (possibly reducible) curve of degree at most

< &2
The Schwartz—Zippel bound then gives that
N.g(f, B) < Nag(C, B) < d**B.

Now assume that d < log(B)?. Hence, g = f = 0 is a (possibly reducible) curve
C of degree at most

deg(C) < d - d®*BYV(d + log(B)) = BYY?1og(B)°W.

By Proposition 3.2, the contribution of the union of all linear irreducible components
of C is at most O(1)d*B if f; is 2-irreducible, and at most O(1)d*Blog(B)°W if f,
is 1-irreducible (instead of 2-irreducible). By Corollary 2.2, the total contribution
of components C; of degree 2 < deg(C;) < log B, is bounded by

< deg(C)(log B)* BY?(log(B) + log B) < BYV4B'?(log B)°W.

Distinguishing between d > 5, d = 4, and d = 3, this quantity is bounded by

< B, if d>5,
< Blog(B)°W, if d =4,
< BY2H1V310g(B)OM), if d = 3.

Finally, for each irreducible component C; of C' with d; := deg(C;) > log(B), we
have by Theorem 2.3 that

N.s(Ci, B) < d?BY% (log B)°M « d?BY 8B 1og(B)°M « d?log(B)°W.

Summing over all irreducible components C; of C' with d; := deg(C;) > log(B),

S NG B) < 3 R log(B)°Y) < log(B)° (3 d,)”

< log(B)O(l) deg(C)2 < BQ/‘/glog(B)o(l).

Again, this is O(B) for d > 5, while it is also bounded as desired for d = 3 and
d = 4. This concludes the proof. 0

3.2. Counting on linear spaces. In this section we prove a higher dimensional
variant of Proposition 3.2 for counting integral points on (n — 2)-spaces lying on an
affine hypersurface X C A™. This will be important for obtaining an exponent of d
in Theorem 1.5 which is independent of n. We denote by X, the singular locus of
X, and by X,,s = X \ Xing the smooth locus of X.
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Proposition 3.4. Let n > 4 and let f € Z[xy,...,z,] be an NCC polynomial of
degree d > 2 which is irreducible over Q. Let I be a finite collection of (n—2)-planes
on X =V(f). Then for each positive integer B we have

Nag(X N (UperL), B) <, d"B"2 +#IB"3  if f4 is 2-irreducible,
Nag (X N (UperL), B) <, d'B" ?log(B) + #IB" >, if f4 is 1-irreducible.
We first need several lemmas.

Lemma 3.5. Let n > 3. Let X C P" be a geometrically irreducible hypersurface
of degree d > 2 and let v € X. Assume that X is not a cone with cone point x.
Then X contains at most d* linear spaces of dimension (n — 2) through x. If x is
furthermore a smooth point of X, this number is at most d.

Proof. Any such plane must be contained in the tangent cone T of X at x. If X
is not a cone with cone point x, then the intersection T'N X is of dimension n — 2
and degree at most d?. If x is a smooth point, then the tangent cone is simply the
tangent space, and the intersection 7'M X is of degree d. 0J

In the situation of the proposition, we say that X = V(f) is (n — 2)-ruled if X
is the union of all (n — 2)-planes contained in it. Equivalently, X contains infinitely
many (n — 2)-planes. We first bound the number of (n — 2)-planes on X which do
not come from an (n — 2)-ruling of X. Let X C P" be a hypersurface and consider
the Fano variety

F,o(X)={LeGr(n—1,n+1)| L C X}

of (n — 2)-planes in P™ contained in X. If X is irreducible of degree d > 2 then
the dimension of F,,_»(X) is either 0 or 1, as a standard incidence correspondence
shows. If C' is a one-dimensional irreducible component of F),_5(X), then the union
of all (n — 2)-planes from C will cover X.

We first bound the number of 0-dimensional irreducible components of F,,_(X),
which are the (n — 2)-planes on X which do not belong to an (n — 2)-ruling of X.
We will call such a plane an isolated (n — 2)-plane. For this, we need some height
theory over function fields, see e.g. [Lan83|. Let K be a function field of a smooth,
projective, geometrically integral curve C' over Q. For P in C(@) let vp: K* — Z
be the valuation corresponding to P. Using these valuations, we define a height

function as follows. If f = (fo:...: f,) is an element of P"(K), then let
hi(f) = Zﬁ Zi%ﬁ?fn{—vp(fi)}-
PeC(Q)

As usual, the product formula shows that this is well-defined. If L/K is a finite
extension, and f € P*(L), then L corresponds to a finite cover D — C of C, which
we may assume to also be smooth and projective, and we define hL(f) the same
way. To ensure compatibility, we normalize this by

b = el
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For f € K we let h(f) = h(1 : f). Note that if f € K has height e, then f has
at most e zeroes on C. In general, if C’ is a geometrically integral curve, then we
use the projective smooth model of C’ to define the height function on the function
field of C”. Such a model exists by e.g. [Har77, Sec.1.6, Cor.6.11].

For a polynomial F = . a; X" over K in any number of variables, let vp(F) =
min; vp(a;). We define hx(F') to be the height of the point consisting of the coordi-
nates of F' in projective space. Gauss’ lemma shows that vp(FG) = vp(F) + vp(G)
and hence we obtain also that hx(FG) = hx(F)+hg(G). Also, if (f;); are elements

of K and if S C C(Q) is a finite set such that all poles of the f; are contained in S,
then hK(Ez fz) S #S : maxl{hK(fz)}

Lemma 3.6. Let n > 3, and let X C P" be a geometrically integral hypersurface of
degree d > 2. Then X contains at most O(d") isolated (n — 2)-planes.

The idea for this lemma is as follows. Take a generic 2-plane P in P", let C' be the
intersection X N P, and let’s assume that C' is geometrically integral. Any (n — 2)-
plane H on X intersects C' in a unique point z, and if this point is smooth then H
is contained in the tangent plane 7, X. The idea is now that for a point x € C', the
intersection X N7, X may be described via a polynomial g € Q(C)[ay, . .., a,]. We
control how this polynomial factors at the points of C' by using Noether forms, from
which the result will follow.

Proof of Lemma 3.6. The singular locus X, is contained in a subvariety of P" of
(pure) dimension n — 2 and degree d?, and hence contains at most d? linear spaces
of dimension (n — 2). Let Z be the union of all isolated (n — 2)-planes on X which
are not contained in Xg,,, and denote by Y the closed set Z N Xgpn,. This is an
algebraic set of dimension at most n — 3. We now take a generic 2-plane P C P
such that PNY = (), such that P N X is geometrically integral, such that P is not
contained in the hyperplane xq = 0, and such that that the intersection of zy = 0
and P does not contain any singular points of X. If L is an isolated (n —2)-plane on
X which is not contained in Xg,,, then by construction L intersects P in a unique
point in X 4. So it suffices to count the number of x € XN P for which there exists
an isolated (n — 2)-plane on X through z. Indeed, Lemma 3.5 shows that the total
number of isolated (n — 2)-planes is at most d times this quantity plus d? (coming
from (n — 2)-planes in Xgng).

