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NON-VANISHING FOR GROUP LP-COHOMOLOGY OF
SOLVABLE AND SEMISIMPLE LIE GROUPS

BY Marc Bourpon & BErTRAND REMY

Asstracr. — We obtain non-vanishing of group LP-cohomology of Lie groups for p large and
when the degree is equal to the rank of the group. This applies both to semisimple and to
some suitable solvable groups. In particular, it confirms that Gromov’s question on vanishing
below the rank is formulated optimally. To achieve this, some complementary vanishings are
combined with the use of spectral sequences. To deduce the semisimple case from the solvable
one, we also need comparison results between various theories for LP-cohomology, allowing the
use of quasi-isometry invariance.

Résumic (Non-annulation de la cohomologie LP pour les groupes résolubles et semi-simples)

Nous obtenons des résultats de non-annulation de la cohomologie LP pour des groupes de
Lie lorsque p est grand et quand le degré est égal au rang du groupe. Ces résultats s’appliquent
a la fois aux groupes semi-simples et a certains groupes résolubles. En particulier, ils confirment
que la question de Gromov concernant ’annulation en-dessous du rang est formulée de fagon
optimale. Pour obtenir ces résultats, des annulations complémentaires sont combinées & ’'usage
de suites spectrales. Afin de déduire le cas semi-simple du cas résoluble, nous utilisons également
des comparaisons entre diverses versions de la cohomologie LP, et nous appliquons I'invariance
par quasi-isométrie.
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INTRODUCTTION

This paper deals with several variants of group LP-cohomology, where p is a real
number in (1, 4+00).

The first one, the continuous LP-cohomology of locally compact second countable
groups G, is the continuous cohomology [BWO00, Chap.IX] with coefficients in the
right-regular representation on LP(G); we denote it by Hf, (G, L?(G)). We also con-
sider the associated reduced continuous LP-cohomology, denoted by HZ (G, LP(G))
(it is the largest Hausdorff quotient of the previous one). It is known that both topo-
logical vector spaces H (G, LP(GQ)) and H? (G, LP(G)) are invariant for the equiva-
lence relation given by quasi-isometries between groups G as before when equipped
with a left-invariant proper metric (see [BR20, Th. 1.1] and [SS18]).

One variant of LP-cohomology makes sense for C'*° manifolds: it is the de Rham
LP-cohomology, denoted by LPHj,(M) for a C° manifold M. It was studied
thoroughly by P.Pansu and, as the name suggests, it is defined by imposing
LP-integrability conditions on differential forms on the manifold (and on their
differentials). There are also intermediate variants, for instance the asymptotic
LP-cohomology of suitable metric spaces, which elaborates on simplicial cohomology
by adding LP-integrability conditions; it is denoted by LPH}¢(X) for a suitable
measured metric space (X,d, ). Reduced quotients are also considered in these
contexts.

When it makes sense, comparison results between these cohomologies are often
available (see for instance [BR20], [SS18] and the appendix in this paper; again, this
part owes a lot to P. Pansu’s work).

Beyond these comparisons, our main goal remains to exhibit some sufficient con-
ditions for vanishing and non-vanishing of LP-cohomologies for topological groups,
taking into account the degree of the cohomology space and the exponent p.

The topological groups we are considering in the present paper for these (non-
)vanishing questions are connected Lie groups. This enables us to use many differential
geometric and combinatorial tools. The most popular Lie groups are the semisimple
ones, and this is the family about which we present the first results in this introduction,
but we will see that we are quickly led to considering solvable non-unimodular groups.
This is explained by the fact that some contraction arguments are crucial for our
purposes, and this is made possible by the aforementioned quasi-isometric invariance
of group LP-cohomology combined with Iwasawa decompositions.

0.1. SEMISIMPLE GROUPS AND QUASI-ISOMETRY INVARIANCE. — Let us start with semi-
simple real Lie groups. Our work is motivated by the following question, asked by
M. Gromov [Gro93, p. 253].

Question 0.1. — Let G be a semisimple real Lie group. We assume that
¢ =1kr(G) = 2.
Let k be an integer < £ and p be a real number > 1. Do we have: H (G, LP(G)) = {0} ?
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In degree 1, a general result of Pansu [Pan07] and Cornulier-Tessera [CT11] shows
that H, (G, LP(G)) = {0} for every p > 1 and every connected Lie group G, unless G
is Gromov hyperbolic or amenable unimodular. In a previous paper, we obtained
some partial vanishing results which lead to the latter result when the Lie groups are
semisimple of rank > 2, and admissible in the sense that the solvable radical of some
(maximal) parabolic subgroup is quasi-isometric to a real hyperbolic space [BR20,
Cor. 1.6]. This result in degree 1 can also be proved via the fixed point property for
continuous affine isometric actions of higher rank semisimple groups on LP-spaces
[BFGMO7]. In general, we show in [BR20] the existence, for any admissible semisim-
ple Lie group G and any p > 1, of an interval of degrees out of which the spaces
HE (G, LP(G)) vanish.

Our main result in the present paper is complementary to Gromov’s question; it is
the following.

Toeorem A. Let G be a semisimple real Lie group with finite center and let £ =
I‘kR(G)

(i) We have: Hiﬁt(G, LP(G)) # {0} for any large enough p > 1.

(ii) For every k > {, we have: HY (G, LP(G)) = {0} for any large enough p > 1.

This result is proved thanks to the following line of arguments. We introduce an
Iwasawa decomposition G = K AN. Geometrically, if X denotes the symmetric space
of G and if F' denotes the maximal flat attached to the maximal R-split torus A
in G, then the subgroup K can be chosen to be the stabilizer of a point in F; the
subgroup N consists of the unipotent elements in a parabolic subgroup defined by a
regular element in the boundary d.. F' of F. Since G has finite center, the group K
is compact (it is in fact a maximal compact subgroup in G). We have the following
identifications:

H:, (G, LP(G)) =~ HZ, (AN, LP(AN)) ~ LPH}g(AN) ~ LPH} (AN),

and similar ones for reduced cohomology. The first identification comes from quasi-
isometric invariance [BR20, Th. 1.1], the second one is a comparison between contin-
uous LP-cohomology and asymptotic LP-cohomology proved in [BR20, Th.3.6] and
the last one is given here by Theorem A.1 (proved in the appendix). This reduction
explains why the main part of the paper focuses on solvable Lie groups. The latter
situation is investigated in the remaining two subsections of this introduction and it
leads to the desired vanishing and non-vanishing results above. See Theorem D below
for the conclusion of the argument.

Since the proof of our main result on semisimple groups is spread all over our
paper, here is a summary of the strategy.

Step 1: quasi-isometry invariance and [wasawa decomposition. The decomposition
G = KAN implies that G is quasi-isometric to the solvable group A x N. Invari-
ance of LP-cohomology under quasi-isometric invariance then gives HY, (G, Lr (G)) =
H (AN, LP(AN)) and Hy, (G, L*(G)) = H (AN, LP(AN)). We denote R = AN =
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A x N so that we have R ~ RP” where D is the dimension of the Riemannian sym-
metric space G/K, as well as A ~ R’ where / is the real rank of G.

Step 2: Poincaré duality and vanishing (after Pansu). — Poincaré duality reduces the
proof of Theorem A to showing that for p close enough to 1, we have LPHA (R) = {0}
for every k < D — £ and that LPH(?R_ ‘(R) is Hausdorff and non-zero. Arguments due
to Pansu show that a certain contraction condition on the A-action on N (called (nC)
in Theorem 0.2 below) implies the assertions about vanishing and Hausdorff property
(see Corollary 2.4).

We concentrate now on the non-vanishing LPHD=¢(R) # {0}.

Step 3: Actions of abelian groups on Heintze groups and spectral sequences. — We pass
now from the decomposition R = Ax N to the decomposition R = B x ({e!*};cr x N)
where ¢ is given by condition (nC) as before, H = {e'};cr x N is a Heintze group
and B is a suitable (abelian) complement of {e*¢};cr in A. The motivation for the
decomposition R = B x H is the possibility to use a spectral sequences and the already
proved vanishings to obtain the identification: LPH; “(R) ~ LP (B, LPH(?I{Z(H))B.
We conclude by exhibiting LP de Rham cohomology classes ¢ on H such that the map
b ||b-c||, belongs to LP(B) for the B-action on ¢ given by (pull-back of) conjugation
by B on H. This is the content of the (technical) Proposition 3.2, which uses condition
(nT), a condition of non-triviality required for the action of all elements in the Lie
algebra of A (see Question 0.3 below).

Before we definitely move to the framework of solvable groups, let us mention the
case when p = 2 for semisimple groups. This situation is more directly relevant to
representation theory and was considered by A.Borel decades ago [Bor85]. The main
results are:

- f&(G, L*(G)) =0 unless k = D/2,

— HE (G, L*(G)) # 0 at least for k € (D/2 — £y/2,D/2 + £y /2],
where D is the dimension of the Riemannian symmetric space G/K and ¢y is the
difference between the complex rank of G and the complex rank of K. In the case
G = SL,(R), one has D = (n? + n —2)/2 and £y = |(n — 1)/2]. See also [BFS14] for
related results about vanishing of the reduced L2-cohomology. Since the dimension D
is a quadratic polynomial in the rank of the group G, A. Borel’s results show that the
assumption that p should be large enough in our results is necessary.

0.2. SoLVABLE GROUPS AND CONTRACTIONS. — As explained above, we are henceforth
dealing with solvable Lie groups until the end of the introduction. The following result
on cohomology vanishing is a consequence of [Pan99, Cor. 53]:

Turorem 0.2. — Let R be a connected Lie group of the form A x N with A ~ Rf
and £ > 1. Let a and n be the Lie algebras of A and N, respectively. Suppose that the
group R satisfies the following contraction property:

(nC) there exists an element £ € a such that all the eigenvalues of adf’n have
negative real parts.

JIP. — M., 2023, tome 10
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Then for p > 1 large enough and for all k > £, we have the vanishings:
LPH{p(R) = {0}.

Note that the assumptions force N to be nilpotent and contractible, and R to be
solvable, non-unimodular and diffeomorphic to R”, where D = dim(R) (the nota-
tion D is consistent with the previous one on dimensions of symmetric spaces by Iwa-
sawa decomposition). We also mention the fact that condition (nC) already appears
in N. Varopoulos’ paper [Var96, OV.3 p.799].

We address here the following question:

Question 0.3. — Let R be a solvable connected Lie group as in the previous theo-
rem, satisfying in particular condition (nC). Suppose additionally that R satisfies the
following non-triviality condition:

(nT) for every non-trivial X € a, the operator adX’n admits an eigenvalue with
non-zero real part.

Do we have LPHSR (R) # {0} for p > 1 large enough?

If we denote by sp(u) the spectrum (in the field of complex numbers) of an en-
domorphism u of a finite-dimensional real vector space, the above conditions can be
reformulated as follows:

(nC) there exists £ € a such that sp(ad§|n) CRX @R,
(nT) for every X € a~ {0}, we have: Sp(adX‘n) NR*diR) # 2.

Condition (nC)+(nT) forces N to be the nilpotent radical of R. When ¢ = 1,
condition (nC) implies trivially condition (nT); moreover the groups R that satisfy
(nC) form precisely the class of connected Lie groups that carry a left-invariant Rie-
mannian metric of negative curvature [Hei74]. For them, it is known that Question 0.3
admits a positive answer [Pan07, CT11]. The goal of the paper is to enlarge the family
of groups for which Question 0.3 is known to have a positive answer. In Section 4,
we prove two non-vanishing results described below. Note that at least since we are
using spectral sequences techniques, vanishing results are also useful in the proof of
non-vanishing ones; this explains why condition (nC) is made before condition (nT).

The first positive result makes a commutativity assumption on the nilpotent radical
of the solvable group.

Tueorem B. — The answer to Question 0.3 is yes, if one assumes in addition that
N ~R" withn > 1.

The second positive result makes a rank assumption on the solvable group, i.e., a
dimension assumption on the quotient of the group by its nilpotent radical.

Turorem C. — The answer to Question 0.3 is yes, if one assumes in addition that
=2, ie.,if A~R2.
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Fundamental examples of groups satisfying conditions (nC) and (nT) are provided
by the groups AN that appear in the Iwasawa decompositions K AN of the semisimple
Lie groups with finite center.

Tueorem D. — The answer to Question 0.3 is yes for the groups AN that appear in
the Iwasawa decompositions KAN of the semisimple Lie groups with finite center.

Together with the reduction contained in Section 0.1, the latter result proves The-
orem A on semisimple groups.

0.3. SKETCH OF PROOF OF THE NON-VANISHING THEOREMS. — Recall that D = dim(R).
By Poincaré duality (see Proposition 1.11), proving vanishing and non-vanishing as
stated in Theorem 0.2 and Question 0.3, is equivalent to showing that for p > 1 close
enough to 1:

(1) LPHAL (R) = {0} for every k < D — ¢,
(2) LPHYTY(R) is Hausdorff and non-zero.

The assumption on the existence of £ € a satisfying condition (nC), in combination
with Pansu’s results on LP-cohomology [Pan99, Pan08, Pan09], imply that item (1)
holds, as well as the Hausdorff property in item (2) (see Corollary 2.4 for a proof).

It remains to establish that L”H(?P: Z(R) # {0}. For that, we use £ as in condition
(nC) in order to decompose R as follows. Write a = R @b, where the second factor is
b:={X € a: trace(ad X) = 0}, the Lie algebra of a connected Lie subgroup B < A
isomorphic to RP~!. Then R can be expressed as R = Bx H, with H = {e!*};cr x N.
Again the assumption on £ and Pansu’s results on LP-cohomology, give a precise rather
simple description of the LP-cohomology of H for p > 1 close to 1 —see Corollaries 2.4
and 2.5. In particular the above items (1) and (2) hold for H, in other words LPHA, (H)
vanishes for k < dim(H) — 1 = D — ¢, and LPHY; *(H) is Hausdorff and non-zero.

