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Introduction

One of the main open problems in local dynamics of several complex variables
is the understanding of the dynamics of holomorphic germs tangent to the
identity in a full neighbourhood of the origin.

These are the germs of holomorphic endomorphisms of C" fixing the
origin and with differential there equal to the identity, and are the immediate
multidimensional analogous of the parabolic maps in one complex variable,
i.e., of maps of the form

F2) = 2+ a2+

with a,+1 # 0. In this latter case, the iteration theory of our function is well
established. In particular, the Leau-Fatou Flower Theorem gives a precise
description of the local dynamics, asserting the presence of petal-shaped
basins of attraction for the origin, and proving that the convergence to zero
is possible only tangentially to some precise directions, one for each petal.

Moreover, using the description of the dynamics given by the Leau-Fatou
Theorem, in 1978 Camacho proved the following Theorem:

Theorem 1 (Camacho, [Cam78]). Let f(2) = z + ay4 12" + ..., with
ays1 # 0, be a germ of holomorphic function tangent to the identity. Then
f s locally topologically conjugated to the time-1 map of the homogeneous
vector field
0
_ v+l
Q==z 92

In particular this means that, from a topological point of view, time-1
maps of vector fields in C provide a complete list of model for the dynamics.

We remark that such a result was obtained via the dynamics, i.e., with
a careful study of the dynamics of the map we wanted to study, the map
tangent to the identity, and of the model we wanted to obtain, the time-1
map of the field.

When trying to pass from the one-dimensional complex dynamics to the
multi-dimensional one, the maps tangent to the identity are among the first
classes of maps that one can try to study, aiming to exploit the (formal)
similarity with their well-understood one-dimensional counterpart.

vii



viii Introduction

A complete generalization of the Leau-Fatou Theorem in C” is not known,
yet, but there are a lot of partial results, due to Ecalle, Hakim, Abate, Bracci,
Tovena and others. One thing is sure: the Flower Theorem cannot be
generalized in a trivial way (i.e., with a multi-dimensional flower figure and
the associated directions of convergence) because there are examples of new
phenomena arising in several complex variables.

So, instead of focusing on a direct generalization of the Flower Theorem,
we may try another approach: it is reasonable to hope that Camacho’s
statement may be generalized to the several complex variables setting, at least
for generic maps. If this were the case, understanding the dynamics of time-1
maps of vector fields would give a description of the topological dynamics
of generic maps tangent to the identity in several complex variables, thus
allowing to solve the topological problem by considering only a, particularly
well-behaved, class of the maps we should study. Anyway, time-1 maps
of homogeneous vector fields provide an important class of examples to
study. In particular, a possible proof of the generalization of Camacho’s
Theorem to the several complex variables setting may pass through the very
understanding of time-1 maps of vector fields.

All these reasons motivate us to the study of the dynamics of time-1 maps
of holomorphic homogeneous vector fields. In particular, being interested to
discrete orbits of the time-1 maps, we are naturally lead to consider the real
integral curves for the field, and to study their asymptotic behaviour.

We immediately recognise that, given our homogeneous vector field @,
we have some particular sets of initial conditions for the integral curves for
which the dynamical problem is particularly easy: these are the lines through
the origin which are invariant for the field. We call the associated directions
in P"~1(C) the characteristic directions for @, and characteristic leaves the
associated complex lines through the origin. In particular, we see that an
integral curve issuing from a point of a characteristic line will remain in that
leaf for any time, and so the dynamics will be one-dimensional.

In particular, we see that if the vector field @) is a multiple of the radial
field every direction is characteristic, and so the problem is completely one-
dimensional. We call these fields dicritical, and non-dicritical otherwise.
So, we shall be mainly interested in understanding the dynamics of integral
curves outside the characteristic leaves of non-dicritical vector fields.

To do so, we need to use a fact from complex geometry: blowing up
the origin of C", we obtain the exceptional divisor S = P"~1(C). We can
consider the normal bundle N g?” of this exceptional divisor and note that
there exists a (v-to-1) holomorphic covering map x, : C" \ {0} — N§\ S,
which generalizes the usual biholomorphism betweeen C \ {0} and Ng\ S.

Using this map, we can push-forward our vector field () to a holomorphic
field G on N g?” . This is possible thanks to the homogeneity of (). In this way,
we see that we have moved our problem of understanding integral curves for
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a field in C” to the one of studying the integral curve for a field on a line
bundle.

Our next step is to better understand G. And it is now that the mero-
morphic connections, together with the associated geodesics, come into play.
The first are, roughly speaking, a way to differentiate meromorphic sections
of a holomorphic vector bundle p: E — X over a Riemann surface X. We
shall usually denote them with V.

In [ABTO04], Abate, Bracci and Tovena showed that it is possible to
associate to any non-dicritical homogeneous vector field ) a well-defined and
global canonical section X¢ of the bundle (N%)®¥®T'S. By the canonical iden-
tification of the bundles, this corresponds to a morphism X¢ : (Ng)®” — T'S.
In particular, being N ?l’ a line bundle, this morphism is an isomorphism
outside the vanishing locus of X, and it is easy to see that Xy vanishes
exactly on the characteristic directions. So, out of the characteristic direc-
tions, we can see the line bundle N ?” inside TS, thus defining a singular
holomorphic foliation F on TS, whose leaves are Riemann surfaces.

Following Abate and Tovena, we see that it is possible to introduce a
partial meromorphic connection V on the bundle N ?” — S such that G is
exactly the geodesic field for V. By partial meromorphic connection we mean
the following: V does not allow to derivate sections of N%”’ with respect to
every section of T'S, but only with respect to tangent vectors which are in
the image of Ng’” under Xg. In particular, V is a meromorphic connection
when restricted to any leaf of the foliation F and we call geodesics for V the
curves which are geodesics for these induced connections, i.e., real curves
o : I — Ng¥ such that V,yX (o' (t)) = 0.

So, in order to understand the integral curves for our homogeneous field,
we are left to study geodesics for a meromorphic connection on a line bundle.
It is actually possible to simplify the problem again. Indeed, we prove that
we can pushforward our partial connection V to a partial connection V? on
TS in a natural way: we define

V(s) = X (vxélv (Xéls))

where both v and s are tangent to the leaf. So, also V' is partial, in the
sense that it does not allow us to derivate every section of TS, but only
vector fields tangent to a leaf with respect to other vector fields tangent to
the same leaf. In particular, a curve o : I — S will be a geodesic for V0 if it
is contained in a leaf of the foliation and V2, ( t)a’ (t) =0.

It is clear from the definition of V° that there is a correspondence between
geodesics for V and geodesics for V (i.e., integral curves for ), and so also
with the integral curves for (). In particular, we shall prove the following
Theorem:

Theorem 2 (Abate, Tovena, [AT11]). Let Q be a non-dicritical homogeneous
vector field of degree v +1 > 2 in C" and let Sg be the complement in C"
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of the characteristic leaves of Q. Then, for~v: I — SQ, the following are
equivalent:

1. v: I — S'Q is an integral curve for @ in C";
2. Xv 07 is an integral curve for G (i.e., a geodesic for V) in N3¥;
3. [v] is a geodesic for VO in a leaf of the foliation F of P"~1(C).

Thanks to this result, we see that, in order to study integral curves
for our homogeneous vector field, we can study geodesics for meromorphic
connections on the tangent bundle of a Riemann surfaces.

So, the study splits in two parts: understanding the foliation in surfaces
and studying the asymptotic behaviour of the geodesics for the connection,
which are contained in the leaves. In this thesis, we shall be mainly interested
in the second one. To do so, we shall need two main ingredients: a charac-
terization of the possible w-limits for the geodesics on the tangent bundle
of a Riemann surface (to understand the behaviour of the direction [y] of
an integral curve) and and a way to understand where is y(¢) once we know
[v(t)] (for example, we would like to know when 7(t) tends to the origin or
diverges once we know that its direction tends to some [v] € P"~1(C)).

The first problem is mainly addressed in Chapter 3, with Theorems
3.4.8 (Theorem 4.6 in [AT11]) and 3.4.6. We completely classify all possible
w-limits for a geodesic for a meromorphic connection on the tangent bundle
over a compact Riemann surface. This problem, apart from its intrinsic
interest, is the first step to the understanding of the asymptotic dynamics of
geodesics inside a leaf of the foliation on P"~1(C) induced by the canonical
morphism Xg.

The second problem is studied in Section 4.2. Here the idea is to use
the geodesic field G, for which we can write an explicit formula. If we use
local coordinates (z,v) for the bundle N&", we notice that the (modulus
of) v is strictly related to the distance of y(¢) to the origin in C". So, the
approach here is the following: we look for holomorphic local normal forms
for the geodesic field near the singularities of the connection and solve the
related differential equations. So, once we know the asymptotic behaviour of
[v(t)] (and so of z(t)), this would gives us information about the asymptotic
behaviour of v(t), and so also of v(¢). The theory for the singularities of lower
order (0 or 1) is well established, thanks to the existence of holomorphic
normal forms for the geodesic field. In the irregular case such a holomorphic
classification is not known and this prevents to get a precise description in
this case. Nonetheless, we are able to prove a partial result about geodesics
converging to this kind of singular points.