Now take x € X,,sNP and assume that there is some (n—2)-plane L on X through
x. Then L must also be contained in the tangent space T, X. Let f(xq,...,2,) €

Q[zo, ..., x,] be a defining equation for X, and assume without loss of generality
that g—gfo(x) # 0. Define the polynomial
._ of of of of
g = f ( axl (x)al s al’n (x)ana (9960 (x)a'la ) 39&0 (m)an
in Q[zo, .., xn)lar, .., a,). Then X contains an (n —2)-plane through x if and only
if the polynomial g(z,a) € Qlay,...,ay] has a linear factor in Q[ay, ..., a,]. Let

K be the function field of the geometrically integral curve C' = P N X, (over Q).
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By multiplying with some negative power of xy, we can consider g as an element
of Klay,...,a,]. Each coefficient of g is of degree at most d(d — 1) in Q[z], and
hence has height at most d*(d — 1) in K. We factor g in this ring into irreducible
polynomials g; € Klay,...,a,]. The number of g; which are linear is equal to
the number of one-dimensional irreducible components of F,_o(X). Since we are
only considering isolated (n — 2)-planes, we can disregard these and assume that
degg; = 9; > 2 for all i. We fix ¢ for the moment, and let {F;}, be a collection of
Noether forms for polynomials of degree §; from Theorem 2.5, for which we have
that deg [, < 2. Since g; is irreducible over K, not all F, vanish when applied to g;.
So let F, be non-vanishing on g; and denote by g € K the product of all conjugates
of Fy(g;). We bound the height of this g, which will give us an upper bound on its
number of zeroes. By the discussion above, we have that ). h(g;) < h(g) and hence
h(g;) < h(g). Now note that all poles of all coefficients of g are contained in the
intersection of C' with the line defined by o = 0 in P, which consists of at most
d points. By Gauss’ lemma, all poles of all coefficients of the g; therefore lie above
these points, and so we obtain that h(Fy(g;)) < dé?d*(d — 1). Hence h(g) < §;d°.
Now sum over all i to conclude that there are at most d® points z in C' for which
g has a linear factor. For each such point, there can be at most d isolated (n — 2)-
planes on X containing this point, and hence we conclude that X contains at most
d” + d?* isolated (n — 2)-planes. O

If X C A" is an affine hypersurface of degree d defined by a polynomial f €
Qlz1,...,x,], then we denote by X, C P""! the intersection of X with the plane
at infinity. This is a projective variety of degree d, defined by f; = 0.

Lemma 3.7. Let X C A" be a geometrically irreducible affine hypersurface of degree
d > 2 defined by a polynomial whose top degree part is 1-irreducible. If X is (n—2)-
ruled then every irreducible component of X is (n — 3)-ruled.

Proof. Let Y be an irreducible component of X,,. Take y € Y such that y is not
on any other irreducible component of Y. Since the projective closure of X in P
is (n — 2)-ruled, there exists an (n — 2)-plane L through y on X. Now L cannot be
contained in the plane at infinity P! because of the l-irreducibility. So L N P*!
is an (n — 3)-plane on Y. We conclude that Y is ruled. O

Whenever we talk about the degree of a subvariety of a Grassmanian, we mean
its degree after the Pliicker embedding.

Proof of Proposition 3.4. Recall that X = V(f) C Aj. By Lemma 3.6, the number
of isolated (n — 2)-planes on X is at most O(d"). These have at most O, (d"B"?)
integral points up to height B, and so we can focus on the one-dimensional compo-
nents of F, 5(X). In particular, we can assume that X is (n — 2)-ruled.

Let Y be an irreducible component of X, of degree 0, which is (n — 3)-ruled
by the previous lemma. So the Fano scheme F,,_5(Y) of (n — 3)-planes on Y is
of dimension one. Let C' C F,,_3(Y) be an irreducible component of F,_3(Y) of
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dimension one which (n — 3)-rules Y. We claim that
0 < degC.

To prove this, let £ be a generic line in P"~! for which £ N'Y consists of § points.
Then

H:={LeGr(n—2,n)| LNL#0}

is a hyperplane in Gr(n — 2,n). We claim that C' is not contained in H. Suppose
towards a contradiction that C' C H. Then the regular map

C—/{¢:L—LnNY¢

is well-defined, and the image is the finite set /MY as C rules Y. But C'is irreducible,
and so the image is a single point, contradicting that /NY consists of > 2 points.
So C'is not contained in H and #H N C < degC'. Therefore

0=#NY <H#HNC < degC,

proving the lower bound.

Conversely, we claim that the sum of the degrees of the one-dimensional compo-
nents of F;,_3(Y) is at most §2. Denote this union of all one-dimensional components
of F,_3(Y) by D. To prove the claim, we take a generic hyperplane H in Gr(n—2,n),
which corresponds to a line £ in P"~! as above. Then ¢ is also generic (it is not con-
tained in Y as HNC' is finite, and Y is ruled), and so we can assume that ¢ intersects
Y in ¢ smooth points. If L € H N C then we obtain an (n — 3)-plane on Y through
a point on £ NY. By Lemma 3.5 there are at most 62 such planes, so that

#HND =degD < 6%

We have now proven the claim.
If L C X is an (n — 2)-plane, then (see e.g. [Bro09, Lemma 4.5])

Bn72 _—
N (L, B) <, H(D) + B"°,
where H (L) is the height of the corresponding point in projective space coming from
the Pliicker embedding of LNP"~! € Gr(n—2,n). If H(L) > B then Nug(L, B) <,
B"3, and so we can focus only on those L with H(L) < B. Each of these gives a
rational point on F,,_3(Y") of height at most B, for some component Y of X,,. So
using Lemma 3.5 the count is

Bn—2
Nag(X N (UgerL), B) < #1B" 3 + d? —
i ( (UrerL), B) <n # + Z Z H(L)
¢ LeC(Q)
H(L)<B

where the sum is over all C' which are one-dimensional components of F,,_3(Y") for
some component Y of X,. Now one proceeds exactly as in the proof of Proposi-

tion 3.2 to conclude. O
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3.3. Proofs of our main results. When cutting with hyperplanes to induct on
the dimension in the proof of Theorem 1.5, we need a way to preserve the NCC
condition and 2-irreducibility in the case where d is small. This is provided by the
following corollary. We postpone the proof to Section 4.3, where we immediately
prove it over global fields (see Corollary 4.20).

Corollary 3.8. Let f € Z[xy,...,x,] be of degree d > 2 with n > 4. Assume that
f 1s NCC and that f; is r-irreducible over Q for some integer r > 1. Then there
exist linearly independent linear forms £, of height at most O, (d®) and an integer
t with [t| < O,(d?*) such that fqlv—w) is r-irreducible, and such that there are at
most Oy (d) values b € Q for which f|y@—iw—v) is not NCC.

We can now prove Theorem 1.5 and Theorem 1.9.

Proof of Theorem 1.5. Recall that we are given f € Z[xq,...,x,] of degree d > 3,
and we wish to bound the number of integral points x of height at most B satisfying
the equation f(x) = 0. We use induction on n, where the induction basis n = 3 is
given by Proposition 3.1. We therefore assume that n > 4, and let Kk = 5(n — 2) =
On(1), where bn — 12 is the constant from Proposition 2.7 when m = n — 2.

First assume that d > " !. Let g be the auxiliary polynomial from Proposi-
tion 2.1 applied to f, it has degree at most

< d‘kﬁBdl/(;*l) log B,

is coprime to f and vanishes on all integral points of f = 0 of height at most B. Let
C be the variety cut by f = g =0, it is of dimension n — 2 and has degree at most
On(l)d‘r’_ﬁ Bare=n log B. Let C; be the irreducible components of C, and denote
by d; the degree of C;.

Assume that d < (log B)"~!. By Proposition 3.4 the contribution to N.g(f, B)
coming from the components C; with d; = 1 is at most O,(1)d"B" 2 if f,; is 2-
irreducible and at most O, (1)d"B"?log(B) if f; is l-irreducible (instead of 2-
irreducible). Using Proposition 2.7, the contribution to N.g(f, B) coming from
components C; with 2 < ¢§; < log B is at most

On(1)d> 77 (log B)* B>+ e,

By our assumption that d > £"~! > 3"~! this is indeed bounded by O, (1)B" 2. On

the other hand, if §; > log B then Biws = O(1) and so using Proposition 2.7, the
contribution from components C; with 9; > log B is at most

K

On(1)B™3(d> w1 )s Bant |

By our assumption that d > x™~!, this quantity is also bounded by O,,(1)B"~2.
Now assume that d > (log B)"!, but still that d > x""'. Then the Schwartz-
Zippel bound immediately gives that

N (C, B) <, P~ 7=T Banit gn2 <, ks g
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1
since BY?"" is bounded by a universal constant.

