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1 The First Proof

1.1 Introduction
This method here is based on losevich [2].

Here the main idea revolves around the estimation of the Fourier coefficients of
the characteristic function of a subset of [1, N] assumed to contain no nontrivial

arithmetic progressions.

1.2 Statement of the theorem and some definitions

We first make a formal statement of Roth’s theorem.

Roth’s Theorem: If B is a subset of the positive integers of positive upper density,
i.e., if

BN[1
lim sup 2L o (1.2.1)

n—o0

then B contains a nontrivial arithmetic progression of length 3.

Definition 1: A real-valued function f defined on a subset of the positive integers
N will be called subadditive if

fm+n) < f(m) + f(n)

for all m and n in the domain of f.

We have a useful lemma about subadditve functions on subsets of N, called Fekete’s
Lemma, which we prove below for completeness.
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Lemma 1. Fekete’s Lemma: Let [ be a subadditive function on the set of the positive
integers. Then the limit

lim M

n—oo N,
exists and is equal to

inf M

n>1 n

Proof of Fekete’s Lemma: Let us write

[ := Inf —f(n),
n>1 n

let € > 0. There exists K € N such that

f(K) €
& l<g

Let L be large enough to guarantee that J;&) < 5 forr < K.
Let n > KL. Then there exist nonnegative integers ¢,r such that n = Kq + r, where
r < K. Clearly ¢ > L. Also

) SKe) 1)

n - Kgq+r Kq+r
L WE)  f(Kg)
- Kq Kq
_SE) | S(Kd)
K Kq

< l4+4<

2 2
= l+e,

which shows that |@ — 1| < € for n > K Lj; this means [ = lim,_, f(n)

n

. A

Definition 2: Let n be a positive integer. We define A(n) to be the largest num-
ber of integers that can be chosen from {1,...,n} such that no 3-term arithmetic
progression is formed (as in the introduction).

We shall show the subadditivity of the function A:

A(m+n) < A(m) + A(n) (1.2.2)

Suppose m and n are positive integers. Let {ay,...,ax} be a subset of {1,...,m +n}
which does not contain any nontrivial arithmetic progression. Let a;,,...,a; be
those a; which do not exceed m, and let a;,, ..., a;, be those which exceed m, so that



1.3 One observation

r+s = k. Then {a;,,...,a; } and {a;, —n,...,a;, — n} are respectively subsets of
{1,...m} and {1, ...,n} which do not contain any nontrivial arithmetic progressions
(note that if a set {a,b,c,...} of integers does not contain any nontrivial 3-term
arithmetic progressions, then the set {a + n,b+ n,c+ n,...} also does not contain
any nontrivial 3-term arithmetic progressions). Hence

r < A(m)
and

s < A(n)
by definition of A. So

k=r+4+s< Am)+ A(n)
showing that

A(m+n) < A(m) + A(n). A

Therefore by Fekete’s lemma, the limit

A
lim ﬂ
n—oo n
exists, and is equal to inf, >, @. Call this limit [. Then obviously, 0 <1 < % <1
for all n.

1.3 One observation

It is easy to see that Roth’s theorem will be true if we can prove that [ = 0. Indeed,
suppose | = 0. Let € = £67(B) which is > 0 by assumption. Since

67(S) = limsup 7|B N1,

n—oo
ande > 0 we can choose a positive integer N such that

|BNI[1,n]
< — 12
n

+ €.

0%(B)

for all n > N. This gives that ‘Bﬂ [1,71]’ > ne forn > N. As [ =0 we can find
n > N such that A(n) < ne.

Since ’B N[, n]‘ > ne and A(n) < ne we see that that BN [1,n] and hence B must
contain a nontrivial 3-term aritmetic progression. And this is what Roth’s Theorem
says.

So now what we have to prove is: [ = 0.
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1.4 Start of the proof

We suppose, by way of contradiction, that [ > 0. Let € := 5—25 , which is a positive
number.
Let m be big enough to guarantee that
A
l§ﬂ<l+e (1.4.1)
n

for all n > 2m + 1.
Let us choose N > 2m + 1(we shall restrict N later, in fact many times).
Now [1,2N] has a subset S with |S| > 2IN which does not contain any 3- term
arithmetic progression. Let T be the set of even elements of S, and let us write

S = {Ul, ...,us}

and

T = {2'(]1, ceey 2'Ut}

Observe that

S
< 1.4.2
[ < 2N<l—|—e ( )
t < N(l+e) (1.4.3)

and, since the number of odd integers in S does not exceed A(N),

t> A@2N) — A(N) > 2IN — N(I+¢) = N(I — ¢) (1.4.4)

We consider the Fourier sums
S() := Syege(au)
and
T(a) := Sopere(av)
for any real o, where e(x) := €?™* for real x. From Equation 1.2.1

1 2N—-1
YN T 9N )

Let the symbol [ dz denote the sum over z = 0 so that, for example,

[ etors = &Lk (145)



1.4 Start of the proof

From this it is easy to deduce that
/ (a do — 2Nt (1.4.6)

since we assumed that S does not contain any nontrivial arithmetic progressions of
length 3. Also

2Nt <2NN(l +¢€) < 3IN? (1.4.7)
Now,

S(0)T(0)? = st> > 2AANN?(l — €)? > I°N® (1.4.8)
and

S0P (0)2 < | / 3(a)(—a)2dal + | / $(a)T(~a)dal (14.9)

which gives
PPN? < 3IN® +y (1.4.10)

where y represents the second integral on the right of eqEquation 1.4.5. Suppose for
the moment that

15(a)| < 6eN (1.4.11)

for a # 0. Then one gets

< 6eN - 3IN? = 18I N*? (1.4.12)
whence, from inequality Equation 1.4.9,
PN < 3IN® + 18eN?
which gives
7?3
o< =
25 — N
which is untenable for large N, giving the required contradiction.

So it remains to prove Equation 1.4.11.
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1.5 The main estimate

In this section, we carry out a proof of inequality Equation 1.4.11, which is the main
estimate of this theorem.