Now, by using a spectral sequence argument taken from [BR20] — see Corollary 6.10,
we obtain a linear isomorphism:

(0.4) LPHPY(R) ~ L7 (B, LPHE Y (H)) 7,

where B acts by translations on itself and by conjugacy on LPH(?R_ Z(H ). The
B-invariance implies that the right hand side space is isomorphic to

{v e ol () /B||cg<(¢)||”db < +oo},

where Cj denotes the conjugation by b € B. Under the assumptions (nC) and (nT),
we give a criterion to ensure that the latter space is non-zero (see Proposition 3.2).
Finally we show that the groups in Theorems B, C and D satisfy the criterion.

It is worth mentioning that the above strategy would answer affirmatively Ques-
tion 0.3 in full generality, if the following question admitted a positive answer:
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Quesrion 0.5. Let N be a connected simply connected nilpotent Lie group. Let
X1, Xo, ..., X be non-trivial left-invariant vector fields on N. Does N admit a non-
zero, compactly supported, C' function f : N — R, whose integral along every orbit
of X; (i=1,...,k) is null?

When the fields commute or when k& = 2, we answer affirmatively Question 0.5 —
see Lemmas 4.2 and 4.1.

0.4. REMARKS AND QUESTIONS

(1) We suspect that Condition (nT) in Question 0.3 is a necessary condition. For
example if a contains a non-trivial vector Xy such that ad X0|n is semisimple with
imaginary eigenvalues, then one has L”HigR(R) = {0} for every k > 0 and p > 1.
To see this, observe that for such an X the operator ad Xy acting on Lie(R) is
skew-symmetric. Therefore, the left-invariant vector field associated to X is a Killing
vector field on R. Moreover, its flow acts properly on R (since it does on A). These
properties, in combination with Poincaré duality, imply vanishing of LpHiﬁR(R) in
every degree — see [Pan08, Proof of Prop. 15].

(2) Cornulier told us that conditions (nC) and (nT) should admit geometric char-
acterizations. He claims that a simply connected solvable Lie group satisfies condition
(nC) if and and only if its asymptotic cone (one or every) is bi-Lipschitz homeomor-
phic to a CAT(0)-space. Moreover, he thinks that condition (nT) should be equiva-
lent to the non-existence of direct R-factor in the asymptotic cone. In the same vein,
we notice that the rank ¢ of a condition (nC) group is equal to the dimension of its
asymptotic cone, see [Cor08, Th.1.1].

(3) Nice examples of groups satisfying condition (nC) are provided by Lie groups
that carry a left-invariant non-positively curved Riemannian metric; although these
two classes of groups do not exactly coincide (see [AWT76, Th. 7.6]).

(4) Cornulier advertised us of the following potentially interesting quasi-isometric
invariant:

p(R) 1= inf{p > 1| LPHin(R) £ {0}},
for groups R of rank ¢ that satisfy conditions (nC) and (nT). (In case the right side
set is void we set p(R) = 400). Similarly is defined the invariant p(R) associated to
the reduced LP-cohomology. When ¢ = 1, these invariants have been considered and
computed by Pansu [Pan07] (see also [CT11] for related results).

ORGANIZATION OF THE PAPER. — Section 1 is a brief presentation of results on de Rham
LP-cohomology of manifolds mainly due to P. Pansu. Section 2 applies these results
to the case of Lie groups, and Section 3 provides a general non-vanishing criterion
in terms of spectra of adjoint actions on solvable groups. Section 4 then applies the
criterion to prove our first two non-vanishing results, namely Theorems B and C
above. Section 5 is dedicated to semisimple Lie groups: it shows, by combinatorial
arguments using Cartan’s classification of Riemannian symmetric spaces, that the
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solvable subgroups arising from Iwasawa decompositions do satisfy the previous cri-
terion; Theorem D follows. Section 6 deals with semi-direct products and allows the
use of spectral sequences, modulo a comparison result between cohomologies, avail-
able when the involved groups are diffeomorphic to R” and which is proved in the
appendix.

Acknowledgements. — We thank Pierre Pansu: the present paper elaborates on sev-
eral of his ideas and results. We thank Yves Cornulier for useful remarks and questions.

1. pE Ruam LP-coHOMOLOGY

Pansu’s work on de Rham LP-cohomology is dense and subtle. In this section,
we extract from his papers [Pan08, Pan09] the ideas and results that are needed in
the sequel. Since [Pan09] is not published yet, and because we only need special cases
which require simpler arguments, we include full proofs of the statements. We hope
that this section could also serve as a gentle introduction to the subject.

1.1. Derinitions. — Let M be a C°° Riemannian manifold. We denote by dvol its
Riemannian measure, and by |v| the Riemannian length of a vector v € TM. For
k € N, let QF(M) be the space of C*° differential k-forms on M.

Let p € (1,400). The LP-norm of w € QF(M) is

1/p
fellrae = ( [ foltuavotim))
M

where |w|y, = sup{lw(m;v1,...,v)| 1 v1,..., 0 € T, M, |v;| =1}

We denote by LPQF(M) the norm completion of the normed space {w € QF(M) :
lwl|rar < +oo}, ie., the Banach space of k-differential forms with measurable L?
coeflicients.

Let also

[wllars = llwllLoax + [|dw|| Legr1.
One defines QP*¥(M) to be equal to the norm completion of the normed space
{we QM) : ||lw|lges < +00}.

By construction QP*(M) is a Banach space and the standard differential operator
extends to a bounded operator

dy, - QK (M) — QPFFL(M),
which satisfies d o d = 0.

DeriNtrion 1.1. The de Rham LP-cohomology of M is the cohomology of the com-
plex QPO(M) 2% Qrl (M) 25 Qr2(M) <25 ... Tt will be denoted by LPH (M).
Its largest Hausdorff quotient is denoted by LPHX (M) and is called the reduced de

Rham LP-cohomology of M.
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Remark 1.2. According to [GT06, Th. 12.8], the inclusion map
{w e QY (M) : ||lwllae~ < +o0} C QP* (M)

induces a topological isomorphism in cohomology. Therefore, every element in
LPH}R (M) can be represented by a smooth form. In particular, when M is a com-
pact manifold, its de Rham LP-cohomology coincides with the standard de Rham
cohomology.

1.2. Vanisaing. — Let ¢ : M — M be a C* map and & € N. We denote by
©* 1 QF (M) — QF(M), w — ¢*(w), the associated linear map. In case it induces
a bounded operator ©* : LPQF(M) — LPQF(M), we denote its operator norm
by ||@*|| Lrar—srrar- Otherwise we set [|¢*||prar_rpqr = +00. We define similarly

||§0*||QP»’€—>QM'

Let £ be a C° unit complete vector field on M, and let (p:)ier be its flow.
We assume that ¢} : LPQF(M) — LPQF(M) is bounded for every t € R and k € N.
For k € N*, let t¢ : QF(M) — QF~1(M) be the inner product with £&. We observe that
@ o1e = tg o @f. Moreover, t¢ contracts the norms ||-||rro+; indeed |tew|m < |W|m,
since |¢],, = 1 by assumption.

Lemma 1.3. For t > 0 and k € N*, the linear map: BF : QF(M) — QF1(M)
defined by

¢
BHw) = [ pitew) ds
0
induces a bounded linear operator from QP*(M) to QP*=1(M), still denoted by BF,
that satisfies the following homotopy relation
doBF + Bfflod = oF —id,

and whose operator norm satisfies
t
1B lar kqes-1 < [} —id || Loas s Loas +/ o3l Lrar s Loar ds.
0

Proof. For smooth forms the homotopy relation holds as a standard application of
the classical Cartan formula

Le=dow+ieo0d
(see e.g. [GHLO4, Prop. 1.121] for this formula). Indeed for w € Q*(M) one has

t

* i d * ) *
o; (W) —w = / E((psw) ds = / @ (Lew) ds = dBF (w) + B (dw).
0 0

We will prove that BY is a bounded linear operator from QP*(M) to QPF=1(M).
Since smooth forms are dense in Q7*(M) the homotopy formula will remain valid in
For w € QF(M), one has by definition

17 (@)llgw—1 = 1B (@)l Loge-1 + [dBF ()| Lo
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From the homotopy relations we get that
IBE(@)llark—1 < || BfllLoqr s roar-—1 - [|wll Logr

+ ot —id || Lrar s Lear - [[w]| Lror

+ B | pogrsr s oar + ldwl pogi -
Since p*ote = 10, and since the maps ¢ : LPQ* (M) — LPQ*~1(M) are contracting,
one has

t

| Bf || Lra=—Lror—1 < / min{||¢¢ || Lea—1 o proe—1, 95l Lra- > Lra- } ds.
0

The expected upper bound for ||BF||qp.k_sqps-1 follows easily. O

We now establish a vanishing result.

Prorosition 1.4 ([Pan08, Prop.10]). — Let p € (1,+00) and k € N*. Suppose that
there exists C,n > 0, such that for every t > 0:

Jnax letllzraiirar < O™

Then LPHEL (M) = {0}.

Proof. First, the assumption (with ¢ = k) and the previous lemma imply that the
operators BF : QP (M) — QP*~1(M) are bounded independently of ¢ > 0. Secondly,
the assumption (with ¢ = k — 1) implies that ||¢} [|qe.s—1_qpk-1 — 0, when ¢t — 4o00.
We claim that these two observations imply that BF converges in norm to an operator
BE . Qpk (M) — QPF=L(M), when t — +oo. Indeed, by using a change of variable,
one has for 0 < t7 < ta:

ta
k k * k
By, — By, = / pyoteds =y 0By _y .
ty
Thus the above observations yield:

||Bf2 - Bi”ﬂ“’“—ﬂl%’ﬁl < H90:1||QP)’“*1—>QM*1 : HBfgftlHQP’kaQP’k*l —0

when t1,t; tend to +o0o. Thus the claim follows from completeness.

Now let w € QP**(M) Nkerd. From the homotopy relations in the previous lemma,
we have for every t > 0

dBf (w) = ¢} (w) — w.
By letting t — 400, we obtain the following relation in QP** (M)
dB" (w) = —w.

Therefore, w € dQP*~1 and thus LPHEL (M) = {0}. O
1.3. Ipentiricarion. — We relate the LP-cohomology of M with the cohomology of

certain complexes of currents (Proposition 1.9). In some cases, this will lead to non-
vanishing cohomology. See [DS05] for a nice introduction to the theory of currents.
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Another point of view for QP*(M). Let D = dim(M). Let Q%(M) be the space
of compactly supported C'*° differential k-forms, endowed with the C'°° topology.
A k-current on M is by definition a continuous real valued linear form on Q2% (M).
We denote by D’* (M) the space of k-currents on M endowed with the weak*-topology.

The differential of a k-current T is the (k + 1)-current dT' defined by dT'(«) :=
(=1)*1T(da), for every a € QP=*k=1(M). Tt defines a map d satisfying d o d = 0.

To every w € LPQF(M), one associates the k-current T, defined by T, (a) :=
[3y wAa. The differential in the sense of currents of w € LPQ¥ (M) is the (k+1)-current
dw := dT,,. One says that dw belongs to LPQFTL(M) if there exits § € LPQFTL(M)
such dw = Ty. These definitions are consistent with the Stokes formula:

/dw/\a:(—l)kﬂ/ w A da.
M M

We will use the following characterization of the space QP*(M):

Levvia 1.5, — The space QPF(M) is equal to the subspace of LPQF(M) consisting
of the LP k-forms whose differentials in the sense of currents belong to LPQ*+1(M).
Moreover, the differential operator d on QP*(M) agrees with the differential in the
sense of currents.

Proof. — Since convergence in LP implies convergence in the sense of currents,
QOPF(M) is contained in space of LP k-forms whose differentials in the sense of
currents belong to LP. The proof of the reverse inclusion is based on a regularization
process: according to [GT06, Th.12.5] there exists a family of operators R., such
that for every LP k-form w whose differential in the sense of currents belongs to LP,
one has:

(1) Rew is a C* k-form on M,

(2) dRew = R.dw,

(3) [|Rew — wl|prr and ||Redw — dw||ppor+1 tends to O when & — 0.

Theses properties imply that w belongs to QP*(M). O

The complexes WP* (M) and UP*(M,§). Following [Pan09], we introduce two com-
plexes of currents.

Dermvirion 1.6, Forp € (1,+00) and k € N, let WP:F(M) be the space of k-currents

Y € D'*(M) that can be written ¢ = 3+dy, with § € LPQF(M) and v € LPQF~1(M).
In particular WP:%(M) = LP(M). For ¢ € WPF(M), let

1] wr.x = inf{”ﬁ”mm + IVl rar-1 ¥ = B +dy,
with 3 € LPQF(M) and ~ € LPQ’H(M)}.