Finally, assume that d < x"~! = O,(1). By Corollary 3.8, we may find linearly
independent Q-linear forms ¢, ¢’ such that after a change of coordinates z,, := {(x),
T,_1 = {'(z) of height O,(d*) = O,(1), there exists an integer ¢ of height at most
O,(d*) = O, (1) such that the polynomial fy(xy,..., 2, 1,tz, 1) is 2-irreducible (or
l-irreducible if f; was) and such that there are at most O,,(d) = O,,(1) values b € Q
for which f(z1,...,2n_1,tx,—1+b) is not NCC. Now we use the induction hypothesis
for the good values of b and the Schwartz—Zippel bound to the bad values of b to
get,

Naa(f.B)< ) Nug ({f =0} N {zy = tw,_y + b}, B)
bl<(lt+1)B

<, &*B(d°B"?) + d*B"* <, B"2.

If f;is 1-irreducible, the induction hypothesis introduces an additional factor of the
form log(B)?*™) in the upper bound above. O

Proof of Theorem 1.9. Let f € Z[x1, ..., x,] be of degree d such that f,is 1-irreducible.
We may assume that f is irreducible. We induct on n, where the base case n = 2

is Conjecture 1.8. So assume that n > 3. First, if || f|| is larger than O,, (Bd(d:ﬁl))>,

then we can use [BHBS06, Lem. 5] to bound N,g(f, B) as desired. So we may assume
that log||f|| <. d°*Mlog B. By Corollary 1.11 with 7 = m = s = 1, we can find
t € Z with |t| < poly,, 4(log||f]|) < poly, 4(log B) such that fs(z1,..., Tn_1,tTn 1)
is still 1-irreducible. By induction, we have

Nat(f, B) < Z Nag ({f = 0} {2y, = twp1 + 0}, B) <pnae B 2. 0O

lbl<(|tl+1)B

The projective form of Theorem 1.2 follows, as usual, from the affine case given
by Theorem 1.5, where we sharpen the exponent of d, compared to Theorem 4 and
Remark 4.3.8 of [CCDN20] (we amend Remark 4.3.8 of [CCDN20|: the expressions
in n are inaccurate, according to the amendments to Proposition 4.3.4 and Lemma
4.3.7 of [CCDN20]; this correction is now obsolete by our improvements provided
by Theorems 1.2 and 1.5).

Proof of Theorem 1.2. Associate to X the affine hypersurface X,¢ inside A&“ (given
by the same equation as X), and use Theorem 1.5 for X,g. One is done since one
clearly has N(X, B) < Nug(Xag, B). O

4. GLOBAL FIELDS

4.1. Definitions and main results. In this final section we show variants of most
of the results from Section 1 for all global fields K (including the positive charac-
teristic case), with the results of the previous sections being for K = Q. In the
context of global fields, uniform upper bounds on rational and integral points on



DIMENSION GROWTH AND HILBERT’S IRREDUCIBILITY 19

varieties were first obtained over K = F(t) for curves by Sedunova [Sed17| by adapt-
ing the Bombieri-Pila method [BP89|. For large characteristic, Cluckers, Forey and
Loeser [CFL.20] improve upon this using model theoretic tools. In higher dimensions,
the first results were obtained by Vermeulen [Ver22|, who proved dimension growth
for hypersurfaces of large degree over F,(t). Paredes and Sasyk [PS22b| generalized
this to obtain dimension growth for arbitrary projective varieties of degree d > 4
over global fields. As in the above sections, our work improves the dependence on
d (see Theorem 4.21), and, more importantly, generalizes the affine situation (see
Theorems 4.1 and 4.22).

We fix a global field K, i.e. a finite extension of Q or F,(¢) for some prime power
q. If K is a finite extension of F,(¢) we moreover assume that K is separable! over
F,(t) and that F, is the full field of constants of K. We denote by k either Q or
F,(t) depending on whether K is an extension of Q or of F,(t). Let dx = [K : k.

Let us recall the theory of heights on K. We follow the same normalization as
in [PS22b]. Assume first that K is a number field. The infinite places on K come
from embeddings o : K — C which give a place v via

]y = o ()[4,

where |- | is the usual absolute value on R or C, and n, = 1if 0(K) C R and n, = 2
otherwise. Denote by M o, the set of infinite places of K. The finite places of K
correspond to non-zero prime ideals of the ring of integers Og. For such a prime
ideal p, we obtain a place v via

ol 1= Ni(p) ",

where N (p) = #Ok/p is the norm of p. Denote by Mg s, the set of finite places
of K.

Now assume that K is a function field. Any place of K then corresponds to a
discrete valuation ring O of K containing F, and whose fraction field is K. Let p
be the maximal ideal of O. Then we define a place v

[, = Nig(p)~ordel/dne,

where as before Nk (p) = #0O/p. Denote by My the set of places of K. We also
fix a place v, above the place in F,(t) defined by |f|s := ¢4/, The corresponding
prime is denoted by poo. Let My oo = {vs} and let Mg g, = Mg \ {vo}. The ring
of integers of K is the set of x € K for which |z|, <1 for all places v # vo.

Let K be an arbitrary global field again. With the above definitions, recall that
we have a product formula, which states that

H ’QZ‘U = 17

vEME

INote that any global field of positive characteristic is a finite separable extension of a field
isomorphic to F,(t) for some prime power ¢, by the existence of separating transcendental bases.
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for all z € K. For a point (x :...: x,) € P"(K) we define the height to be
(4.1) H(z) = ][] max |z,
vEMK !

which is well-defined by of the product formula. If z € K let H(x) := H(1: z). We
also consider the relative height defined as

Hy(x) := H(z)%x.
If X C P" is a projective variety we define
N(X,B)

to be the number of points z on X (K) with Hx(x) < B. In the affine setting, for
an integer B > 1 let [B]p, be the elements © € Ok such that

maxy.goc |o(r)] < BY4 if K is a number field, or
||, < BYdx, if K is a function field.

We note that #[Blo, <x B. If X C A" is an affine variety then we define
N (X, B)

to be the number of points in X(K) N B3, . These definitions ensure that if
x € P%(K) with H(7) < B, then there exists a point y = (y1, ..., yns1) € AL(K)
for which (1 : ... : yny1) = @ and such that y € [OK(l)B]’g;;l, see [PS22b, Prop. 2.2|.

Our main result on dimension growth for affine hypersurfaces generalizes to the
global field setting. TLet r > 1 be an integer. We say that a polynomial f in
Kly1,...,yn] is r-irreducible over K (abbreviated by r-irreducible if K is clear), if
f does not have any factors of degree < r over K. We say that f is NCC over K if
there does not exist a K-linear map ¢ : A% — A% and a curve C in A% such that

V(f) = ¢1(C). Our main theorem in the generality of global fields is the following.

Theorem 4.1. Let K be a global field with ring of integers Ok. Let e = T if
char K = 0 and e = 11 if char K > 0. Gwen an integer n > 3, there exist constants
c=c(K,n) and k = k(n) such that for all polynomials f in Oklyi,...,yn] of degree
d > 3 such that f is irreducible over K and NCC, the following holds. If f; is
2-irreducible over K, and its absolutely irreducible factors can be defined over the
separable closure K°°P of K, one has for all B > 2 that

Nug(f, B) < cd*B™ 2, if d > 5,
Naz(f, B) < ¢B"*(log B)", if d =4,
Nax(f, B) < eB™**/Y3(log B)", if d=3.

If fq is only 1-irreducible over K (instead of 2-irreducible), then we have that
Nut(f, B) < cd*B"*(log B)", if d > 4,
Nax(f, B) < eB™*/Y3(log B)", if d =3,
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Remark 4.2. In fact, in the final case of Theorem 4.1 (with f being NCC and irre-
ducible over K and f; being 1-irreducible over K'), one easily derives from Theorem
6 of [BCK24] and Theorem 4.1 that there is k = k(n) and ¢ = ¢(K,n) such that

(4.2) Nag(f, B) < cd*B" *(log B)*, if d > 4.

Indeed, by Theorem 4.1 we may focus on the case with d > log B, which follows
immediately from Theorem 6 of [BCK24] since BY/¢ is bounded by a constant in this
case. Note that the quadratic dependence on d in (4.2) is optimal, by [CCDN20,
Section 6].

Remark 4.3. Let us mention that in principle it is possible to make the dependence
of c on K in the above result effective and explicit. If char K > 0, then this follows
from the Riemann hypothesis for the function field K, and the resulting ¢ will
only depend on the genus, degree, and field of constants of K. In characteristic
zero, one can make the dependence explicit if one assumes the generalized Riemann
hypothesis. We refer to [PS22b, Rem. 2.7| for more information.

