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1. Introduction

Let K be a field, B a smooth projective and geometrically integral K-variety and

F/K(B) a Galois extension of group G, finite or infinite. For every overfield k¥ D K
and each point ¢ty € B(k), there is a notion of k-specialization of F/K(B) at to. For g
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not in the branch locus of the extension F/K(B), it is a Galois extension (Fk),/k and
the Galois group Gal((Fk):,/k) identifies to some subgroup of G (well-defined up to
conjugation by elements of G).

The leading question in this context consists in comparing the Galois groups of the
specializations with the “generic” Galois group G. A classical tool is the Hilbert special-
ization property: essentially, a finite extension F/K(B) has the Hilbert specialization
property if the “special” groups equal G for “many” specializations over k = K.

In this paper, we introduce another specialization property, the Tchebotarev existence
property, which is, for finite extensions, a function field analog of the existence part in the
Tchebotarev density theorem for number fields. We say that F'/ K (B) has the Tchebotarev
existence property if for every cyclic subgroup H of G, there exists a local field k£ over
K and a point to € B(k) such that the specialization (F'k)q,/k is cyclic, unramified and
its Galois group is conjugate to H in G (see Definition 2.5 for more details).

A first motivation to consider this property is the following: for an extension with
the Tchebotarev existence property certain local behaviors encode informations on the
structure of the Galois group of the extension and vice-versa, as explained later. This
provides a function field analog to some results originally obtained over number fields
by S. Checcoli and U. Zannier [6].

Compared to the Hilbert property, our property allows more general base fields and
base varieties and it is also defined for infinite extensions. Moreover, even if it only
preserves the “local” structures, it still encapsulates a good part of the Hilbert property:
for example, over Q, Hilbert essentially follows from the Tchebotarev property merely
conjoined with the Artin—-Whaples theorem; actually, the Hilbert property is somehow
squeezed between two variants of the Tchebotarev property (see Proposition 4.6).

The main results of this paper are some “Tchebotarev theorems for function fields”
(Theorem 3.2 and Corollary 3.7), which provide concrete situations where the property
holds. As a special case, we have the following:

Theorem 1.1. A Galois extension F/K(T) with F/K regular' has the Tchebotarev ex-
istence property if K is a number field, or a finite field, or a PAC field® with cyclic
extensions of any degree, or a rational function field k(x) with k a finite field of
prime-to-|G| order.

With some extra good reduction condition on F/K(T), the property is also shown
to hold if K is a p-adic field or a formal Laurent series field with coefficients in a finite
field, etc. Fields of the form K = k((6))(x) are also considered in Theorem 3.10. To our
knowledge only the finite field case was covered in the literature. The main ingredients
in our proofs are the twisting lemma and the local specialization result of P. Debes

! J.e. FN K = K as recalled in Definition 3.1.
2 Pseudo Algebraically Closed; the definition is recalled in Section 3.1.2 (a).
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and N. Ghazi [12], concerning whether a given Galois extension E/k comes from a
specialization of a Galois extension F//K(B) with F//K regular.

As remarked above, it is natural to compare our property to the classical Hilbert
specialization property. Recall that a field K is Hilbertian if the Hilbert specialization
property holds for every finite Galois extension F//K(T'). In analogy, we say that a field
K is Tchebotarev if the Tchebotarev existence property holds for every finite Galois
extension F/K(T) with F/K regular.

If K is a PAC field and Gk denotes its absolute Galois group, then being Hilbertian
corresponds to a well-identified property of G . More precisely, basing on classical results
of M.D. Fried, M. Jarden, H. Volklein [19,22] and to subsequent work of F. Pop [28] and
P. Débes [9], it is known that K is hilbertian if and only if Gg is w-free (definition
recalled in Section 4.1). Moreover, the fact that every finite group occurs as a quotient
of Gk is equivalent to a weak variant of the Hilbert property, called RG-Hilbertian (see
Definition 4.1). In analogy to these results and as a consequence of Theorem 1.1, we
prove that the property of being Tchebotarev can also be read on Gg:

Corollary 1.2. Let K be a countable PAC field with absolute Galois group Gg. Then K is
Tchebotarev if and only if every cyclic group is a quotient of some open subgroup of G .

If K is not PAC, the situation is more complex: some of the PAC conclusions still
hold, others do not, and some are unclear. Still, as mentioned above, we are able to show
that in general, the Hilbert property is comprised between a strong and a weak variant
of the Tchebotarev property (see Proposition 4.6).

We finally investigate some local-global results for infinite extensions implied by
the Tchebotarev existence property. Let again F/K(B) be a Galois extension of Ga-
lois group G. A nice feature is that if F/K(B) has the Tchebotarev property, then it
has local specializations with any prescribed cyclic subgroup of G as Galois group. We
have the following consequence, where by “local specialization degrees” we mean the
degrees of all the cyclic unramified local specializations of F//K(B) (see Proposition 5.5
and Corollary 5.12 for more precise statements):

Theorem 1.3. Under the Tchebotarev existence property, if the local specialization degrees
of F/K(B) are uniformly bounded, then the exponent of G = Gal(F /K (B)) is finite. The
converse holds too under some standard assumptions on K. Moreover, if G is abelian,
the uniform boundedness of the local specialization degrees of F/K(B) also implies that
there exists an integer d > 1 such that F' is in the compositum K(B)(d) of all finite
extensions of K(B) of degree < d.

These results were established by the first author and U. Zannier in the situation
F/K(B) is a number field extension F//K [6,5]. It turns out that the core of their argu-
ments is the Tchebotarev property that we have identified.

Checcoli and Zannier proved, in the number field case, that the hypothesis on G being
abelian cannot be removed, providing counter-examples. We show that the same conclu-
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sion holds in the function field context in the situation where dim(B) > 0 by providing
counter-examples based on several group-theoretical constructions. Some of them are
obtained combining results from the theory of extra-special groups and their modules,
as in [6], with Abhyankar’s Conjecture on Galois groups of function field extensions of
characteristic p, proved by works of M. Raynaud [29] and D. Harbater [23]. Other con-
structions are given using pro-dihedral groups and generalized Frattini covers. One of
them is re-used in a remark on a geometric analog of the Bogomolov property (definition
recalled in Section 5.4.1).

The plan of the paper is the following.

In Section 2, after some preliminaries, we introduce the Tchebotarev existence prop-
erty for finite and infinite extensions. We establish a formal set-up around this property:
this enables us, in particular, to approach the above-mentioned local-global problems by
dealing with both the original number field and the new function field situations.

In Section 3 we prove Theorem 1.1, which is a consequence of the more general Theo-
rem 3.2, providing many fields having the Tchebotarev existence property. More specific
examples are discussed in Corollary 3.7. We also study a strict variant of the property
in Section 3.1.3.

In Section 4, we compare the Tchebotarev existence property to the classical Hilbert
specialization property: in Section 4.1 we analyze the PAC case, proving Corollary 1.2;
in Section 4.2 and Section 4.3 we study the general situation.

Section 5 is devoted to study some implications of the Tchebotarev existence property
for infinite extensions and to the proof of Theorem 1.3 and some related questions. The
paper ends with some remarks, in particular on the geometric Bogomolov property.

2. The Tchebotarev existence property

In this section we define the Tchebotarev existence property for finite and infinite
extensions. We start with some preliminaries on local fields, local specializations and
Frobenius subgroups.

2.1. Preliminaries

Given a field k, we fix an algebraic closure k and denote the separable closure of & in
k by k%P and its absolute Galois group by Gy.

Definition 2.1. Given a field K, what we call a local field over K is a finite extension k,
of some completion K, of K for some discrete valuation v on K. The field &, is complete
with respect to the unique prolongation of v to k,, which we still denote by wv.

A localization set of K is a set M of finite places of K (i.e. of equivalence classes
of discrete valuations on K). An M-local field over K is a local field k, over K with
v € M. When the context is clear, we will drop the reference to M.
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Here are some typical examples.

Example 2.2. (a) A complete valued field K, for a non trivial discrete valuation v will
be implicitly given with the localization set M = {v}. The M-local fields over K, are
K, and its finite extensions.

(b) A number field K will be implicitly given with the localization set M consisting of
all the finite places of K. The M-local fields over K are the non-archimedean completions
of K and its finite extensions.

(c) If k is a field and = an indeterminate, the rational function field x(x) will be
implicitly given with the localization set M consisting of all the (z — z¢)-adic valuations
where x( ranges over P!(x) (with the usual convention that  — co = 1/x). The M-local
fields over k(x) are the fields k((z—x¢)) of formal Laurent series in z —xo with coefficients
in k and their finite extensions (z¢ € P!(x)).

A variant of this example includes the m-adic valuations corresponding to all irre-
ducible polynomials © € k[z]. However, we will mostly consider the situation above
with only degree 1 polynomials 7: indeed, it is stronger for an extension to have the
Tchebotarev existence property in this situation than for the variant.