Levvia 1.7, ||-|lgw.x s @ norm on WPk (M). With this norm WP*(M) is a Banach
space. The inclusion maps LPQF(M) C WPF(M) C D'*(M) are continuous. The
differentials in the sense of currents induce continuous operators dj, : WPF(M) —
UPk+L (M), that satisfy dod = 0.
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Proof. — To see that ||-||y».» is a norm, we only need to check that ||3)||gr.» = 0 implies
¢ = 0. This is a consequence of the following inequality. Let 1) = 8 + dy € UP* (M),
then by Holder inequality one has for every o € QP=F=1(M):

wll=| [ sras 0o [ ynda
M M
< |Bllprar - [lallLagp—+ + [Vl Lrar-1 - |da|| Lagp-k+1,

where 1/p+1/q = 1. It also shows that the inclusion map W?:¥(M) C D’*(M) is con-
tinuous. The continuity of LPQ¥ (M) C WP-*(M) is obvious. To show the completeness,
one notices that WP*(M) is isometric to LPQF (M) x LPQ*~1(M)/E, where E is the
subspace

E:={(B7) | B+dy=0}.
Since ||-||gr.x is a norm, E is a closed subspace. Since LPQF(M) x LPQF~1(M) is a

Banach space, the quotient space is Banach too. Finally the last statement in the
lemma is obvious. O

Let £ be a C* unitary complete vector field on M, and denote its flow by ;.
We suppose that it induces a bounded linear operator ¢} : LPQF(M) — LPQF(M),
for every t € R and k € N. Then it induces an automorphism of the complex ¥P*(M)
whose operator norm satisfies

et llwr s sger < max |[l@7 || LroiosLro:-
i=k—1,k

Derintrion 1.8, — For p € (1,400) and k € N, we set
UPE(M, &) = {¢ € UPH(M) : ¢} () = ¢ for every ¢ € R}.
The complex UP*(M,§) is a closed subcomplex of UP*(M). Let
ZPF(M, €) = Ker(d : UPF(M, &) — UPFHL(M, €))
be the space of k-cocycles.

The next proposition elaborates on [Pan08, Prop. 10]. It is also a special case of
[Pan09, Cor. 12].

Prorosirion 1.9. — Let p € (1,400) and k € N. Suppose that there exists C,n > 0
such that for every t > 0, one has

max o7l e rear < Cem

s

(When i = —1, we set LPQY~! := {0}.) Then there is a canonical Banach isomorphism
LPHE (M) = 274 (M, g),
in particular L”Hﬁ;{l(M) is Hausdorff.

Proof. — The proof is divided into several steps.
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(1) We define a bounded linear map
P QPMY M) N Kerd — ZPFTH (M, €)

as follows. Consider the operators B} defined in Lemma 1.3. We claim that the oper-
ators BN . LPQFHL(M) — LPQ¥(M) converge in norm to an operator B!, when t
tends to +o00. Indeed from its definition one has

t
I BET | Loqr+1 s Logr </ losllLear— Loards.
0

Thus our assumption implies that Bf“ is bounded independently of ¢ > 0. Moreover,
one has Bf;rl - Bffl = ¢;, © Bf;ltl for 0 < t1 < to. With our assumption we get

that:

1B = B g s var < 19, ook moar - 1B, llnrarss s prar — 0

when tq,t> — +00. The claim follows from completeness.
Let w € QPF+1 (M) N Kerd. For t > 0 one has thanks to Lemma 1.3:

Vi(w) =w+ dBtk'H(w).

By letting t — 400, and by using the fact that QP*+1(M)NKerd C LPQ*+1(M), the
claim implies that ¢} (w) converges in WP-*+1(M) to the current we, := w+dBE (w).

We set P(w) := wao. Since the maps d and ¢* are continuous on WP**+1(M); one
has dwso = 0 and ¢} (Weo) = Weo. Therefore, P(w) belongs to ZP*+1(M, ¢). Moreover,
P is continuous; indeed

1Pl < 1+ IBE | ogrsa s o

(2) P(w) = 0 implies [w] = 0 in LPHEE(M): If wo = 0, one has w = —dBE+H (w)
with B+ (w) € LPQF(M). Therefore, by Lemma 1.5 one has [w] = 0.

(3) P is surjective: Let ¢ € ZP*+L(M,€). Then there exists B € LPQFHL(M)
and v € LPQF(M) such that ¢ = 3 + dy and d3 = 0. By Lemma 1.5, one has
B € QPFFL(M) N Kerd, and:

Boo = B+ dBLH(B) = v+ d(BLH(B) — ).

Since ¥ and B+ are both ¢}-invariant, so is d(B%+1(3) — ). But by our assumption,
one has ||¢] ||gr.r_wer < Ce™ ™, and thus:

or (d(BEF(B) — 7)) = d(¢; (BEF'(B) — 7)) — 0

when t — +oo. Therefore, we get that d(BXF1(8) — ) =0, and so ¥ = S, € Im P.
(4) [w] = 0 implies P(w) = 0: Suppose that w = da with a € QP*(M). Then

Weo = da+ dBE (w) = d(a + BEF (w)),
with a-BX+! (w) € Pk (M). The argument in point (3) yields that d(a + B5F (w)) =0.
Thus ws = 0.
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(5) Conclusion: Items (1) and (4) show that P induces a continuous homomorphism
from LPHERY (M) to Z7F+1(M, €); and items (2) and (3) that it is bijective. In par-
ticular LpHﬁﬁl(M ) is Hausdorff and thus a Banach space. By Lemma 1.7, the space
2P-k+1(M, €) is Banach too. Therefore, Banach Theorem completes the proof. |

1.4. Non-vanisuing. — The next proposition is a non-vanishing result which com-
plements Proposition 1.9. It is a special case of [Pan09, Cor. 32].

Observe that the space Ker(tg : LPQ* (M) — LPQ*~1(M)) is o}-invariant, since ¢¢
and @; commute.
Prorosition 1.10. — Let p € (1,+00) and k € {0,...,D — 2} where D = dim M.
Suppose that (oi)ier acts properly on M and that there exists C,n > 0 such that for
t>0:
Ce ™,
and H(p*—t”Ll’Qk‘HﬂKer e —LPQF+1INKer t¢ Ce_nt'

(Note the opposite signs in front of t in the left side members). Then ZP*+1(M, &) is
non-trivial.

llof | Lear s Lrar <
<

Proof. — Since (¢¢)ter acts properly on M, every orbit admits an invariant open
neighborhood U ~ R x V on which ¢; acts like a translation along the R factor.
In the sequel we suppose that such an orbit neighborhood has been chosen.

Pick a non-trivial ¢-invariant form o € Q¥(M) N Ker ¢ which is supported in U.
Since k € {0,...,D — 2}, we can choose « so that da # 0. Set ¢ := da. We claim
that ¢ € ZPF+HL(M €).

Let x be a C* function on U ~ R x V| depending only on the R-variable, and
such that x(t) =0 for t <0and x(t) =1fort > 1. Onehasa=x-a+ (1 —x) - o,
and thus:

v=0+dy withf=d(x-a)=dyNa+yx-daand y=(1-x)-a.
The form dx A o has compact support. The form da belongs to Ker ¢, thanks to the
formula £¢ = d o t¢ + ¢ o d. Since the restriction of da to [0,1] x V' belongs to L?,
the assumption on the norm of ¢*, implies that the restriction of da to [0, +00) x V
belongs to LP too. Therefore, 3 € LPQF+1(M).

Since the restriction of a to [0,1] x V belongs to L?, the assumption on the norm

of ¢} implies that the restriction of o to (—o0,0] x V belongs to L? too. Therefore,
v € LPQF(M). O

1.5. Poincaré puarity. — Parts of vanishing and non-vanishing results for LP-coho-
mology rely on the following version of Poincaré duality.

Prorosition 1.11. — Let M be a complete oriented Riemannian manifold of dimen-
sion D. Let p € (1,4+0), ¢ = p/(p — 1) its Holder conjugate, and k € {0,...,D}.
Then

— LPHEL (M) is Hausdorff if and only if LqH(?R_kH(M) is.
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~1
*
<t

— LPHEL (M) and LYHE;"(M) are dual Banach spaces. Thus LPHEL (M) = {0} if
and only if L0 (M) = {0}.

Proof. — See [Pan08, Cor. 14] or [GT10]. O

1.6. EXAMPLES AND COMPLEMENTS

(1) Let M be a complete connected Riemannian manifold of infinite volume and
dimension D, and let p € (1, +00), ¢ = p/(p—1). It is obvious that LPHI; (M) = {0}.
By Poincaré duality (Proposition 1.11) this implies that LqufR(M ) = {0}. In another
hand, again by Poincaré duality, LYHE; (M) is Hausdorff if and only if LPHg (M) is.
When M admits a complete unit vector field whose flow expands exponentially the
volume of M, then LPH}y (M) is Hausdorff for every p € (1,400). Indeed this follows
from Proposition 1.9 applied with & = 0. This shows in particular that any connected
non-unimodular Lie group G of dimension D satisfies LTHZ, (G) = {0} for every ¢ €
(1,+400). In fact, Pansu in [Pan07, Th. 1] shows that for any non-compact connected
Lie group G, either LPH} (@) is Hausdorff or G is amenable unimodular. See also
[Tes09] for generalizations to topological groups.

(2) Under assumptions of Proposition 1.9, one has ||¢; || g».k_sgr.s — 0 when t —
+00, and thus U*P(M,¢) = {0}. Therefore, the conclusion of Proposition 1.9 can
be stated as LPHggl(M) ~ HFL(WP* (M, €)). In [Pan09, Th. 4], Pansu establishes a
general result that relates the LP-cohomology of M with the cohomology of WP* (M, £).

(3) Suppose M is diffeomorphic to R x N and that £ = 9/0¢t is the unit vector field
carried by the R-factor. Let 7 : M — N be the projection, and let 7* : D' (N) —
D'(M) be the continuous extension of the pull-back map 7* : Qi(N) — Q¢(M). Then,
under the assumptions of Proposition 1.9, one can prove that every ¢ € ZP*T1(M, €)
can be written as ¢ = 7*(T'), with T' € D’*+1(N) N Kerd. In other words, one has

2P (M, &) = 7% (D HH(N) N Ker d) N WPFH (M),

Therefore, the isomorphism LpHﬁJlgl (M) ~ ZP*+1(M, £) can be interpreted by viewing
2Pk+L(M €) as a “boundary values” space for the cohomology classes in LPHSF(M ).
See [Pan09] for more information along these lines.

2. TuEe LLIE GROUP CASE

This section collects applications of the previous results to Lie groups. It will serve
as a main tool in the paper.

Let G be a connected Lie group equipped with a left-invariant Riemannian metric.
Let D = dim(G) and let g be its Lie algebra. As usual the left and right multiplications
by g € G are denoted Ly and Ry, and we let Cy = Lj o R;-1 be the conjugacy by g.
Given a unit vector £ € g, we will still denote by £ the associated left-invariant vector
field on G. Its flow is ¢, = Rexpe-

The following result is implicit in [Pan99], see in particular [Pan99, Cor. 53] and
[Pan99, Prop. 57].
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Prorosition 2.1. Let € € g and suppose that its flow acts properly on G. Let
A1 < A < -0 < Ap be the real parts of the eigenvalues of (—ad€&) € End(g),
enumerated with their multiplicities in their generalized eigenspaces. We denote by
wy = Zfill A; the sum of the (k + 1) first ones, and by Wy, = Z§:1 Ap—j+1 the sum
of the k last ones. Let h = Eil ;i be the trace of (—ad(§), and suppose that h > 0.
Letk e {0,...,D —1}.

(1) If 1 <p < h/Wy, then LPHEL (G) = {0}.

(2) Under the same assumptions, the space LPHi{Y(G) is Hausdorff and Banach
isomorphic to ZPFTL(M, €).

(3) If 1 < hjwiy1 < p < h/Wy, then LPHELY(G) # {0}
(When k =0, we set Wy :=0 and h/Wy := +00.)

Remark 2.2, — The above proposition applies to non-unimodular Lie groups only
(but no solvability or semi-simplicity assumption is made). Indeed the trace of ad £ is
supposed to be non-zero.

Proof. — (1) and (2). To obtain vanishing and identification of the cohomology from
Propositions 1.4 and 1.9, we need to control the norm of ¢} : LPQ*(G) — LPQ*(G),
for t > 0. Let k € {0,...,D — 1} and w € QF(G). Suppose first that w is left-
invariant. Then ¢*(w) is left-invariant too. In particular their norms |w|, and |} (w)|,
are independent of g € G. We have

%0: (LU) = RZXP 23 (w) = pr —t&(R:xp 173 (w)) = :xp —t& (w)
Moreover, for X1,..., Xy € g, we have

oxp 7t§(w)(X1, o Xg) = w(Ad(eXp —t&)X1,...,Ad(exp —tg)Xk)
=w(e tEX, . e tade X)),

In other words, by identifying the space of left-invariant k-forms with A*g*, we get
that Clyy () = (121€)" (w).

Observe that W is the largest real part of the eigenvalues of (—ad§)* acting on
AFg*. Thus for every ¢ > 0 there is a constant C' = C(e,k) > 0 such that for all

wE Akg* and t > 0, one has
|0} (w)] < Ce™s T .

Now let w be any element of QF(G) (it is not supposed to be left-invariant anymore).
Pick a basis (0r) of A*g* seen as the space of left-invariant k-forms on G. Then w
decomposes uniquely asw = Y, f10r, where f; € Q°(G). Since the norms on A*g* are
all equivalent, there exists a constant D = D(k) > 0 such that for every w € Q(G)
and g € G:

D (S1stor) " <lely < (X irntor)
1

I
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On the other hand, for ¢ > 0:
Z froer ¢y (91)‘ <O |(f1o9e)(g)le™rtor,

I

lf (w

Therefore:

107 @)% o / |07 ()2 dvol(g) < CPePWete) / SI(fre @) dvolo
= CPeP(Wite) / Zm )P Jac(e; b) (k) dvol(h)

— OPePWrte— h/p)t/ Z | F1(R)|P dvol(h)

<Cprep(Wk+€ h/p)t ||w||Lmk7

since the Jacobian of ¢, is e"*. Finally, by letting F := C'D, one obtains that

||SD:||LPQk_>Lka < EeWk+e—h/p)t

Suppose that & > 1 and 1 < h/Wj. Then, just from their definitions, one sees
that 0 < Wi_1 < Wi < h (recall that h > 0 by assumption). This implies that
Wi+e—h/p<0forl <p< h/Wjand e > 0 small enough; and that the same holds
with Wj_1 instead of Wj. We conclude then by using Propositions 1.4 and 1.9.