To this end, let M denote the largest interger less than v N, and let a be any
nonzero real number. By the rational approximation (discussed earlier) we can
choose integers p and ¢ with 1 < ¢ < M such that |a — §| < qiM. Write f:=a — 2

q?
so 8] < 7.

Now we have the elementary inequality

W — 1] =|cos(z) — 1] < x; (1.5.1)

We shall prove Equation 1.4.11 by using the triangle inequality, with the help of
an ’intermediate term’. In fact, we employ the sum #ﬂZuegEugme(a(u +7q)) as

the intermediate term and show that both ﬁEuesEUEme(a(u +jq)) and S(a) —
s SuesDljj<me(a(u+ jq)) are small, which would obviously help us conclude that

S(a) is also small, in view of the triangle inequality.

Now, by a sequence of simple calculations,

A 1 . 1 .
S(a) = mxueszljlﬁne(a(u +79)| = |Eueseloau) — mz\j\éme(a(u +7q))
1 )
= [Suesy 1 Syienle(alu+ o) — e(ow)]
= |Zuesm2|j|gm[6(j5q) — 1]
2 m €189 +e(—jBq)
N k _
=~ 2m+ 1ZU€S|Z]:1[ 2 ]‘]|
2 (78q)*
< — 3 m
= om 1 TETEL g
_ (Bq)? ‘S‘m(m—i— 1)(2m +1)
2m + 1 6
2
= |S|(Bg)m(m+1)
2
- (Bmq) 5|
2
m?|S|
<
- 2M?
m2
< 55N (1.5.2)



1.5 The main estimate

and this bounds S(a) — ﬁZuegEugme(a(u + 7q))|. So our next task is to give
an upper bound for ﬁEuemegme(a(u +7q))|. We claim that

1

|2m+1

YuesZjjj<me(a(u + jq)| < 5eN (1.5.3)

Now for any integer u with 0 < u < 2N — 1 let W, := {u+ jq : |j| < m} calculated
mod 2N. Observe that

SuesSjieme(a(u + 7)) = S te(ar)|W, N S| (1.5.4)

Note that for mqg < u < 2N —mgq, W, is an arithmetic progression of length 2m + 1
in [1,2N]. Therefore, since by assumption S does not contain any 3-term arithmetic
progression, we obtain

SN W,

z 1.5,
omy1 ST (1.5.5)

so for these 2N — 2mq values of u we have

0<V, <e (1.5.6)

where we have written V,, := le+1|5 NW,| — 1 for all u with 0 < u < 2N. For the
other 2mgq values of u we trivially have

v, <1 (1.5.7)

Since every a € S occurs in exactly 2m + 1 of the sets W, we have
SEHS N W, = (2m +1)|S] (1.5.8)

which implies that the average of the V. is

1 151
722N 1
2N Vr= ON

which is > 0 as |S| > 2IN. Therefore we have

SV < 2850 Ve
< 2((2N —2mq)e + 2mq)
< 4eN +4mg
< 4eN +4mM
< 5eN (1.5.9)
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for large N. This proves Equation 1.5.3.

Given the inequalities eqEquation 1.5.2 and eq Equation 1.5.9, we can complete the
proof as follows.

We have, by the triangle inequality,

N A 1 ) 1 )
|S(a)| < IS(a)—mEuesE|j|gme(a(u—l—]q))|HmZuegEmgme(a(qujq))\
2
< N N
R WE + 5e
< 6eN

for large enough N which proves Equation 1.4.11 and hence completes the proof. l



2 Roth’s 1953 Proof

2.1 Introduction

In this chapter we give an exposition of Roth’s 1953 proof. In fact, this version is
stronger than the one proved in chapter 1. The proof is also longer and needs a
much more delicate argument.

2.2 Statement and some remarks about the function
A

Roth’s Theorem(1953) Let (as in the previous chapter) A(z) denote the greatest
number of positive integers that can be chosen from the set [1,z] so that no three of
them forms an arithmetic progression. Then

A 1
) _o ).
x log log x
We write a(z) := @ so that the theorem may also be stated as
1

a(x) (2.2.1)

- (loglogw)'

We note that A(x) also denotes the greatest number of integers that can be chosen
from any arithmetic progression of length x without forming any 3-term arithmetic
progression.

Now it is obvious that

1
—<a(n)<1v¥neN (2.2.2)

n

Also using eq Equation 1.2.2 repeatedly we have

m—+n

A(mn) < mA(n), A(m) < A(([%] + D) < “——A(n)
which give
a(mn) < a(n) (2.2.3)
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and
a(m) < (1 + %)a(n) (2.2.4)

respectively, for all positive integers m and n.

2.3 Some basic results

Let, as in the first proof, S := {uy,...,us} be a subset of [1, N] which contains no
nontrivial arithmetic progression of length three.

We again consider the Fourier sum
S(a) = Syege(au)

for any real .
Using the Dirichlet Box Principle again, we can find integers n,q with 1 < ¢ < VN
such that, putting f = a — "

1
18] < s

For any m < N write

{23:1e<jq”>}{z£:1e<ﬁk>}

so that T,,(a) = 0 if ¢ > 1, since E?Zle(%) =0 for ¢ > 1.

Proposition: We have the asymptotic inequality

15(a) — Thn(a)| < Na(m) — s + O(mVN)

For this we first prove the relation

N 1
Sa) = —%1_ 50 Shcuchimauzi( mod gelau) + O(mq) (2.3.2)

To prove this, first note that there exist mq integers k satisfying £ < u < k 4+ mgq
for fixed m, q and u. In fact the only integers k satisfying this relation are
u—mq+1l,u—mg+2,....,u—1u

Also, for mq < u < N — mgq all these mgq integers k lie in [1, N], i.e., for mq <
u < N —mgq one has 1 < k < N. Hence for these mq values of u, the coefficient of

10 10




2.3 Some basic results

e(au) in (29) reduces to ;* = 1. For the other values of u, that is, for u < mgq or
u > N —mgq, which are at most (mg—1)+ (N — (N —mg—1)) = 2mgq in number, the
error term O(mgq) gives the required compensation. This proves the above relation
Equation 2.3.2.