4.2. Effective Hilbert irreducibility. In this section we prove versions of Theo-
rems 1.10 and 1.12 in the more general settings of global fields. If P is a polynomial,
H(P) is defined to be the height of the tuple of its coefficients, considered in pro-
jective space. We similarly define Hx(P) as in Equation 4.1.

Theorem 4.4. Let r,n,d be positive integers, let T = (T,...,T,),Y = (Y1,...,Ys)
be tuples of variables, and let F' € Ok[L,Y] be an irreducible polynomial of degree
d in K[L,Y] such that degy F' > 1. For an integer B > 1 denote by Sr(F, B) the
number of t = (t1,...,t,) € By, for which F(t,Y) is reducible in K[Y]. Then

St(F, B) g 277" (log Hie(F) +1)"0B™ /2 log(B)'*" Y,
where ¢(r) = 118 + 10(r — 1).

Proof. We first prove the case r = 1. Set T1 = T', put a = 1 + max; degy. F' and
consider the Kronecker transform of F

Kr(F) = F(T,Y,Y* ....,Y" ") € O[T, Y].
Note that Hx (Kr(F')) = Hg(F), that degp(Kr(F)) = degp(F), and that
degy (Kr(F)) < (a—1)+(a—1a+...(a—1)a" " =a" -1 < (d+1)".
Let -
Kr(F) = [J@i(T,Y)

be an irreducible factorization of Kr(F') in K[T,Y]. We have that m < deg, (Kr(F))
and for each 7 that

degr(Q;) < degp(Kr(F)), degy(Q;) < degy (Kr(F)).
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Also, by combining |Lan83, Ch.3, Prop. 2.4] and |PS22a, Lemma 2.1| we have

HK(Qz) LK HK(Qz)HK<H Q]) <sm 4dK(deg(Kr(F))+l)2HK(Kr(F)).
JF

We now follow the proof of [FJ23, Lem. 13.1.3] (see the note right after [FJ23, Equa-
tion (13.2)]), which gives for each non-empty proper subset I C {1,...,m} a non-
zero polynomial ¢;(T') € K[T| such that degec; < degp F' with the following prop-
erty: let to € K and assume that for each ¢ = 1,...,m, the polynomial Q;(to,Y) is ir-
reducible in K[Y], and for each non-empty proper subset I C {1,...,m}, ¢;(to) # 0,
then F'(to,Y1,...,Y,) is irreducible in K[Y7,...,Y,]. In other words, we have that

(*) Sr(F,B) < iST(Qi7B) + Z deg cy,

Ic{1,..m}

where degy Q; < degy Kr(F) < (d+ 1)" and degy Q;,dege;r < d. We conclude
using [PS22a, Thm. 1.1] to bound S7(Q;, B), recalling m < (d +1)™

(0) i (d+ 125" (d 1) log Hye(F) +1)°(d + 12" BY? 4 20+,

To prove the multivariate version we proceed by induction, where the base case is
r = 1. Assume that r > 1, and consider specializations of T,. Using the r = 1 case
we get,

St(F.B) <x St,(F,B)B"' + Y Syt )(Flr,—,, B).
tr€[Bloy
Note that for every ¢, € [Blp, we may bound the height of the specialization F'|7,—;,,
Hi(F|r—,) <x (14+ B+ ...+ BYHg(F) <x B*Hg(F).
Using the induction hypothesis, one verifies
Sr(F, B) <<K,n,7"26(1)(d+1)n(10g Hy(F) +1)°BY2pr-1
+ B2O@ D" (1o F (F) + 1)10BO—D=1/2 g (31001,
where ¢(r) = 118 4+ 10(r — 1), arriving at the required bounds. O

We now prove a more precise version of Corollary 1.11 for global fields.

Corollary 4.5. Let r,n,m,d be positive integers, let T = (Ty,...,T,),Y = (Y1,...,Y,)
be tuples of variables, and let Fi,..., F,, be irreducible polynomials in K[T,Y] of
degree at most d such that degy (F;) > 1 for eachi. Then there exists a polynomial G
of degree at most 30 in m variables whose coefficients depend on r,n,m,d such that
the following holds for every s > 1. If X C A is a (possibly reducible) hypersurface
of degree at most s, then we have a tuple t € O}, not contained in X (K) of height

Ly 21og(s)20Y + Glog Hi (FY), . .., log Hg (Fy,)),
such that for each 1 <i < m the polynomial F;(t,Y) is irreducible over K.
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r

Proof. By the previous theorem, the number of t € [B]j, for a given B > 1 for
which F;(t,Y) is reducible over K is at most
ST(F“ B) <<Knr 2077,7‘ (10g H}((ﬂ) + 1)1037‘—1/2 log(B)lO r— 1)

Recall that #[Blo, <x B. Therefore, the number of t € [B]j, _ for which all
F;(t,Y) are irreducible over K is bounded from below by

#[Blo,— Y Sr(F, B) >k pr B'=mB™/?log(B)00 D200 " (log Hic(F;)+1)".
i=1 1=1
In order to guarantee we have at least one ¢t € [B]p, , not lying on X, and such
that each specialization F;(t,Y) is irreducible, it is enough to find B satisfying the
following inequality:
Bl/2

log(B)10(—1)

N (X, B)

(4~1) Br—1/2 log(B)lO(’"*l)'

> e m2977 N "(log Hye () + 1) +
=1

Using the Schwartz-Zippel bound, we have N,g(X, B) <x sB""!. Note that %

is an increasing function for B >, 1 which is larger than a number y as soon as
B = 0,(y*1og?""V(y)). Using Jensen’s inequality on g(y) = y?log®" Y (y) where
y is the RHS of (4.1), we conclude the desired quantity is positive, if we demand

m 3
B >>K7n7r 52 10g<8)20(7'71) + (m220n,r(d") Z(log HK<E) + 1)10) )
i=1

O

We now move to prove a version of Theorem 1.12 for global fields. We need two
well known lemmas that we record below.

Lemma 4.6 (see e.g. [Spr98, Theorem 11.2.7, Proposition 11.2.8|). Let K'/K be
a Galois ertension contained in K°P, and let Y be an affine K'-variety. Then
oY) =Y for every o € Gal(K'/K) if and only if Y can be defined over K.

Lemma 4.7. Let n > 3 and let X C P" be a geometrically irreducible hypersurface
of degree d. Furthermore set Cx := 3 if char(K) = 0 and Ck := 7 if char(K) > 0.
There ezists a non-zero homogeneous form F € Z[x,...,x,] of degree at most
12(n+ 1)d“% such that if V()N X is not geometrically irreducible for a linear form
¢ e (P™)*, then F({) =0, where we reduce F' modulo char(K) in the case of positive
characteristic.

Proof. We use Noether forms as in Theorem 2.5. In characteristic 0, we refer to
[CCDN20, Lemma 4.3.7] noting that the statement and proof in [CCDN20| should
be amended by correctly concluding the degree of the form F' to be at most (n —
1)d(d? — 1), instead of the written expression (n — 1)(d*> — 1). A similar correction
should be made in [PS22b, Lemma 7.5]. See [Ver22, Lemma 4.6] for char(K) > 0. O

We can now prove Theorem 1.12.
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Theorem 4.8. Let n > 3, and let f € Oklxo,...,x,| be an r-irreducible homoge-
neous degree d polynomial for an integer r > 1. Assume furthermore that all abso-
lutely irreducible factors of f can be defined over the separable closure of K. Then
there exists a hypersurface W C (P")* defined over K of degree at most O, (d°%)
where Cx = 3 if char(K) = 0 and Cx = 7 if char(K) > 0, such that if L ¢ W is a

K-linear form, then fly is r-irreducible over K.

Remark 4.9. In particular, if f is homogeneous and irreducible over K, we can
deduce a version (up to a change of variables) of Hilbert’s irreducibilty theorem for
n > 4 with Sp(F, B) < O,(d°x).