There is a case in which all these methods are particularly efficient (and
this is the reason we pay more attention to the problem of understanding
the geodesics inside a leaf than to the one of understanding the foliation):



Introduction xi

in C?, the exceptional divisor is the Riemann sphere, and so the foliation
becomes trivial. So, being able to classify the w-limits of geodesics of the
sphere solves both parts of the problem, allowing to obtain a fairly complete
description of the dynamics in this situation.

The thesis is divided in six chapters.

In Chapter 1 we collect the background material we shall later need about
holomorphic connections on a Riemann surface and foliations on a manifold.

In Chapter 2 we introduce three different foliations on a line bundle on a
Riemann surface, respectively of real rank 1, 2 and 3. They will be in some
sense included one into the next, in the sense that every leaf of the rank-3
foliation is foliated by the leaves of the rank-2 one, and the same happens for
the rank-2 and rank-1 foliations. The rank-1 foliation precisely corresponds
to the geodesics, that we shall need in the following sections. Studying the
other foliations provides very useful tools to understand the behaviour of
this one.

In Chapter 3 we introduce the notion of meromorphic connection on a
Riemann surface and study in detail the geodesics with respect to such a
connection on the tangent bundle. In particular, we generalize the theory
developed by Abate and Tovena for the Riemann sphere to a generic compact
Riemann surface, and we classify all the possible w-limits of geodesics,
thus generalizing to this more general setting their previous result about
the Riemann sphere. We end this chapter with a detailed study of the
geodesics for holomorphic connections on a complex torus, and with an
explicit description of the w-limits in this case.

In Chapter 4 we turn to the original dynamical problem. We study the
dynamics of a self-map of a complex manifold, constructing the bridge be-
tween the dynamical problem and the geodesics for meromorphic connections.
Then, we study in detail the behaviour of the geodesics near a singular point
for the connection.

In Chapter 5 we apply all the results obtained so far to the study of the
integral curves of holomorphic homogeneous vector fields in C”, and develop
the construction further. In the second part we concentrate on the case of C2,
coming to quite a complete understanding of the situation for a significant
class of homogeneous vector fields.

In Chapter 6 we give a holomorphic classification of cubic vector fields
in C2, and, as an application of the theory developed so far, we study in
detail the dynamics for the holomorphic representatives, in analogy with
what was done by Abate and Tovena for the quadratic ones. This allows to
obtain a pretty complete description of the possible phenomena arising in
this situations, and to get concrete examples of maps showing a behaviour
very different from their counterparts in one complex variable. Moreover, we
are able to give concrete examples of singularities with higher irregularity,
that could not be obtained in the quadratic case.
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Chapter 1

Preliminary results

In this introductory chapter we introduce the two main objects we shall
deal with during all this thesis. These are the holomorphic connections on a
Riemann surface and the concept of foliation of a manifold.

1.1 Holomorphic connections

Throughout this section we shall indicate with S a Riemann surface and
with p: E — S a holomorphic vector bundle on it. Og will be the structure
sheaf of S, i.e., the sheaf of holomorphic function on S and £ the (sheaf of
germs of ) holomorphic sections of E.

In classical differential geometry we can define a connection V on the
tangent bundle 7'S of S (and on its powers) as a map Tpr — Q4 @ Tas, where
Q}g is the sheaf of holomorphic 1-forms and Ty is the sheaf of the sections of
the tangent bundle. We shall now introduce a connection on F, which will
give us a way to differentiate sections of the general vector bundle E with
respect to a given vector field X on S.

Definition 1.1.1. A holomorphic connection on a holomorphic vector bundle
p: E — S over a Riemann surface is a C-linear map V: €& — Qé ® & which
satisfies the Leibniz rule

V(se) =ds®e+ sVe

foralls € Og ande € &.
A horizontal section of V is a section e € € such that V(e) = 0.

In particular, the difference between two holomorphic connections is a
tensor.

Let us see what this definition means in local coordinates. First, we take
a trivializing atlas for E, which will be of the form {(Ua, za;ek,...,e2)},

1



2 Preliminary results

with (Uy, z4) local charts and el ..., e” holomorphic generators for E on
U,. On every U,, we can find n? holomorphic 1-forms (na)é such that

Vel =3 (na)) @€l

J

and we shall say that the forms (770[);- represent the connection V on U,. In

fact we see that, for a general section s of I, we can locally compute Vs by

representing 5|y, as ) ; saea for some holomorphic functions s on Us: so

v (; ) =3 (viel)

)

= Z (dsg ® €l + SZVGZZ)

— Z ds' @ el + 5!, Z ((na)5 ® €l,)

;
=D | dse+ ) (shna)j) | ®ei
i ;

In particular, with the above computation we have proved the following
result.

Proposition 1.1.2. Let E be a trivial line bundle, i.e. E = S x C, and fix
a global generator e for E. Let V be a holomorphic connection on E. Then
there exists a global n € Q}q such that

V(se) = (ds+ 1) @ e
for all s € Og.

In the sequel, we shall mainly interested in the case in which F is a line
bundle, i.e., a holomorphic vector bundle of rank 1.

We see that in this case we have an atlas {(Uy, za,€q)} trivializing E,
and in particular we only need a single holomorphic 1-form 7, on every U,
to represent V, given by

Vea =1a ® eq

So, for a section s, which is locally s,e, for some s, € O(Uy,), we have

V(Saea) = (dsa + 7704) X eq

In the next Chapter we are going to study in more detail holomorphic
connections on a line bundle and we shall need some little more background,
that we are going to recall now.
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Consider our line bundle p: E — S and the trivializing cover {(Uq, 24, €a) }-
We know that, on every non empty intersection U, N Ug, we have a (non-
vanishing) holomorphic function §,s satisfying

eg = Eapla- (1.1)

In particular, if v, represents the coordinate in E with respect to e,, we
have that {,3 gives the change of this coordinates on the intersection, by the
rule

Vo = £aB08-

It is clear that this set of functions {,3 must satisfy the rule

gaﬁgﬁwg'ya =1

on every non-empty triple intersection U, N Ug N U, and, obviously, we have
£aa = 1. This means that the set {{,s} defines an element, that we shall
call £, in H(S,0*). We say that ¢ represents the line bundle E

We have the following useful change rule between two 1-forms representing
a connection V on two overlapping charts.

Lemma 1.1.3. Let p: E — S be a line bundle over a Riemann surface S,
trivialized by the cover {(Uy, 24, €a)}, and let V be a holomorphic connection
on E, represented by the 1-form 1o on Uy. Let £q5 be given by (1.1). Then,
on the intersection of two overlapping charts U, and Ug we have

aga 8

N3 = Na + (12)
faﬁ
Proof. From (1.1), we get
V(es) =1 ® eg = nplap ® €a (1.3)
and
V(es) = V(apea) = déop ® €a + Eaplla @ €a (1.4)

Comparing (1.3) and (1.4) we get

(faﬂnﬁ) @ eq = (504,87704 + dé-aﬁ) X eq

and the assertion follows dividing by &,4 (it is never vanishing) and noting
that d€,s = 0. because {3 is holomorphic. O

Viceversa, we see that a set {1y} of forms that satisfy (1.2) actually
represent a holomorphic connection.

With the above Lemma we can find a condition on £ that can ensure the
existence of a holomorphic connection on FE.
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Proposition 1.1.4. Letp: E — S be a line bundle over a Riemann surface
and £ € HY(E, %) the cohomology class representing E. Then there exists a
holomorphic connection on E if and only if £ vanishes in cohomology under
the map Olog : H'(E,0*) — H'(S,Q%), if and only if £ can be seen as an
element of H'(S,C*).

Proof. If there exists a holomorphic connection, locally represented by 7,

equation (1.2) precisely says that 0log(&.p) = 8;“; is a coboundary. Con-

versely, if dlog(&,p) = 0 in H'(S,Q}), ie., it is the coboundary of some
n € H(S,QL), we can use these 7, as representatives for a holomorphic
connection on E. This proves the first equivalence. The second follows from
the short exact sequence of sheaves

0—C*— 0" = QL —0,

in which the third arrow represents the maps Jd(log(:)). We see that the
vanishing of £ under d(log(+)) is exactly equivalent to £ being the image of a
class £ € HY(S,C*) under the map induced by the inclusion C* — O*. [

It is actually possible to explicitly find the representative £ € H(S,C*)
of &, if we have a connection V on E. In fact, we consider the 1-forms 7,
representing V on U, and (possibly shrinking the open sets of the cover) we
find local primitives for 7,, i.e., holomorphic functions K, € O(K,) such
that 0K, = 1, on U,. Integrating (1.2) we get

Kz = K, +10g(£ap) + cap
for some constant function c,g on U, N Ug. Taking an exponential we get

exp(Kg) = exp(Kq)Eape?
and this means that we can consider the cocycle
1 exp(Ka)

gaﬂ = oCal = exp(Kﬁ) faﬂ- (15)

It is indeed immediate to verify that £, satisfies the (multiplicative) cocycle
relations, so that it gives an element of H'(S,C*) (it is non-zero, being an
exponential).