(d) A field K, without any specification, will be implicitly given with the localization
set M consisting of the sole trivial discrete valuation, denoted 0. The M-local fields over
K are K and its finite extensions.

2.1.1. Local specializations and Frobenius subgroups

Suppose given a base field K, a smooth projective and geometrically integral®
K-variety B and a Galois extension F/K(B) of Galois group G.

The following notions are classical when the extension F'/K(B) is finite and extend
naturally to infinite extensions by writing F// K (B) as the union of an increasing sequence
of finite Galois extensions.

Given a point ty € B(K), we denote by F;,/K the specialization of F/K(B) at to:
if Spec(A) C B is some affine neighborhood of t, A, the localized ring of A at the
maximal ideal p C A corresponding to o, (A, ) the integral closure of A, in F', then
F,,/K is the residue extension of the integral extension (A;,)%/As, at some prime ideal
above p. In particular, it is a normal extension.

Definition 2.3. Given an overfield k of K and ¢y € B(k), the extension (Fk)y,/k is called
a k-specialization of F//K(B) (notice that Fk/k(B) is well-defined as F//K(B) is Galois).

If k, is a local field over K, points ty € B(k,) are called local points of B, the associated
k,-specializations (Fky)t,/ky local specializations and the degrees [(Fky)i, : ky] local
specialization degrees of F/K(B) (these are to be understood as supernatural numbers
[19, §22.8] if F/K(B) is infinite).

3 In particular the function field extension K (B)/K is regular (as defined in Definition 3.1).
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Denote the branch locus of F/K(B) by D, i.e., the formal sum of all hypersurfaces of
B x i K®°P such that the associated discrete valuations are ramified in the field extension
FK®P /K®P(B). If the extension F'/K(B) is finite, D is an effective divisor; in general

D is an inductive limit of effective divisors.

Definition 2.4. Given a local field k, over K and a local point ¢ty € B(k,)\D, the extension
(Fk)¢, /k is Galois and the Galois group Gal((Fky )¢, /kv) is called the Frobenius subgroup
of F/K(B) at tg over k,. The local point tg € B(k,) \ D is said to be k,-unramified for
the extension F/K (B) if the associated k,-specialization (Fk, )y, /k, is unramified.*

The Frobenius subgroup is a subgroup of G whose order is the local specialization
degree [(Fky)t, : ky]. We use the phrase unramified local specialization degree for this
degree when ¢ is k,-unramified for F'/K(B).

2.2. The Tchebotarev existence property

2.2.1. Finite extensions
Definition 2.5. Let K be a field, given with a localization set M, and let F//K(B) be a
finite Galois extension of group G.

F/K(B) is said to have the Tchebotarev existence property with respect to M if for
every element g € G, there exists an M-local field k, over K and a local point tg €
B(k,) \ D, k,-unramified for F//K(B), such that the Frobenius subgroup of F'/K(B) at
tg over k, is cyclic and conjugate to the subgroup (g) C G.

We say further that F/K(B) has the strict Tchebotarev existence property if in addi-
tion to the above, the M-local fields k, can be taken to be completions K, of K (i.e.,
no finite extension is necessary).

Remark 2.6. If K is a number field or if K = x(x) with G, pro-cyclic, the Frobenius
subgroups of F//K(B) at local points tg € B(ky) \ D, k,-unramified for F/K(B), are
automatically cyclic as quotients of the pro-cyclic group Gal(ky"/k,) (with k" the un-
ramified closure of k).

Definition 2.5 is modeled upon the situation of number field extensions F//K. It is in
fact a generalization: take B = Spec(K); for every finite place of K, there is only one
point in B(K,) = Spec(K,) and the corresponding local specialization of F//K is the
v-completion of F//K. From the classical Tchebotarev density theorem, Galois extensions
of number fields indeed have the strict Tchebotarev existence property. As pointed out
by M. Jarden, the weaker density property proved by Frobenius (e.g. [24, p. 134]), where
is given a cyclic subgroup instead of a specific element of the Galois group, is sufficient
to prove our property for number field extensions.

4 When v is the trivial valuation, this condition is vacuous as all finite extensions of k, are unramified.
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In this paper we will be more interested in function field extensions F/K(B) with
dim(B) > 0. Concrete situations where the Tchebotarev existence property is satisfied
are given in Section 3.

2.2.2. Infinite extensions
Definition 2.5 extends in a natural way to infinite extensions.

Definition 2.7. A Galois extension F'/K(B) (possibly infinite) is said to have the Tcheb-
otarev existence property (w.r.t. a localization set M of K) if F//K(B) is the union of
an increasing sequence of finite Galois extensions F, /K (B) that all have the Tcheb-
otarev existence property (w.r.t. M); and similarly for the strict Tchebotarev existence
property.

This definition does not depend on the choice of the increasing sequence {F,},>1
such that J,,~, F;, = F. This follows from the fact (left as an exercise) that given two
finite Galois extensions E/K(B) and E'/K(B) such that E' O E, if E'/K(B) has the
Tchebotarev existence property (strict or not), then so does E/K(B).

3. Situations with the Tchebotarev property

This section is devoted to state and prove our Tchebotarev theorems for function
fields. In Section 3.1 we state the results, which are proved in Section 3.2. More spe-
cific examples where the Tchebotarev property holds are given in Section 3.1.2 and
Section 3.3.

Unless otherwise specified, we assume dim(B) > 0 in this section. In this function field
context, we will mostly consider extensions F/K(B) satisfying the following standard
regularity condition.

Definition 3.1. A separable field extension F/K is said to be regular if FN K = K.
A separable extension F'/K(B) is said to be K-regular if F/K is regular.’

3.1. Main results

Theorem 3.2 below is a central result of this paper: it provides various situations where
the Tchebotarev existence property is satisfied. Theorem 1.1 follows as an easy corollary
from it (see Remark 3.4 below). The proof of Theorem 3.2 is given in Section 3.2.

Theorem 3.2. Let K be a field given with a localization set M. A finite K -reqular Galois
extension F/K(B) has the Tchebotarev existence property in each of the three following
sttuations:

5 Note that the assumption that the extension K (B)/K is separable (Section 2.1.1) guarantees that F//K
is separable if F'//K(B) is.
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(a) K is a field that is PAC and has cyclic extensions of any degree (with M = {0}),

(b) K is a finite field (with M = {0}),

(c) there exists a non trivial discrete valuation v € M that is good for the extension
F/K(B) and such that the residue field k, is finite, or is PAC, perfect and has
cyclic extensions of any degree.

Remark 3.3. The precise definition of good place for F//K(B) that appears in (c¢) requires
some additional notation and we prefer to postpone it below in Section 3.1.1; it essentially
corresponds to a set of conditions which classically guarantee good reduction of F/K(B).

Remark 3.4. If B = P!, condition (c), and consequently the Tchebotarev property, clearly
hold in each of the concrete situations of Theorem 1.1 of the introduction (see also
Corollary 3.7 for some higher dimensional generalization).

In this situation and in cases (a), (b), which only depend on the field K and not
on the extension F/K(B), the conclusion that F/K(B) has the Tchebotarev existence
property also holds if F//K(B) is infinite.

On the other hand, there are examples for which the Tchebotarev existence property
does not hold in general: for instance if K is algebraically closed or if K = R, as then,
for any Galois extension F'/K(B), all specializations are of degree 1 or 2.

8.1.1. Good places

We now give the definition of good places appearing in the statement of Theorem 3.2.

Let F/K(B) be a finite K-regular extension with branch locus D. This corresponds,
through the function field functor, to a K-cover f: X — B which is étale above B\ D,
from the Purity of the Branch Locus (see e.g. [8] for more on covers and the correspon-
dence).

Given a local field k, over K, denote by A, the valuation ring, by p, the valuation
ideal and by k, the residue field, which is assumed to be perfect and of characteristic p,,.

If B, is an integral smooth projective model of B over A,, denote by F, : X, — B,
the morphism corresponding to the normalization of B, in k,(X), by Fy, 0 : X0 = Bu,o
its special fiber and by D, the Zariski closure of D in B,.

Also recall that f is said to have no wvertical ramification at v if F, : X, — B, is
unramified above p, viewed as a prime divisor of B,. We can now give the following
definition:

Definition 3.5. A place v of K is said to be good for F//K(B) if

(i) B has an integral smooth projective model B, over A,,
(ii) p, = 0 or p, does not divide the order of G,
(iii) each irreducible component of D, is smooth over A, and D, U B, is a sum of
irreducible regular divisors with normal crossings over A,,
(iv) there is no vertical ramification at v in the cover f.
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The k,-cover f, := f Xk k, : X, = B, then has good reduction at v: specifically, the
special fiber F, o : X, 0 — B, is a cover over the residue field &, with group G and
branch divisor D, o; this follows from classical results of Grothendieck as explained in
[12, §§2.4.1-2.4.4].