Proof. Factor f = hy - ... hy, into absolutely irreducible (homogeneous) factors
and let Z; be the variety cut by h; in P*. By Lemma 4.7, for each i there exists a
hypersurface Y; C (P*)* of degree at most O, (deg(h;)°) such that if ¢ ¢ Y;, then
Z; N Hy remains geometrically irreducible. Setting Y = [JV;, then Y is of degree at
most O, (d°%).

Let g be an irreducible component of f over K and write g = h;, - ... - h;, and
I, = {iy,...,is}. Since g is irreducible over K, and by our separability assumption,
it follows that {h;},c;, are mutually co-prime, and for each i,j € I, there exists
0, € Gal(K/K) such that o, ;(Z;) = Z; (see Lemma 4.6). Set Z; j := Z; N Z; and
note that dim Z; ; = n—2. Consider the variety Y/, := {¢ € (P")* : Z; ; C H,} which
parameterizes hyperplanes H, containing Z; ;. Let Vw = span(Z; ;) be the K-vector
space spanned by vectors in Z; ;. If Z;; C Hy, then V;; C H,. Tt follows that for
each i,j € I,, the variety Y/, can be either empty, a point, or a line according to

the value of dlm(Vm). Therefore, Yy = U, es, Yi; contains at most w

irreducible components, which can be lines or points. If £ ¢ Y/, UY; UYj, then
dim(Z; ; N Hy) = n — 3, and therefore hj|g, and A}y, are co-prime. It follows that
if £ ¢Y,UY is a K-linear form, then g|p, is irreducible over K, as o;;(Z; N Hy) =
0.j(Z;) N Hy = Z; N Hy for every i,j € 1.

Write f = g1 -...- gn with d; := deg(g;) for a decomposition of f into irreducible
factors over K, and let Y':=JY,.. Then Y’ contains at most S dldich) < d(d D
irreducible components which are elther points or lines. We can thus ﬁnd a hyper—
surface W 2 Y UY” of degree at most O,,(d°%) such that if ¢ ¢ W is a K-linear form,
then each g;|y, remains irreducible over K, and therefore f is r-irreducible. 0

4.3. The NCC condition. In this section we show that the condition of being
NCC is preserved when cutting with a well-chosen hyperplane, and with most of its
translates. This allows us to use induction in Section 4.4. In fact, using the theory of
Hilbert schemes it is easy to prove such a non-effective result in characteristic zero,
see e.g. |Sal23a|. However, proving an effective variant which also holds in positive
characteristic is much more technical.

Fix an algebraic closure K of K, and a separable closure K*P C K. Recall the
condition of being NCC is defined as follows.
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Definition 4.10. Let f € K|z, ..., z,] for some n > 3. We say that f is NCC over
K if there does not exist a K-linear map £ : A% — A% and a curve C in A% such
that V(f) = ¢71(C).

Equivalently, f € K|xy,...,2,]is NCC over K if there do not exist K-linear forms
ly(x),lo(x) on K™ and a polynomial g € K|y, ys] such that f(z) = g(¢1(x), la(x)).

We denote by (P%1)* the dual space of P. !, which parametrizes hyperplanes
in P, or in A% through the origin. We identify points of (P%!)*(K) and linear
forms in n variables over K. If S is a finite subset of (P ')*(K), then we define

Hg=|JV(t) c A",
les

which is the union of all hyperplanes in A" defined by a linear form in S (we always
take Hg to be reduced).

We begin by restating the NCC condition, and show that being NCC over K is
equivalent to being NCC over KP.

Notation 4.11. Let f € Klxy,...,x,] be a non-constant polynomial and let f;
denote the homogenous degree i part of f. Let [ :={i: f; # 0}. We set,

W(f) =V (fi)rea C AR,

iel
where V(fi)rea denotes the reduced scheme cut by the radical of (f;) in Al.

Note that W (f) is always a union of cones through the origin, since we consider
W (f) in affine space.

Proposition 4.12. Let n > 3, and let f € K[xq,...,x,] be a non-constant polyno-
mial. Then the following conditions are equivalent:

(1) [ is not NCC over K.
(2) There exists a line L C (P )" defined over K and a finite subset S C L(K)
such that W(f) = Hs.

Proof. (1) = (2): Suppose that f is not NCC. Then there exist distinct elements
P=(a;:...:a,),Q = (by:...:b,) in (P%1)*(K) corresponding to K-linear forms
li(z) == ), amTy and lo(x) == Y byZm,, and a polynomial g in Klyi,ys] such
that
f(mh s 7xn) = g(gl($),€2<l'>)

Let L be the line in (P ")* through P and Q. Write f = fo + fi + ... + fa
where f; is the homogeneous degree i part of f, and similarly for g;. Then f;(z) =
gi(l1(x), la(x)), for every i = 0,...,d. Since every homogeneous polynomial in two
variables splits over K, each g; splits over K, and we have that if f; is non-constant
then

V(fi)rea = V(gi(l1(x), 2(7)))rea = Hs,,
where S; is some finite subset of L(K). Hence W (f) = Hy.s,.
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(2) = (1): For the converse, suppose that (2) holds with P = (a, an),Q =
(by:...:b,) € (PEH*(K) on the line L, and S C L(K) a finite set Let El(x)
Y o AT and lo(x) := " bpx,, denote the corresponding K-linear forms.

d

Writing f = > f; where f; is homogeneous of degree i as before, it is enough to
i=0

show that for each i, we have f; = g;({1(x), (2(x)) where g; € K[y1,ys]. Fix i such

that f; is non-constant. Each ¢ € S can be written as a K-linear combination of

1, L. Therefore, since V(fi)rea € W(f) = Hs = |J V(¥), there exists a polynomial
(s

h; € K[yi, o] such that f;(z) = h-(ﬁl(x) lo()). Write
fz( ) - (61 Z)‘ hw gl ( ));

where {);}; forms a K-basis for K, A\; = 1, and h;; € K[y, ys]. Since f; is defined
over K, and h;; (¢1(x),ly(x)) € K[z1,...,x,], we get by the linear independence of
{\;}; that h;; = 0 unless j = 1. Therefore h;(y1,y2) = hi(y1,y2) is defined over K
as required. O

We now move to showing that a hypersurface is NCC over K if and only if
it is NCC over the separable closure K®P. We first prove a proposition which
characterizes the dimension of the smallest K -linear space containing a given K-
point P in PR (K).

Proposition 4.13. Let P = (a; : ... : Gpnq1) € P™(K) be a point, and define
Ok (P) := dimspang{a,...,ams1}. Then P lies on a unique K-linear space of di-
mension i (P)—1, and is not contained in any K-linear space of smaller dimension.

Proof. First note that dx(P) is well defined, since for any non-zero A\ € K the
collection {ay, }; is linearly independent if and only if {Aa,, }; is linearly independent.
For dx(P) = 1 the statement is clear; dx(P) = 1 if and only if P is defined over K.
Let s > 1 and assume by induction that the statement holds for every point P’ with
5K(P/) < s.

If 0 (P) = s, we may assume without loss of generality that {ai,...,as} forms
a K-basis for spang{ai,...,am41}, and write a; = > "7, a;b;; for each j, and some
bij € K. We get K-points Q; = (b1 : ... : bjymy1) € P"(K), where 1 <1i < s. Note
that b; = 1if i = j and b;; = 0if ¢ # j and j < s. Therefore {Q;};_, are linearly
independent over K, and the K-linear space L C P™ spanned by Qq,...,Q, has
dimension s — 1, and contains P. If P is contained in a different K-linear space
L’ of dimension s — 1, then we have linearly independent points @, = (b}, : ... :
Vipms1) € L'(K) and we may write a; = Y7 ; A\;bl; for each j and some \; € K.
Since {a1,...,as} Cspang{A,..., s} is a K-basis, we may write \; = > 7 | apaji
where o, € K. Rewriting, we get for each j,

Zaibij =a; = Z Aibj; = @ <Z akl%‘) Tt (Z aksb%y‘) :
=1 k=1 k=1

=1
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Since {ay,...,as} is a K-basis, we get bj; = > 7, iy, for all 4, j, k, implying that
{Q1,...,Qs} C L'. Tt follows that L = L’ is unique, and that P is not contained
in any K-linear space of dimension smaller than s — 1, as that would contradict the
uniqueness of L.