Moreover, we see that it actually represents £. In fact, we must prove

that [%} =0 in H(S,0*). By definition, this means that there must exist

functions g, on U, such that, on every intersection U,NUg, we have

ga _ SaB
98 &ag’
But this is indeed true. In fact, it suffices to consider g, = exp(K,) and we

are done.

We end this section with a proposition and a definition, that we shall
need in the sequel. The following Proposition gives a useful characterization
of horizontal sections.
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Proposition 1.1.5. Let p: E — S be a line bundle over a Riemann surface,
trivialized by a cover {Uy, za,€a}, and ¥V a holomorphic connection on E,
locally represented by n,. Then,

\Y (exp(—Ka)ea) = Oa

which means that exp(—Kg)eq is a horizontal section on U,. In particular,
it means that given a point zo € Uy and an element vo(eq )|, € Ex,, locally
the solution of V(s) = 0 with s(0) = (z0,v0) satisfies

exp(Ko(z))v = exp(Ka(20))vo.
Proof. 1t follows from a standard computation. In fact,

V (exp(—Kq)eq) = dexp(—Ky) ® eq + exp(—Ka)na ® eq
= —exp(—Ku)ng ® eq + +exp(—Ko)na @ eq = 0.

O]

Definition 1.1.6. The homomorphism p : 71(S) — C* corresponding to the
class & under the canonical isomorphism H'(S,C*) = Hom(H,(S,Z),C*) =
Hom(m1(S),C*) is the monodromy representation of the holomorphic con-
nection V.

In particular, if 7 : S — S is the universal cover of S, we can identify
m1(S) with Aut(w). In this case, we shall indicate with p(mw) C C* the image
of Aut(m) ~ m1(S) under p and with |p|(7) the image of Aut(n) under |p|.

We say that a connection V has real periods if the image of p is contained
in S1, i.e., if the class & is actually contained in H'(S,SY).In particular, V
has real periods if and only if |p|(7) = 1.

In the next chapter we are going to give a geometrical interpretation of
this last definition.

1.2 Foliations

In this section we shall give the main definitions concerning the theory of
foliations on a manifold. Since we shall also need real foliations, we shall
give all the definitions and properties in the real setting, but it will be clear
how to generalize them to the complex one.

Giving a (regular k-dimensional) foliation on a (real) manifold S means,
speaking very roughly, subdividing it in a continuum of k-dimensional sub-
manifolds, that will be called the leaves of the foliation. This is easily seen
to be equivalent to specifying, for every p € S, a k-plane in the fiber of T'S
over p, which varies smoothly with p. This second construction is known
as a distribution of k-planes. In the particular case of k = 1, the name line
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field is also common. We see that a line field is a generalization of a (non
singular) vector field, because we only consider the direction of a line in T'S),
instead of a direction and, say, a modulus, that would give a specific point
in the fiber. In particular, we see that every non singular vector field defines
a line field on the manifold S where it is defined, and so a foliation of S.

If we just consider the field without the assumption of being non singular,
we come up with an object that is called singular 1-dimensional foliation.

We see that every singular foliation induced by a field may be viewed as
a regular one on the complement of the singular points of the field.

After giving an idea of what a foliation on a manifold is, we shall now
give a proper definition of it.

We shall define a (regular) foliation by saying what it is locally. In
particular, the key definition is the following

Definition 1.2.1. Consider the n—dimensional cube I = [0,1]" = {(x,y) €
IF x 1"k} (or polydisc A™ in the complex setting). The standard foliation of
dimension, or rank, k (and codimension n — k) on I™ is the representation
of I as the disjoint union of k-cubes, called standard plaques,

m= || L,

yeln—k
with L, = I* x {y} C I".

Definition 1.2.2. A (regular) foliation of rank k of an n-dimensional man-
ifold S is a partition S = | | Lo of the manifold into the disjoint union of
connected immersed submanifolds L., called leaves, which is locally diffeo-
morphic to the standard foliation, i.e., such that for every point p € S there
exists a neighbourhood U of p and a C*° diffeomorphism ¢ : U — I such
that the image of any connected component of Lo NU is a standard plaque
for the standard foliation in I™ for every a, and conversely.

The one above is only one possible definition of a foliation. In fact, there
are several different definitions or equivalent characterizations. We are going
to present here two of them, that we shall need later in the exposition. They
are in some sense dual to each other: the idea is that we can think of a
k-foliation as an integrable distribution of k-plane. By this we mean that,
for every point, we assign a k-plane in the fiber of the tangent bundle at
that point, such that all these k-planes change smoothly in 7},S as the point
p moves. A possible way to let this idea become precise is to ask for a
k-dimensional subbundle F' of T'S. The integrability condition, which is
known to be equivalent to [F, F|, C F, for every p € S, ensures that we can
think to the k-plane in each point as tangent to a k-submanifold (that, not
surprisingly, will be the leaf of the foliation passing through p). In particular,
what we are asking for is that any leaf is an integral leaf for this distribution
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of planes, a generalization of being an integral curve for a smooth vector
field.

In fact, one of the equivalent definition we present is precisely that
in any point we want the tangent plane to the leaf to be generated by
k fixed non-singular vector fields, independent at every point. The dual
characterization is obtained by giving n— k global non-singular smooth forms,
again independent at every point, and ask that their common k-dimensional
kernel is precisely the k-plane tangent to the leaf.

In the next Theorem we collect these equivalent definition of a foliation
(see [IYO08] and [War83]).

Theorem 1.2.3. Giving a (reqular) foliation of rank k on a smooth manifold
S is equivalent to any of the following:

e a collection of (Un; FY', ... FY), where {U,} is an open covering of S
and, for every o, (F{,...,F}') is a k—uple of smooth vector fields,
linearly independent at every point p € U,, and hence non vanishing
i any point, such that

— if F* indicates the span of (FY', ..., F), we have [F*, F*], C F

for every p, i.e., for every pair <Fia, Ff‘) there exist c%’l € C*(Uy)
such that

k
[FY, ] = Z C?j’lﬂa§
=1

— if Uy NUg # 0, then there exist invertible gf‘ﬁ’j € C*(U,NUp)

such that
k

j=1

e a collection of (Ua;w?, .. .wg_k), where {Uy} is an open covering of
S and, for every o, (wf,...,w>_,) is an n — k-uple of smooth I1-forms,
linearly independent at every point (i.e., such that Wi A--- AwS_ is
never vanishing), and hence non vanishing in any point, and such that

— the ideal spanned by Wi, ..., wy_, is closed in the exterior algebra
of forms, i.e., if for every wi* there exist n; € Q}q and ¢ €
C>(S) such that

n—k
dwf' = Z ca’ijw;“ A
j=1
— if UoNUg # 0, then there exist invertible h“*1 € C>(S) such

that
k

wit = Z haﬁ’ijwf.
j=1
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We remark again that all we have said can be repeated also in the complex
setting, with holomorphic vectors, forms and transition functions ¢, g and h.

We now define singular foliations. By a singular k-dimensional foliation
on a manifold S we mean a regular foliation on the complement of a one-
codimensional set. More precisely:

Definition 1.2.4. A singular foliation of rank k of an n-dimensional man-
ifold S is a pair F = (F',X), where ¥ (the singular set) is a union of
one-codimensional submanifolds (or proper analytic sets in the complex set-
ting) of S and F' is a regular k-foliation on S\ X. We will say that the
foliation is saturated if it cannot be extended to a foliation of a larger open
set.

As for regular foliations, we have a number of different characterizations
for singular foliations. We collect some of them in the following Theorem.

Theorem 1.2.5. Giving a singular foliation of rank k on a smooth manifold
S is equivalent to any of the following:

e a collection of (Uqa; FYY, ... ), where {Uy} is an open covering of S
and, for every a, (F¥,...,F) is a k—uple of smooth vector fields,
such that

— if F* indicates the span of (FY', ..., F}), we have [F*, F*], C F
for every p, i.e., for every pair (Ff‘, Fja) there exist c%-’l € C*(U,)
such that

k
B B = 3 B
=1

— if UoNUg # 0, we have F* = FP for every point in Uy N Us;

e a collection of (Ua;w‘f‘, .. .wf{_k), where {Uy} is an open covering of

S and, for every a, (Wf,...,wS_.) is an n — k-uple of smooth 1-forms
such that
— the ideal w* spanned by w{,...,w;_, 1is closed in the exterior

algebra of forms, i.e., if for every wi* there exist 3 € Q}g and
v € C*(9) such that

n—=k

o (oK% BINeY o,
dwi—g cHwl A
J=1

— if UaNUg # 0, we have w®™ N WP for every point in if Uy N Us.