Now consider the relation Equation 2.3.2. In the inner sum in Equation 2.3.2 we
can write u = QQq + j for some integer @), since u = j mod ¢. So

elau) = 6((6+Z)U)
~ 6(Z(Qq+j))e(ﬁu)

jn
= e(nQ)e(;)e(ﬁw
Since in the inner sum k£ < u < k + mq we may also write u as k + v where
0 <wv < mgq. So we can further express e(au) as

clo) = e(nQe(E)e(3(k+v)
_ e@)e(ﬁm(e(n@)e(m))
< e(?)e(@m(un@ﬁlv}
so that
(o) = e(‘j:)e(ﬂk) +O(ma|8]).

Also, we know that the number of terms in the inner sum is at most A(m), using
the statement made immediately after eq Equation 2.2.1. Hence the number of
terms may be written as A(m) — D(j, k, m,q) where D(j,k,m,q) > 0 is an integer
depending on 7, k, m and q. Hence

A 1
Sla) = %23:12g=12k§u<k+mq,u5j( mod q)@(au) + O(mgq)
1 In
= %23:1EﬁzlEksKqu,uzﬂmd q>{e(‘7q)e<ﬁk) +O(mg|B))} + O(mq)
1 )N )
= o Pael L (Alm) — DGk m, @) {e(5K) + Omal )} + O(ma)
_ A(m)l q & N
- T quzle( q )Xp=e(Bk) + O(mNq|pB])

- {zq_le@;”‘)zﬁ:lewkw(j, kom,q) + O(mNql|)} + O(ma)

=

11
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8(0) = ()= e (2 Z (3R by m, )+ O Nal3])+0(ma). (233

We can now prove Equation 2.3.1 To do this, we first estimate the sum Egzlszle(j, k,m,q).
For this let us take o = 0 in the functions on both sides of Equation 2.3.3. Then
any ¢ with 1 < ¢ < vN and n = 0 will serve our purpose, in the sense that for

_ 1
these values of 3,n,q one has ’/8’ =0< R We then have
N 1
5(0) = Tn(0) - %23:16<0)2£:16(0)D(j7 k,m,q) + O(0) + O(mq)
1 .
= T,(0) - quﬁgzlzﬁ:ll?(], k,m, q) + O(mq)

which gives
1
S = Na(m) - %252122\211)(]-7 k? m, Q) + O(mQ)

which implies that for v = 0,
2i155m1 D0, kym, q) = mNga(m) — mgs + O(mg).
For a # 0 we estimate as follows:

S(a) = Tu(a)l = |~ 12?:16({?)25216(5/6)13(% k,m,q) + O(mq) + O(mNq|5])|

mgq
- Tiq(qua(m) — mgs) + O(mg) + O(mNq|B))
= Na(m) — s+ O(mq) + O(mNq|3|)

< Na(m) = s+ OmVN) + O(mN—)
= Na(m) — s+ O(mvVN)

which is Equation 2.3.1.

2.4 A functional inequality for a(x) and its
applications

2.4.1 Introduction

Let m be even, and let 2M = m*. Let S = {uy, ..., us} be a largest possible subset of
[1,2M] which does not contain any nontrivial 3-term arithmetic progression, so that

12 12



2.4 A functional inequality for a(z) and its applications

s = A(2M), and let T' = {2vy,...2v;} be the set of all even elements of S. Observe
that

s =2Ma(2M) = 2Ma(m*) < 2Ma(m) (2.4.1)

t < A(M)= Na(M) < Ma(m) (2.4.2)
and, as in (6),

t > A(2M) — A(M) > 2Ma(2M) — Ma(m). (2.4.3)

The main aim of this section is to prove the asymptotic

a(m)? = o(j‘?g”]\?j + {nMa(m) + 1}{a(m) — a(2M) + M~} + 627(]\”;)> (2.4.4)

where 7 is a real number with 0 <7 < %

2.4.2 Proof of the functional inequality

As in the previous proof, we again consider the Fourier sums

A A

S(a) = Yuese(au), T () := Ygpere(av)

and two further sums

o(a) == a(m)Se(aj), 7(a) = a(m) L e(aj).
Using Equation 2.4.1 and Equation 2.4.2, we have

S(a) = O(Ma(m)),  T(a)=O(Ma(m)) (2.4.5)
and it is obvious by definition that

o(a) = O(Ma(m)), T(a) = O(Ma(m)). (2.4.6)

In order to prove the above asymptotic Equation 2.4.4 we need the following suc-
cession of claims and propositions propositions.

laim: Two asymptotics
S(a) — o(a) = O(M{a(m) — a(2M)} + M?) (2.4.7)
and

T(a) — 7(a) = O(M{a(m) — a(2M)} + M1) (2.4.8

13
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Let us assume this for the moment and use them for proving the ensuing proposi-
tions.

Proposition 1: Another asymptotics For any «,

S(a)T(=a)’ = o(a)r(—a)* = O({Ma(m)}*(M{a(m) — a(2M)} + M*).

Proposition 2: Ifne€ (0,1) and 0 <n < a <1—mn, we have

S(a) = (4™

+ M{a(m) — a(2M)} + M?).

Proposition 3: The condition that S does not contain any nontrivial 3-term arith-
metic progression can be erpressed as

/_ T o) (—a)da = 1.

n

Proposition 4: For 0 <n < %, we have

/ h S(a)T(—a)*do = O({a(;n) + M{a(m) — a(2M)} + M3 }Ma(m)).

Proposition 5: We have

/" S()T(—a)do = /77 o(a)T(—a)*da + O(n{a<nm)

-n

+M{a(m) — a(2M)} + M1} Ma(m)?).

-n

Proof of Proposition 5: Using Proposition 1, we can write
S()T(—a)? = o(a)m(a)? + O{ Ma(m)}*(M{a(m) — a(2M)} + M%).

Integrating this from —n to 7, the required equation results instantly. B

Proposition 6: We have the asymptotic formula

[ starri-ario = [* ofayr(-apda-+ o)

2
- ~1 n

valid for 0 <n < %

14 14



2.4 A functional inequality for a(z) and its applications

Proposition 7: We have

/ (@) (=) da = MPa(m)’

We will prove these results later. Let us first see how these can be used to prove the
main aim of this section.