Example 3.6. In the typical situation where k, = Q, and B = ]P’ép7 condition (iii) amounts
to the branch divisor t being étale at p, and more specifically to no two branch points
ti,t; € QU{oc} coalescing at v. Here coalescing at v means that [t;|; < 1, |tj]; <1 and
t: —tils < 1,0relse |ti| > 1, |tjls > 1 and |t; ! —tj_1|1—, < 1, where ¥ is any prolongation
of v to Q. As to the non-vertical ramification in condition (iv), a practical test is this:
if an affine equation P(t,y) = 0 of X is given with ¢ corresponding to f and P € Z,|t, y]
monic in y, there is no vertical ramification if the discriminant A(t) of P with respect

to y is non-zero modulo p.

3.1.2. Some concrete examples in situations (a)—(c) of Theorem 5.2
Situation (a) Recall that a field k is said to be PAC if every non-empty geometrically
irreducible k-variety has a Zariski-dense set of k-rational points. Classical results show
that, in some sense, PAC fields are “abundant” [19, Theorem 18.6.1]; a concrete example
is the field Q' (/—1), where Q' is the field of totally real numbers (algebraic numbers
such that all conjugates are real).

There are many fields as in situation (a) of Theorem 3.2. We list some examples:

o It is a classical result [19, Corollary 23.1.3] that for every projective profinite group G,
there exists a PAC field K such that Gg ~ G.
For G chosen so that Z is a quotient, the field K satisfies condition (a) of Theorem 3.2.
Any non-principal ultraproduct of distinct finite fields is a specific example of a
perfect PAC field with absolute Galois group isomorphic to i/ [19, Proposition 7.9.1].

« Examples of subfields of Q can be given. The PAC field Q% (v/—1) is one: indeed it is
known to be hilbertian and, consequently (see Proposition 4.4), its absolute Galois
group is a free profinite group of countable rank. It has been also proved that for
every integer e > 1, for almost all ¢ = (0y,...,0.) € G, the fixed field Q7 of o
in Q is PAC and Gge is isomorphic to the free profinite group ﬁe of rank e [19,
Theorems 18.5.6 & 18.6.1]; here “almost all” is to be understood as “off a subset of
measure 07 for the Haar measure on Gg. We note that for such fields Q°, a related
Tchebotarev property already appeared in [25].

Situation (b) The situation “K finite” is rather classical. There even exist quantitative
forms of the property, similar to the Tchebotarev density property for number fields; see
[34,31,20,17], [19, §6]. As shown in [11, §3.5] and [15, §4.2], our approach also leads to
the quantitative forms. We focus here on the existence part which also applies to infinite
fields.
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Situation (¢) The following statement provides examples. By the phrase used in (c1)
and (c2) that the branch locus D is good (over K ), we mean that it is a sum of irreducible
smooth divisors with normal crossings over K. This is automatic if B is a curve, or if,
as in (c3) and (c4), K has a place that is good for the extension F/K(B).

Corollary 3.7. A finite K -reqular Galois extension F/K(B) has the Tchebotarev existence
property in each of the following situations:

(cl) K is a number field and the branch locus D is good,

(c2) K = k(z), char(k) = p 1 |G|, the branch locus D is good, and & is either a finite
field, or a perfect, PAC field having cyclic extensions of any degree,

(c3) K = K, is the completion of a number field at some finite place v that is good for
F/K(B),

(c4) K = k((x)), the z-adic valuation is good for F/K(B) and k is either a finite field,
or a perfect, PAC field having cyclic extensions of any degree.

Proof. (c3) and (c4) are obvious special cases of Theorem 3.2 (c). This is true too for (c1)
and (c2): the main point is that in these cases, the localization set M contains infinitely
many places and that only finitely many can be bad, which is clear from Definition 3.5
(under the assumption that the branch locus D is good over K). O

3.1.3. The strict variant

Addendum 3.8 (to Theorem 3.2). The strict Tchebotarev existence property is satisfied
in case (a) of Theorem 3.2. It also holds in case (cl) of Corollary 3.7 and in cases (c2),
(c4) when k is PAC having cyclic extensions of any degree.

Finite fields are typical examples over which the non-strict variant holds (Theorem 3.2)
but the strict variant does not: for example if p is an odd prime, the extension F/F,(T)
given by the polynomial Y2 — Y — (TP — T) has trivial specializations at all points
to € F,, and so at all unbranched points ¢y € P!(F,) (co 4s a branch point). A similar
argument (given in Section 4.2) shows that over Q, the strict variant does not hold
either. However we do not know whether the non-strict variant holds over Q,, i.e. if the
condition “v good” can be removed in Corollary 3.7 (c3).

3.2. Proof of Theorem 3.2 and of its Addendum 3.8

A central ingredient is [12]: we notably use two statements called there twisting lemma
and local specialization result. Both are answers to the question as to whether a Galois
extension E/k is a specialization of a K-regular Galois extension F/K(B).

Fix a finite K-regular Galois extension F'/K(B) with group G and branch locus D.
We use the cover viewpoint and the notation introduced in Section 3.1.1: f : X — B is
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the K-cover corresponding to F//K(B) and we set f, = f Xk k, for every local field k&,
over K.
Let g € G. The strategy is to construct an M-local field k, over K such that

(i) there exists an unramified Galois extension E/k, with Galois group isomorphic to
the subgroup (g) C G, and

(ii) the extension E/k, is a specialization of the extension F'k,/k,(B) at some point
to € B(k,)\ D.

We will conclude that the group Gal((F k)¢, /kv), i.e., the Frobenius subgroup of
F/K(B) at ty over k,, is cyclic and conjugate to (g) in G.

To achieve (ii) we use the twisting lemma from [12], which says the following. Let
¢ : Gg, — (g) be an epimorphism such that the fixed field (k5°?)**7(#) is an extension E
of k, as in (i). Then there is a regular k,-cover® ff : )~(f — B, (with B, = B X ky)
such that

(*) condition (ii) holds if and only if there exists a k,-rational point on )Z'f not lying
above any point in the branch locus D.

The cover f¢ : X? — B, is obtained by “twisting” Fk,/k,(B), viewed as a regular
Galois k,-cover f, : X, — B,, by the epimorphism ¢, whence the terminology and the
notation.

Proof of (a). This follows at once. Take for v the trivial valuation on K (for which
K, = K). From the assumption an extension F/K as in (i) exists, and by definition of
PAC fields, the set X’f (K) is Zariski-dense, and so (ii) holds as well.” Furthermore it
is the strict Tchebotarev existence property (and so Addendum 3.8, case (a)) that has
been proved.

Remark 3.9. The non-strict Tchebotarev existence property holds under a weaker con-
dition: the argument above shows that it is sufficient that every cyclic subgroup C' be
the Galois group of some finite extension E¢/kc with ko a finite extension of K.

Proof of (b). This goes along similar principles but with the Lang—Weil estimates
replacing the PAC property. More precisely assume that K is the field Fy, with g
elements. Pick a suitably large integer m; more specifically ¢ = ¢(* should be bigger than
the constant ¢ from [11, Corollary 3.5], which depends only on G, B and D. Then from
that result, if d is the order of g, the extension IF 4 /F, is the specialization of F'IF,/F,(B)
at some point tg € B(F,)\D. So the extension F'FF,/F,(B) satisfies conditions (i) and (ii)

6 As defined in [15, §2.2], a cover X — B defined over some field k is said to be a regular k-cover if the
function field extension k(X)/k(B) is k-regular (in the sense of Definition 3.1).

7 For PAC fields, stronger results can be proved for which (g) can be replaced by any subgroup of G; see
[11, Corollary 3.4].
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above for v the trivial place on K = Iy, and k, = IF,. We note that we have used a scalar
extension (from Fg, to F,) and only proved the (non-strict) Tchebotarev property.

Proof of (c). The proof of this last part relies on Proposition 2.2 from [12], which we
apply to the k,-cover f, X g, k,, and to the unramified homomorphism ¢ : G, — (g9) C G
defined as follows. If the residue field x,, is PAC, take k, = K, and if it is a finite field Fy,
with qg elements, take k, equal to the unique unramified extension of K, with residue
extension Fym /Fy, with ¢ = ¢f* bigger than the constant ¢ from [12, Lemma 2.4] (which
is some version of the constant ¢ used above). In both cases, denote the residue field of &,
by .. From the hypotheses, the field &, has a Galois extension &, /&, of group (g). Let
E,/k, be the unique unramified extension with residue extension ¢,/%, and ¢ : G, —
(g) be an epimorphism such that the fixed field (kS°P)ker(¥) is E,,.

Proposition 2.2 from [12] has two assumptions which are labeled (good-red) and
(k-big-enough). The former is here covered by the assumption that v is good for F'/ K (B).
The latter holds as well: this follows from the PAC property if &, is PAC, and from [12,
Lemma 2.4] if k, is finite of order > ¢. Conclude then from [12, Proposition 2.2] that
there exists tg € B(k,)\ D such that the specialization (F k), /k, is conjugate to E, /k,.
In particular Gal((F ky ), /ky) is cyclic and conjugate to (g) in G. Furthermore we have
proved the strict Tchebotarev property in the case of a PAC residue field (and so Ad-
dendum 3.8, cases (c2) and (c4)) but only the non-strict Tchebotarev property in the
case of a finite residue field.