Suppose that kK = 0. Then Wy +e — h/p =& — h/p < 0 for € > 0 small enough.
Thus we can conclude as well by using Propositions 1.4 and 1.9.

(3) To prove non-vanishing of the cohomology by using Propositions 1.9 and 1.10,
we need in addition to control the norm of

@*, s LPOMH(G) NKer e — LPOMTH(G) N Ker ¢,

fort > 0.

The group (¢—¢)ter is the flow of the vector field —£. The real parts of the eigen-
values of ad€ are —Ap < —Ap—1 < -+ < —A1. The sum of the (k + 2) last ones
is —wg41; and the trace of ad € is —h. We notice that £ is an eigenvector of eigen-
value 0. By assumption one has wy4; > 0; thus the eigenvalue 0 appears in the list
A1 < -+ < Aggo, whose sum is wg41. Therefore, —wy11 is largest real part of the
eigenvalues of (ad &)* acting on (A¥T1g*) N Ker t¢.

By the same argument as in the first part of the proof, one obtains that for every
€ > 0 there is a constant E’ = E’(e, k) > 0, such that for every ¢ > 0:

* ! _(— h t
H(p—t||LPQk+1ﬁKerL§—>L1“Qk+1ﬂKerL5 <FE 6( Wet1teth/p) .

For p > h/wg41 and € > 0 small enough, one has —wy41 + €+ h/p < 0. We conclude
by using Propositions 1.9 and 1.10. |

Exawrre 2.3, — Let R = R x, RP7! with a : R — GL(RP™!) defined by a(t) =
et -id. Then R is isometric to the real hyperbolic space Hg. Consider the vector
field 9/0t. The linear map ad(9/0t) is the projection on the RP~! factor. Put & =
—0/0t. The list of the eigenvalues of (—ad§) is 0 =X < Ag =--- = Ap = 1. For
every k € {0,...,D — 1} one has wy = Wy, = k. Moreover, h = D — 1. Therefore, the
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above proposition applied in combination with Poincaré duality (Proposition 1.11),
shows that for k € {1,...,D —1}:

~ LPHEL(R) = {0} for l<p< (D—1)/korp> (D —1)/(k—1).

~If (D-1)/k < p < (D—-1)/(k—1), then LPH:;(R) # {0} and is Banach
isomorphic to ZPF(M, €).
Moreover, by Section 1.6(1), one has LPHR (R) = LPHIL (R) = {0} for every p €
(1, +00).

Apart for the above example, and few other ones, the LP-cohomology is only par-
tially known. In the sequel we will use the following consequences of Proposition 2.1.

CoRroLLARY 2.4. Suppose that R is a connected Lie group of the form R = A x N,
with A ~ R’ and ¢ > 1, that satisfies the contraction condition (nC) of the introduc-
tion (for a given £ in the Lie algebra of A). Let D = dim(R). Then, with the notations
of Proposition 2.1, the numbers wg, Wp_1_4 belongs to (0,h), and we have:

— If1 <p<h/Wp_1_y, then LPHEL (R) = {0} for all k < D — ¢.

— Under the same assumption, the space LPH(?I;E(R) is Hausdorff and Banach
isomorphic to ZPP~*(R, €).

— If p > h/wy, then LPHEL (R) = {0} for allk > ¢ .

Proof. — By condition (nC), the list of the real parts of the eigenvalues of (—ad§)
is of the form
0=Ai==X <A < < Ap.

Thus, one has 0 < W, < Wp_1_¢ < h for every k < D — {. By Proposition 2.1
the first two items follow. The last one is a consequence of the previous ones in
combination with Poincaré duality (Proposition 1.11). It holds for p larger than the
Holder conjugate of h/Wp_y_1, ie., for p > h/w, (since Wp_y_1 + wy = h). Note
that wy = Apq1. |

In the special case ¢ = 1, one gets in addition:

Cororrary 2.5. — Let R be as in the previous corollary, and assume in addition that
(=1.If1 <p<h/Wp_s, then LPHE; ' (R) is non-trivial.

Proof. — With the notations of Proposition 2.1, we have: 0 < Wp_o < wp_1 < h.
Thus the result follows from Proposition 2.1, applied with k = D — 2. |

3. A NON-VANISHING CRITERION

Let R be a connected Lie group of the form R = Ax N with A ~ R’ and £ > 1, that
satisfies conditions (nC) and (nT) of the introduction. As explained in Section 0.3,
it decomposes as R = Bx H and the analysis of LPHT(;R(R) —for large p and ¢ = dim(A)
~ reduces to the study of the action of B on LPHL:“(H) for p close to 1. The goal of
this section is to give a sufficient condition on this action (Proposition 3.2), to ensure
non-vanishing of LPHT(;R(R) for large p (Corollary 3.4).
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As an application we will prove Theorems B, C and D in the next two sections.
We keep the objects and notations of Section 0.3. Recall that the Lie algebra of A is
denoted by a, and that the Lie algebra of B is b = {X € a : trace(ad X) = 0}. The
group H is defined by by H = {e®};cr X N, where ¢ € a is a vector that satisfies
condition (nC).

As in the statement of Proposition 2.1, we consider the real parts of the eigenvalues
of (—ad¢) acting on the Lie of R. Since ¢ satisfies condition (nC), one has

0:)‘1:"':)‘€<>‘€+1<"'</\D-

Recall that wy := Zfill A; denotes the sum of the (k + 1) first ones, and W :=

25:1 Ap—;+1 the sum of the k last ones. The trace of (—ad¢) is h := Zil i
We also set n:= D — ¢ = dim(NV), and we denote by 7 the projection 7 : H — N
and by vol the Riemannian volume form on N.

3.1. InteErPOLATION. — Our first result is a quantitative version of Proposition 1.10.
It shows that the norm |[|-|gsn (g interpolates (in some sense) between |[|-|| Lran ()

and [||| Lon-1(n)-

Lemma 3.1, For every p such that 1<p<h/W,_1, there exist constants a,b,C >0,
such that for every 6 € QP"=Y(N) the form w*(df) belongs to ZP"(H, €), and satisfies:

|7 (d0)|we.n(rr) < Cig%{e_(w”de”LPQ"(N) + € )10] Loan1 () }-

Proof. — Recall that the flow of £ in H is denoted by ;. It is simply a translation
along the R factor of H. From Corollary 2.5 (and its proof), for every p such that
1< p< h/W,_1 there exist n > 0 and C; > 0 such that for ¢ > 0:

(1) [1#5 | Lran—1 s pran-1 < Cre™™,

(2) lle* ¢l Lramnker i — LrannKer e < Cre” .

For s € R, let x; € C*°(H) which depends only on the first variable, and such
that xs(t) = 0 for t < s, and x,(t) =1 for t > s+ 1. Let o = 7#*(0). Then a and do
are ;-invariant. One has

7 (df) =da=d(xs-a+ (1—xs) -a)=0+dy,

with 3 = d(xs - a) = dxs Ao+ xs - da, and v = (1 — x,) - a. Thus ||7*(d8)||wr.n (m) <
1Bl ran ) + [Vl Lran—1(m)-

The form do belongs to Ker¢e and is ¢j-invariant. With the above property (2)
we obtain (since s > 0):

Ixs - ol Loan () < () - Lizalloan ey = Y I1(de) - LiepasispizllLoan )
=0
& Z e " |(da) - Leepo,ull Lran ()
=0
. Cie "8

1—e?

|(dex) - Lepo )l Loon (-
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Since the Haar measure on H is the product of those on R and N times e~ the
LP-norms of (da) - 14¢po,1) and of dff are comparable. Therefore, there exists a con-
stant Cy, depending only on C7, n and H, such that

X5 - del|Loan )y < C2e™ " [|dO| Logn ().

!

It remains to bound by above the LP-norms of dysA« and «. One has dx, = x/(¢)dt,
with X’ supported on [s, s 4+ 1]. Thus

lldxs A | Loan ) < X - allLean-1m) < Cslla - Licpo,s1)llLran—1 ().

with C3 = ||x%|lco-
Similarly, by writing v = « - 14<o + (1 — Xs) - @ - 14¢[o,s41], One has

IVl zran—1(m) < |l Licollran—1(m) + ll - Ligqo, st 1l Lran—1(a)-

The form « is @}-invariant. By using property (1) and a similar argument as above,
one obtains that the LP-norm of a - 1i¢o is control by above by a constant times
P

Since ¢, increases the norms at most exponentially, there exists b > 0 and Cy > 0
such that for ¢ > 0 one has

™ il Lran—1 o ppon—1 < Cye®.

Thus the LP-norm of « - licp,s41 is bounded by above by a constant times
€ ||| Lpon—1. The statement follows with a = . O

3.2. Tue criterion. — We now state the criterion that will lead to non-vanishing of
cohomology. It requires some preparations.

Since a is abelian, there is a basis of n® C relative to which the matrices of ad X ’n
(X € a) are upper triangular [Hum78, 4.1. Cor. A]. For i € {1,...,n}, denote by w;
the i-th diagonal coefficient; it is a linear form on A with real or complex values. Since
we assume that condition (nT) holds, we have:

-61 Ker R(w;) = {0).

By definition of the factor b < a, one has trace(ad X) = 0 for every X € b; and thus
St R(wi(X)) = 0. In combination with the above trivial intersection, this implies
that for every X € b~ {0}, there exists i € {1,...,n} such that R(w;(X)) > 0.

Prorosition 3.2, Suppose that we are given:

(1) A non-empty subset J C {1,...,n}, such that for every vector X € b~ {0}
there exists j € J with R(w,;(X)) > 0.

(2) To every j € J, a vector Z; € n or n® C depending whether w; takes real or
complez values, such that ad(X) - Z; = w;(X)Z; for every X € b.

(3) A non-zero Ct function f : N — R with compact support, whose integral along
every orbit of the left-invariant vector fields Y; :=RZ; (j € J) is null.
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Then for1 < p < h/W,_1, the form v = 7*(f vol) belongs to ZP""(H,§), and satisfies:
/ | :pr(w)ng,n(H) dX < +o0.
Xeb

Remark 3.3. Note that assumption (2) holds for any J, since the w;’s are also the
weights of the representation ad : A — End(n® C). Moreover, as explained above, as-
sumption (1) is valid with the maximal choice J = {1,...,n}. In general, condition (1)
leads to choosing big subsets J of {1,...,n} but this balanced by condition (3). The
latter assumption is not a straightforward consequence of our previous hypothesis and
the main part of the next section will be dedicated to sufficient conditions for it.

Cororrary 3.4. — Suppose that the conditions (1), (2), (3) above are satisfied. Then
LPHER (R) # {0} for p > h/wy.

Proof. — Let p be such that 1 < p < h/W,_;. According to Corollary 2.4 applied
with R = H, the space LPHE, (H) vanishes for k < n, and is Hausdorff and Banach
isomorphic to ZP"(H,€) when k = n. As explained in the sketch of proof in Sec-
tion 0.3, these properties in combination with a spectral sequence argument taken
from [BR20] — see Corollary 6.10, imply that there exists a linear isomorphism:

LPHP(R) ~ {z/z € 2PM(H,€) - /X b| :pr(w)H’;,m(H) dX < +oo}.
[S

Thus by Proposition 3.2, the space LPH(?}; E(R) is non-trivial. Moreover, it Haus-
dorff (see Corollary 2.4). By Poincaré duality (Proposition 1.11) we obtain that
LPHIR (R) # {0} for p > h/wy; indeed h/we and h/W,_; are Hélder conjugated
(since wy + Wp,_1 = h). O

Proof of Proposition 3.2. — Let ¢ := Rexp1y; be the flow of Y}, and set w := f vol, so
that ¢ = 7*(w). Then for every j € J the form 6; := f_Ooo(qS;)*(Lyj w) dt is a primitive
of w. Indeed by applying the Cartan formula Ly, = do vy, + ty; od to the compactly
supported closed form w, one gets

0 0
= [ @y amw= [ @revea= [ L))

0
oo oo oo At
which is equal to w.
For X € b, we want to estimate the L” norms of Cg y(w) and of its primitives
Clp x(05), in order to apply Lemma 3.1 to the form C, | (v) = 7*(Cg, x (w))-
Observe that

HC:pr(w)HLan(N) = H(fo eXpX)' :pr(VOI)HLan(N) = HWHLPQ"(N)7

since Cexp x preserves the Riemannian volume on N (by definition of the factor b < a).
To estimate the LP-norm of C7, | «(6;), we proceed as follows. Set F; = fi)oo foghdt.
By assumption (3) the function F; has compact support. Since vol is bi-invariant
on N, one has 0 = Fj - (vy, vol); and thus, since vol is Cey, x-invariant:

f:pr(ej) = (FjoCexpx)- (LC;‘

X

px(YJ‘) VO]).
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By assumption (2), one has Ad(exp X)Z; = e*wf(X)Zj. Since Y; = RZ;, and since
it is left-invariant, one has |Cy, , x(Yj)lg = e =i (X)|y|, for every g € N. Thus for
every p € (1,+00):

|| :pr(ej)HLan—l(N) = 67%wj(x>‘¥7‘||FJ‘|LP(N)

Note that all the Y;’s are non-zero, indeed the operators ad X are real endomorphisms.
Now assumption (1), in combination with the last equality and compactness of
the unit sphere in b, implies that there exist constants ¢, C' > 0 such that for every
p € (1,+00) and every X € b, one has
}2§|’C:pr(9j)HLan—1(N
Thus, by Lemma 3.1, the forms ¢ and Cg,, x(¢) belong to 27" (H,¢§) for 1 < p <
h/W—1. Moreover, the norm of Cg, () decreases exponentially fast to 0 when
|X| — +o00. The statement follows. O

) < Ce X,

4. FIRST APPLICATIONS: PROOF OF TWO NON-VANISHING RESULTS

This section is dedicated to the proof of the first two non-vanishing theorems,
namely Theorem B and Theorem C mentioned in the introduction; they deal with
general solvable groups satisfying conditions (nC) and (nT).