Chapter 2

Three foliations on a line
bundle

In this chapter, following [AT11] we shall introduce three foliations, respec-
tively of rank 1,2 and 3, on the total space of a line bundle p : E — S over
a Riemann surface S, which can be seen as a manifold of real dimension 4.
We shall see that each foliation foliates the larger one, i.e., that the leaves of
the rank 1 foliation are contained in those of the rank 2 foliation, and the
same happens for the rank 2 with respect to the rank 3. These foliations will
turn out to be extremely useful for studying our dynamical problems.

2.1 Definitions and first properties

Roughly speaking, the idea for defining the larger foliation will be to put
local metrics on the total space of the bundle p: E — S and to consider the
foliation locally given by the points having the same norm, so obtaining a
foliation of rank 3. One of the problems will be to study if two of these local
leaves can be part of a unique global leaf.

To define this foliation, we begin by studying the following problem: from
the classical differential geometry we know how to associate a connection to
a metric on a (real) manifold, which turns out to be related to the ideas of
parallel transport and geodesics with respect to the given metric, and also a
foliation given by the level sets of this global metric.

Here we would like to do the converse: we have a connection and we
would like to use it to define a metric, and so a foliation. We shall see
that in general we cannot do so, in the sense that there does not always
exist a global metric that we would call compatible with our connection (see
Definition 2.1.3). What we can find is only a family of local metrics. The
crucial point will be the fact that this family is actually a conformal family
of local metrics, i.e., a local family of metrics differing only by multiplication
of positive real functions. So, the leaves for the foliation of any two metrics

9
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in this family will be the same, thus allowing to define a global foliation. Not
being induced by a global metric, the geometry of this foliation will be much
richer than the usual one induced by a global metric.

In order to undertake this program, we recall the concept of metric on a
general bundle, different from TS, and then we study the possible relations
between this metric and the original connection.

So, we give the following definition.

Definition 2.1.1. Let S be a complex manifold andp : E — S a holomorphic
vector bundle. A Hermitian metric g on E is the assignment of a Hermitian
inner product gp(-,-) (also written as (-,-),) on each fiber E, of the bundle,
such that for any open set U € S and any R, T smooth sections of E, the
function

(R, T):U—C
z— (R(x),T(x))s

1s smooth. We shall call a bundle with an Hermitian metric an Hermitian
bundle.

We remark that the previous definition is well posed also in the case of a
complex bundle over a differentiable manifold. We have not stated it in this
case because we shall not need this greater generality in the sequel.

Remark 2.1.2. We shall use the convention for which the Hermitian product
18 C-linear in the first argument and C-antilinear in the second.

The next definition specifies what we mean when we ask for a compatibility
between a metric g and a connection V.

Definition 2.1.3. Let p: E — S a complex Hermitian bundle, with metric
g. We say that a connection V on E is adapted, or compatible, with g, and
we shall write Vg =0, if

d(R,T) = (VR,T) + (R, VT)
for every smooth sections R, T, that means
X((R,T)) =(VxR,T)+ (R, VxT)
for every smooth vector field X on S.

It is known that, given an Hermitian metric g on a complex bundle, it
is possible to associate a connection which is compatible with g, and it is
unique if we ask for some additional conditions. This is the so-called Chern
connection.

What we want to do now is studying the opposite question: given a
connection on a complex bundle, when is it possible to find an Hermitian
metric compatible with it?
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To answer this question, we shall restrict to the case we shall be most
interested in later: so, until the end of this section, p: £ — S will be a line
bundle over S. As a first thing, we can give a precise characterization of what
the condition of compatibility means in local coordinates. Given a trivializing
atlas {Uq, 2q, €q} for p: E — S, denote by 7, the 1-form representing V on
U,. We can also consider the real function n, : U, — RT, given by

na(p) = gp(€a, €a)-

It is straightforward to see that n, is a smooth function and, conversely,
we see that the function n, uniquely characterizes the metric on U,. The
following Lemma gives a characterization of the compatibility in terms of n,,.

Lemma 2.1.4. The metric g is adapted to V if and only if
8”0{ = NaTNa (21)

Proof. By definition, the fact that g is adapted to V means that X (g(R,T)) =
g(VxR,T))+g (R, VT ) for every sections R and T of F and any vector
field X on S. Being E' a line bundle, we locally have, in the trivializing chart
(Ua, Za, €a), that R = rqe, and T = t,eq, so that we have

X (9(R,T)) = X(ratana).
So, the condition on g becomes
dro(X)tana+7radte(X)ne + rotadng(X) =
=(dro + rane)(X)nata + rana(dta + tana)(X),

that, after some cancellations, gives (recalling that d = 0 + 9)
Ong + Ong = Nala + Nalla- (2.2)
By reasons of type, it is equivalent to Ong = nane (and (Ong = naia)). O

Remark 2.1.5. It is not difficult to find an analogous condition for a vector
bundle of rank greater than 1. In this case, we locally have the matrix

Ay = (ng ) representing the connection, and we get an analogous of the ng

defining a matriz G = (gi;), where g;; = (€., eh). The condition in this case

1S
dG = A'G + GA.

We only remark that this condition actually reduces to the (2.1) in the case
of a line bundle (in fact, it is exactly equal to (2.2) in that case).

An important thing about the equation (2.1) is that it can actually be
solved, as proved in the next proposition.
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Proposition 2.1.6. Let E be a complex line bundle on a Riemann surface S
and let V : € = QL @ € be a holomorphic connection on E. Let (Uy, za, €a)
be a local trivializing chart for E and letn € Q};(Ua) such that Ve, = 1y Req.
Assume we have a holomorphic primitive Ky of No on U,. Then

na = exp(2Re K,) = exp(K, + Ka)

is a positive solution for On, = ngne. Conversely, if n,, is a positive solution
of (2.1), then for any zo € U, and simply connected neighbourhood U C U,
of zg there exists a holomorphic primitive K, € O(U) of ng over U such
that no, = exp(2Re K,,) in U. Furthermore, K, is unique up to a purely
imaginary additive constant. Finally, two (local) solutions of (2.1) differ
(locally) by a positive multiplicative constant.

Proof. The fact that exp(2 Re K,) is a solution of (2.1) is a straightforward
calculation: in fact we have

8(6Xp(Ka + E)) = a(KOé + E) eXp(Ka + Kia) = Na eXp(Ka + E)7

because 0K, = 1, and 0K, = 0, and this proves the statement.
Then, if n, is a positive solution of (2.1), locally we can define Re K, as
log#, which is harmonic because

00logng = 5% =01, =0,
Ng

and Im K, in such a way that K, becomes holomorphic. Clearly, we have
no = exp(2Re K,). Let’s see that 0K, = n,. Being K, holomorphic, we
know that 0K, = 20 Re K,, which is equal to d(logn,) = %, and this is
N because n,, solves (2.1). N

Suppose now that we have K, and K, satisfying the statement. We
want to prove that their difference is a purely imaginary complex number.
First, we know that it is a holomorphic function, as both K, and K,
are. Then, from 0K, = 0K,(= 1n,) we get that the difference is also
antiholomorphic, so that it must be a constant c. But if Rec # 0 we would
have n, = exp(2Re K,) # exp(2Re K,) = nq, which is impossible.

Finally, let n, and 7, be two local solutions of (2.1). We have dlogn, =
No = Ologng. Given a (local) holomophic primitive K, for 1, we obtain

nac1 = exp(2Re Ky) = ngca,

so that o, = cn, for some constant ¢, that must be real and positive because
both n, and n, are. O

So we see that locally the question is always answered in a positive way,
and moreover we can also give an explicit formula for the metric. What we
are going to do now is to study the global problem, i.e., to state and prove a
condition for the existence of a global compatible metric. This in particular
gives a geometrical interpretation of Definition 1.1.6.
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Proposition 2.1.7. Let p: E — S be a complex line bundle on a Riemann
surface S, and V a holomorphic connection on it. Then there exists a
Hermitian metric compatible with V if and only if V has real periods.

Proof. By (1.5) we have

Re(Ka - K,B) + 10g(|€a5|) = log |éoeﬁ|a (2'3)

where K, and Kg are primitives of 7, and ng on U, and Ug.