It remains to show case (cl1) of Addendum 3.8. That is, to prove the strict Tchebotarev
property assuming that K is a number field and the branch locus D is good. Denote
by B an integral projective model of B over the ring R of integers of K; B is smooth
over the completion R, for all finite places of K but in a finite subset Sy. Pick a place
v of K that is good (in particular v ¢ Sp) and has a residue field &, of order bigger
than the constant C(f, B) from [12, Lemma 3.1]. As above, assumptions (good-red) and
(k-big-enough) from [12, Proposition 2.2] are guaranteed and it can be concluded that
there exists to € B(k,) \ D such that the specialization (F' K,):, /K, is conjugate to the
unique unramified extension E, /K, of degree the order of g. O

3.8. A further example

We illustrate our method with a last situation where the residue fields are neither
PAC nor finite. A typical example we have in mind in the statement below is this: K is
the field ko((6))(x) with 2 and € two indeterminates and the localization set consists of
all (z — x¢)-adic valuations with zo € P! (ko((6))).

Theorem 3.10. Assume K is given with a localization set M that contains a non trivial
discrete valuation v € M such that

(a) the residue field K, is a complete field for a non trivial discrete valuation w with a
residue field K, ., that is perfect, PAC and has cyclic extensions of any degree.
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Then a finite K-reqular Galois extension F/K(B) has the strict Tchebotarev existence
property if G = Gal(F/K(B)) has trivial center and B has an integral smooth projective
A,-model B, such that

(b) v is good for this model of F/K(B),
(c) the place w is good for the extension ky(Xy0)/kv(Bvo) (i-e., the function field ex-
tension of the special fiber of F, : Xy — B, ).

For K = ko((6))(x), condition (a) holds if ko is a perfect PAC field with cyclic ex-
tensions of any degree. For all but finitely many o € P!(ko((0))), the (z — g)-adic
valuation vy, is good for F/K(B), i.e. condition (b) holds. The special fiber is a
ko((0))-cover and condition (c) requires that the #-adic valuation on ko((f)) be good
for it.

Proof. Fix g € GG. The proof follows the same strategy as in Section 3.2 and uses again
[12, Proposition 2.2], applied here to the K,-cover f, = f xg K, and the unramified
homomorphism ¢ : Gg, — (g9) C G defined as follows. From assumption (a), there
exists a Galois extension of &, ,, of group isomorphic to (g). This extension lifts to an
unramified (w.r.t. w) extension of k, with the same group, which in turn lifts to an
unramified (w.r.t. v) extension E, /K, with the same group (g). Let ¢ : Gk, — (9) C G
i.e., the fixed field of ker(y) in K, is F,,.

The K,-cover f, satisfies condition (good-red) from [12, Proposition 2.2]; this is guar-

be an associated representation of G,
anteed by assumption (b).

To check condition (k-big-enough) from [12, Proposition 2.2], we give ourselves what
is called an A,-model of (f, Xk, K%, Fyo Xy, Ry) in [12], d.e., a finite and flat mor-
phism F' : X’ — B, with X’ normal and such that F' x4, K, is a K,-cover that is
K3°P-isomorphic to f, Xk, K5 and the special fiber F{ : X] — B, o is a k,-cover that
is Ryp-isomorphic to Fy o X, Ry. And we have to find x,-rational points on A not lying
above any point in Dy X, K.

Denote the valuation ring of w by A, .. From assumption (c), the k,-variety B, o
has an integral smooth projective model go over A, 4, and w is good for this model of
Ko (Xp,0)/ Ko (By,o). It follows that w is also good for ., (X])/ky(By,o). Indeed conditions
(a), (b), (c) from Definition 3.5 are equivalently satisfied by the place w for either one
of the two extensions. As to condition (d), we resort to a result of S. Beckmann [2] that
says that non-vertical ramification is automatic under (a), (b), (c) if G has trivial center.
It follows that .7?6 has good reduction (at w). As k4, is PAC, there exist k, -rational
points on the reduction (at w) of X} that are not in the branch locus of the reduction
(at w) of ]?6 Using Hensel’s lemma, these points can be lifted to x,-rational points on
X} as desired.

Proposition 2.1 from [12] can then be applied to conclude that the unrami-
fied extension E,/K,, cyclic of group (g), is a K,-specialization of the extension
F/K(B). O
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Remark 3.11. A non-strict variant of Theorem 3.10 can be proved if the residue field
Ky is assumed to be finite instead of PAC. The modifications are similar to those in
the proof of Theorem 3.2 (for (b) vs. (a)): the Lang—Weil estimates replace the PAC
property, a finite extension of K, is needed to insure that the finite residue field &, ,, is
big enough, etc. We leave the reader adjust the proof.

4. Tchebotarev versus Hilbert

We now compare the Tchebotarev existence property and the Hilbert specialization
property. We have the following definitions:

Definition 4.1. Recall that a finite extension F//K(T) is said to have the Hilbert special-
ization property if it has infinitely many specializations Fy, /K at points ty € P1(K) of
degree equal to [F: K(T)).

A field K is called hilbertian if the Hilbert specialization property holds for every
finite extension F/K(T) and RG-hilbertian if it holds for every finite K-regular Galois
extension F/K(T).

We say that a field K, given with a localization set M, is Tchebotarev (resp. strict
Tchebotarev) if every finite K-regular Galois extension F/K(T) has the Tchebotarev
(resp. the strict Tchebotarev) existence property.

Example 4.2. From Section 3, PAC fields and number fields are strict Tchebotarev, finite
fields are Tchebotarev, but not strict Tchebotarev.

4.1. The PAC situation and the proof of Corollary 1.2

The case where K is a PAC field gives a first idea of these notions hierarchy. Recall
the following definition from [19, §27.1] that is used in statement (a) below:

Definition 4.3. A field K is w-free if every embedding problem for Gy is solvable.

From a theorem of Iwasawa, if Gg is of at most countable rank, K is w-free if and
only if G is isomorphic to the free profinite group E,, with countably many generators
[19, Theorem 24.8.1].

The following result shows that, for a field K, the properties of being Tchebotarev and
its strict variant are equivalent to well-identified properties of the group Gg, proving
in particular Corollary 1.2 from the Introduction. Notice that, as already remarked,
conclusions (a) and (b) below are classical; see [19, Corollary 27.3.3] for the if part
in (a), [22, Theorem A] for the only if part, and [22, Theorem B] for (b).® We have
included them in the statement to put the new conclusions (c¢) and (d) in perspective.

8 [22] assumes K of characteristic 0 and countable, but these hypotheses have been removed in subsequent
works; see [28] for (a) and [9, §3.3] for (b).
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Proposition 4.4. Let K be a PAC field given with the trivial localization set M = {0}.

(a) K is hilbertian iff K is w-free.
(b) K is RG-hilbertian iff every finite group is a quotient of G .

(¢) K is strict Tchebotarev iff every cyclic group is a quotient of Gg.

(d) K is Tchebotarev iff every cyclic group C is a quotient of some open subgroup Uc

of Gk
In particular we have this chain of implications:
hilbertian = RG-hilbertian = strict Tchebotarev = Tchebotarev
Furthermore none of the reverse implications holds.

Proof. The if part in (¢) is Theorem 3.2 (a). For the only if part, let G be a cyclic
group. Classically every cyclic group G is the group of some K-regular Galois extension
F/K(T). If K is strict Tchebotarev, then a specialization Fy,/K of group G does exist.
Similar arguments lead to the non-strict variant (d) of (¢) (use Remark 3.9 for the if
part).

Using the classical result [19, Corollary 23.1.3] recalled in Section 3.1.2, the search of
counter-examples to the reverse implications can be reduced to that of projective profi-
nite groups G with appropriate properties. For a counter-example to “strict Tchebotarev
= RG-hilbertian”, take G = 7 and a PAC field K such that G k ~ G. From statements
(b) and (c), K is strict Tchebotarev but is not RG-hilbertian. For a counter-example
to “RG-hilbertian = hilbertian”, see [22, §2]. Finally for the implication “Tchebotarev
= strict Tchebotarev”, we have the following counter-example, provided to us by Bary-
Soroker.