4.1. FuNcTIONS WITH PRESCRIBED VANISHING INTEGRALS. — The following lemmas will
serve to exhibit functions satisfying condition (3) of Proposition 3.2; these functions
will eventually provide suitable non-zero forms leading to our targeted non-vanishing
results by Corollary 3.4.

Lemma 4.1. — Let Y, T be non-trivial left-invariant vector fields on a connected sim-
ply connected nilpotent Lie group N. Then N admits a non-zero smooth compactly
supported function, whose integral along every orbit of Y and T is null.

Proof. Let n be the Lie algebra of N, and let [ be the subalgebra generated by Y
and 7. We will prove the lemma by induction on the length of the descending central
series of [, i.e., on the smallest integer & > 1 such that [F*! = 0 (where [' := [,
2= [, 1], 1 := [1,1]]). Let denote the length by length(I).

If length(l) = 1, then Y and T commute, and the statement follows from (the
proof of) Lemma 4.2. Suppose now that length(l) > 1.

Let ¢} and ¢k be the flows of Y and T'. Let fo be a non-zero compactly supported
smooth function on N. The flow of every non-trivial left-invariant vector field acts
properly on such a Lie group N; thus there exists {5 € R with

(support fo) N gf);to (support fo) = @.

The function f := fo — foo (bfﬁ is non-zero, smooth, compactly supported, and its
integrals along the T-orbits are null.
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We are looking for a sufficient condition on fy which guaranties that the integrals
of f along the Y-orbits are also null. For g € N one has

/(f0¢>§)(g)dt:/(foo¢§)(g)dt—/(foo¢tT°O¢§/O¢Et°)( t9(g)) dt.
R R R

Thus, for the integrals of f along the Y-orbits to be null, it is enough that the integrals
of fo along the orbits of Y and of (¢7"°)*(Y) are null.
The vector field (¢°)*(Y) is left-invariant. Its value at 1y is

Z = Ad(—tT)Y = (= Dy,

According to the induction hypothesis, such an fy exists if the subalgebra m generated
by Y and Z satisfies length(m) < length([).
Since Y, Z € 1, one has m C [. Moreover:

Y, Z] = [V, DY = [V, Y] — o[V, [T, Y]] +--- € I%.

It follows that m? C 2, thus m® = [m,m?] C [I,]] = [, ... and so m® C [‘*! for every
i > 2. Therefore, one has length(m) < length(l) as expected. O

Lemwva 4.2, Let M be a smooth manifold and Y1,...,Yy, T be a family of complete
smooth vector fields. Assume that T commutes with all the Y;’s, and that its flow acts
properly on M. Suppose that the subfamily Y1, ..., Yy satisfies the following property:
there exists a non-zero C' compactly supported function on M, whose integral along
every orbit of the Y;’s is null. Then the same property holds for the entire family
Yi,..., Y, T.

Proof. Let fy be a function satisfying the property for the subfamily Yi,..., Yk.
Let ¢! be the flow of T Since it acts properly on M there exists ty € R such that
(support fo) N ¢~ (supportfy) = @. Define f = fo — fo o ¢'. It is a non-zero C*
compactly supported function whose integral along every orbit of T' is null. Since T
commutes with the Y;’s, the integrals of f along their orbits remain null. |

4.2. TWO NON-VANISHING RESULTS FOR SOLVABLE GROUPS. We can now give the proofs
of Theorems B and C.

Proofof Theorem B. — We can assume that N = R™. With the notations of Sec-
tion 3.2, let J C {1,...,n} be a minimal subset such that

{w;:jedJtu{mj:jeJ} ={w,...,wn}
as sets of linear forms on a. It satisfies assumption (1) of Proposition 3.2. For every
j € J, let Z; be as in assumption (2) of Proposition 3.2. The orbits in R™ of the
vector field Y; := RZ; are the lines parallel to Y;. They commute. Thus Lemma 4.2

provides a function which satisfies assumption (3) of Proposition 3.2. Now Theorem B
follows from Corollary 3.4. ]

Proofof Theorem C. — Since A ~ R?, one has B ~ R. Let X, be a non-zero vector
in b. Let J = {j1,j2} C{1,...,n} be such that R(w,, (Xo)) >0 and R(w;,(—X))>0.
It satisfies assumption (1) of Proposition 3.2. For every j € J, let Z; be as in
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assumption (2) of Proposition 3.2, and let Y; := RZ;. By applying Lemma 4.1 to
the pair of left-invariant vector fields Yj,,Y;,, one obtains a function that satisfies
assumption (3) of Proposition 3.2. Now Theorem C follows from Corollary 3.4. O

5. SemisimpLE L1E GrOUPS

In this section, we are looking for connected solvable Lie subgroups R in semisimple
real Lie groups which are of the form R = A x N with A ~ R and ¢ > 1. Of course
these groups will satisfy the contraction condition (nC) and the non-triviality condi-
tion (nT). More precisely, our goal is to prove that in any semisimple real Lie group
with finite center, the solvable subgroups appearing in Iwasawa decompositions fulfill
the assumptions of our non-vanishing criterion Corollary 3.4. As a consequence we
obtain a proof of Theorem D, hence a proof for Theorem A, in view of the reduction
contained in Section 0.1. From a technical viewpoint, the proofs in this section are
ultimately relevant to the combinatorics of root systems.

5.1. LiE-THEORETIC NOTIONS AND NOTATIONS. Let G be a semisimple real Lie group
with finite center. We pick in G a subgroup A which is maximal for the properties
of being connected, abelian and diagonalizable over the real numbers in the adjoint
representation of G. We denote the latter representation by

Ad: G —s GL(g),

with g = Lie G . We have a direct sum decomposition
g=g00® €@ na
aed(G,A)
where gg is the subspace on which the adjoint A-action is trivial and where n,, is the
weight space associated with the character a of A:

ny ={X €g:Ad(a)X = a(a)X for all a € A}.

We also pick a minimal parabolic subgroup P containing A, which provides a basis
and a positive root subset ®* for the root system ® = ®(G, A) of G. In order to
fit with the notation of [Bou68], we set V' = a*. This real vector space is equipped
with the Killing form, which makes it a Euclidean space; this enables us to identify a
and a*. Finally, we set:

206 = Z dim(ng)a,
acdt
and we denote by N the nilpotent group integrating @, 4+ o. Thus, R = AN is
the solvable part of an Iwasawa decomposition of G, and all such solvable subgroups
of G can be obtained by varying the choices of A and P above. The remaining choice
is that of a maximal compact subgroup K: the stabilizer of any point in the maximal
flat associated to A in the Riemannian symmetric space associated to G does the job.

From a combinatorial viewpoint, in the main part of this section we are looking
for a subset ¥ C ®* and a family of real numbers (mg)gew, with mg > 0 for each
B € W, such that
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(i) we have: 2pc = > 5oy mpf,

(ii) we have: V=% 5y RS,

(iii) if 8,8 € ¥ then: B+ 3’ &€ ®.

We will sometimes relax condition (iii) to the following one

(iii") if 8,8 € ¥ then: 8+ 3’ & ® except maybe for one pair {8; 3’} C .

5.2. RELATIONSHIP WITH THE NON-VANISHING CRITERION. — Let us explain why the
above combinatorial conditions are relevant to the non-vanishing criterion of the previ-
ous section. In 3.2, the set {1,2,...,n} is determined by the dimension of the nilpotent
group IV: in the present section, we see it more concretely as the set of positive roots
counted with their multiplicities; accordingly, the subset J of 3.2 is denoted here by ¥
in view of its interpretation in terms of roots. Note also that, by the choice of A here
(a maximal R-split torus), we do not need to extend the scalars to C in our context.
First of all, the solvable group R = AN from 5.1 satisfies condition (nC) since we
can choose —¢ to be the sum of the fundamental coweights for the root system of G
(in fact, we can take any vector in a™, i.e., in the Weyl cone given by AN, tangent to
a regular geodesic in the symmetric space). The group R also satisfies condition (nT)
by definition of a root as a non-trivial character of A (or a). We now concentrate on
checking the conditions of the non-vanishing criterion in the present situation.

Levma 5.1, — We assume we are given ¥ satisfying (i)—(iii’). Then the choice J = ¥
fulfills the assumptions of Proposition 3.2.

The lemma will lead to the desired non-vanishing statement, hence most of the
rest of the section will be dedicated to exhibiting such a subset ¥ for any semisimple
real Lie group G.

Proof. — As mentioned in Remark 3.3, Condition (2) is automatically satisfied by
definition of the adjoint representation and of the roots.
Let us check Condition (1). By (i), we have:

Z dim(ny)a = 2pg = Z mgp.

aedt BeEW
Now let X € b. Note first that for any X € a, we have: trace(ad X) = 2pg(X);
therefore b, defined in Section 0.3 by b = {X € a: trace(ad X) = 0}, can be seen as
b={X €a:pa(X) =0} We assume that 3(X) < 0 for each g € V. Since mg > 0
for each 8 € ¥, we deduce that 8(X) = 0 for each € U. Finally this implies that
X =0 by (ii), proving that (1) is satisfied.

Condition (3) is more delicate to check but it is treated thanks to the lemmas
in Section 4.1 combined with the fact that if for a,a0/ € & we have a + o' ¢ ®
then [ny,ny] = {0}. Indeed, in view of this, the function requested by Condition (3)
is directly given by an inductive use of Lemma 4.2 in case U satisfies (iii); if ¥
satisfies (iii’) only, then one has to apply first Lemma 4.1 to the pair of roots in ¥
whose sum is a root, and then again apply inductively Lemma 4.2. O
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In the rest of the section, we are thus reduced to exhibiting subsets ¥ satisfying
(i)—(iil’), or even better satisfying (i)—(iii). Note that in view of Theorem C we may —
and shall — assume that the rank £ = dim(A) of G is at least 3.

5.3. A PRELIMINARY RESULT IN LINEAR ALGEBRA. We use the notation from [Bou68,
Planches], and more precisely the concrete descriptions of root systems in terms of lin-
ear algebra. In particular, we consider the standard Euclidean space R’ with canonical
basis (g;)1<i<e- We are interested in sums of the form

M

M(Er—2m+1 + Et—2m + €r—2m + E0—2m—1)
m=1

M
= E m(€r—2m+1 + 2€0—2m + Er—2m—1),
m=1

where M is a suitably chosen integer. We will see below that such linear combinations
are very useful to approximate the sum of positive roots of some fixed norm in suitable
root systems.

In addition, the vectors appearing in these sums are sums of two consecutive vectors
of the form €; + ;41: in many root systems, such a vector €; + ;41 is a positive root
and the sum of two such vectors is not a root, which is useful to achieve condition
(iii), or maybe (iii’), above.

More precisely, in many root systems the sum of positive roots of norm equal to v/2
is the vector o given by:

-1 -1 -1
o= Z&Zi *e;= Z(Z(Ez +e5t+e; —€j)) = 22((— i)Ei = QZisz,i,
i<y i=1 j>i i=1 i=1

and we want to see o as a linear combination, with positive coefficients, of vectors
&+ E€it1-
. . . . -1 .
Lemmya 5.2. Besides the vector o = Zl§i<j§é gite; = 2>, i above, we
, 0-2)/2
introduce the sum S = ZL(=1 )/2] m(er—2m+1 + Er—2m + €r—am + €v—2m—1). Then:
— if £ is even, we have: 0 = 25 + leq;

— if € is odd, we have: 0 =25 + ({ —1)(e1 + &2) + (£ — 1)ey.

Proof. In the sum Sy = Z%:I m(er—omr1+er—am+eo—2m+er—am—1), we consider
the sum of two consecutive terms, that is:
k(eo—ok+1 + 2€0—2k + 0—2k-1) + (kK + 1)(€r—2k—2+1 + 26¢—2k—2 + €r—26-2-1)
= keg_opt1 + 2keg—or + (2k + 1)eg—op—1 + (2k + 2)keg—op—2 + (k + 1)ep—2k—3.
The three middle terms also appear in %a. The maximal index of summation M is
the biggest integer m satisfying £ — 2m — 1 > 1, that is m < (¢ — 2)/2. This explains
why we are led to considering:
L(e-2)/2]
S=8-2y2) = Y, m(et-2mi1+Eram + Er_am + Ee—2m-1).

m=1
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The sum S = S|(¢_2)/2| approximates 3o down to the index ¢ — 2[ (¢ —2)/2] — 1.
— If ¢ is even, we have |(¢{ —2)/2| = (£ —2)/2, then £ —2[({ —2)/2] —1 =1 and
therefore:

[(£-2)/2]
S = Z Mm(Er—2m+1 + Et—2m + €r—2m + E—2m—1)
m=1
. ¢ 1 ¢
= ' jﬁg_j—‘-(i—l)ﬁl_io'—ifl,
Jj=1
so that in this case:

I g4 J4
20‘ = ) £1.