If P is contained in a unique K-linear space L of dimension s — 1, then dx(P) > s
since otherwise there exists by induction a K-linear space of dimension smaller
than s — 1 containing P, and therefore there are infinitely many K-linear spaces
of dimension s — 1 on which P lies. Since L is defined over K, there exist points
Q1,...,Qs € L(K), with Q; = (b1 : ... : bj;yt1) where we may assume b;; € K for

all 7, j, and scalars A1,..., Ay € K such that
P:)\1Q1+...+)\SQS.

We get a; = >, \ib;; for each j, implying {a1, ..., @mn1} C spang{Ai, ..., A},
and therefore dx (P) < s, implying 6x(P) = s. O

Proposition 4.14. Let n > 3, and let f € K[xq,...,x,] be a non-constant polyno-
mial. Then f is NCOC over K if and only if f is NCC over K5P.

Proof. Tt f is not NCC over K, then clearly it is not NCC over K®*P.

If f is not NCC over K, by Proposition 4.12 there exists a line L C (P"1)*
defined over K*P and a finite set S C L(K) such that W(f) = Hg. Since f is
defined over K, we have that o(W (f)) = W(f) for all ¢ € Aut(K/K) and therefore
o(S) = S for all o € Aut(K/K).

If |S| > 2, since S consists of points on the line L, then the automorphism group
Aut(K /K) must preserve L. Since L is defined over K, this implies that o(L) = L
for every o € Gal(K®*P/K). Hence Lemma 4.6 implies that L can be defined over
K, which proves the required statement using Proposition 4.12.

We may thus assume that S = {¢} is a singleton. Then we have that o(¢) = ¢
for every o € Aut(K/K). Write £ = (¢; : ... : ¢,), then without loss of generality
we may assume that ¢; = 1. It follows that o(c;) = ¢; for every o € Aut(K/K).

Consider now dser (¢) as in Proposition 4.13. Since ¢ lies on the K*P-line L, then
Ogser(£) < 2. If Osep(£) = 1, then £ is defined over K*P, and therefore ¢ is defined
over K, since every element of Gal(K*P/K) fixes /. We may thus take any line
defined over K which passes through ¢ to deduce Condition (2) of Proposition 4.12.

Assume dgser(¢) = 2. By Proposition 4.13, there exists a unique line L defined
over K which contains . Since for each o € Aut(K/K) we have o(f) = ¢, the line
o (L) is defined over K*® and contains . We get (L) = L for every o € Aut(K/K),
and thus L is defined over K by Lemma 4.6. 0

In characteristic zero the condition of being NCC may be reformulated using the
partial derivatives of f. This allows us to simplify the proof of Proposition 4.16 in
that case.
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Lemma 4.15. Assume that K has characteristic zero. Let f € Klxy,...,x,] be
non-constant, with n > 3. Then f is NCC over K if and only if the K-vector
subspace V' of K[z, ..., x,] spanned by {gg} has dimension at least 3.

i)i=1

Proof. Tt f is not NCC, then clearly dimg V < 2.
Conversely, assume that dim V' < 2. Without loss of generality, we can assume
that g—fl, 5—12 span V. For each ¢ there are a;,b; in K such that
of _ of of

= Q; = bl—
aZL‘i “ 61'1 * 8ZE2

Consider the polynomial

9y, yn) = (yl_Zaiyiay2_Zbiyiuy37~--7yn> € Ky, ..., yal.

i>3 i>3

Then g—j = 0 whenever i > 3, and so g(y) is a polynomial only involving 1, ys.

Hence fzis not NCC. OJ

We can now prove that being NCC is preserved when intersecting with suitably
chosen hyperplanes.

Proposition 4.16. Let K be a global field, fit n > 4, and let f € K|xy,...,x,] be
a polynomial of degree d > 2. Assume that f is NCC over K.

(1) Set Cx = 3 if charK = 0 and Cx = 7 if charK > 0. There exists a
hypersurface W C (P 1)* of degree at most O,,(d°%) such that if { ¢ W,
(a) flvw is NCC over K; and

(b) falv is not identically zero.
In particular, there exists a non-zero K-linear form ( of height at most
O, (d%) satisfying Conditions (a) and (b) above.

(2) Set Cx = 1 if char K = 0 and Cx = 7 if char K > 0. Let {1,{5 be K-
linear forms. Assume that fly ) is NCC over K and that fa|v(,) is not
identically zero. There are at most O,(d°%) values a € K such that one of
the two following conditions hold
(a) flve+at) s not NCC over K; or

(b) falv(e,+aes) is identically zero.

(3) Set Cx =1 if char K = 0 and Cx = 2 if char K > 0. Let { be a K-linear
form. Assume that fly @y is NCC over K and that fa]y ) is not identically
zero. If char K > 0 assume moreover that fq|v (e is not a power of a K-linear

form, up to a constant. Then there are at most O(d°%) elements b € K such
that flv (v is not NCC over K.

Proof. First note that fq|v () = 0 if and only if £ is a factor of fq. There are thus at
most d linear forms ¢ such that fdlv(g) = 0, which we avoid in the proof below.

(1). We use Proposition 4.12. If W (f) contains a geometrically irreducible com-
ponent Z of degree at least 2, by Lemma 4.7, there exists a form F' € Z[zy,...,x,]in
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the coefficients of ¢ of degree at most O,,(d“%), such that if F'(¢) # 0, then Z NV ({)
is geometrically irreducible, and therefore f|y (¢ is NCC over K.

Assume now that W (f) contains at least three hyperplanes whose corresponding
linear forms are linearly independent, and denote the linear space they span in
(P )" by V. Then W(f|v()) contains three such hyperplanes for any K-linear
form ¢ which does not lie on V', and for which f;|y () # 0 for indices i where W (f;)
contains one of the hyperplanes as above. It follows by Proposition 4.12 that f|y ()
is NCC over K in this case. We may thus find a hypersurface of degree at most
O(d) in (P 1)* such that f|y( is NCC over K for every ¢ not lying on it.

Finally, assume that W (f) = Hg, where S is a finite set contained in a K-line
L C (P%1)* which is not defined over K. By Proposition 4.14, we may assume K
is separably closed and therefore if char(K) = 0 we are done by Proposition 4.12.
It follows by Proposition 4.13 that there exists a hyperplane V(¢') C W(f), cor-
responding to a point ¢ = (a; : ... : a,) € (P%1)*, satisfying ox(¢') > 2. If
dx (') > 3, then without loss of generality we may assume that aq,as, az are lin-
early independent over K. We may thus choose a K-linear form ¢(z) = )  b;x; of
height at most O(d) such that 6k (¢'|y ) > 3 by taking b; # 0 for any ¢ > 4. In
particular, any £ not lying on the hypersurface cut in (P%')* by [[b; = 0 is as de-
sired. We then get that V(') NV (£) C W(f|v(), considered as a point in (P%?)*,
does not lie on any line defined over K by Proposition 4.13, and therefore f|y () is
NCC. We may thus assume that dx(¢') < 2 for every hyperplane V(¢) C W (f).
Fix hyperplanes Hy,, H,, C W(f) with dx(¢1) = 2 and such that ¢, does not lie
on the unique K-line L' C (P%')* containing ¢;. Note that f, ¢ L C (P 1)* if
and only if Vi, = {l|(z) = ly(z) = 0} ¢ Hy,, where ¢}, ¢ are two linearly in-
dependent K-linear forms lying on L. We may thus choose any ¢ such that the
conditions Hy, NV & V({), 6k (li|ve)) = 2 and fq|v(e) # 0 hold. Therefore, noting
that dim(H,, N V) = n — 3 and using arguments similar to the dx > 3 case, we
may find a hypersurface in (P%')* of degree at most O, (d) such that every linear
form not lying on it satisfies our desired condition. The final claim follows from the
Schwartz—Zippel bound.