Proof of Equation 2.4.4

Given the above claim and the nine propositions above, we can prove the functional
asymptotic as follows.

Using Proposition 6 we have

[SIES

/ o(a)T(—a)?da = /77 ()7 (—a)2da + O(a(m)fﬂ)

: X i
which, using Proposition 5, becomes
a(m)

/ ' 5‘(a)TA(—a)2da+O(a(:)‘ )+OM{= = Ma(m) —a(2M)}-+ M} Ma(m)?)

2
-1

which is equal to

/_ T 8(a)P(—a)da — / h S(Q)T(—a)mm()(“(g )+

n

a(m)

O =, = + M{a(m) = a(2M)} + M1} Ma(m)?).

Applying Proposition 3 and 4 respectively to the first and second integrals, we obtain

t+0 <{‘L<m> + M{a(m) — a(2M)} + Mi}Ma(m)>+
O(Q(;Z)g) - O(n{a(nm) + M{a(m) — a(2M)} + M1} Ma(m)?)

which may be written as
a(m)’

n2

a(m) + M{a(m) — a(2M)} + M7} Ma(m) +

O(Ma(m) +{

#( " At fatm) = a(2A0)} + M) o)

15
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(note that we have used the fact that ¢ < Ma(m), which is Equation 2.4.2). So,
using Proposition 7,

a(m)* = O(%ﬁ% - {a(;n) + M{a(m) — a(2M)} + Mi}m

mﬁzﬂ;)(m) + MQZ(m) {a(;”) + M{a(m) —a(M)} + Mi}Ma(m)Q)

a(m)
n2 M2

_ o@b+{“$)+M&mm—a@Mn+Aﬁhb+

n a(m) . Nalm
_%Mwm{n+Mmm)<mm+M}<>

1 a(m)

N——

+ nf{a(m) —a(2M)} + Mfll}>

= O(an(z) + j}gﬂ]\?Q + (nMa(m) + 1){a(m) — a(2M) + M}l}>

which is the required asymptotics. Il

2.4.3 Applications of the asymptotic

Before we prove the above chain of results, we first indicate how the asymptotic
leads to the completion of the proof of Roth’s theorem.

For this purpose, we have the following function b(z) related to a(x), defined in the
following proposition.

16 16
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Proposition 8: [If, for any positive integer x we define

b(x) := a(2"),

\then we have

b(x)? < cl{b(x)(S + b(x)26? + (b(;)

where c11s an absolute constant and § =

+1)(bx) = bz +1) +27) }

Proof of Proposition 8: Using the asymptotic Equation 2.4.4 we can write, by
substituting 6 = T%M

Ola(m)d + a(m)?26? + (L™

1
b
a(m)
d

= O(a(m)d + a(m)?6* + (

which is the same as saying that

a(m)

J

a(m)? <ci(a(m)d + a(m)*6* + (

1
+1{a(m) —a(m?) + —1})
m
for an absolute constant ¢;. Now b(z) = a(21")
inequality one obtains

— br+1) = a2V =
a((2')1) = a(m*) where m = 2% is even. Substituting these values in the above

b(x)? < c1(b(x)d + b(x)*6* + (b(x)

El

FU{b() —ba+1)+ ).

We can clearly choose ¢; > 1 in the above inequality. Consequently we can choose
0<n< % such that ¢; = %. This gives

cr{b(x)§ + b(z)?6%} < b(az)z{; + 4101} < 2()(1:)2

1 401
’]7 =

Moreover, by the definition of 4 and Equation 2.2.2,
= <
M§  m*a(m) “

1

3
md

where ¢y = 4¢;. This shows, since the constants ¢; and ¢y are absolute, that 0 <
n < % is satisfied for large enough m. Hence from Proposition 9 we can write

3 b(x 1
by < 2@ + (2 1)pe) b+ 1) + o)

17
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which gives

b(z)® < 401((b<§) + 1){b(z) — bz + 1) + ZL b,

and which, in turn, gives (using the fact that ¢; = %)

-y

b(x)?* < 4ei((2¢; + 1) {b(x) — bz + 1) + e

1
)
for large enough x, say for x > c¢,.

=c3{b(z) —b(z+ 1)+

Now Equation 2.2.3 implies that b is a decreasing function. Therefore, for any
positive integer k one has
kb(2k)? < I0(5)% < B2 Hb() — b(j + 1) + 27}
= c3(b(k) — b(2k)) + e X212
C3/€

< c3(b(k) — b(2k)) + S

< cs{b(k) — b(2k) + 2;5},

for k > ¢4, where c5 is a constant.
We can now use these results to complete the proof of the theorem as follows.

Let k > cyand suppose 2kb(2k) > 4cs. Then

2Ueb(2k) < 41{2/@1)(%)} < k{b(k) — b(2k) + 2]:5 < kb(k):

this clearly implies that if 2" > 2" > ¢y,
2"b(2") < max{4cs, 2°b(2)}
whence
b(2") =0(27")

for large enough r.

We claim that this implies

for large enough x.
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2.4 A functional inequality for a(x) and its applications

Let x be large; in fact let x > 2" > ¢4. If x is a power of 2, we are done. So suppose
it is not. Then we can choose k such that 28 > 2 > 2F=1 > 270, Since b is decreasing,
then

which proves the claim.
Finally we have
(1) =0( )
a(r) = O(———).
log log x
We prove this as follows. Let x be any large integer. Then we can choose an integer
y to satisfy

o << oV

Using (27) we have

< (1+272")a(2")
< 2a(2Y)

2b(y)

0(;);

a(x)

loglogy, * _ loglogz—loglog 2
log2 log 2

but since 2y < log, log, x < 2(y + 1) and log, log, x = we

clearly have

! ) mmm

alz) = (loglogx '

This is what we set out to prove.