— If £ is odd, we have [ (¢ —2)/2] < (¢ —2)/2, then
(—=2|(—2)/2|-1=4—-(L-3)—1=2
and therefore:

[(£-2)/2] -3
S = Z M(Er—2m+1 + Er—2m + €t—2m + Er—2m—1) = Zj&e—j + [(£—2)/2]es.
=1

m=1

If we denote £ = 2r+1 with 7 > 1, then | (£ — 2)/2] = [(2r —1)/2] = [r—1/2] = r—1

and we have:

-3
S = Jeo—j + (r —1)eg,
j=1
so that, since the coefficient of &5 in %0‘ is{—2=(2r+1)—2=2r—1, we have
%a =S+ 1r(e1 +e2) + reg and finally
1 (-1 (-1
—o=5+ (81+62)+ £1.
2 2
This concludes the proof. O

At this stage, in order to find subsets ¥ of positive roots achieving the conditions
(i)—(iii’) at the end of Section 5.1, we use the classification of simple real Lie groups.
The parameters of this classification are: a (possibly non-reduced) root system, and
the multiplicities of the roots. According to E.Cartan’s classification, a simple real
Lie group either is a simple complex Lie group seen as a real one (in which case the
root system is reduced and all multiplicities are equal to 2), or is absolutely simple
(i.e., its Lie algebra stays simple after complexification) and belongs to the list given
for instance in [Hel01, Chap.X, Table VI, pp.532-534]. One useful fact is that the
Weyl group acts transitively on roots of given norm (see [Hum?78, Lem. C, p.53]), so
that not so many possibilities of root multiplicities appear (one multiplicity if the root
system is simply laced i.e., if the edges in the Dynkin diagram are all simple, at most 2
if it is reduced, at most 3 otherwise). This also implies that 2pg = ) o+ dim(ny)a
can be computed as a sum of at most 3 partial sums, namely packets of roots of given
norm multiplied by the corresponding multiplicity.
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In the rest of this section, we check that we can find a suitable root subset ¥
for each isomorphism class of simple real Lie groups by sorting them according to
their relative root system first and then their multiplicities. The reader will easily
check that all Cartan types appearing in [Hel01, Chap. X, Table VI, pp.532-534] are
covered.

5.4. Avrv tvees exceer Ay. — To be consistent with the notation of [Hel01, Chap. X,
Table VI, pp. 532-534], we denote by ¢ the real rank of G and by r its complex rank
(recall that the latter rank is the dimension of a subalgebra in g ®g C consisting of
diagonalizable elements in the adjoint representation, and maximal for this element-
wise property). Recall that we can restrict our attention to the case £ > 3, thanks to
Theorem C.

Type By [Bou68, Planche 11, p.252]. — This is a non simply laced root system, and
indeed some cases with different multiplicities do appear in Cartan’s classification.
This is the root system in the standard Euclidean space R’ with canonical basis
(€:)1<i<e, where the positive roots are the vectors of the form ¢; (there are ¢ such
roots, of norm 1) or g; £ ¢; with i < j (there are £(¢ — 1) such roots, of norm v/2).
We still denote the partial sum of roots of norm v/2 by

-1
g = ZEi iEj = 227;8@,“
i<j i=1
and we denote the partial sum of roots of norm 1 by 7 = Zle €;. The Cartan types
where this root system appears are the types Br and Dy, in which cases we have:

208, =0+ (2(r—0)+1)7 and 2pp, =0 +2(r — 7.

Let us treat thoroughly the Cartan type By, the type D; being similar. We invoke
Lemma 5.2, together with the associated notation.
If £ is even, we have:
02
208, =25 + Ler + (2(r = 0) +1) D> (cam-1 + £2m),
m=1
so that we can take the subset of positive roots ¥ to be consisting of €; and of the
roots €; + €41 for 1 < j < ¢ — 1. This choice of ¥ gives immediately (i) in view of
the definition of the sum S and (ii), i.e., the fact that ¥ generates V| is easy; at last,
(iii) follows from the fact that no coefficient 2 appears in the coordinates of roots and
the fact that the support of roots has cardinality < 2.
If ¢ is odd, we have

208; =25+ 2(0 —1)(e1 +e2) + (£ — ey
(e=1)/2
+ 20 =0 +1) 3 (com + e2mer) + (20 — 0) + ey

m=1
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The expression is more complicated but it gives (i) and the same arguments as above
work to give (ii) and (iii).

At last, as already mentioned, the Cartan type D; is deduced from this case after
replacing the coefficient (2(r — ¢) + 1) by 2(r — ¢).

Type Cg [Boub8, Planche 111, p. 254]. This is a non simply laced root system, and
again some cases with different multiplicities do appear in Cartan’s classification. This
is the root system in the standard Euclidean space R with canonical basis (ei)1<izes
where the positive roots are the vectors of the form 2e; (there are ¢ such roots, of
norm 2) or ¢; + &; with i < j (there are £(¢ — 1) such roots, of norm v/2). We still
denote the partial sum of roots of norm /2 by

-1
o= Zei te; = 221'65—7:,
i<j i=1
and we denote the partial sum of roots of norm 2 by x = Zle
covered by this root system are: some cases Ay, all cases Ci, some cases Cyy, half of
the cases Dy and the case Evyyr. For any such type, say G, we have:

2¢;. The Cartan types

2pGc = My0 + MK

where m, and m. are integers > 1.

We choose for ¥ the set of roots 2¢; for 1 < j < £. Conditions (i) to (iii) are
trivially satisfied, for a choice of integral coefficients in (i) thanks to the coefficients 2
in the expressions of ¢ and .

Type BC, [Boub8, Chap. V1.14, p.222|. — This is the only type of non-reduced root
systems: the system BC, consists of the union of the system B, and of the system C,
as described above. The Cartan types covered by this root system are: the remaining
cases Arr and Cyy, as well as the remaining half of the cases Diyr. More precisely, still
denoting by r the complex rank, we have

208, =2(r =204+ )T +20 + K
in the remaining cases of Ay,
2pcy; =4(r — 207+ 40+ 3k
in the remaining cases of Cry, and
20Dy, = 417 +40 + kK

in the remaining cases of Dyyy.
This type is treated by taking ¥ = {2¢;}1<;<¢, as for the previous case. Condi-
tions (i) to (iii) are trivially satisfied, for a choice of integral coefficients in (i).

(DMore precisely, we have: 2pa,;; = 20 + & in the Cy case of Ay, 2pc; = 0+ K, 2pc;; = 40 + 3k
in the Cy case of Cyr, we have 2pp;;; = 40 + & in the Cy case of D1 and 2pgy,;; = 80 + &, the root
system being Cg3 in the latter case.
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Type Dy [Bou68, Planche TV, p.256]. This is a simply laced type but in fact it
occurs only once in Cartan’s classification, namely for Dy. This is the root system in
the standard Euclidean space R! with canonical basis (€i)1<i<e, where the positive
roots are the vectors of the form ¢; £ ¢; with ¢ < j (there are (¢ — 1) such roots, of
norm v/2). In this situation, we have

—1

2p, =0 =2 e i

i=1
We use the subset of positive roots ¥ to be consisting of the roots €; 4+ ;41 for
1 < j < -1, together with the roots €1 + 4. Condition (ii) is checked by the fact
that €7 is the average of the last two roots, and then the other canonical vectors are
obtained by an easy induction. Condition (iii’) is checked by seeing that the only pair
of roots in ¥ whose sum is a root is {1 — e¢,¢-1 + ¢}, again by considerations of
support or coefficient > 2. For condition (i), we use Lemma 5.2. If £ is even we have

/!
QPDI =29 + @51 =25 + 5 ((81 + E[) + (61 — 5@)),
and if ¢ is odd we have
{—1
20D, =28 + (£ —1)(e1 + €2) + —5 ((e1+e0) + (51 —€0)).

The rest of the root systems consists of exceptional types. In the case of Eg, E7
and Eg the root systems are simply laced and can be realized in R®. We merely
mention the targeted vector p, the subset ¥ and the linear combination achieving (i).

Type Eg [Bou68, Planche V, p.260]. — It occurs in Cartan’s classification for Ejp
only. The underlying vector space V is the 6-dimensional subspace x¢ = z7 = —x3
in R® endowed with the canonical orthonormal basis €1, ...,ecs. The positive roots
are +¢; +¢5, for 1 <i < 7 <5, and

N | =

5 5
(es —e7 —e6 + Z(—l)”(i)ai), with Z v(i) even.
i=1 i=1
The targeted vector is
2pE, = 269 + 4e3 + 6e4 + 8e5 + 8(eg — &7 — €6).
To simplify the notation we let v := g — €7 — €¢, and we consider the positive roots

B, -, B5 defined by:

201 =v+e1+eg+e3+eq+es,
200 =v—e1 —eg+e3+¢e4+es,
203 =v —e1 +ex+e3+e4—es,
284 =v+e1 —ea —e3+e4+ €5,
205 =v —€1 —€g — €3 — €4 +€5.

Then one checks easily that
2pg, = 651 + 202 + 403 + 24 + 235 + 2(—¢e1 +€5) + 2(e1 + €5)-
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We define ¥ to be the union of 1, ..., 85 with +¢1 +¢5. Condition (i) is then satisfied.
To show that condition (ii) holds, one first observes that the two roots &1 + €5
generates 1 and €5. Moreover, one has

B2 — P =—e1 — e,
B3 — P = —e1 —¢s,
Ba— P = —e2 —e3,
Ps — 1 = —€1 — €2 — €3 — €4,
from which one obtains that ¥ generates €1, . . ., £5. Condition (ii) follows easily. More-

over, {f3,e1 + €5} is the only pair of roots in ¥ whose sum is a root in Eg. Thus
condition (iii’) is satisfied.

Type E7 [Bou68, Planche VI, p.266]. The targeted vector is
2pE, = 262 +4e3 + 6e4 + 8¢5 + 106 — 17e7 + 17es,

which we decompose as the sum of 2e5 + 4e3 + 6e4 + 8¢5 + 10e and of 17(eg — €7).
It turns out that eg — €7 is the longest root in the system; we take it in ¥ together
with the four roots €5 +€3,63 + €4, €4 + €5, €5 + €4, as well as the roots €g £ 7. Then
we have:

208, =2(e2+€3) +2(e3 +€4) +4(es +e5) +4(e5 + €6)
+3(e6 + 1) +3(g6 —e1) + 17(eg — 7).

The subset U satisfies (i), (ii) and (iii), the latter condition being easily checked by
the concrete description of E; in terms of the canonical vectors ;.

Type Eg [Bou68, Planche VII, p.268]. — The targeted vector is
2pByu = 262 + des + 6e4 + 85 + 10e6 + 1267 + 46¢s.

We use the subset ¥ consisting of the roots e + €3, €3 + €4, €4 + €5, €5 + €6, €6 + €7,
e7 + g together with eg + €1. Then we have:

208, =2(e2 +€3) + 2(e5 +€4) +4(eq + &5) + 4(e5 + €6)
+6(e +¢e7) +6(e7 +e5) +20(es — 1) +20(eg +€1).

The subset U satisfies (i), (ii) and (iii), the latter condition being easily checked by
the concrete description of Eg in terms of the canonical vectors ;.

Type Fyq [Bou68, Planche VIII, p.272]. — This is a non simply laced root system
corresponding to four cases in Cartan’s classification, namely Err, Evyr, Erx and Fi.
The sum of the positive roots of norm /2 is 0 = 2(3¢; + 2¢2 + €3) and the sum of
the positive roots of norm 1 is 7 = 5e1 + €5 + €3 + €4. The targeted vectors are of the
form o + 277 with 0 < j < 3, so it is enough to treat separately o and 7. We choose
U = {e1,61 + €2,69 + £3,e3 + €4}. Condition (ii) is clear and (iii) is checked by the
concrete description of Fy4 in terms of the canonical vectors ¢;. For (i), we use the fact
that: 0 = 2(e1 + &2) + 2(e2 + €3) + 41 and 7 = (1 + €2) + (€3 + €4) + 4e1.
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Type Ga [Bou68, Planche IX, p.274]. This is a root system of rank 2, correspond-
ing to only one case in Cartan’s classification, so we do not need to consider it. Still,
we can simply say that using the root notation we have: 2pg = 10a; + 6, which
can be written as: 2pg = a1 + 3(3a1 + 2a).

5.5. Tue rype Ay. — This type is more delicate because pairs of positive roots more
often lead to a sum providing another root.

According to [Bou68, Planche I, p.250], type Ay is a simply laced root system in
the subspace V C R!*! defined by 2“'11 x; = 0. The positive roots are the g; — ¢,
with 1 <i<j</l+1.

The Cartan types where it appears are the types A; and Ajr. One has

207, =ler+ (£ —2)ea+ (0 —4)es+ - — (£ —2)ep — legyq,
and pa,; = 4pa,. The latter relation shows that the same root subset ¥ holds for both

type. We will thus restrict ourselves to the type Ar. The idea here is to write 2pa, by
using long roots.

Prorosrition 5.3

(1) If £ is odd, write £ = 2k — 1 with k > 1. Then'

2pA;, =2 Z € —&j Jrz *5z+k

k<j—i
Moreover, if U is the set of roots that appear in the right side member, then ¥ satisfies
the conditions (i), (ii), (iii).
(2) If ¢ is even, write £ = 2k with k > 1. Then:
206 =2 > (gi—gj) +2(e1 — xs1) + 2(Ek41 — Eep1)-
k<j—i<{

Moreover, if W is the set of roots that appear in the right side member, then ¥ satisfies
the conditions (i), (ii), (iil’).