(2).If W (f) contains a non-linear geometrically irreducible component or at least
three hyperplanes whose corresponding linear forms are linearly independent, we
may follow the proof of (1) with the linear forms f,(x) := ¢1(x) + als(x),a € K,
noting that f|V(Zo) is NCC. We may then bound the number of values of a for which
flv @, is not NCC by O,(d°<) with C}; as in (1). If we are not in one of the
above two situations, then W (f) = Hg where S C L is a finite set contained in a
line L C (P )" not defined over K. In particular, each homogeneous part f; of
[ splits into linear factors. Assume towards contradiction that f|y (s, 4ae.e,) is DOt
NCC for distinct values a; # ay in K. Then there exist K-lines L; C (P%?)* such
that W (f|v(e,+aus)) = Hs, and S; C L; for i = 1,2. Tt follows that S C P;, where
P; is the K-plane in (P5')* containing the preimage of L; under the projection
pr; : (PEO\{l + ails} — (PE2)* by £ — Ul ey 4oy~ Note that we must have
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P, # P,, as otherwise we get that ¢; lies in P, implying that P, gives rise to a K-
line in (]P’”K_z)* containing W (f|v(,)), but fly,) is NCC. We thus get S C P, N P,
where P, N P is either a K-line or a K-point. Since f is NCC, it follows there
cannot be such distinct values aq, as.

To improve this bound when char(K) = 0, we use Lemma 4.15 as follows. Write
l(x) = > ax;, and ly(z) = > by, and without loss of generality assume a; # 0.
Substituting x; = — Yo o(a; + ab;)z; into f, we get a family of polynomials

1
a1+aby
f(za,...,2,,a) in n — 1 variables depending on the parameter a € K (if by # 0, we
assume a;+ab; # 0). Let V41 be the vector space of polynomials of degree at most
d — 1 taken with the standard basis of monomials and set 7 := dim V<4_;. Consider
the 7 X (n — 1) matrix M (a) whose columns are the partial derivatives of f written
in terms of this basis. By Lemma 4.15, for a given a € K, the polynomial f(x, a)
is NCC if and only if M(a) has rank 3, or equivalently M (a) has a non-vanishing
3 x 3 minor. By assumption, M (a)|,—o has a non-vanishing 3 x 3 minor M’(0). Since
after clearing denominators M’(a) = 0 is a polynomial equation in a of degree at
most 6d, there can be at most O(d) values of a for which M (a) has rank< 2. This
proves the claim with the required bound.

(3). If char K = 0, one can consider the family f(z,b) obtained by substituting
¢(x) = b into f, and reason as in (2) using Lemma 4.15. We may therefore assume
that char K = p > 0. Using Proposition 4.12, we may further assume that K is
separably closed.

Write gy(y) := f|ve—s) for the polynomial in new variables y = (y1,...,¥n-1)
and coefficients in K [b] obtained by substituting the equation ¢(x) = b into f. Let
aw(y) = >, 90(y) € K[b]ly], where g;(y) is homogeneous of degree i. Note that
the homogeneous part gg(y) of top degree d is independent of b, so we may write
gao(y) instead of gg(y). If ggo is NCC, then it is clear that g,(y) is NCC for every
b € K. We can thus assume that g, is not NCC, and therefore by Proposition 4.12
there exists a line L C (P% ?)* defined over K and a finite set S C L(K) such
that W(gs) = Hs. We claim that this line L is unique. If S contains at least
two distinct points, they uniquely determine the line L. Otherwise, S = {{;} is a
singleton, and by our assumption that g = falv () is not a power of a K-linear
form, ¢; is not defined over K. By Proposition 4.13, since g4o is not NCC, it follows
that dx(¢1) = 2, implying that L is unique. It now follows by the above that if
gy(y) is not NCC for some b € K, then there exists a finite set S, C L(K) such that
W(gy) = Hg,. Crucially, for every value b € K for which g, is not NCC, we must
always use the same K-line L in Proposition 4.12.

Since go(y) is NCC, W(go) is not a finite union of hyperplanes corresponding to
points in L(K). Tt follows that there exists an i such that g,o(y) # 0 and gi(y) has a
K (b)-irreducible factor hy(y) which is primitive over K[b], such that W (hy|p—o) # Hg
for any finite set S C L(K). We note that there can be at most d values of b for
which g¢;;(y) is the zero polynomial, and that these values do not add to our final
bound. Consider the closed incidence variety I:

I={(b\) €Al xL:V(\)CV(h)}CA) x L.
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dimI" < 1, and we may write [' = Cy U C; where each C; is equidimensional of
degree i, and C; N Cy = &. Since hy, is K [b]-primitive, h; is not identically zero for
any b € K, and thus I" cannot contain lines of the form {bo} x L. Let ug(b,\) be
the defining equations for I' in Al x L obtained by demanding that the restriction
of hy(y) to the hyperplane V(¢,) C A% ' is the zero polynomial. Note that each
ug(b, A) is of degree at most d in both variables, and that since C} is a hypersurface
in Al x L, it is defined by a single equation u(b, \) which must be a factor of each
ug. We conclude that Cj is cut in AL x L by the equations uy/u, and therefore it
is of size at most 2d>.

Let proj : AL x L — AL denote the projection map. We claim now that the
only values of b for which W (h;) may be contained in a finite union of hyperplanes
parameterized by points in L, and therefore g, may not be NCC, are values of b
which lie in proj(Cp). Indeed, set e = deg,(hy(y)) and consider the degree of the
map proj|c, : C; — Ak. It cannot be larger than e — 1, since /p—0(y) does not
decompose as a product of linear factors parametrized by points in L, and thus the
fiber of proj|c, over 0 cannot be larger than e — 1, where we also count multiplicities.
It follows the fiber over any b € Al has size at most e — 1, counting multiplicities.
We conclude there can be at most #Cy < 2d? possible values for which g, = f v (e—b)
is not NCC, completing the proof.

Note that we cannot remove the hypothesis that f;|y () is not a power of a linear
form in Proposition 4.16(3) if char K > 0, as the next example shows.

Example 4.17. Let K =F,(t), and take m > 1 and d > p™ + 1. Define
flx,y, z,w) = (y+2z4+w) +a(y?" + 227 + (1" + DwP” ) 4 yP" 22" (" 1)
Then we have that
W(f)={y+z2z+w=0}U{r=0}U{y+ 2+ (t+1)w=0}
U{y + 7" 2 4 (t + " Yw = 0}

Hence by Proposition 4.12, f is NCC. Consider the linear form ¢ = x. Then

W(flvw) ={y+z+w=0}U{y+ 7"z + (¢t + """ )w = 0},
s0 that f|y (g is still NCC. However, if b € F,(t) then

b+t\ " b+t
W(f|V(x—b))—{y+z+w—0}u{y+(H—l) z+ t+(b+—1> w=0"%,

and if b = t—y?” for any 1 #u € Fy(t), then fly—p is not NCC.

uP™ —1

4.4. Dimension growth. Throughout this section we fix a global field K with ring
of integers Ok . The goal of this section is to outline a proof of Theorem 4.1, following
along the lines of Section 3. We will however be slightly less precise in optimizing
all constants. The base case for induction is again the case of affine surfaces. The
key here is counting on lines on the surface.
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Remark 4.18. In the proofs of Proposition 4.19 and Theorem 4.1, we will use some
results of the previous sections that adapt naturally mutatis mutandis to the case
of global fields, but which we leave to the reader to make explicit. It concerns
e.g. Proposition 2.1 which generalizes to [PS22b, Theorem 5.14], and Propositions 2.6
and 2.7 in which we may need to use Noether forms in positive characteristic (see
Theorem 2.5).

Proposition 4.19. Let Cx = 7 if char K = 0 and Cx = 11 if char K > 0. There ex-
ist constants ¢ and k depending on K such that for all polynomials f in Okly1, ye, ys]
of degree d > 3 whose homogeneous part of highest degree f, is 2-irreducible over
K, with furthermore [ being irreducible over K and NCC over K, then for every
B >2,

Nag(f, B) < cd°%B,  when d > 5,

Nai(f, B) < c(log B)"B, whend=4,
and,
Nag(f, B) < c(log B)"‘BQ/‘/g when d = 3.
If f; is only 1-irreducible over K, we still have that
Nat(f, B) < cd™ B(log B)*,  when d > 4,
Nag(f, B) < c(log B)*B*Y3  when d = 3.