Take for G the universal Frattini cover [19, §22.6] of the group [],,~5 4, and a PAC
field K such that Gg ~ G. From [19, Lemma 22.6.3], if a cyclic subgroup C is a quo-
tient of G, then C' is a Frattini cover of a quotient D of [] .. A,. But then from [19,
Lemma 25.5.3], D is a direct product of alternating groups A,: a contradiction if C' is
non-trivial. Conclude wvia statement (d) that K is not strict Tchebotarev. Now as we
explain below, K is Tchebotarev. For every integer m > 1, the alternating group As,, is
a quotient of G. Denote by Ky, /K the corresponding Galois extension, of group Agy,. If
Om € Aagy is the product of two m-cycles and k the fixed field of o, in Ka,,, then k/K
is finite and Ko, /k is Galois of group (o). As m is arbitrary, this indeed shows that
every cyclic subgroup is a quotient of some open subgroup of Gk and so via (d) that K
is Tchebotarev. 0O

4.2. The general situation

Over non PAC fields K and for not necessarily trivial localization sets M the picture
is more complex. We explain in this subsection what remains in general of the first four
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equivalences of Proposition 4.4 and in the next one how some implications between the
various properties can still be obtained.
Assume K is an arbitrary field. Then:

o Implication (=) in Proposition 4.4 (a) does not hold: for example, Q is hilbertian but
not w-free.” Implication (=) in Proposition 4.4 (c) and (d) still holds: the argument
is the same as for PAC fields (and this argument also shows that implication (=)
in Proposition 4.4 (b) also holds if every finite group is the Galois group of some
K-regular Galois extension; see also [9, §3.3.2]).

o None of the converses hold in general. For (a), see [3, Remark 2.14]. For (b) and (c),
take a prime p and consider the field Q' of all totally p-adic algebraic numbers.
It is known that every finite group is a quotient of Gger [16]. But if F/Q'(T) is
the extension given by the polynomial P(T,Y) = Y2 —Y — (pT/T? — p), then for
every to € P1(Q'), the polynomial P(ty,Y) is split in Q"?[Y] [14, Example 5.2].
Therefore F//Q"(T') has no Q'-specialization with Galois group Z/2Z and so Q'
is not strict Tchebotarev. This example also shows that Q, is not strict Tcheb-
otarev and so yields another counter-example to the converse in (¢). One may think
that @, is not even Tchebotarev; it would then also be a counter-example to (<)
in (d).

4.3. Strong Tchebotarev versus Hilbert

Proposition 4.6 below shows that the Hilbert property is squeezed between a strong
and a weak variant of the Tchebotarev property.

Definition 4.5. If K is given with a localization set M, a finite Galois extension
F/K(B) is said to have the strong Tchebotarev existence property with respect to M
if for every element g € G, there exist infinitely many places v € M with cor-
responding points ¢, € B(K,) \ D k,-unramified for F/K(B) and such that the
Frobenius subgroup of F/K(B) at ty over K, is cyclic and conjugate to the subgroup
(9) CG.

We also say that K is strong Tchebotarev if every finite K-regular Galois extension
F/K(T) has the strong Tchebotarev existence property.

Proposition 4.6. Let F/K(T) be a finite K -reqular Galois extension.
(a) If F/K(T) has the strong Tchebotarev existence property w.r.t. a localization set M

of K, then it has the Hilbert specialization property. In particular, if K is strong
Tchebotarev, then it is RG-hilbertian.

9 However it is conjectured that “K hilbertian” implies that every split finite embedding problem over K
has a solution [7] (which itself implies K w-free if in addition Gk is projective and countable).
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(b) If K is a countable hilbertian field then F/K(T) has the Tchebotarev existence prop-
erty w.r.t. the trivial localization set M = {0}. In particular, K is Tchebotarev w.r.t.

M = {0}.

Proof. (a) Definition 4.5 makes it possible to construct a family of places (vq)g4eq, pair-
wise distinct and with the property that for each g € G, there exists t,, € P! (Ky,)\ D
ky-unramified for F/K(T') and such Gal((F Ky, )+, /Kv,) is conjugate to (g). For each
g € G, the set of such points ¢, is a vg-adic subset of P'(K,,)\ D; this follows from the
twisting lemma recalled in Section 3.2. Using the approximation Artin—Whaples theo-
rem, the collection of points (t,,)sec can be approximated by some point ¢y € PYK)\D
such that Gal(Fy, K,,/K,,) is conjugate to (g) for each g € G. As Gal(F,K,,/K,,) is a
subgroup of Gal(F;,/K), we conclude that Gal(F},/K) meets each conjugacy class of G.
By a classical lemma of Jordan [26], Gal(F,/K) is all of G.

(b) The following proof is due to L. Bary-Soroker. From [19, Theorem 18.10.2], the
countable hilbertian field K can be embedded in some field E, Galois over K, PAC and
w-free. From Proposition 4.4, E is hilbertian, and consequently is strict Tchebotarev
w.r.t. M = {0}. It readily follows that F'/K(T') has the Tchebotarev existence property
(and that K is Tchebotarev w.r.t. M = {0}). Indeed given any g € Gal(F/K(T)) =
Gal(FE/E(T)), there exists tog € P1(E) such that (g) = Gal((FE);,/E) and a stan-
dard argument shows that the same is true with E replaced by some finite extension k
of K. O

The proof shows that Proposition 4.6 (a) still holds if F/K(T) is replaced by an
extension F/K(B) with B satisfying the weak approzimation property (and even the
weak weak approxzimation property [32, Définition 3.5.6]).

5. Some questions on infinite extensions

In this section we study some local-global implications of the Tchebotarev existence
property for infinite extensions and some related questions, originally investigated in the
number field setting in [6]. Our main results are Theorem 5.14 and Theorem 5.17 and they
base on some group-theoretic constructions, in particular with families of extraspecial
and dihedral groups.

5.1. A local-global conclusion for infinite extensions

An interesting feature of extensions with the Tchebotarev existence property is that
certain local behaviors actually detect informations on the Galois group of the extension
and vice-versa. For instance, an immediate remark is the following:

Remark 5.1. For a finite Galois extension F//K(B) of Galois group G with the Tcheb-
otarev existence property, the orders of the elements of G are exactly the unramified
M-local specialization degrees of F//K(B) corresponding to cyclic Frobenius subgroups.
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In particular the exponent of G is the l.c.m. of these local specialization degrees.
Proposition 5.5 below shows that the above conclusion extends in some form to infinite
extensions. The following definitions will be used.

Definition 5.2. A localization set M of a field K is said to be standard if the local fields &,
are perfect and the absolute Galois groups Gy, are of uniformly bounded rank (v € M).

Example 5.3. This holds in particular in the following situations: K is a number field,
a p-adic field, a perfect field with absolute Galois group of finite rank (e.g. a finite field),
afield K = k(z) or K = k((z)) with & of characteristic 0 and with absolute Galois group
G, of finite rank, etc.

Definition 5.4. We say that a family (d, ), of positive integers indexed by v is uniformly
bounded if there is a constant § depending on F//K (B) but not on v such that all integers
d, are < 4.

We can now state our result, which is an extension to function fields of the result
proved in [6] and [5] for number field extensions.

Proposition 5.5. Let F'//K(B) be a Galois extension (possibly infinite) with Galois group
G and with the Tchebotarev existence property. Suppose that the M-local specialization
degrees of F/K(B) are uniformly bounded. Then the exponent of G, exp(G), is finite.

Furthermore the converse holds too if the localization set M is standard (independently
of the Tchebotarev property).

Proof. Write F//K(B) as an increasing union of finite Galois extensions F, /K (B)
(n>1). Let g € G. For each n > 1, let g, be the projection of g onto Gal(F,,/K(B)).
From Remark 5.1, for each n > 1, the order of g, is the unramified local specialization
degree [(Fp,ky)t, : kv] for some place v € M and some point ¢ty € B(k,)\ D. In particular
this order divides the local specialization degree [(Fky )z, : ky)-

This yields to the fact, (which compares to Remark 5.1 above) that the set of orders
of elements of G is a subset of the set of all M-local specialization degrees of F//K(B),
proving the first part of Proposition 5.5.

For the converse, we borrow an argument from [5]. Let k, be an M-local field over
K and ty € B(k,). Fix n > 1. Assume k, is perfect. Then (F,k, )¢, /kov is a finite Galois
extension and the local specialization degree [(Fy,ky)¢, : kv] is the order of the group
Gal((Frky)to/ky). Assume further that there is a constant N depending only of F/K(B)
such that G, is of rank < N. Then the finite group Gal((Fy,k,)t,/kv), @ quotient of Gy,
has a generating set with at most N elements. The group Gal((F,ky)t,/ky) is also of
exponent < exp(G) (as a subgroup of Gal(F,,/K(B)) which itself is a quotient of G). If
exp(Q) is finite, it follows from the Restricted Burnside’s Problem solved by Zelmanov
(see e.g. [33]) that the order of the group Gal((Fyky)+,/kv) can be bounded by a constant
only depending on exp(G) and N. O
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Remark 5.6. If F//K(B) has the strict Tchebotarev property, a strict variant of the above
result holds too: namely, if G has finite exponent, then the M-local specialization degrees
corresponding to completions of K are uniformly bounded. The proof above can easily
be adjusted.

5.1.1. Some concrete examples

From Proposition 5.5, the uniform boundedness of the M-local specialization degrees
is equivalent the finiteness of exp(G) if the extension F/K(B) has the Tchebotarev
property and the localization set M is standard.

The aim of this subsection is to provide some examples in which these two last con-
ditions hold. We shall need the following definition:

Definition 5.7. For an extension (possibly infinite) F//K(B) we say that the branch
locus D (an inductive limit of effective divisors) is good if every effective divisor with
support in D is good.