Proof. By counting the number of times ¢; and ¢; appear, one has:
—k 241
dei—g =) (U+1—k—i)ei— Y (G—k—1e
k<j—i i=1 j=k+2

(1) Suppose £ = 2k — 1 with k > 1. Then:

k—1 £+1
Z € —E&j ZZ(k—i)€i— Z (j—k—l)&'j.
k<j—i i=1 j=k+2
Since 2(k—i)+1=¢—2i+2and 2(j —k— 1)+ 1 =2j — £ — 2, one obtains
k
2 Z (ei —&j) + Z(Ez — Eitk) = 2pA;-
k<j—i i=1

Thus ¥ satisfies (i). The roots contained in ¥ are those of the form ¢; — ¢; with
j—1i = k. No root of the system Ay is the sum of two of them, thus (iii) holds.
Moreover, the above roots generate V. Indeed:
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— for ¢ < k, one has ¢; — €it1 = (Ei - 8[4_1) — (61'_;,_1 - €g+1), with / +1—14 >
0+1—-(i+1) >k,
— fori > k,onehase;—¢;11 = (e1—€i41)—(e1—&;), with i+1—-1>i—1 > k,
—and for ¢ = k: e, — epy1 = (61 — €py1) + (6 —€041) — (€1 — €041).
Therefore, (i)—(iii) are satisfied.
(2) Suppose £ = 2k with k& > 1. Then:

k (+1
Yoei—gi=> (k+1—i)ei— > (j—k—1).
k<j—i i=1 j=k+2

Since 2(k +1 —i) = £ —2i+ 2 and 2(j — k — 1) = 2j — £ — 2, one obtains that
23 <j_i(ei —€j) = 2pa,. Therefore

2 Y (ei—g5) +2(e1 —er1) + 2ers1 —€rt1) = 20,
k<j—i<t
Thus VU satisfies (i). The roots in ¥ are those of the form ¢; —¢;, with k < j —¢ < ¢,
and the roots €1 —€x41, k41— €r41. Apart €1 —ep41 which is the sum of the last ones,
no root of the system A, is the sum of two of them. Thus (iii’) holds. In addition the
above roots generate V. Indeed:
—e1— €041 = (61 — €ht1) + (Eky1 — €041),
— for i < k, one has ¢; —e;41 = (g; — €p41) — (8141 — €p41), With £+ 1 —i >
C+1—-(i+1) >k,
—fori>k+1,onehase; —e;41 = (61 —&i41) — (61 — &), withi +1—-1 >
i—1>k,
—fori=k:ex —exy1 = (e — €o41) — (Ekt1 — €041),
—fori=k+1: Ek4+1 — Ek+2 = (81 — Ek+2) — (51 — 8k+1).
This concludes the proof. O

5.6. PROOF OF NON-VANISHING FOR SEMISIMPLE GROUPS. — We can finally put things
together in order to provide a proof for Theorem D, hence a proof for Theorem A of
the Introduction, in view of the reduction contained in 0.1.

Proof of Theorem D. — By Lemma 5.1, it suffices to exhibit a suitable subset ¥ of
positive roots for any semisimple group. This can be done separately for each con-
nected component of the Dynkin diagram, which amounts to dealing with simple real
Lie groups. The absolutely simple cases were treated by a case-by-case analysis in
Sections 5.3 to 5.5. The remaining cases correspond to the simple non absolutely sim-
ple groups, i.e., simple complex Lie groups seen as real groups. In the latter cases, the
root multiplicities are all equal to 2 since the groups are split over C and the root
groups are all isomorphic to the real Lie group C. Therefore, the function pg in this
case is twice the corresponding function for the split groups over R with the same
root system, showing that the same subset W can be chosen, up to multiplying the
coefficients mg by 2 for each 3 € W. a
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6. COHOMOLOGIES OF SEMI-DIRECT PRODUCTS

This section relates the de Rham LP-cohomology with the group LP-cohomology.
Our goal is to transfer to the setting of de Rham LP-cohomology, a result issued from
[BR20] about the group LP-cohomology of semi-direct products, see Corollary 6.10.
It leads to the key relation (0.4) of the introduction.

The section is also an opportunity to advertise several incarnations of LP-cohomo-
logy, and to present their properties in a synthetic way. It collects results issued from
[Pan95, SS18, BR20] (see also [Ele98] for related results in the discrete group case).

6.1. Asymproric AxDp GrouP LP-coromorocies. — The asymptotic LP-cohomology of
a metric space has been defined by Pansu in [Pan95]. Let (X, d) be a metric space
equipped with a Borel measure pu. Suppose it satisfies the following “bounded geome-
try” condition. There exist non-decreasing functions v,V : (0, +00) — (0, +00), such
for every ball B(z, R) C X one has

v(R) < p(B(z,R)) < V(R).
For R > 0 and k € N, let
AW = (2o, ..., x1) € XM | d(ws, 2;) < R for all i, j}.
Let ASP*(X) be the space of (classes of) measurable functions f : X**! — R such
that for every R > 0 one has

Ngr(f)P = / | f (o, ... ,xk)|pd,u(x0) cdp(zy) < 4oo.

N

We equip ASP*(X) with the topology induced by the set of the semi-norms Npg
(R>0).

Derinition 6.1. — The asymptotic LP-cohomology of X is the cohomology of the com-

plex ASPO(X) 2% ASPL(X) 2 ASP2(X) 25 ... where the §,’s are defined by:
k+1 ‘

(62) (6kf)(1'0, B 'rk‘-‘rl) = Z(—l)lf(ﬂfo, s aa/:\iv s 7$k+1)-
i=0

The reduced asymptotic LP-cohomology is defined similarly. They are denoted by
LPH} (X)) and LPH} (X)) respectively.

Turorem 6.3 ([Pan95, §2]). — Let X and Y be metric spaces. Assume that each of
them admits a Borel measure with respect to which it is of bounded geometry (as de-
fined above). Let F : X — Y be a quasi-isometry. Then F induces a homotopy
equivalence'® between the complezes ASP*(Y) and ASP*(X), and a canonical iso-
morphism of graded topological vector spaces F* : LPH}4(Y) — LPH}4(X). In par-
ticular F* depends only on the bounded perturbation class of F. The same holds in
reduced cohomology.

(2)All the maps occurring in homotopies are supposed to be continuous.
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See also [Genl4, SS18] for a detailed proof. We now turn our attention to the
continuous group cohomology, see [BW00, Chap. IX] or [Gui80] for more details.

Let G be a locally compact second countable group. It admits a left-invariant
proper metric defining its topology, see e.g. [CdIH16, Struble Th. 2.B.4]. Let (m, V') be
a topological G-module i.e., a Hausdorff locally convex vector space over R on which G
acts via a continuous representation 7. We denote by V& C V the subspace of 7(G)-
invariant vectors. For k € N, let C*(G,V) be the space of continuous maps from
G**1 to V equipped with the compact open topology. Then C*(G, V) is a topological
G-module by means of the following action: for g, xg,...,xx € G,

(g : f)(l’o, s 7:676) = ﬂ'(g) (f(gilx(% e 7gilxk))'

Consider the following complex of invariants:
CO(Gv V)G 50 Ol(Gv V)G 51 CQ(G7 V)G 52 AR

where the dj’s are defined as in (6.2). The continuous cohomology of G with coefficients
in (m, V) is the cohomology of this complex, it will be denoted by HZ, (G, V). Similarly
is defined the reduced cohomology HZ (G, V).

Derinition 6.4. — Let H be a left-invariant Haar measure on G. The group
LP-cohomology of G is the continuous cohomology of G, with coefficients in the
right-regular representation of G on LP(G, H), i.e., the representation defined by

(7(g9)u)(z) = u(zg) for ue LP(G,H) and g,z € G.
It will be denoted by H? (G, LP(G)). The reduced group LP-cohomology of G is defined
similarly and is denoted by HZ (G, LP(Q)).

Observe that the right-regular representation on LP(G, H) is isometric if and only
if G is unimodular.

Turorem 6.5 ([SS18, Th. 10], [BR20, Th. 3.6]). — Suppose G is a locally compact sec-
ond countable topological group equipped with a left-invariant proper metric. Then the
complez of invariants C*(G, LP(G))Y is canonically homotopy equivalent to ASP*(G).
In consequence, there exists a canonical isomorphism of graded topological vector
spaces HY (G, LP(G)) ~ LPH}\4(G). The same holds for the reduced cohomology.

We notice that the above isomorphism admits the following property. Suppose we
are given an isomorphism ¢ : G; — G2 of topological groups as above. It induces
isomorphisms of complexes:

0t s CF (G, LP(Ga)) P — CF (G4, LP(G1))

@:t(f)(x(b <o Tk {E) = f(sﬁ(%)v ) Sﬁ(ffk)§ 30(1'))’
and ©Ohs : ASPR(Gy) — ASPR(G)

Pas(N(@o, - zx) = f(e(@o), -, (k).
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Then the isomorphisms H} (G;, LP(G;)) ~ LPH4(G;), together with the induced
isomorphisms

P Heo(Ga, LP(Ga)) — H (G, LP(Gh)), - #hs + LPHAs(G2) — LPHs(Gh),
form a commutative diagram.

6.2. Asymproric AND DE RHAM LP-COHOMOLOGIES. Let M be a C*° complete Rie-
mannian manifold. Unlike its asymptotic LP-cohomology, its simplicial LP-cohomology
is not invariant by quasi-isometry (e.g. for compact manifolds it is isomorphic to the
standard de Rham cohomology). For that reason we restrict ourselves to manifolds
which are “uniformly diffeomorphic to RP”.

Derinition 6.6. — Let B = B(0,1) be the unit open ball in RP. A manifold M is
said uniformly diffeomorphic to RP | if there exist functions p, A : [0, +00) — [1, +00),
and for every m € M a C'°°-diffeomorphism ,, : B — M, such that

— for every m € M and R > 0, there exists r € (%, 1) with
B(m, R) C ¢ (B(0,7)) € B(m, p(R)),
— and @W‘B(o " is A(R)-bi-Lipschitz.

For example a Riemannian manifold which is diffeomorphic to RP, and which
admits a cocompact group of isometries, is uniformly diffeomorphic to RP.

Tueorewm 6.7 ([Pan95)). — Let M be a C*° Riemannian manifold which is uniformly
diffeomorphic to RP. There exists a homotopy equivalence between the complexes
ASP*(M) and QP*(M). It induces a canonical isomorphism of graded topological
vector spaces LPHL g(M) ~ LPH} (M). The same holds for reduced cohomology.

The proof that Pansu gives in [Pan95] goes through the simplicial #-cohomology.
A more direct proof is presented in the appendix below.

We notice that the isomorphism in Theorem 6.7 above admits the following prop-
erty. Suppose we are given a bi-Lipschitz C°° diffeomorphism ¢ : M; — My between
Riemannian manifolds as above. Then the isomorphisms LPH} (M;) ~ LPH}(M;),
together with the induced isomorphisms ¢jp : LPH)R(M2) — LPHAR (M), @ig -
LPH} o(M2) — LPH} o(My), form a commutative diagram.

6.3. SEMI-DIRECT PRODUCTS. We transfer to de Rham LP-cohomology a result
about group LP-cohomology of semi-direct products, see Corollary 6.10. This leads
to relation (0.4) of the introduction.

Let (V,|'|lv) be a separable normed space, let X be a locally compact second
countable topological space endowed with a Radon measure u, and let p € (1, +00).
We denote by LP(X,V) the normed space consisting of the (classes of) measurable
maps f: X — V such that

1V = [ @I dute) <+
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Let G be a locally compact second countable group. Suppose it decomposes as a
semi-direct product G = Q x H, with @, H closed subgroups and the standard
multiplicative law

(q1,h1) - (a2, h2) = (q1G2, @5 "hagaha).

Let Hg, Hpy be left-invariant Haar measures on @, H respectively. Then Hg :=
Hg x Hy is a left-invariant Haar measure on G. One has:

Turorem 6.8 ([BR20, Cor.5.5]). — Let G = Q x H as above. Assume that the com-
plex of invariants C*(H, LP(H))¥ is homotopically equivalent to a complex of Banach
spaces. Suppose also that there exists n € N, such that H¥ (H,LP(H)) = 0 for
0 <k <n and such that H (H,LP(H)) is Hausdorff. Then H (G, LP(G)) = 0 for
0 < k < n and there is a linear isomorphism

(6.9) H, (G, LP(G)) ~ LP (Q,H:;t (H, LP(H)))Q,

where the Q-action on LP(Q,H% (H,LP(H))) is by right multiplication on itself and
by conjugacy on HY, (H,LP(H)); in other words it is the action induced by

(¢- W) (o, zps2) = flyg) (¢ wog, - ¢ Tagi ¢~ 2q),
for every q,y € Q, f: Q — C"(H,LP(H)) and xg,...,Tn,x € H.

For Lie groups diffeomorphic to RP, one gets the following result which implies
the relation (0.4) in the introduction.

Cororrary 6.10. — Let G be a Lie group diffeomorphic to RP. Suppose it decomposes
as G = Q x H with Q, H closed subgroups and H diffeomorphic to R?* for some d.
Suppose that there exists n € N, such that LPHQR(H) =0 for 0 < k <n and such
that LPHR, (H) is Hausdorff. Then LPHAL (G) = 0 for 0 < k < n and there is a linear
isomorphism

(6.11) LPH?(G) ~ LP(Q, LPHy (H))©,

where the Q-action on LP(Q, LPH5L (H)) is by right multiplication on itself and by
conjugacy on LPHG, (H); in other words, it is induced by the action

(¢- Ny) = Cys (fya)),
for every q,y € Q, f:Q — QP"(H).

Proof. Since G and H are homogeneous and respectively diffeomorphic to RP
and RY, they are uniformly diffeomorphic to R? and R¢. By applying successively
Theorems 6.5 and 6.7, one sees that the complexes C*(G, LP(G))Y and QP*(G) are
homotopy equivalent. The same holds for C*(H, LP(H))? and Q7*(H). In particular
C*(H,LP(H))" is homotopy equivalent to a complex of Banach spaces, and thus
Theorem 6.8 applies.
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It remains to relate the expressions of the Q-action on HZ (H,LP(H)) and on
LPH{R (H). For that we need to find the expressions the conjugacy Cj : LPH{R (H) —
LPH}R (H) by g € Q, when transformed by the successive isomorphisms

LPH}R (H) ~ LPH}s(H) ~ H, (R, L*(H)).