Suppose we have a metric g compatible with V. In particular, it defines
functions n, = g(eq, en) on every U,. By the change rule (1.1), we must
have

ng = ‘504B|2na (2.4)
on every non empty intersection. By Proposition 2.1.6, we know that every
such n, must be of the form n, = exp(2Re K,). Taking a logarithm and
dividing, (2.4) gives

Re(Kp — Ka) = log [€ag|
and so, comparing with (2.3), we get log |éa5| = 0, that means that |€a5\ =1,
ie., éag c St

Conversely, if V has real periods, what we have is that there exist
constants ¢, € C* such that

~ Ca ~

€ap = Lap (2.5)
Ca

with Eag € S' and what we want to prove is that there exist functions

ne satisfying (2.4), i.e., functions K,, primitives of 7,, such that every
no = exp(2Re K ) satisfies (2.4). Substituting (2.5) in (2.3) we get

Re (Kp — Kq) — log [€ap| = log |ca| — log |cg]
and we see that we can use K, = K, + log |cq |- O

We are aiming at defining some foliations on F, which are some global
objects, starting from local definitions on the U,’s. So, we shall need to know
the change rules for the coordinates of the bundle F (and for its tangent
bundle TE, when we shall look for a description in terms of vector fields).
This is the content of the next Lemma.

Lemma 2.1.8. Let p: E — S be a line bundle on a Riemann surface S,
locally trivialized by a cover {(Uy, za,€qa)}, where ey, is a generator for E on
Uy. We denote by (zq,va) the induced local coordinates for E and consider the

induced local frame ((% = %, %) and the local coframe (p* (dzy) ,dvy).

Then, in the intersection between two charts U, and Ug we have

() (vﬂ %ép ») o p>> (i) oo
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and

0z 0z 0€ap 1

0o \ _ (& —vs ((% az; @) Op) 9

. (2.7)
D/ 0vq 0 (€8a © D) d/dvs

Proof. We find the first matrix, the second being the transposed of the

inverse of the first.
It is clear that p* (dzg) = (g%i op) p*dzg, so we only have to express

dv, in terms of p* (dzg) and dvg. To do this, recall that eg = £,5€q, so that

Ve = (€ap 0 D) V8. (2.8)

So,
dva = d((§ap © p) v3) = vad (§ap o P) + (§ap © p) dug,

which gives

o0&, .
dve = vg ( ;Z; 0p> p* (dzg) + (€ap o p) dvg,

where we used the fact that d ({,g0p) = (885;5 o p) p* (dzg) , which follows
from that fact that £, is holomorphic. O

We can now start defining our foliations. The idea for the higher-rank
one, that we shall call metric foliation is the following: suppose we have a
global metric adapted to V. Then, for every ¢ € R we can consider the points
v in every fiber of E with g(v,v) = ¢. For a fixed ¢ # 0, we see that in every
fiber the points satisfying this condition form a set diffeomorphic to S* and
it is not difficult to see that, for these ¢’s, the global set {v € E: g(v,v) = ¢}
is diffeomorphic to S! x S. Hence, we have a (non-singular) real foliation of
E\ S of rank 3, with cilinder-like leaves and we also see that we can add S
(the 0-level of the metric) to the foliation, thus obtaining a singular foliation
of E.

If we do not have a global metric compatible with V, we can try to define
the foliation locally on sets U, where we do have a global adapted metric.
If we prove that the leaves are the same for every U,, we can glue them in
the intersections of the U,’s and again we find that we have a foliation of
E\ S. Note that, if this works, the foliation will not depend on the particular
adapted metric chosen, because, by the last part of Proposition 2.1.6, we
know that two metrics local g, and ¢/, compatible with V are represented by
functions n, and n, which locally differ by a positive multiplicative constant
(and so globally the leaves are the same because locally the level sets are the
same).

In the next Proposition we prove that the local foliations actually glue
to a global one.
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Proposition 2.1.9. Letp: E — S be a line bundle over a Riemann surface
S and let V be a holomorphic connection on S. Let (U,) be a trivializing
cover (with connected intersections) for E. Then the level sets for any local
or global metric adapted to V on U, glue together to give a rank 3 real
foliation on E, singular on S.

Proof. Let U, and Ug be two open sets of the cover with non empty intersec-
tion. The level sets for the metric are the level sets, on U, for the function
9o (V) = 14 (p(v))|val?, defined for v € E, v = (p(v), vaea). We want to prove
that, on U, NUg, go and gg differ multiplicatively by a real constant. But
this is true, because

ng(p(v)) = exp (2Re(Ko — Kp)) na(p(v)) = éapl~*I€as(p(v)*ra(p(v))

and
061> = 1€as(P())| 7 |val,
so that
ng(p(v))vsl* = leap| > na(p(v))lval?
and \fag| is a constant. O

So, we can give a proper definition for this rank 3 foliation.

Definition 2.1.10. Let p: E — S be a line bundle over a Riemann surface
S and let V be a holomorphic connection on S. Let (Uy) be a trivializing
cover (with connected intersections) for E. Then, the sets which are locally
the level sets of any local or global metric compatible with V form a real rank
3 singular foliation on E, regular on E '\ S, called the metric foliation.

The next result gives a characterization of the metric foliation in terms
of real 1-forms defined on the open sets U,.

Proposition 2.1.11. The metric foliation is generated on U, by the 1-form
ws = Re (|Ua\2p*na + Uadvy)
where, as usual, Ny, is the holomorphic 1-form representing V on U,,.
We note that we can write w, as
Wa = |Val? Re(wa)
with wo = p*ne + idva. We shall also study the form w,, later.
Proof. On U,, we have that the leaves are the level sets of

|va\2na.
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The foliation will be generated by the differential of this function, which is

d (\%’277«1) =d (]va\z) Na + |Va]?dng = 2Re (Tadvg) ng + 2|val? Re(nap™ne)
=2n, Re (@dva + |Ua\2p*77a) = 2Ny Wq-

and we are done, because n, is a positive real function, if we prove the

closure in the exterior algebra, i.e., that there exists a form 7, on U, such

that dw, = 7o A @we. To do this, we note that dn, = 0 by reasons of type,
so that we have

dws = Re (0o dUq + Tadvy) P Na + dUa A dug,)

and we see that it suffices to consider the real 1-form

d dv 2
o= 4 Ha _ T3 Re(Tadva).
Vg Uy [Vl

O

On a non empty-intersection U, N Us we have nq|va|> = nglvs|?, so that

_ d(’””oc|2na) . d(|vﬂ|2n5) No |Ua‘2 _ Na ‘UozP _ |Ua‘2
NoTWe = = — 5 = Ngwp— 2 =
2 2 nglogl ng |vgl

It follows that, on p~1(Uy, NUg) \ (Us N Up),

Wa wa

val?  |ugl?’

So, we see that the forms Re(ws) = @a/|va|? glue to a global form w on
E\ S. The reason for which we used w, instead of Ifff.lé to define the metric
foliation is that the first is defined also on S.

It not difficult to see that in fact we have also w, = wg on p~! (Uy N Up),
and so the w,’s glue to a global form on E'\ S, that we call w.

This w is a global complex 1-form on F'\ S, and we see that it gives a rank
1 complex foliation on E'\ S. Being never zero, we also know that the induced
foliation will be non-singular. Clearly, from the fact that @, = |v, | Re(w),
we see that the leaves of this foliation (that, in particular, is also a real rank
2 foliation) are contained in those of the metric foliation.

We give a name to this new foliation and then we give a characterization
that will explain the name chosen for it.

Definition 2.1.12. Let p: E — S be a line bundle over a Riemann surface
S and let V be a holomorphic connection on S. Let (U,) be a trivializing
cover (with connected intersections) for E and w the complex global form on
E\ S given on p~1(Uy) \ Us by wa = p*na + idva. We call the horizontal
foliation the complex rank 1 non-singular foliation on E\ S induced by w.
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Remark 2.1.13. As we saw that the metric foliation can be thought as a
non-singular foliation on E'\ S, induced by a global form, or as a singular
foliation on all of E, but given by local forms, we can do the same with the
horizontal foliation. In fact, in Definition 2.1.12 we used a global form and
we got a non-singular foliation on E '\ S. If we consider the forms vowy, we
see that they extend the same foliation to all of S, but they cannot be glued
to a single global form.

Before explaining the geometrical meaning (and the name) of the hor-
izontal foliation, we are going to characterize the two foliations we have
constructed so far by means of vector fields (sections of TE).

For the horizontal one it is easy: (locally) we have to look for a single
complex vector field, and we immediately see that the local fields

Ho = 8~ (10(00) 0 Pltia o (2.9)
Vo

solve the problem, because wq(Hy) = 0.
For the metric foliation we need three vector fields, thought as fields over
R. Clearly we can use H, and iH,. These two fields generate the horizontal
foliation as a real rank 2 foliation, and so, speaking very roughly, the third
field we are looking for should be, when restricted to any fiber of F, the
generator for the foliation of it given by the level sets of the metric. In fact,
we see that if we take the vector field iR := iva% (somehow orthogonal to

the radial field R = va%) we have wq(iR) = 0 and it is independent from
H, and ¢H,, and so together they generate the metric foliation.

Let’s now see the geometrical interpretation of the horizontal foliation,
also explaining the name used for it. Recall that a section s of F is said to
be horizontal (with respect to V) if Vs = 0. Then, we have the following
result:

Proposition 2.1.14. A local section s, of E is an integral curve for Hy if
and only if it is a horizontal section.