We have the following result:

Corollary 5.8. Fiz a K-regular Galois extension F/K(B) with dim(B) > 0. Let G =
Gal(F/K(B)). Then the uniform boundedness of the M-local specialization degrees of
F/K(B) is equivalent the finiteness of exp(G) in each of the following situations:

(1) K is a PAC perfect field such that Gg is of finite rank and has every cyclic group
as a quotient,

(2) K is a finite field,

(3) K is a number field and the branch locus D is good,

(4) K = k(z) with & a PAC field of characteristic 0 such that G, is of finite rank and
has every cyclic group as a quotient, and the branch locus D is good,

(5) K = K, is the completion of a number field at some finite place v that is good for
F/K(B),

(6) K = k((x)) if the z-adic valuation is good for F/K(B) and for k a PAC field
of characteristic 0 such that G is of finite rank and has every cyclic group as a
quotient.

Proof. In all the above situations, the Tchebotarev property holds and the localization
set M is standard: the latter claim is classical and the former holds from Theorem 3.2
and Corollary 3.7. O

Remark 5.9. It is well-known that for s of characteristic p > 0, G, ((,)) is not of finite
type: for example, if s is algebraically closed, the Galois group of X?" — X — (1/x)
over k((x)) is (Z/pZ)™ (n > 1). That is why situations (c2) and (c4) with x finite from
Corollary 3.7 do not appear here and & is of characteristic 0 in cases (4) and (6) of
Corollary 5.8.
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Remark 5.10. Let K be a finite field. Corollary 5.8 ensures that the uniform boundedness
of the local specialization degrees of F//K(B) is equivalent to the finiteness of exp(G).
But is this equivalence true if, instead of the local specialization degrees, we consider the
local degrees of F//K(B) i.e. the degrees of the field extensions obtained by taking the
completions of F' and K(B) w.r.t. some valuations?

This closer function field analog of the question raised in [6] and [5] was recently
negatively answered by H. Baucheére in his PhD thesis [1] when B = PL.. As in the
number field case, the uniform boundedness of the local degrees of F/K(B) clearly
implies the finiteness of exp(G). Bauchere proves that, however, the converse is not true
in general if p = char(K) divides exp(G), providing a family of counterexamples given
by infinite abelian extensions of exponent p.

5.2. A refined question

Let again F/K(B) be a Galois extension of group G. A special situation where the
exponent of G is finite is when, for some integer d > 1, F' is contained in the compositum
K (B)? of all extensions of K(B) of degree at most d. Indeed in this case Gal(F/K (B))
is a quotient of the group Gal(K(B)@ /K(B)), which is of exponent < d!.

The following question arises:

Question 5.11. Let F//K(B) be a Galois extension with the Tchebotarev existence prop-
erty. Suppose the local specialization degrees of F/K(B) to be uniformly bounded. Is it
true that F C K(B)Y) for some d?

If the group G is abelian, the answer is affirmative as shown in Corollary 5.12 below.
For number field extensions this was first proved in [6].

In general however, Question 5.11 has a negative answer. Counter-examples were
given in [6,5] in the number field context. Constructing other counter-examples with
dim(B) > 0 was among the motivations for this work.

Corollary 5.12. Let F/K(B) be an abelian Galois extension with the Tchebotarev exis-
tence property. Assume that the M-local specialization degrees of F/K(B) are uniformly
bounded. Then F C K(B)@ for some d.

Proof. From Proposition 5.5, exp(G) is finite. As noted in [6, Proposition 2.1], this
implies ' C K(B)@ for some d if G is abelian. 0O

Remark 5.13. Notice that the assumption that F//K(B) has the Tchebotarev property
cannot be removed neither in Corollary 5.12 nor in the first part of Proposition 5.5.
Indeed, let F = Q(T*/>°) be the field generated over Q(T') by all d-th roots of T, with
d € N*, the extension F//Q(T) is abelian of group G ~ Z it has uniformly bounded local
specialization degrees (as Q is algebraically closed) but F ¢ K(B)@ for any d (as 7 is
of infinite exponent).
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We now produce several examples showing that in general Question 5.11 has a negative
answer.

Our examples will even satisfy a stronger local property: namely they will have the
M-local decomposition degrees of F'/ K (B) uniformly bounded, where by local decompo-
sition degree at some M-local point ¢ty € B(k, ), we mean the order of the decomposition
group of Fk,/k,(B) at ty (while the local specialization degree is the degree of the
residue extension).

More specifically we will prove the following.

Theorem 5.14. In the following situations, there exists an infinite Galois extension
F/K(T) having uniformly bounded M-local decomposition degrees, but such that F ¢
K(B)Y for any integer d:

(a) The Regular Inverse Galois Problem (RIGP) holds over K and the localization set
M is standard. Furthermore the constructed extension F/K(T) is K-regular.
(b) K is a finite field and B = P*.

Recall that the RIGP is the condition that every finite group is the Galois group of
some K-regular Galois extension F//K(T'). The RIGP is known to hold over PAC fields
and complete valued fields. So such fields with a standard localization set are examples
of fields as in (a). Conjecturally the RIGP holds over every field and so all fields K with
a standard localization set, e.g. number fields, are other examples.

To prove Theorem 5.14 we will adjust to our function field context a construction
given in [6, §3] in the context of number fields which we re-sketch here.

5.2.1. Strategy
The construction uses extra-special groups. We recall their definition and refer to [13,
§A.20] for more details.

Definition 5.15. Given a prime number ¢, a finite ¢-group FE is said to be eztra-special if its
center Z(FE) and its commutator subgroup E’ have both order ¢ (and then Z(E) = E’).

Fix two odd primes ¢ and ¢ such that ¢ | ¢ — 1. Then for every positive integer m > 1,
is known to exist an extra-special group of order £ %1, of exponent ¢ and of rank 2m.
Fix one such group E,, (m > 1). Moreover there exists an irreducible E,,-module of
dimension £™ over the finite field . Fix such an E,-module W,,, and finally denote by
G, the semi-direct product W,,, x E,, (m > 1).

The following statement summarizes the strategy from [6, §3].

Lemma 5.16. Assume that B is a curve and that, for each m > 1, G, is the Galois group
of a Galois extension F,,/K(B). Let F/K(B) be the compositum of all the extensions
F,n/K(B). Then F is not contained in K(B)Y for any d, but the local decomposition
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degrees of F/K(B) are uniformly bounded at all M-local points to € B(k,) that are
tamely branched in Fk,/k,(B).

Proof. The proof is given in [6] in the case dim(B) = 0 and it can be used in the more
general case dim(B) > 0 with almost no changes. Proposition 3.1 and Proposition 3.3
of [6] show that F is not contained in K(B)@ for any integer d > 1 and that G =
Gal(F/K(B)) is of finite exponent. From Proposition 5.5, this implies that the local
specialization degrees of F//K(B) are uniformly bounded. For each ¢y € B(k,) the local
specialization degree of F/K(B) at ty is the degree of the residue field extension above
the point tg. Thus it remains to prove that the inertia subgroups at all M-local points
to € B(k,) that are tamely branched in the extension Fk,/k,(B) are of uniformly
bounded orders. By definition of “tame branching”, these inertia subgroups are pro-cyclic
subgroups of G, and so are of order < exp(G). O

Proof of Theorem 5.14. We use the construction and the notation from Section 5.2.1
with the primes ¢, ¢ distinct from p. Under the hypotheses of Theorem 5.14, for each
m > 1, we have a Galois extension F,,,/K(T) of group G,, = W,,, x E,,. This is clear in
case (a) of Theorem 5.14; the extension F,,,/K(T) can further be taken to be K-regular.
In case (b) for which K is finite, we resort to Shafarevich’s theorem [27]: the group Gy,
is solvable, having odd order, and therefore it is the Galois group of some extension
F,, of the global field K(T'). Note next that the groups G,, are of prime-to-p order. In
particular branching is automatically tame and Lemma 5.16 concludes the proof. O

5.8. A second question: bounding the branch point set

Here we show that the uniform boundedness of the local decomposition degrees does
not imply that F C K(B)@ for some d, even if we assume further that the branch point
set is finite. However the base field will be algebraically closed in our counter-examples
(and so the Tchebotarev property will not hold).

Theorem 5.17. In situation (a) or (b) below, there is an infinite Galois extension F/K(B)
with uniformly bounded local decomposition degrees, branched at only finitely many points,
but such that F ¢ K(B) for any d:

(a) K is an algebraically closed field of characteristic p > 0 and B is a curve of
genus > 1.
(b) K is an algebraically closed field of characteristic 0 and B = P*.