It now remains to demonstrate the above chain of propositions
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Chapter 2 Roth’s 1953 Proof

2.5 Proof of the claim (Two asymptotics, eqs
Equation 2.4.7 and Equation 2.4.8)

2.5.1 Proof of Equation 2.4.7
25.11 Case l: ¢g=1

We let N = 2M in Equation 2.3.1 and consider S(«), o(a). Not that for this case

Tu(a) = a(m)e(n)SiZ e(5))

1S()—a ()| = |5(a)=T(a)] < 2Ma(m)—s+0(mV2M) = 2Ma(m)—2Ma(2M)+O(mv'M)

which gives that

S(a) —o(e) = O(2Ma(m) —2Ma(2M) +mvM)

= O(2Ma(m) — 2Ma(2M) + M?) (2.5.1)

using the fact that 2M = m*, whence m = O(M?7).

Next we consider T'(a),7(a). For this we set N = M in Equation 2.3.1. In that
case we observe that

Tu(a) = a(m)e(n)SiZ e(Bk)

(m)ilie((B + n)k)
(m) il e(ak)
(

(0%

I
2 o

~—

|
\‘

Note that the mazimality of the set S was not used at all in our bound Equation 2.3.1,
so we can use the same bound for the present case; i.e.,

T (a) — 7(e)| = O(Ma(m) — t + O(mv/M)
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2.5 Proof of the claim (Two asymptotics, eqs 2.4.7 and 2.4.8)

which, using Equation 2.4.3and the fact that m = O(M1), reduces to

T(a) — r(a)] = O(Ma(m)— {2Ma(2M) — Ma(m)} + O(M?)
= O(2Ma(m) — 2Ma(2M) + O(M7)
= O(M{a(m) — a(2M)} + M1)

which is what we wanted. ®

25.1.2 Case ll: ¢ # 1

First we have the following lemma

emma 1: For any real o and any positive integer N, we have

=Y e(a)] < min{N, ——}
2o

where HaHz’s the distance of the nearest integer from .

Proof of Lemma 1: If for a fixed N, we denote fn () := S} e(aj)|, gn() ==
mm{N -}, we see that both fy and gy are even functions Wlth period 1. So it

is enough to prove the result for 0 < a < %

Now
e(aN) —1
e(a) —1

First of all, let us note that for 0 < a < %, we have the inequality

ZN 16(047)

e(a).

le(a) — 1| = 2w sin(ma) > 4da =4 HaH
where the inequality follows from Jordan’s inequality

2 .
— <sinx <zx
T

for z € [0, 1], and the equality o = HaH is obvious since a € [0, 3].

Let us suppose that 0 < o < 5. Then by the triangle inequality

‘Z Oz])‘ < N = min{N,

HaH
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It remains to prove for ﬁ <a< % In this case we have

e(aN) —1

e(a) —1
e(aN)—1

S je(ag)| = | e(a)|

2[o]
= min{N,

H [

which completes the proof of the lemma. [

Using the lemma, we have, since W > 1,

’Z e 04])‘ < min{N,

T |
P o

< mln{

which proves that
1

o

Simie(ad) = O(—)

for all real a. ®

(2.5.2)

. 1
[Lemma 2: Ifq# 1 then o > ik

Proof of Lemma 2: Now
n
=—+ /87
q
so that if ¢ # 1, then

o = .5

22

22



2.5 Proof of the claim (Two asymptotics, eqs 2.4.7 and 2.4.8)

where 1 < ’r‘ < ‘n‘ Also, since 1 < ¢ < /N, one has

N

from which, using the fact that ¢|5| < \/I—N, it follows that

+ 0,

o =

Pl L
Noiavig

which completes the proof of the lemma. [J

o =

Given these two lemmas, we can now complete the proof of the second case as
follows.

Since ¢ > 1, we have T,,,(«) = 0, so by Equation 2.3.1,

A

S(a) = +|S(a)| = +

$(a) = Tu(a)| < Na(m) = 5+ O(mV'N),

which means that

(m)} + M1)
).

S(a) = O(Ma(m)—{2Ma(2M) — M
= O(2Ma(m) —2Ma(2M)+ M

e Q

Also,
1

o(a) = a(m)Z?ﬁle(aj) = O( HO‘H)

using Lemma 1, and hence

using Lemma 2. So using the triangle inequality, we can write

[S(a) —o(a)|

S(e)] + |o(a)

<
< O(M(a(m) — a(2M)) + M7) + O(V'M)

which immediately gives that

A

S(a) = o(a) = O(M{a(m) — a(2M)} + M?3),

and our first claim Equation 2.4.7is proven.
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Chapter 2 Roth’s 1953 Proof

2.5.2 Proof of Equation 2.4.8

We now proceed to Equation 2.4.8.

Here again, using the two lemmas succesively as in the above case, we can see that

Next, as in the paragraph immediately after eqEquation 2.5.1,
T(a) =+ ‘T(a)‘ < Ma(m) —t + O(mV'M),

which immediately leads to
T(o) = O(2Ma(m) — 2Ma(2M) + M3)

so that, as before,

T(a) = ()| < |P(a)| +I7(a)
= O(M{a(m) — a(2M)} + M?) + O(VM)
= O(M{a(m) — a(2M)} + M%)

which completes the proof of our claim. l

The proof of our claim being finished, we must next demonstrate the propositions.
2.6 Proofs of the propositions

In this section we complete the proof of the theorem, by proving Proposition 1-

Proposition 7.

Proof of Proposition 1: Using the triangle inequality, we get the inequality

I
0
2
~—

N>
|
Q

S(a)T(~a)? - o(a)r(—a)?