Proof. We write our section s, as (zq,va). V(sq) = 0 means that dv, +
Vo (Na © p) = 0, which is equivalent to (dvg 4+ Vo (Na ©P)) (On) = dva(9a) +
Vo (Na(0a) ©p) = 0 because S has complex dimension 1. It means that
g%z = —v4 (Na(0a) © p), which is exactly the condition for (z4,v4) to be an
integral curve for H,. O

So, we see that the leaves of the horizontal foliation are the horizontal
sections of V, which means that, for every point v € E, the leaf passing
through v is given by the solution of the differential equation V(s) = 0 with
initial condition v. In particular, on a sufficiently small trivializing open set
U,, given a horizontal leaf L, we have that each connected component of
LNp~1(U,) is a holomorphic copy of Ul,.
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To introduce the third foliation we start considering a special case, i.e.,
FE will be T'S. Then, we shall see how to extend this definition to a general
line bundle E over S.

Definition 2.1.15. Let S be a Riemann surface and V a holomorphic
connection on T'S. A smooth curve o : I — S, where I is an interval of R,
is a geodesic for V (or a V-geodesic) if Vo' = 0.

As a matter of notation, in this section we shall use a tilde to denote
objects in this special case (E = T'S), so that there will not be confusion
with the general case we shall study after it, for which we will continue to
use the letters without the tildas.

We are going to see that, in this case, we have a strict relation between the
fields H,, we used to characterize the horizontal foliation and the geodesics for
V. In fact, let us consider the local fields v, H, that we used to characterize
the singular horizontal foliation on all of E. They differ on the intersections
U, NUg by a multiplicative factor fagg%i, which is in general complex, so
that they do not define, when seen as fields over R, a real rank-1 foliation.
But suppose we are in the special case with F = T'S. We see that in this
situation we have Eagg% =1, so that these fields not only give a real rank

foliation on 7T'S, but also glue to a single global field G inducing this foliation.
Actually, it is possible to see that the integral curves of this field G are
exactly the geodesics for V. Summing up, we have the following

Proposition 2.1.16. Let S be a Riemann surface, {(Uy, 20, 0a)} a trivial-
1zing cover with connected intersections and V a holomorphic connection on
TS. Then, the local fields

%tﬁa = Va0a — (Ma(0a) o p) (5a)2 aia

defined on Uy glue to a global field G (which is a section of T(T'S)). Moreover,
a curve o : I — S, where I C R is an interval, is an integral curve for G if
and only if it is a V-geodesic.

We do not prove this result now, because we are going to show a more
general one in a while (see Proposition 2.1.18). In fact, what we would like to
do now is to extend this idea to the case in which F is any line bundle over 5,
looking for a field on E whose integral curves will be suitable generalizations
of the geodesics for a connection on T'S.

We see that we have two different objects: the line bundle p: F — S,
where we have the connection V, and the line bundle T'S, where we have the
vector field tangent to a curve in S.

To relate these two ideas we need a morphism X between E and TS, that
would allow us to bring back the tangents to the curves in S to E, where
we may use the connection V on E to define the geodesics in this context.
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In particular, because of the fact that we shall need only this case, we shall
suppose to have an isomorphism X : £ — S, so that it is clear that we can
speak about preimages of vector fields by X.

The first thing we do is putting the last ideas about these generalized
geodesics in a proper definition.

Definition 2.1.17. Let p: E — S be a line bundle over a Riemann surface
S, V a holomorphic connection on EE and X an isomorphism between E and
TS. A smooth curve o : I — S, with I an interval in R, is a geodesic with
respect to V and X if Va2 X1 (o) = 0.

In particular, if E =TS (and X =id), o is geodesic if Vg (¢') = 0.

Then, we look for an analogous of Proposition 2.1.16, in particular for
a vector field for this situation. The fact we used in the special case of
TS was that, on any non-empty 1ntersect10n U, NUg, the change between
Ga == UaH and Glg == UﬁHﬂ was §a5 Bz

In the next proposition we show that it is possible to find suitable local
fields such that the change is 1 also in this case, so that we come up with a
global field G, and prove that the integral curves for this field are actually
the geodesics with respect to V and X.

To fix a notation that we shall use in the statement and in the proof,
consider an open set U, of the cover and the local generator e,. We can look
at his image by X, which will be of the form

X(eq) = Xa0a (2.10)
for some holomorphic function X, € O*(U,).

Proposition 2.1.18. Let p : E — S be a line bundle over a Riemann
surface, X : E — TS an isomorphism, {(Uy, zo} an open cover of S with
connected intersections such that {(Uy, za,€q)} s a trivializing cover for
E and {(Uq, 20, 0a)} is a trivializing cover for T'S, and V a holomorphic
connection on E. Then the local fields

0
(Xa 0p)vaHa = (Xo 0p) va0a — ((XaNa(9a)) o p) (Ua)2 o (2.11)
defined on U, glue to a global field G, section of TE. Moreover, a curve

o:1— 85, where I C R s an interval, is a geodesic with respect to X and
V,ie., Vo X1 (0") =0, if and only if X~(o’) is an integral curve for G.

Proof. First we prove that in any non-empty intersection U, N Ug we have
XovoHo = XgvgHg. By (2.8) and the easy to prove fact that

azg
H Hg
Y 9z,
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we only need to prove that
0z
X5 = Eap aTBX“'
(6%

But this follows from

0 0 0z
Xg—=X = X a) — Sa Xai = Sa 7Xa
5825 (eg) = EapX(ea) = &ap o €ap O

9
0zp

and so we get that G is a global field.

For the second statement, we work locally and we derive two identities
equivalent to the fact of being a geodesic and of having the preimage of the
tangent field to be an integral curve, and then prove that the two identities
found are also equivalent.

We start characterizing the fact of being a geodesic. Let z,(t) be the
coordinate for a curve o : I — S (in U,). The condition for being a geodesic

is Vs X ~1(0’) = 0, which is, noting that X (o) = X 1(2,0,) = )Z(—‘/;ea,

2 2 ,
\X,) @t x, Maor)®ca ) (zda) =0

which is equivalent to
(d (Zg‘>> (z/ (%) + i (Na o p) (z’ 8a) =0
Xa @ Xa @ ’
which is easily seen to be equivalent to

=0 (2.12)

after noting that (f o z,)" = 2Ldf (0,) for any f € O(U,).
On the other hand, a curve t — (24(t),v4(t)) in p~1(U,) is an integral
curve for G if and only if

Z(/Jz = Xa(za)’()a
{U& = _na(aa)Xa(Za) (Ua)Q (213)

Recalling that X ~1(o”) is locally given by (za, ;—i), we have that this is

an integral curve for G if and only if

Zg = Xoé(za)%1
() = @) Xalea) ()] .14

Being (2.12) and (2.14) clearly equivalent, we get the assertion. O
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Remark 2.1.19. In particular, equation (2.12) gives a characterization of
being a geodesic with respect to V and X very similar to the familiar one of
the classical differential geometry.

Remark 2.1.20. Obuviously, we have X, = 1 when E =TS and we use
ea = On, S0 that G = G in that case and Proposition 2.1.18 reduces to
Proposition 2.1.16.

Having proved Proposition 2.1.18, we can now define the last foliation
we need on a line bundle p: £ — S.

Definition 2.1.21. Let p: E — S be a line bundle over a Riemann surface
S, X : E— TS an isomorphism and V a holomorphic connection on E. The
global holomorphic field G, locally given by (2.11) on Uy, where {(Uy, 24, €a)}
1s a trivializing cover for E, is called the geodesic field associated to V and X .
The induced real rank 1 foliation on E'\ S is the geodesic foliation associated
toV and X.

Remark 2.1.22. In the sequel we shall need to explicitely integrate the
geodesic field in some situations. Here we describe a procedure that can often
help.

We use the fact that the geodesics are contained in the horizontal leaves.
We locally parametrize these leaves (with a complex variable) and then use
this parametrization to get information about the geodesics, too.

For the first task, we look for a holomorphic map ¢ : V — E, where V is
an open set in C, such that

¢ =Haoyp
We see that, if we write p(2) = (24((),va(()), we must request
z
b
It is easy to see that the solution is of the form

{Za(C) =(+co (2.15)

o~ o~

1
N (O ) V-

va(C) = va(C) = crexp (=Ko (¢ + o))

for some constants cg,c1 € C and K, is a holomorphic primitive of n, on
V + ¢y (see Proposition 1.1.5).
Next, we consider our geodesic, of the form (z(t),v(t)). From (2.15) and
(2.13), we get
exp(Ka(za(t)))

Xo(2a(0) 2, (t) = c1.
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Suppose now that we can find a primitive F, of exp(Ky)/Xq. In this case
we have Fy(24(t)) = c1t + co. Because of the fact that F!, # 0, we come to

Za(t) = F (et + ca),

which gives the solution for zo(t). It is then easy to solve also for v,(t),
obtaining
2! (t) e
Xa(za(t))  exp(Ka(za(t)))

So, we have defined three foliations on a line bundle p : E — S over a
Riemann Surface. In the next two sections we shall study in more detail
these foliations in the case of E =T'S.