Proof. Case (a). Assume that K is an algebraically closed field of characteristic p > 0
and B is a curve of genus g. We use again the construction from Section 5.2.1; we retain
the notation from there. From Lemma 5.16, we are left with realizing all groups G,, as
groups of Galois extensions F,,,/K(B) (m > 1) with controlled branching. We will use
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Abhyankar’s Conjecture on Galois groups of function field extensions of characteristic p,
which was proved by the work of M. Raynaud [29] and D. Harbater [23]:

The Raynaud-Harbater theorem. A finite group G can be realized as the group of a
Galois extension F/K(B) unbranched outside a finite set S if and only if the minimal
number of generators of the quotient G/p(G) of G by the subgroup of G generated by all
p-Sylow subgroups of G is at most |S| + 2g — 1.

Take ¢ = p. For each m > 1, we have the following. The group p(G,,) = £(Gy,) is
a normal subgroup of G,, which properly contains the p-group FE,, (since F,, is not
normal in G,,). Consequently the group p(G,,) N W,, is a non trivial normal subgroup
of G,,. But as part of the theory of extraspecial groups, W,, is a minimal non trivial
normal subgroup of G,,. Therefore W,,, C p(G,,) so finally p(G,,) = G,,. From the
Raynaud—Harbater theorem, if ¢ > 1, then G, is the group of some Galois extension
F,,/K(B) unbranched everywhere.

Case (b). Assume that K is an algebraically closed field of characteristic 0 and B = P!.
Fix an odd prime p. For each m > 1, take for G, the dihedral group Z/p™Z x 7Z/27 of
order 2p™. The projective limit G = mm>1 G, is the pro-dihedral group Z, x Z/2Z.
Denote by C,, (resp. C) the conjugacy class of G, (resp. of G) of all elements (z,1)
with x € Z/p™Z (resp. with x € Z,). These are conjugacy classes of elements of order 2.

Pick two elements o,7 € C' and denote by o, and 7, their images in C), via the
projection map G — G,,. We have 0,0, Tmm7m = 1 and Gy, = (0, Tm) (m > 1). By
the Riemann existence theorem, if we choose four distinct points t1,t,t3,t, € P(K),
there is a Galois extension F,,/K(T), with group G,,, branch points t1, ts, t3, t4 and
corresponding inertia groups (o, ) and its conjugates for ¢1, t3 and (7,,) and its conjugates
for t3, t4y (m > 1). Furthermore, by a classical compactness argument based on the fact
that for each m > 1 and each 4-tuple (1, 2, t3,t4) as above, there are only finitely many
choices of the extension F,,/K(T), one can perform the construction compatibly, i.e., so
that F,,/K(T) is obtained from F,,11/K(T) via the epimorphism G,,+1 = G, (m > 1).

Set F' = lim o Fm- The extension F/K(T) is Galois of group G. For each m > 1,

the exponent of G, is > p™ and so G is not of finite exponent. As already noticed
(Section 5.2), this implies that F cannot be a subfield of K(B)@ for any d. As K is
algebraically closed, for each tq € P!(k,), the local decomposition degree at tq is the
branching index. By construction, it is 1 or 2. So the local decomposition degrees are
uniformly bounded. O

Remark 5.18. The following refer to the proof of case (a) of Theorem 5.17.

e For g = 0, the construction leads to an extension F'/K(T) that is only branched at
one point, say the point oo. There is necessarily wild branching and Lemma 5.16
guarantees that the decomposition degrees at all to € P!(K) \ {co} are uniformly
bounded.
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o We took £ = p. If £ # p, then if ¢ # p, p(G,y,) is trivial and G,,,/p(G) = G, and, if
q=p, p(Gn) = q¢(Gr,) = Wp,. So G, /p(Gy,) cannot be generated by less than 2m
generators (E,, is of rank 2m) and G,, cannot be realized with branch points in a
fixed finite set S.

5.4. Three final remarks

The following three remarks relate to case (b) of Theorem 5.17. As in this statement
assume that K is an algebraically closed field of characteristic 0.

5.4.1. On the geometric Bogomolov property

In [18], J. Ellenberg says that an infinite algebraic extension F'/ K (T') has the geometric
Bogomolov property (GB) if there exists some ¢ > 0 such that for every non constant
function x in F', h(x) > ¢, where h is the absolute logarithmic height. Recall that, given
a non constant function x € K (T, if L/K(T) is any finite extension such that z € L,
h(z) is the ratio [L : K(z)]/[L : K(T)]. Note that if C is a curve corresponding to the
function field L, then [L : K(x)] is the degree of x on C' (equivalently, the number of

zeroes — or poles —on C).

This is a geometric analog of the Bogomolov property of an algebraic extension F/Q
introduced by Bombieri and Zannier in [4], which requests that there exists some ¢ > 0
such that if € F' is neither zero nor a root of unity, then h(z) > ¢, where h(z) is the
classical absolute logarithmic Weil height on Q.

For the Bogomolov property of algebraic extensions F/Q, we have the following cri-
terion proved in [4, Theorem 2.

Bombieri-Zannier criterion. If F/Q is an algebraic extension with finite local degrees at
some prime p, then F has the Bogomolov property.

This result has several interesting consequences: it implies, for example, that the field
QP of totally p-adic numbers has the Bogomolov property, just as the field Q!" of totally
reals does (a result of Schinzel [30]).

We now provide an example showing that the geometric analog of the Bombieri—
Zannier criterion does not hold, even if all decomposition degrees are assumed to be
bounded (and not just the local specialization degrees above one prime).

Consider the (smooth projective) curves C,, corresponding to the function fields F,,
(m > 1) from the proof of Theorem 5.17 (b). The degrees [Fy, : K(T)] go to infinity and
the Riemann—Hurwitz formula shows that the curves C,, are all of genus 1.

Recall that the gonality of some K-curve C' is the least degree of a non constant
function « € K(C) and that the gonality of a curve is bounded above in terms of its
genus. Consequently in our example above, we have that there is no real constant ¢ > 0
such that the gonality of C,, is > ¢[Fy, : K(T)] (m > 1).
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This implies that the compositum of all F,,,’s is an infinite extension of K (T') without
property (GB), even if it has uniformly bounded local decomposition degrees (here they
are just the ramification indices).

5.4.2. A generalization using universal p-Frattini covers

The construction from the proof of Theorem 5.17 (b) extends to the following more
general context; we refer to [21], [19, §22], [10], for details.

A group G, is given with a prime p such that p| |G| and G; is p-perfect, i.e. Gy is
generated by its elements of prime-to-p order. Take for G the p-universal Frattini cover
of Gy (which generalizes the pro-dihedral group Z, xZ/2Z) and for (G,,)m>1 the natural
collection of finite characteristic quotients of G (which generalize the dihedral groups
Z/p™Z x 727, m > 1). Select r elements of G of prime-to-p order generating G;. The
conjugacy class of each of these elements can be lifted to a conjugacy class C; of G with
the same order, ¢ = 1,...,r (the lifting lemma). Pick an element o; € C;, i = 1,...7 and
consider the 2r-tuple (01,0, L. .. 0., 0.1); its entries generate G (the Frattini property)
and are of product one.

Extensions F,/K(T) can then be constructed as in the proof of Theorem 5.17 (b)
with the 2r-tuple above replacing the 4-tuple (o, o, 7,7) and 2r distinct points of P*(K)
replacing the 4 chosen points t1,...,t4 € P1(K) in the proof of Theorem 5.17 (b). Set
F=lim _ Fp. The extension F/K(T) is Galois of group G, it has uniformly bounded

local decomposition degrees, but is not contained in K (B) for any d. The main point
is that G is still of infinite exponent in this more general context. Indeed the p-Sylow
subgroups of G are known to be free pro-p groups and so cannot have non trivial elements
of finite order.

5.4.8. One more remark on the abelian case
In the abelian situation the following can be added:

Proposition 5.19. Let F//K(T) be an abelian extension, with finitely many branch points
and uniformly bounded local decomposition degrees. Then not only F C K(T)(d) but
F/K(T) is finite.

Proof. Denote the branch points of F/K(T) by t1,...,t.. Let Fy/K(T') be a finite Galois
sub-extension of F/K(T) of group Gy. From the Riemann existence theorem, Gy is
generated by r elements o1, ..., 0, such that oy --- 0, = 1; moreover o; is a generator of
some inertia group above t;. From the uniform boundedness of the local decomposition
degrees, the order of og; is bounded by some constant §, independent of i. Since Gy is
abelian we have |G| < 6"~1. As all finite sub-extensions of F//K(T) are abelian and the
argument holds for any of them, conclude that F//K(T) is finite and that [F : K(T)] <
s~loo



S. Checcoli, P. Débes / Journal of Algebra 446 (2016) 346-372 371

Acknowledgments

We are grateful to Lior Bary-Soroker for his help with Section 4. Our thanks also go
to Moshe Jarden and Lorenzo Ramero for their interest in the paper and several valuable
references.

References

[1] Hugues Baucheére, Propriété de Bogomolov pour les modules de Drinfeld a multiplications complexes,
PhD thesis, 2013.

[2] Sybilla Beckmann, On extensions of number fields obtained by specializing branched coverings,
J. Reine Angew. Math. 419 (1991) 27-53.