+ IN +
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2.6 Proofs of the propositions

to which we apply the bounds we have already obtained, namely (40), (41), (42) and
(43) to get the asymptotics

S(@)T(~a)? — o(a)r(—a)? = O(Ma(m))20(Ma(m))O(M{a(m) — a(2M)} + M)
+O(Ma(m))20(M{a(m) — a(2M)} + M7),

which, by the rules of asymptotics, reduces immediately to

A

S()T(~a)? — o(a)r(a)? = O({Ma(m)}*(M{a(m) — a(2M)} + M1)

which is what we wanted to show. B

Proof of Proposition 2: We have proved (Equation 2.4.7) that

A

S(a) = o(a) + O(M{a(m) —a(2M)} + M%)
Therefore it is enough to prove that for 0 < n < a <1 — 7 we have

a(m)

o(a) = O( »

).
Now as a € (0,1) we know that Ha” is equal to either the distance of « from 0 or

the distance of « from 1. But since 0 < n < a < 1 — 7 it follows that HaH > 1.
Hence

o(@)] = a(m)[x] 16(047)|
< a(m)min{2M, H H
a(m)
<
2o
< a(m)
= o

which proves the result. W

Proof of Proposition 3: The integral f_I;Y’ S(a)T(—a)%de is equal to

1—n
/ E‘;:le(ozuj){E'}C:le(—avk)?da
7
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Chapter 2 Roth’s 1953 Proof

1-n
Ef;i/ e(a(u; —vj — vg))da

n

and by changing the limits of integration, this is in turn equal to

1
Ef;,ﬁ/ e(a(u; —v; — vg))da.
0

But now,

1 1, if u; —vj—vE=0
/ e(a(u; —v; — vg))do = {
0

0, otherwise.

From this it follows instantly that

1
Zf;,’;/ e(a(u; —v; —wvg))da = |{(i,J, k) cu; = v +v, 1 <i<s,1 <7k <t}
0
=1
as the quantity [{(¢,7,k) @ w; = v; + v, 1 < i < 5,1 < j,k < t}] is exactly the
number of 3-term arithmetic progressions, and since by assumption, this number is
t. This proves the proposition (see Equation 2.4.2). B

Proof of Proposition 4:We have

&€n,1-n]

1-n R .
]/ S(a)T(—a)*da] < | max |/ a)?da|
n

1- n
= O(M—FM{CL( ) —a(2M) }+M4 ]/ a)?dal (using Po
n
so it is enough to prove that

/ T P(—a)2da = O(Ma(m)). (2.6.1)

Now

1—7]/\
| / T(~a)dal < | / a)?|dal
n

- Ul n|T |da’

[ 1o
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2.6 Proofs of the propositions

since 0,1 —n € [0,1]. Now

1 1
| i = Sy [ elat; — uyda

which, by the orthogonality of e and the fact that a # 0, reduces immediately to t,
which is, by Equation 2.4.2, < Ma(m), completing the proof of the proposition. B

Proof of Proposition 6: We split the integral [” o(a)7(—a)?da as follows:

/ ! o(a)T(—a)’da = /_ : o(a)7(—a)?*da—{ /n éa(a)T(—a)%zO4+ / _na(a)T(—a)gda}

—n _%

ol

which can be simplified as

/n 0(&)7(—@)2(1@:/_ o(a) Vdo — /{a )2+ o(—a)r(a)?}da.

—n %

(2.6.2)

Consider now the latter integral

/{a )2+ o(—a)T(a)*}da

which is equal to

/ {o(a)7(—a)? + o(a)r(—a)}da.

Taking the absolute value we get the following inequality

[ oto)r(oPdo + (=] < [ Hlotalr(-a|+ TPl

N|=

= 2/ lo(a)T(—a)?|da. (2.6.3)

1
So we can now concentrate on tha integral [? |o(a)7(—a)?|da.

Since 0 < n < 3, we have [n,3] C [7,1 —n]. Then the argument of Proposition 2
proves that
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Chapter 2 Roth’s 1953 Proof

An almost exactly similar argument proves that

Using these two bounds in Equation 2.6.3, we have

[ Ho(@)r(~a)ida + a@)r(=aP}da| = O((n — {2y
e’

and the proof of the proposition is complete with this. B

Proof of Proposition 7: Expanding the integral using the definitions of o(«) and
7(—a) we have

/_% o(a)7(—a)do = a(m)*s2Y, w0, 5 /2 e(a(z —y — 2))da.

1 _1
2 2

1
But now the integral [?, e(a(x —y — z))da is one or zero according as x —y — z is
2

zero or not. That is

j/é e(a<x’_3/—-2))da¢::{1’H$—y—z=o

1 0, otherwise.
2

1
Hence the integral X2 %00, 32, ff% e(a(r —y — z))da counts the number of solu-

tions of the equation
r=y+=z

with 1 <2 < 2M,1 <y, 2 < M and this number is easily seen to be M?. B
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3 A generalisation of Roth’s theorem

3.1 Statement

Let A be a subset of the positive integers with
AN [1,n)|
lim —————

n—oo n

>0

Let xy, ...,z be nonzero integers with
T+ -+ a3 = 0.
Then there exist distinct aq,--- ,a, € A such that

a1ry + - +apr = 0.

Proof: We may assume without any loss that gcd(xy, 2o, -+ ,zx) = 1.
Such integers aq, - - - , a; will be said to form an x-progression.
We will prove this in the form given below.

For each N € N there is a density § = 0(N) such that if A C [1, N] has density > 0,
then A contains distinct elements aq,- -+ ,ay such that

a1ry + -+ agz, = 0. (3.1.1)

3.2 Roth’s Uniformity Lemma

We shall need the following Lemma of Roth.
Lemma 2. : (Roth’s Uniformity Lemma). Forall 1 < M < N

|14 —dln|_ < 2N(Ea(M) = 8)) +17TMVN (3.2.1)
where

1
Es (M) = Mmax{’Aﬂ P’ : P e M —prog}.

Here M — prog denotes the set of all arithmetic progressions of length M in Z.
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Chapter 3 A generalisation of Roth’s theorem

Proof: Let us write
f = 1A — 51]\7

We have

ZZf

nEZ meZ

—7 Z > fn (3.2.2)

mEZ nelm,

where I,,, is the interval [m, m+ ¢M]| of length ¢M, and ¢ is a positive integer. Note
that each interval I, can be partitioned into ¢ disjoint intervals of length M each,
namely

q
|_| mN{x €Z:x=rmod q}.