2.2 The foliations on the tangent bundle

The aim of this section is to study the first two foliations we have introduced
for a line bundle p : E — S over a Riemann surface, i.e., the metric and the
horizontal one, in the special case of £ =TS.

The setting will be the following: S will be a general Riemann surface,
and 7 : S — S will be the universal cover, which in particular is a simply
connected Riemann surface, i.e., can be thought of as the unit disk D, the
plane C or the sphere P*(C). V will be a holomorphic connection on TS and
{Ua, 20, 0o} a trivializing cover for T'S. 7, will be the holomorphic 1-form
representing V on U,.

We see that the connection V on T'S induces a connection, that we shall
call V, on T'S, obtained by setting V := 7*V:

dn (% (@)) = Van@dr (7). (2.16)

We shall prove in Chapter 3 (Corollary 3.1.13) that on TP!(C) there cannot
exist holomorphic connections, so that S (and hence also S) cannot be P(C).
So the covering S can be only D or C. In any case, TS is a trivial bundle and
so can be trivialized by an atlas consisting of a single chart. We shall call w
the coordinate on S , and % will be the global generator of T S. Because of
the fact that TS is trivialized by a single chart, we can represent V with a
single global holomorphic 1-form 7.

The first thing we would like to do is to relate 77 (on 7= 1(U,)) with 4. To

do so, as the last piece of notation, we define a function 7/, : 7=1(U,) — C*
by

0
dmy, <8UJ> = 7ng(w>804\7r(w)'

The following Lemma gives the relation between 7 and 74, expressed in
terms of the function 7,
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Lemma 2.2.1. Under the hyphoteses above, we have:

L, 1
N ="m"Na + W—,dw;. (2.17)
(6

Proof. We prove that

N (D) L (O
Now) =" "\ ouw o, "o\ w )

By the definition (2.16) of V, we have

0 ~ 0
/= — -
vﬂ-&%hr(w) (Waazhr(w)) dﬂ-v% (810) '

The left hand side is equal to

0 d 0 d
o (dw; < ) ® =— + T Mo < ) ® = > 2.18
0% |r(w) 0z | (w) g 0% |r(w) 0z | (w) (2.18)

while the right hand side is equal to

_( 0 0 2 0
J B i Iy B S 2.19
" (77 (8111) © 8w> (7)1 & 0z | (w) (2.19)
Equating (2.18) and (2.19) and dividing by (7,)*, which is everywhere
different from zero, we get the assertion. ]

We can now start studying the two foliations on T'S. The following result
permits to relate the foliations on TS to those on T'S.

Proposition 2.2.2. Let S be a Riemann surface and ¥V a holomorphic
connection on T'S. Let m: S — S be the universal covering of S and V the
holomorphic connection on TS induced by V. Then dr sends the leaves of
the metric foliation of TS onto the leaves of the metric foliation of T'S, and
the same is true for the horizontal foliation.

Proof. We prove that the form @ representing the metric foliation on p :
TS — S'is (a positive multiple of ) the form (dr)* @, where @ (see Proposition
2.1.11) represents the analogous foliation on p : T'S — S, and that the same
is true for @ and (dm)* (w), the forms generating the horizontal foliations.

We start with the horizontal foliation, i.e., with @ and (dr)" (w). Recall
that

N 1
W =pPN+ U—dva

«

and
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where v is, in analogy with v,, the coordinate in the fiber of TS. By definition
of /,, the map dr : T'S — T'S has the form

dre(w, v) = (m(w), T (w)0)

«

which means that v, o dm = (7, o p) ¥, and so we have

(dr)*w = (dm)* <p*7]a + vldva>
1

Vo © AT

T Na + dlog ((Tr; o ﬁ) 5)

e + dlog (7, o p) + dlog (V)

*

T Mo+

d (vg o dmr)

SESE™Y)

-1
N+ =dv
v

I
£

which gives the thesis for the horizontal foliation. Regarding the metric
foliations, since @y = |v4|? Rew and @ = [v|? Rew, we have

(dm)* wa = |vg © d7r|2 Re (wodn) = |7, o'ﬁ\2|5|2 Rew = |7, oﬁ|2%,

where we used the fact that (dm)*w = @, proved in the first part of this
proof. The assertion follows. O

Proposition 2.2.2 allows us to split our study of the metric and horizontal
foliations in two parts: understanding their behaviour in the case of simply
connected surfaces admitting holomorphic connections (i.e., D or C), and
then recover information for a generic surface by passing to from the universal
cover. N

The first task is easy to do: if S is D or C, we know that the tangent
bundle T'S is isomorphic to the trivial bundle S x C. In fact, given an
element U%lz € T'S, we can see it as a pair (z,v) and it is easy to see that
this actually gives an isomorphism of bundles.

Let us study the metric foliation. By Definition 2.1.10 (and Proposition
2.1.9), the leaves of this foliation are (locally) the level set of any metric
adapted to V. In particular, in this case we have a global metric of this kind,
represented by the function

n(z) = exp <2 Re IN((Z)) ,

where K is a global primitive of 77. So, the leaves of the metric foliation are
the level set of the function

exp <2 Re I?(z)) |v|?
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and, using the isomorphism between TS and S x C, we see that any such
leaf (except the zero section, corresponding to the 0 set of the norm function)
is diffeomorphic to a “cilinder” S x S', by

(ew, z) — (Z,exp (— Re IN((,Z)) exp (Re IN((ZO)) ]v0|62m9> .

Similarly, from Proposition 1.1.5 we see that the leaves of the horizontal
foliation are given by

exp (I?(z)) v=c (2.20)

for some constant ¢ € C (again, the zero constant gives the zero section).
We immediately recognize that the leaves of the horizontal foliation are
biholomorphic to S, by the map

z (Z,exp (—IN((,Z)) exp (K(zo)) vg> :

In particular, we see that each metric leaf is foliated by horizontal ones
and that the intersections of these foliations with every fiber of TS are a
circumference (for the metric foliation) or a point (for the horizontal one).

In the remaining part of this section we consider a generic Riemann
surface S and 7 : S — S will be its universal cover. So, we are in the
situation described by the following diagram:

7§ 2.3
dm ™

7s 2.5

It is clear that, apart from the foliations on S , to study the foliations on S
we need one more ingredient: to understand the action of the automorphism
group. In fact, consider a point z5 € S and a non-trivial loop ~ in S with
base point zp. Start following the leaf of the horizontal foliation (with the
metric one is analogous) from a point vy € 73,5 along the path . For every
point z € 7, we find the corresponding point in 7.5 given by following the
leaf along 7. It may happen (and in general it does) that, when we come
back to zp, we reach a point in 7S which is not vg. Then, we can follow
this v another time, or also consider a different loop, and in general we shall
continue to find different return points in the fiber 77,S. In particular, we
see that this time the intersection of a leaf with a fiber may be different from
a single point.

So, being exp (K ) the quantity we have to study to understand the
metric and horizontal foliations, we need to find some relation betweeen
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exp (IZ' ) and exp <k o fy), where with v we shall continue to denote both a

loop in S and an element of Aut(7). Before doing this, we need to introduce
a notation regarding 7. In the same way we defined the function 7!, related
to the action of dm,, we introduce the function " on S, defined by

e (£”> - 7/(w)<£”>|v( )

We immediately see that, by definition of 7/, we have
(mo o)y =,
and
dﬂgo = 7/(50)d7r,y(g0).

The following Lemma gives a relation between v*n and 7. Its proof is
essentially the same as the one of Lemma 2.2.1.

Lemma 2.2.3. Let S be a Riemann surface, V a holomorphic connection
onTS, m: S — S the universal covering of S, V the holomorphic connection
on TS induced by V and 1 a global form representing V and v € Aut(n).
Then,

~ o~ 1

=97+ Vdv’- (2.21)
Lemma 2.2.4. Let S be a Riemann surface, V a holomorphic connection
onTS, m: S — S the universal covering of S, V the holomorphic connection

on TS induced by V and v € Aut(m). Let 77 a global form representing \Y
and K a global primitive of . Then

exp ([?o*y) = pf(yfIY)eXp (I?)