[3] Lior Bary-Soroker, Elad Paran, Fully hilbertian fields, Israel J. Math. 194 (2) (2013) 507-538.

[4] Enrico Bombieri, Umberto Zannier, A note on heights in certain infinite extensions of @, Rend.
Mat. Accad. Lincei 12 (1) (2001) 5-14.

[5] Sara Checcoli, Fields of algebraic numbers with bounded local degrees and their properties, Trans.
Amer. Math. Soc. 365 (4) (2013) 2223-2240.

[6] Sara Checcoli, Umberto Zannier, On fields of algebraic numbers with bounded local degree, C. R.
Acad. Sci. Paris, Ser. I 349 (2011) 11-14.

[7] Pierre Débes, Bruno Deschamps, The regular inverse Galois problem over large fields, in: L. Schneps,
P. Lochak (Eds.), Geometric Galois Action, in: London Math. Soc. Lecture Note Series, vol. 243,
Cambridge University Press, 1997, pp. 119-138.

[8] Pierre Débes, Jean-Claude Douai, Algebraic covers: field of moduli versus field of definition, Ann.
Sci. Ec. Norm. Supér. 30 (1997) 303-338.

[9] Pierre Débes, Galois covers with prescribed fibers: the Beckmann—Black problem, Ann. Sc. Norm.
Super. Pisa Cl. Sci. 4 (28) (1999) 273-286.

[10] Pierre Débes, An introduction to the modular tower program, in: Groupes de Galois arithmétiques
et différentiels, in: Sémin. Congr., vol. 13, SMF, 2006, pp. 127-144.

[11] Pierre Débes, Nour Ghazi, Specializations of Galois covers of the line, in: V. Barbu, O. Carja (Eds.),
Alexandru Myller Mathematical Seminar, Proceedings of the Centennial Conference, in: American
Institute of Physics, vol. 1329, 2011, pp. 98-108.

[12] Pierre Débes, Nour Ghazi, Galois covers and the Hilbert—Grunwald property, Ann. Inst. Fourier 62
(2012).

[13] Klaus Doerk, Trevor Hawkes, Finite Solvable Groups, De Gruyter, Berlin, 1992.

[14] Pierre Débes, Dan Haran, Almost hilbertian fields, Acta Arith. 88 (3) (1999) 269-287.

[15] Pierre Débes, Frangois Legrand, Twisted covers and specializations, in: H. Nakamura, F. Pop,
L. Schneps, A. Tamagawa (Eds.), Galois-Teichmueller Theory and Arithmetic Geometry, Proceed-
ings of Conferences in Kyoto, October, 2010, in: Adv. Stud. Pure Math., vol. 63, 2012.

[16] Ido Efrat, Absolute Galois groups of p-adically maximal ppc fields, Forum Math. 3 (1991) 437-460.

[17] Ekedahl Torsten, An effective version of Hilbert’s irreducibility theorem, in: Séminaire de Théorie
des Nombres, Paris 1988/89, in: Progress in Mathematics, vol. 91, Birkhduser, 1990, pp. 241-248.

[18] Jordan S. Ellenberg, Gonality, the Bogomolov property, and Habegger’s theorem on Q(E!"®), post
November 20, 2011.

[19] Michael D. Fried, Moshe Jarden, Field Arithmetic, second edition, Ergebnisse der Mathematik und
ihrer Grenzgebiete, vol. 11, Springer-Verlag, Berlin, 2004.

[20] Michael D. Fried, On Hilbert’s irreducibility theorem, J. Number Theory 6 (1974) 211-231.

[21] Michael D. Fried, Introduction to modular towers: generalizing dihedral group-modular curve con-
nections, in: Recent Developments in the Inverse Galois Problem, in: Contemp. Math., vol. 186,
Amer. Math. Soc., Providence, RI, 1995, pp. 111-171.

[22] Michael D. Fried, Helmut Voélklein, The embedding problem over a Hilbertian PAC-field, Ann. of
Math. (2) 135 (3) (1992) 469-481.

[23] David Harbater, Abhyankar’s conjecture on Galois groups over curves, Invent. Math. 117 (1994)
1-25.

[24] Gerald Janusz, Algebraic Number Fields, Graduate Studies in Mathematics, American Mathemat-
ical Soc., 1996.


http://refhub.elsevier.com/S0021-8693(15)00468-8/bib426175s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib426175s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib4265636B6D616E6Es1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib4265636B6D616E6Es1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib426172792D536F726F6B65722D506172616Es1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib425As1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib425As1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib4368s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib4368s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib43685A61s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib43685A61s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib446544657331s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib446544657331s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib446544657331s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib4465446F31s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib4465446F31s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib44654242s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib44654242s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib44654C793034s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib44654C793034s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib444547686132s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib444547686132s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib444547686132s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib4445476861s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib4445476861s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib446F65726Bs1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib44654861s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib44654C6532s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib44654C6532s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib44654C6532s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib6566726174s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib656B656461686Cs1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib656B656461686Cs1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib46724A61s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib46724A61s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib66726965642D68696C62657274s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib46725F696E74726F4D54s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib46725F696E74726F4D54s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib46725F696E74726F4D54s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib46563932s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib46563932s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib6861726261746572s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib6861726261746572s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib6A616E75737As1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib6A616E75737As1

372 S. Checcoli, P. Débes / Journal of Algebra 446 (2016) 346-372

[25] Moshe Jarden, An analogue of Cebotarev density theorem for fields of finite corank, J. Math. Kyoto
Univ. 20 (1980) 141-147.

[26] Camille Jordan, Recherches sur les substitutions, J. Liouville 17 (1872) 351-367.

[27] J. Neukirch, A. Schmidt, K. Wingberg, Cohomology of Number Fields, vol. 323, Springer Verlag,
2008.

(28] Florian Pop, Embedding problems over large fields, Ann. of Math. 144 (1996) 1-35.

[29] M. Raynaud, Revétements de la droite affine en caractéristique p > 0 et conjecture d’abhyankar,
Invent. Math. 116 (1994) 425-462.

[30] A. Schinzel, On the product of the conjugates outside the unit circle of an algebraic number, Acta
Arith. 24 (1973) 385-399, collection of articles dedicated to Carl Ludwig Siegel on the occasion of
his seventy-fifth birthday. IV.

[31] Jean-Pierre Serre, Zeta and L-functions, in: Schilling (Ed.), Arithmetic Algebraic Geometry, Harper
and Row, New York, 1965, pp. 82-92.

[32] Jean-Pierre Serre, Topics in Galois Theory, Research Notes in Mathematics, Jones and Bartlett
Publishers, 1992.

[33] M.R. Vaughan-Lee, The Restricted Burnside Problem, second edition, Oxford University Press,
1993.

[34] André Weil, Sur les courbes algébriques et les variétés algébriques qui s’en déduisent, Hermann,
Paris, 1948.


http://refhub.elsevier.com/S0021-8693(15)00468-8/bib4A617264656E2D54636865626F7461726576s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib4A617264656E2D54636865626F7461726576s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib4A6F7264616Es1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib4E65756Bs1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib4E65756Bs1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib506F704C61726765s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib7261796E617564s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib7261796E617564s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib53636869s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib53636869s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib53636869s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib53657272652D7A6574614Cs1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib53657272652D7A6574614Cs1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib53657272652D746F70696373s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib53657272652D746F70696373s1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib7661756768616Es1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib7661756768616Es1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib5765696C5F6865726D616E6Es1
http://refhub.elsevier.com/S0021-8693(15)00468-8/bib5765696C5F6865726D616E6Es1

	Tchebotarev theorems for function ﬁelds
	1 Introduction
	2 The Tchebotarev existence property
	2.1 Preliminaries
	2.1.1 Local specializations and Frobenius subgroups

	2.2 The Tchebotarev existence property
	2.2.1 Finite extensions
	2.2.2 Inﬁnite extensions


	3 Situations with the Tchebotarev property
	3.1 Main results
	3.1.1 Good places
	3.1.2 Some concrete examples in situations (a)-(c) of Theorem 3.2
	Situation (a)
	Situation (b)
	Situation (c)

	3.1.3 The strict variant

	3.2 Proof of Theorem 3.2 and of its Addendum 3.8
	3.3 A further example

	4 Tchebotarev versus Hilbert
	4.1 The PAC situation and the proof of Corollary 1.2
	4.2 The general situation
	4.3 Strong Tchebotarev versus Hilbert

	5 Some questions on inﬁnite extensions
	5.1 A local-global conclusion for inﬁnite extensions
	5.1.1 Some concrete examples

	5.2 A reﬁned question
	5.2.1 Strategy

	5.3 A second question: bounding the branch point set
	5.4 Three ﬁnal remarks
	5.4.1 On the geometric Bogomolov property
	5.4.2 A generalization using universal p-Frattini covers
	5.4.3 One more remark on the abelian case


	Acknowledgments
	References