Now for any a € Z if we put f = a — % then we have by the mean value theorem
e(an) = e(ar/q)e(Bm) + O1(27|BlqM)

where by f = O;(g) we mean )f’ < ¢. Using this in 3.2.2 we get

i S S felar/ge(Bm) + 0121183 Y 3 1))

1l meZnel, r=1meZnel,

zq:e (ar/q) Y e(Bm) > f(n)+01(27qu‘5’Z‘f(n)‘)

mEZ nel,Nr nez

E\H z\

<
—_

Now, f(n) =14(n) — d1x(n), so that

> |fn \—Z\f )

nez
= [A](1=0) + (N = |4])s
=26(1 — )N
< 25N

so that we have the asymptotic

i (ar/q) > e(Bm) > f(n)+Oi(4mqM |B|3N).  (3.2.3)

1“=1 meEZ nel,Nr
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3.2 Roth’s Uniformity Lemma

Now we simplify the first term on the right of 3.2.3. We know that I, N [1, N] = ()
unless m < N and I, # 0, i.e., unless 1 — ¢M < m < N. Therefore we can write

q

Y elar/a) X elm) 3 f)=Yelarf)) S elim) 3 fw)

meZ nel,Nr r=1 1—gM<m<N nel,Nr

Now clearly for each choice of g, M there exists a non-negative integer D(m, M, q,r)
(1<r<gq1—gM < m < N such that

> f(n) = MEA(M) = D(m, M,q,7) = 6 |I, \FN [1, N]|

nely,Nr

= M(Es(M) = 8) + 8 |L N\ 7\[1, N]| = D(m, M, g,7).

Thus

e(ar/q) >_ e(Bm) > f(n)

meZ nel,Nr

i MQ

q

=> elar/q) > e(ﬁm)(M(EA(M)—5)+5‘Imﬂr\[l,N]‘—D(m,M,q,r)).

r=1 1—gM<m<N

(3.2.4)

Taking a = 0,a = 0 so that 8 = 0 3.2.4 becomes

S Y fm)=aM Y f(m) =

r=1meZnel,,Nr meEZ

which means that

i 3 D(m,M,q,r):zq: > (M(Ea(M) = 0)+ 3|, N7\[1,N]|

r=11—gM<m<N r=11—-gM<m<N

MM N - D)(EM) -5 45y Y [\,

r=11—-gM<m<N

(3.2.5)
= gM(gM + N = 1)(Es(M)=6)+06 > |Lu\[1LLN]]
— gM(gM + N — 1)(E < M) = 8) + SgM(gM — 1)
— QMN(E4(M) = 8) + qM(¢M — 1) E4(M)

SO

Z > D(m,M,q,r) = N(Es(M)— )+ (¢M — 1)Ea(M) (3.2.6)

r=11-gM<m<N

< N(E4(M) = 8) + qM. (3.2.7)
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Chapter 3 A generalisation of Roth’s theorem

Now using the triangle inequality we have

C;\/j\jgoe(ar/q) Z e(ﬁm)(M(EA(M)—5)+5’[mﬂr\[1,N]‘—D(m,M,q,r))]

1-gM<m<N

<Y WM+ EY S Dim M

1-gM<m<N r=11—gM<m<N
)
< 3(qM = 1) + N(EA() — 8) + a1
< N(Ea(M) — 8) + 2¢M.

Using this in 3.2.4 we get

i e(ar/q) Y e(Bm) > f(n)
q r=0 meZL nel,Nr
EA(M) -0 &
= BABZ0 5 cfarfa) 32 e(pm) + 0N (EA(1) = 6) + 240,
r=1 meZ
which gives
A EA(M) -6
fla) = A(q) > elar/q) Y e(Bm)+O0:(4m ‘6‘ dGMN+N(E4(M)—§)+2qM).
r=1 meZ
(3.2.8)
Now f(a) = f(a+ 27) so we may assume that a € [—3,3]. This implies that the
distance HaH of a from the nearest integer is equal to its absolute Value’oz‘.
Assume first that HaH > ﬁ Then as we have done earlier we can find a € Z,
1 < q < VN with ged(a, ¢) = 1 such that
2 — oz‘ < o
q = N
which together with HaH > N2 obviously implies that ¢ > 1, whence
q
> elar/q) = 0.
r=1
By 3.2.5 and 3.2.8 we get
F(a)| < N(Ba(M) = 6) + qM (47 |B| N +2)
< 2N(Ea(M) = 6) + gM (47 || N +3)
< 2N(E4(M) — 8) +16MV/'N. (3.2.9)
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3.3 Proof of the theorem.

Next for the case HaH < ﬁ Taking a = 0,¢ = 1 in 3.2.8 we have

fl@) = (Es(M)=8) Y e(am)+0, (M(47r | N +2)+ N(Ea(M) - 5)) .

1-M<m<N

Hence
fe)] < N< [BA(M) = 8|+ (Ea(M) — 5)) + M(47V'N +2).

For EA(M) — & > 0 this gives
F(e)| < 2Ba(M) = 8)) + M(4nV/N +3), (3.2.10)
whereas if E4(M)— 9 <0, by 3.2.50 < N(E4(M) — §) + M so that

f(a)| < M(anVN +2)
< 2N(EA(M) = 6) + M(47V/'N + 4). (3.2.11)

Since 47/ N + 4 < 17V N we get the bound

f(a)| < 2N(EA(M) = 8) +17TMVN

for all a, establishing the lemma.l

3.3 Proof of the theorem.
Suppose A has density § in [1, N]. We define
fila) = Z e(—aux;)
ucA

fori=1,.. k.
We also define

and
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Chapter 3 A generalisation of Roth’s theorem

Further let
K(B):#{(al, ,ak)GBX"‘XB:alxl—i—a,k:Ek:O‘

for any subset B of [1, N]. If ‘B‘ = n we may write K (n) instead of K(B).

Then we have

[ fi@)- ff@da = [ 3 el-alara ++ + aune))da
N
since [e(ra)da =0 <= r # 0. Here we denote the sum over o = 0, 4 N ,%
by the symbol [ da. It is obvious that A contains nontrivial x-progressions iff
K(A) > |A].
We have
K(4) =KW + - [ (o ~ ) gle)da. (331)
Let us write
H fi H 0gi
i<j 0>
We then have
fio =g g = Zk;thi;
so that
!/ fila — % g1() - (3.3.2)

where||| and HH1 denote respectively the supremum norm and the ¢!-norm. That
is

7] = sup|Fe)

I, = [ Wieid.
Obviously,

fi|| S ON
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3.3 Proof of the theorem.

and

< N.

gioo

We also observe that

2 1
A, = ([ In@f da:
— (N~‘A)%
— 53N
and similarly
/ () doc%
= N
which implies
Hégi < 6N
< 62N

We easily deduce from these that

= (§2N)*(3N)+3
= (6N)"2N.