It is done by using their functional properties described right after Theorems 6.7
and 6.5. O

Remark 6.12. The linear isomorphism (6.9) in Theorem 6.8 is the composition of
the following two isomorphisms

(G, LP(G)) & Hr (H, 17(G))° & 1 (Q, HY (H, LP(H)))Q

The second one is a topological isomorphism [BR20, Prop. 5.2]; it comes from a Fu-
bini type argument. The first one comes from the Hochschild-Serre spectral sequence
[BWO00, Th.IX.4.3]. When G is countable, the continuous cohomology H7, (G, L?(G))
coincides with the standard one H" (G, ((G)). In this case it is known that ¢; equals
the restriction map [HS53, Th.II1.2]. We suspect that the equality between ¢, and
the restriction map holds in general under the assumptions of Theorem 6.8. Since the
restriction map is continuous, this would imply that H7, (G, LP(G)) is Hausdorff and
that the isomorphisms (6.9) and (6.11) are canonical and Banach.

ApPPENDIX. ON ASYMPTOTIC AND DE RHAM LP-CcOHOMOLOGY

The goal of the appendix is to give a direct proof of Pansu’s Theorem 6.7, that
we restate below for commodity (see Definition 6.6 for the notion of uniformly diffeo-
morphic to RP):

Turorem A.1. — Let M be a C* Riemannian manifold which is uniformly diffeomor-
phic to RP. There exists a homotopy equivalence® between the complexes ASP*(M)
and QP*(M). It induces a canonical isomorphism of graded topological vector spaces
LPH (M) ~ LPH} R (M). The same holds for reduced cohomology.

The following standard notion will serve repeatedly in the sequel.

Derinition A2, — Let (A%, d) be a complex of topological vector spaces, let (B*,d) C
(A*,d) be a subcomplex, and let denote by i : B* — A* the inclusion map. One says
that A* retracts by deformation onto B*, if there exists a continuous linear map
r: A* — B* such that rod =dor, roi =id, and ¢ or is homotopic to id.

When A* retracts by deformation onto B*, the inclusion map i : B* — A* induces
canonically isomorphisms of graded topological vector spaces H*(B*) ~ H*(A*) and
H*(B*) ~ H*(A4%).

The method for proving Theorem A.l is a variant of the double complex proof of
the isomorphism between de Rham and Cech cohomologies (see e.g. [BT82, Th.8.9 &

(3)Recall that all the maps occurring in homotopies are supposed to be continuous.
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Prop. 9.5]). This method is used in [Pan95] to show the equivalence between the de
Rham and the simplicial LP-cohomologies. It is based on the following general lemma:

Lemva A3, Let (Ok’z,d/,d”)(k,g)el\p be a double complex of topological vector
spaces, with d' o d” + d”" od = 0. Suppose that for every £ € N, the complex
(C*t,d') retracts by deformation onto the subcomplex that is null in degrees at least 1
and equal to E° := Kerd'|co. in degree 0. Then the complex (D*,dp), defined by
D™ =Dyt CH* and dp = d' + d", retracts by deformation onto its subcomplex
(E*,d").

This kind of result is well-known from the specialists (see e.g. [BT82, Prop.9.5
& Rem. p.104]). It is stated in this form in [Pan95, Lem. 5], with a sketch of proof.
A detailed proof appears in [Seq20, Lem. 2.2.1].

A.1. DEFINITION OF THE DOUBLE compLEX C™'*, Let M be a C*° complete Riemann-
ian manifold. We denote by Qfo’f(M ) the space of (measurable) k-differential forms
on M that belong to QP*(U) for every relatively compact open subset U C M. The
QP*_norm of the restriction of w to U is denoted by ||w|¢ for simplicity. Equipped
with the set of semi-norms ||-||7, where U C M is open relatively compact, the space
QPF(M) is a separable Fréchet space.

For every pair (k,£) € N2, every R > 0 and every measurable map f : M1 —
QP"(M), we define the semi-norm Ng(f) by

loc

NR(f)p:/Ame(mm...,me)|\%(mO7R)dvole“(m0,...,mz)7
R

where vol‘™! denotes the product measure on M*‘*t!. We remark that changing
B(mg, R) by B(m;, R) in the definition of Ng(f), leads to an equivalent family of
semi-norms; indeed one has B(m;, R) C B(m;,2R) when (mo,...,ms) € A%).

Let C** be the topological vector spaces of (the classes of) the measurable maps
fi MY — QP (M) such that Ng(f) < +oo for every R > 0. We define d’ : C*4 —

loc

Ck+LL and d" : Okt — CktHL by
df= (-1 o f and d"f =4,

where d is the de Rham differential operator and ¢ is the discrete operator defined
in (6.2). Then C** = (C**, d’,d"),nen> is a double complex of topological vector
spaces. It satisfies d od” +d" od' = 0.

The complex C** interpolates between the complexes ASP* (M) and QP-*. Indeed:

Prorosition A4, — There are canonical isomorphisms of topological complexes
Ker dl’cow* ~ ASP*(M) and Ker d”|C*Y0 ~ QP*(M).

Proof
(1) One has f € Kerd'|,,, if and only if f : M** — QP'0(M) satisfies do f = 0,
i.e., f(mo,...,myg) is a constant function for a.a. (mo,...,me) € Mt Moreover,
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when f(mo,...,my) is a constant function, one has
Hf(mo, . ,mg)Hp (mo.R) = ’f mo, - - . ,mg)‘pvol(B(mo,R)).

Therefore, Ker d/|co-,* ~ ASP*(M).
(2) One has f € Ker d”|ck~0 if and only if f: M — Qfof(M) satisfies §f = 0 i.e.,
f is a constant map. Let w be its constant value. Since M is uniformly diffeomorphic
to RP, it admits bounded geometry in the sense of Section 6.1; there exist functions
v,V 1 (0,400) = (0,+00) such that such for every ball B(m, R) C M one has
v(R) < vol(B(m, R)) < V(R).
By Fubini one has for every R > 0

R)[lwlig.n / 115 (n, y@d vOL(m) < V(R)|wl| gy

Therefore, Ker d” ~ QP*( |

C*O_

AZ Homorory TYPE OF THE COLUMNS

Prorosition A.5. For every £ € N, the complex (C**,d’) retracts by deformation
onto the subcomplex (Ker dl‘co,z —-0—=>0—---).

Its proof is postponed at the end of the subsection. A crucial ingredient is the
following lemma issued from [IL93, §4].

Lemva A.6. — Let B = B(0,1) be the unit Euclidean open ball in RP. Let h € C>(B)
be non-negative, supported on B(0, 7), and normalized so that fB h(z)dz = 1. There
exists a continuous operator T : Qfof(B) Qfof Y(B) with the following homotopy
properties:

(1)doT+Tod idwhenk
(2) (Tod)(f)=f—- fB dx forfteOC( ).

(3) For everyr € (3,1), k: > 1 and w € QIOC( ), one has

1Twllzo,m < Cllwll B,

where C is a constant which depends only on the dimension D.

Proof. — This is precisely done in [IL93, §4]. We recall the construction for conve-
nience. First, for every y € B, one defines an operator K, : Q¥(B) — Q*~1(B) by
H. Cartan’s formula

1
(Kyw)(aj;vlw-kafl):/ Flw(y+te—y)a —y, 1. .., vp-1) dt.
0

It satisfies d o Ky + K,y od = id when k > 1, and (K, o d)(f) = f(y) when k = 0.
Then one averages K, over all y € B, to define the operator T : Q¥(B) — Q*~1(B):

Tw:/B(Kyw)h(y)dy.

Clearly it satisfies the homotopy relations (1) and (2) of the lemma. A bit of analysis

is required to see that it extends to an operator from Q¥(B) to Q2! (B), and
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to show that it satisfies the property (3) of Lemma A.6 — see Inequality (4.15) and
Lemma 4.2 in [IL93]. O

By assumption M is uniformly diffeomorphic to R”. Thus, for every m € M, there
is a diffeomorphism ¢,, : B — M with controlled geometry, see Definition 6.6.
We remark that we can (and will) assume that the map

M x B— M, (m,z) — @)

is measurable. Indeed one can always transform the family {¢,, }men in such a way
that the resulting map M — C*°(B, M), m — @, is piecewise constant.

Levva A7, — For f: M1 — Qfof(M) and (mo, ..., my) € ML set

(Hf)(mo, . ..;me) = ((0mg)" 0 T o pry, ) (£ (0, .., me)),
where T is the homotopy operator in Lemma A.6. This defines a continuous operator
H: Okt — CF=1 which satisfies the following homotopy relations

—doH+Hod =id fork > 1,
— Hod =1id —% for k =0, where

() (mo, .., my) = /B F (M0, .53 Py (2)) ()

Proof

(1) First, since (m,x) — ., (x) is measurable on M x B, the map H f is measurable
on M.

(2) For w € QP%(M), m € M and R > 0, with the notations of Definition 6.6 and

loc
Lemma A.6, one has:

Ity o T 0 20) @l gy = Nem) (T © 1)) 50

< [t (Te )@y, (0.0 < AR PIT 0@l @) 50,0y
CXR) P ol g,y < CARY TPl B0,
CANR)*MTT2IPw|| 5 o(r)) -

N

N

Therefore Ng(Hf) < CA(R)**120/PN_ o (f), and thus H maps C** to CF~14
continuously.
(3) The homotopy relations follows easily from those in Lemma A.6. O

Proofof Proposition A.5. — We keep the notations of Lemma A.7. Recall that the
subspace Ker d’ ’ co.e 18 described in the proof on Proposition A.4. Define a retraction
r: O — (Kerd’|co,z —+0—0—---) by letting r = ¥ on C%*, and r = 0 on C**
when k > 1. Clearly it commutes with d’. Since [, h(x)dz = 1, one has r o i = id.
Finally H is a homotopy between ¢ o7 and id. |
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A.3. HomoToPY TYPE OF THE ROWS

Prorosition A.8. — For every k € N, the complex (C**,d") retracts by deformation

onto the subcomplex (Ker d”|Ck,O —-0—=>0—--).

Again we start with two lemmas.

Levvia A9, — There exists, for every m € M, a function Xm : M — [0, +00) which
enjoys the following properties:

(1) its support is contained in B(m,1),

(2) the maps (m,m') = xm(m') and (m,m") — (dxm)(m') are C* and bounded
on M x M,

(3) [y xmdvol(m) = 1.

Proof. Consider a C*° non-negative function ® on M x M, which is equal to 1 on
{d(m,m’) <1/2}, and 0 on {d(m,m’) > 1}. Set
®(m,m’
(1) ( )

- Joy ®(m,m’) dvol(m)’
It satisfies the excepted properties because M is uniformly diffeomorphic to R”. O

Leviva A10. — For f: MY — QP* (M) and (mo, ..., me_1) € M*, set

(Kf)(moy...,mp_1) = /M Xm - f(m,mg,...,me_1) dvol(m).

This defines a continuous operator K : C** — C*=1 which satisfies the following
homotopy relations:

~d"oK+Kod'=id when (> 1,
~(Kod")(f)=f— [y Xm - f(m) dvol(m) when £ = 0.
Proof. — We divide it into few steps.

(1) The map K is a continuous linear from C** to C**~1:
For f € C** thanks to properties (1), (2) in Lemma A.9, one has:

ICE P im0, sme )| g )

= H/M Xm - f(m,mo, ... ,me_1) dvol(m)HB(moﬁR)
< /MHXm - f(m,mg, ..., mzq)HB(mo,R) dvol(m)

<C. Mo, e Jvol(m)
B<Mo7R+1)Hf(m M0,y M6=1) | g,y dOL(m)

where C is a constant which depends only on the upper bounds in Lemma A.9(2).
Since M has bounded geometry the volume of the ball B(mg, R + 1) is bounded
by above by a function of R only. Moreover, the relations m € B(mg, R + 1)
and (mg,...,me_1) € A%il) imply that (m,mq,...,me—1) € A;?Hl and that
B(mg, R) C B(m,2R + 1). These properties, in combination with Holder inequality

JIEP. — M., 2023, tome 10



NON-VANISHING FOR GROUP LP-COMOMOLOGY OF SOLVABLE AND SEMISIMPLE [L1E GROUPS 813

and Fubini, yield the existence of a function ¢ : (0,4+00) — (0,400) such that
Nr(Kf) < ¢(R) - Nagt1(f).

(2) For m € M and f: M1 — QP* (M), put

(k:mf)(moa v amffl) = f(mam07 e 7m€71)7

so that one can write K f = [, Xm - (kn. f) dvol(m).

It is an easy and standard fact that ok, +k;,0d = id when ¢ > 1, and (k,,,00)(f) =
f — f(m) when ¢ = 0. Since fM Xm dvol(m) =1 by Lemma A.9, and since d”f =4 f,
the operator K satisfies the excepted homotopy relations. O

Proofof Proposition A.8. — We keep the notations of Lemma A.10. Recall that the
subspace Ker d” | oo 18 described in the proof on Proposition A.4. Define a retraction
s: Ot — (Kerd"| 0 = 0 —= 0 — ---), by letting s(f) = [}, Xm - f(m) dvol(m)

on C*% and s = 0 on C** when k > 1. Clearly it commutes with d”. Since
Jas Xmdvol(m) = 1, one has s o = id. Finally K is a homotopy between i o s
and id. 0
A4, Proor or Tarorem A.1. Let (D*,dp) be the complex D™ = @ ¢y, C**

with dp = d’ + d”’. From Propositions A.4, A.5 and Lemma A.3, it retracts by defor-
mation onto ASP*(M). From Propositions A.4, A.8 and Lemma A.3, it retracts by
deformation onto QP*(M). Therefore, ASP*(M) and QP*(M) are homotopy equiva-

lent. Their cohomologies are topologically isomorphic. (|
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