Proof. The strategy is the same as in Proposition 3.1. First, one counts Og-points
which are contained in lines on the surface X = V(f) as in Proposition 3.2. There
is a slight subtlety between being NCC over K and over an algebraic closure K. If
X is NCC over K then we may reason exactly as in the proof of Proposition 3.2,
by noting that not all ¢;(a,v) as in Proposition 3.2 vanish. If X is not NCC over
K but it is NCC over K, then this means that X contains infinitely many lines
whose direction v is not defined over K. In particular, any such line has at most
one K-point, and Proposition 3.2 still holds (since counting on these lines may be
absorbed in #7). One obtains that if I is a finite set of lines on X, then

Naff(X N (ULEIL)7B> < d4B + #Ia

Note that for the proof of this result, one should replace the use of [BCN24, Theorem

2| for counting on projective curves from by the analogous result from [BCK24|.
Once we have the above result for counting integral points on lines on X, one
proceeds in a similar fashion to obtain an auxiliary polynomial g not divisible by
f and vanishing on all integral points on X of height at most B. Such a g exists
by [PS22b, Thm. 5.14|. Following the proof of Proposition 3.1 then gives the result.
OJ

We now sketch the proof of dimension growth, by cutting with hyperplanes while
preserving NCC and 2-irreducibility via our effective Hilbert irreducibility. We first
prove a general version of Corollary 3.8.
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Corollary 4.20. Let f € Oklxy,...,x,] be a polynomial of degree d > 2 with n > 4.
Assume that f is NCC and that fq is r-irreducible over K for some integer r > 1.
Let Ck = 3 if char(K) = 0, and Ckx = 7 otherwise. Then there exist linearly
independent linear forms (,0' of height at most O,(d°%) and t € [0,(d°%)]e, such
that falve—w) is r-irreducible, and such that there are at most O,(d) values b € K
for which fly@—ww—p) is not NCC.

Proof. By combining Proposition 4.16(1) and Theorem 4.8, we may find a hypersur-
face W’ C (P 1)* of degree at most O, (d°), such that if £ is a linear form avoiding
W', then f|y ) is NCC and fy]v (s is r-irreducible and not identically zero. Using the
Schwartz—Zippel bounds, we may find a K-linear form ¢ of height at most O,,(d°%)
which does not lie on W’. Since ¢ ¢ W', for every linear form ¢’ linearly independent,
of £, the intersection of the line passing through ¢ and ¢’ with T’ has at most O,,(d°%)
points. It follows there are at most O, (d°) values t € K for which fy|v(r4ur is not
r-irreducible. The claim now follows using Proposition 4.16(2),(3). O

Proof of Theorem J.1. Recall that we are given an irreducible f € Oklxy, ..., z,]
of degree d > 3 whose highest degree part is 2-irreducible (or 1-irreducible) over K
and we wish to bound the number of Og-points on X = V(f) of height at most B.
As usual, we can assume that f is absolutely irreducible. We follow the same proof
strategy as for Theorem 1.5.

Let us first assume that d > &, for some constant xk = Ok ,(1). We use [PS22b,
Thm. 5.14] to find an auxiliary polynomial g of degree at most

<LK n dele"%l

which vanishes on all integral points of X of height at most B, where e; = 4 in
characteristic 0 and e; = 7 in positive characteristic. We then count integral points
on all irreducible components of X NV (g) as in the proof of Theorem 1.5. The com-
ponents of degree 1 contribute at most OK,n(deB"_z) if fy is 2-irreducible, and at
most O ,(d°B" 2 log(B)9x ™M) if £, is l-irreducible, where e = 7 in characteristic
0 and e = 11 in positive characteristic. This larger exponent for positive character-
istic comes from the fact that in Lemma 3.6 one uses Noether forms, which are of
degree O(d®) in positive characteristic [Kal95] rather than of degree d* [Rup86], see
Theorem 2.5. For the components of higher degree, one reasons exactly as in the
proof of Theorem 1.5.

Assume now that d < k = Ok ,(1). If fyis 1-irreducible, or f; is 2-irreducible
and its absolutely irreducible factors can be defined over K, we follow the proof of
Theorem 1.5 by using induction, Corollary 4.20 and the Schwartz—Zippel bounds. If
fa is 2-irreducible and it has an absolutely irreducible factor which cannot be defined
over I{*°P_ the induction argument stays the same, where we now use Theorem 4.4 to
preserve 2-irreducibility (together with Proposition 4.16 to preserve NCC), instead
of using Corollary 4.20 which is based on Theorem 4.8. We note that in the latter
case (with d < k) we may assume log Hr(f) <k, log B, since otherwise we may
use arguments similar to [HB02, Theorem 4| to get N.g(f, B) < O(1)d*B"? =
O(1)B"2. OJ
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Theorem 4.21 (Uniform dimension growth for projective varieties). Let K be a
global field. Let e = 7 if char K = 0 and e = 11 if char K > 0. Given n > 3 an
integer, there exist constants ¢ = c¢(n, K) and k = k(n, K) such that for any integral
hypersurface X C P}, and for all B > 2 we have

N(X,B) < cd*Bix"=1), if d > 5,
N(X,B) < ¢B¥*V(log B)", ifd =4,
N(X, B) < ¢B*(=2+2/V3) (1og B~ if d=3.
Proof. Follows from Theorem 4.1. O

Inspired by [Sal23a| and an email correspondence with Per Salberger, we now give
a further variant to Theorem 4.1, where we change the conditions on f; to being
2-irreducible over K (resp. l-irreducible).

Theorem 4.22. Let K be a global field with ring of integers Ok. Let e = T if
char K =0 and e = 11 if char K > 0. Given n > 3 an integer, there exist constants
¢ = c(n) and k = Kk(n) such that for all polynomials f in Okly1,...,ys] of degree
d > 3 such that f is irreducible over K and NCC, and, whose homogeneous degree

d part f; contains at least one absolutely irreducible factor of degree > 2, one has
for all B > 2 that

Nas(f, B) < ed*B"2, if d =5,
Nt (f, B) < ¢B" *(log B)", if d =4,
Nag(f, B) < cB"*t*V3(10g B, if d = 3.
If f; only has at least one absolutely irreducible factor degree > 1, then
Nag(f, B) < cd*B" *(log B)", if d > 4,
Nagt(f, B) < eB"***V3(log B)", if d=3.

Proof. We follow the proof of Theorem 4.1, where the key point is that Proposi-
tion 3.4, about counting on (n—2)-planes, still holds. So let us prove this proposition
under these weaker assumptions on f;.

As usual, we may assume that f is absolutely irreducible. Let X C A} be the
affine variety V(f), and let X, C P> " be the intersection of X with the hyperplane
at infinity. By assumption there exists a geometrically irreducible component Y of
Xoo of degree at least 3. If f; contains an irreducible factor of degree 1 or 2, then
it also has an absolutely irreducible factor of degree 1 or 2, let Z C X, be the
corresponding geometrically irreducible component. We claim that there are only
finitely many (n—2)-planes on X which intersect Z. Suppose towards a contradiction
that this is not true. Since X is geometrically irreducible, X is the union of the
infinitely many (n — 2)-planes contained in it which intersect Z. In particular, by
considering the closure of X in P this holds for the points of Y. So through every
point of Y there is an (n—2)-plane contained in X intersecting Z. But then because
degY >3 and Y # Z, it would follow that the entire plane at infinity is contained
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in X, contradiction. Now, in the proof of Proposition 3.4 we no longer have to
consider rulings of X coming from components of X, of degree 1 or 2. We can then
simply follow the proof of Proposition 3.4 in the same way to conclude.

If f; has at least one absolutely irreducible factor of degree at least 2, the above
proof goes through to show that we can disregard linear components of X .. 0

Note that Conjecture 1.8 and Theorem 1.9 can be generalized correspondingly,
namely, with the 1-irreducibility being changed to f; having at least one absolutely
irreducible factor of degree > 1, while assuming f to be irreducible over K. We
leave their generalizations to a global field K instead of Q to the reader.
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