1

Also, as ||hilleo = ||fi — gilloo = H(L\ - (ﬁN)H we have from Equation 3.3.2 that

|/ Ao — g1(a) -+ ge(@))dal < NN [14 - 61|
We use this in Equation 3.3.1 to get
K(A) > *K(N) = k(6N)*2 | (i — o1y)|

If we suppose that Equation 3.1.1 has only trivial solutions in A then we would have
K(A) = 0N and this together with the last equation gives

A S (N) 1
-0, = TN ~ TEaT (3:33)
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Chapter 3 A generalisation of Roth’s theorem

We shall use Roth’s Uniformity Lemma and the following Lemma to prove the above
result.

Lemma 3. : K(N) >, NF1

Proof of Lemma: We define

Ly .
ci:_% (1<i<k)
and
Ciy=> ¢ C.=-> c.
>0 ;<0
Then Cy — C_ =1 and Cy > 0. Write
Iy = [‘];[,];7+2‘Z+]mz.

We claim that
Ifyi, -+ ,yp_1 € In then

iy + -+ c—yr—1 €J0, N

To prove the claim we note that

4+t S GN 6 N+N
C DY Ci _ J— | — [
141 k-1Yk—1 = 5 5 20,
N
=—>0
2C,

and

N N N
g < (54| —ZC =N
c1y1 + + Ck-1Yr—1 = (2 +20+> +7 )

which proves the claim.
Next it is easy to see that:
Forn = (ny,--- ,ng_y1) € I5" the following conditions are equivalent:

e ciny+ -+ Cp_1Np_1 € Z.

e niry+ -+ np_1xx_1 = 0 mod )xk

Y

and that the latter condition holds when n; € 7 for some r € [1,z;]. Now by
the pigeon-hole principle, there exists an r such that

‘]N ﬂ?‘ > M
Z
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3.3 Proof of the theorem.

Therefore

K(N)=|{ne[1,N]F:niz + -+ mpay, :0‘
= [{n € [, N]* s eamy + - + ey € [1,N]}
>Hnelv e+ + iz €0, NN Z}‘
=|{n € Iﬁ,—l ceny - cp_1Tip—1 € Z‘

k—1
> Iy ﬂ?‘

> )
]
Now if N > 6C'; then
N N N
lw 2 Tacn
which means that for N > 6C, we have
k—1
N
ez (L)
3C+ ‘I’k‘
= CN*!

N N
> — =12

NZ i
=20, =30,

where C' = (3C, ‘mk‘)l_k. Write
Co = ‘$1‘+"'+‘xk‘~
Then
Cy 'xk‘ < ’331’ +---+ ‘xkq’ < Cp.

Also, as ‘xk‘ > 1, we have C'; < Cj. Therefore we can conclude that

for N > 6Cy we have

K(N) > (3@)

which completes the proof of the lemma. W

We now complete the proof of the theorem.

Using 3.3.3 and the previous lemma, one has
1

|14 — 01y >x N6% - BNy 2 N - L
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Chapter 3 A generalisation of Roth’s theorem

Choose N big enough, namely N >, 6% and put Ny = | v/ N |, the smallest positive
integer greater than the fourth root of N. Then Roth’s Uniformity Lemma gives

2

1) 1
EA(Ng) — 6§ >4 (2 — 9N‘4> > 62,

Thus we may state

Ni >, 072 = E4(N) — 0>y 6, (3.3.4)

or, assuming the implied constants to be respectively ny and kg, we can state it as

Ni >0 2 = E4(N) =6 > kod? (3.3.5)

We now settle the theorem. We are supposing that A C [1, N] has density 6 > 0
and contains no x-progressions. If N > nod~2 then by 3.3.5 and Roth’s Uniformity
Lemma we can obtain a subset Ay of [1, No], where Ny = [N1], of density 6y >
§ + Kkod? which does not contain any x-progression.

1
Again, if Ni > nydy?2, we can iterate the previous step to obtain a subset A; of
1

[1, N], where Ny = [N, of density §; > &y + kodz which does not contain any
X-progression.

Now note that since Ny > N i and dp > 9, the condition for the second step (i.e.,

the condition Ny > 77050_2) is satisfied if N1 > 1902 (note that we can choose 7 to
be > 1).

We thus weaken to conclusion as follows: If N1 > 1002, then there exists a subset
Aj of [1, Nq] of density d; > &+ 2k00? ( observe that in fact we have earlier obtained
a density d; > &y + kodz, where the term on the right, dy + rod2, is much greater
than & + 2k06?). Thus by iteration, we can state the following:
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3.3 Proof of the theorem.

for any n € N, Niw > 562 — 3JA, C [1,N,] (where for n = 1,2,---, N, =
1
[N,Z_,] inductively) of density > d+nkod? which does not contain any X-progression.

Now take n; = [%1 and M) = N,,,. Then we have the following:

NTT > no6~2 implies there exists a subset AD of [1, MM)] of density > §+nyked% =

0+ [ 5= 1#00% > & + 5=r0d” = 20.

We can iterate this sub-process: Take ny = [55—], M® = N{I) Then N >
n0(26)~2 implies there exists a subset A?) of [1, M®)] of density > 225.

Observe that since M1 > N7, then N7z > no/(20)2 = N77 > 1(20)2.

In general, taking ny = fﬁ}, M+ — N}Li)ﬂ, we have:

for NYA™T > noﬁ, there exists a subset A%®) of [1, M®)] of density > 2% and
containing no X-progression.

But if we take K = _1(12%61 then we get a subset AU of [1, M)] of density 1,

containing no x-progression, which is absurd. Thus the proof of the theorem is
complete. .
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