Proof. First, we can integrate (2.21) and take an exponential, to get

6(v)
,7/

exp (IN( o 7) = exp (IN() (2.22)
for some 6(y) € C*. Then, we prove that d6(y) = p(y), the monodromy
representation. Let {(U,,24)} be an open cover of S, made by simply
connected open sets, such that all the non-empty intersections are connected.
We use it and Aut(7) to construct a suitable open cover for S. To do so, fix
for avery o a connected Component of m~ (U ) and call it (~]a id- Then, denote
with UCy ~ the component 'y(Ua id)- 1t is easy to see that {Ua A1 Zaom,0/0w}
is actually an open cover of S trivializing TS. Moreover, being S simply
connected, the cocycle representing TS is trivial.
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We choose a holomorphic primitive K, of N on every U,. As from (2.21)
we derived (2.22), we see that from (2.17) we get

exp(K)

,~

= Cay exp(Kqy 0 W)WaUaﬁ

|Uay
for some constants co, € C* .

Now, consider a non-empty intersection U, N Ug. For every v € Aut(m)
there is a unique v; € Aut(nm) such that Uy, NUg,, # 0 and so, in this
intersection, we have

_exp(K)  cqyexp(Kyom)m

exp(K) C8m exp(Kpg o 7T)7T£3

Cay exp(Kq 0 ) <6za ) Cay
= — O T =

8y exp(Kgom) \ dzp B.m

/
a

(2.23)

Jjaﬁv

where {1&043} is the locally constant cocycle representing the monodromy of
the connection V.
Consider now two elements 7,y € Aut(r). We have

exp(K o), =exp(K)g 07 = Cangexp(Kaomoq)(mg 07)

ﬁa,’wo
_ Caro r_ Capo 1 =\
== exp(Kq om)m, = car 7 exp(K)‘UaﬁO.
So we have d(y) = cg’% and we are done, because of the canonical isomor-
Y0
phism between Cech and singular cohomology. O

We are now ready to prove the following Theorem, that describes the ge-
ometry of the metric foliation, relating this to the monodromy representation,
defined in Definition 1.1.6.

Theorem 2.2.5. Let V be a holomorphic connection on the tangent bundle
p: TS — S of a Riemann surface S. Let L be a leaf of the metric foliation
induced by V on T'S and let vo € T,,S N L. Then

LNT,S = |p|(m) (S* - o) (2.24)

and

LNT,S = |p|(n) - (S'vp) - (2.25)
It follows that

1. if V has real periods then all leaves of the metric foliation are closed
i TS;

2. if V has not real periods then all leaves of the metric foliation accumu-
late all points of the zero section of T'S.
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Proof. By definition of metric foliation, we have S - v C LNT,S. On the
universal cover S of S we consider a lift of L,ie., aleaf L for the induced V

such that L = dr ( ) We fix a point zg € 7w~ (zo) and vy € T;;OS such that
dm(vg) = vy.
We are going to prove that, if v € 71(S, z0),

ey (Eage) = 'pé) s, (Iz,) (2.26)

where we see 7 as an element of Aut(r) and Lz denotes LNT5S. From (2.26)
and from the fact that dmnz, (Ego) = S1. vy we can derive that

LTy = U drye (B) = i) (8" ),
yeEAut(m

which is (2.24), and (2.25) clearly follows. N
So, we have to prove (2.26). We have (zp,79) € L. Consider another
point (z,v) € T'S. We have

(3,7) € L & exp (Refc(a) 3] = exp (Refc(zo)) 1%,

where, as usual, K denotes a primitive of 77. Using Lemma 2.2.4 we deduce
that

~\ ~ 5 7 ~ 7’(50) ~
(v(z0),v) e Se L< v = Ee [vo]. (2.27)
From this last equivalence we get
L ( .7

and, using dm.z,) = deO, we get (2.26).

We now prove the second part of the Theorem. Statement 2 is easy: if
V has not real periods, by definition |p|(7) is not contained in S!, and so
0 € [ol(m).

Instead, assume that V has real periods. We want to prove that any leaf
LcTS\ S isclosed in TS.

To do so, we consider a succession (zx,vx) € L, with (zx,vr) — (20, v0)
and we prove that (zg,v9) € L. We lift L to a leaf L as before, so that

= dw(f). We take preimages (Z,vx) C L of (zk, vk ), i.e., such that
W(gk) = Zk and d?‘l’jg,C (5;)

Now we fix a point 2y € 7 1(20). Our goal is to find a 99 € T:S’vgo such
that (29, 00) € L and dms,(09) = vo. This would imply that (zo,vo) € L.

We know that z; — zg. So, it means that there exist a sequence {v;} C
Aut () such that the succession 2, = v, Y(Zk) = 20. We consider the elements
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O = Uk /), (k). First, we notice that dms, (0y) = dmz, (0) = vg. Then, by
the characterization (2.27) of living in a leaf, we have that (2x, 0x) € L.

This means that the product exp (Re K (ék)> |0k | is a (non-zero) constant

and the fact that exp (Re I?(ék)> tends to exp (Re I~((20)) as zp — 20 says

that the sequence {0} is bounded. So, there exists a subsequence of the ©j’s
that converges to a certain 0y € C. By continuity, we have that (2o, 0x) € L.

From the fact that dm (E) = L we know that (zg,dmrs,(09)) € L. So, if we

prove that dmz,(09) = vo we are done. But this follows from
dﬂ’go (@0) = lilgn dﬂ'gk (’ﬁk) = hin’uk = 9.
]

The description of the horizontal foliation is similar. The proof of the next
Theorem is essentially the same of the previous one, with all the arguments
repeated without taking the modulus of the elements.

Theorem 2.2.6. Let V be a holomorphic connection on the tangent bundle
p: TS — S of a Riemann surface S. Let L be a leaf of the horizontal
foliation induced by V on T'S and let vo € T,,SNL. Then p(L) =S and

LNT,S = p(r)- vy

and

LNT,S = p(r) - vo
It follows that

1. if V has real periods then all leaves of the horizontal foliation are closed
inT'S or every leaf is dense in the leaf of the metric foliation containing
it;

2. if V has not real periods then all leaves of the horizontal foliation
accumulate all points of the zero section of T'S.

In the last part of this section we are going to study the dynamics of the
geodesics for a holomorphic connection on the tangent bundle of a Riemann
surface. We shall first study the problem for simply connected Riemann
surfaces (i.e., D or C, because there are not holomorphic connections on
P!(C)) and then we shall get information about the geodesics on a general
Riemann surface looking at what happens on the universal cover, as we did
for the metric and horizontal foliations.

So, let us suppose we are given a simply connected Riemann surface
S and a holomorphic connection V on TS. We start our study defining a
function J : S — C, which will prove to be extremely useful for the study of
the geodesics.
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Definition 2.2.7. Let 1) be the global 1-form representing v and let K :
S — C be a holomorphic primitive. We define a function J : S — C as a
holomorphic primitive of exp(K).

We immediately remark that J actually exists, because §~is simply

connected, and that J is locally invertible, because J' = exp(K). In the
following Proposition we study the main properties of J.

Proposition 2.2.8. J is a local isometry from S to C, if we consider on S
the metric corresponding to K (se~e Proposition 2.1.6). Moreover, a smooth
curve o: I — S is a geodesic for S if and only if there are two constants cg
and wy € C such that J(o(t)) = cot +wo. In particular, the geodesic with
0(0) = z9 and o’ (0) = vy € C* is given by

o(t) = J 7 (cot + J(20)), (2.28)

where ¢y = exp (I?(zo)> vo and J~1 is the analytic continuation of the local

inverse of J near J(z0) such that J=' (J(z0)) = zo0._
Finally, a curve o: [0,e) — S is a geodesic for V if and only if

o' (t) = exp <—I~((a(t))) exp (f{(a(o») ' (0), (2.29)
if and only if

J(o(t)) = exp (K(a(O))) o' (0)t + J(o(0)). (2.30)

Proof. Being S simply connected, we have an isomorphism between T’ S and
S x C, given by v%‘ — (2z,v). We also know by Proposition 2.1.6 that the

z
metric g corresponding to K is characterized by n(z) = exp (2 Re K (z)) So
the lenght of an element v% € TZ§ is given by

3:(v) = exp (Re K (2)) Jo].

By definition of J, this is equal to |J'(z)v|, which precisely means that J
is a local isometry, and also (2.28) follows. In particular, this says that J
locally sends geodesic segments to euclidean segments.

To prove the equivalence of being geodesic with (2.29) we recall that
every geodesic lives in a leaf of the horizontal foliation and this means, by
(2.20), that

o’ exp (IN((J)) =c

for some constant ¢ € C. In particular, we have

o'(t)exp (K(0(1))) = o'(0) exp (K (a(0)))

which is clearly equivalent to (2.29). Conversely, we see that every o satisfying
(2.29) satisfies also (2.12), and this gives the equivalence. Finally, equivalence
with (2.30) follows from that with (2.29). O
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We end this section by proving a statement, analogous to Proposition
2.2.2, about the relation between V-geodesics and geodesics for the connection
V induced on the cover by V, and studying the action of Aut(m) on the
geodesics for V.

Proposition 2.2.9. Let S be a Riemann surface and V a holomorphic
connection on T'S. Let m: S — S be the universal covering of S and V
the holomorphic connection on T'S induced by V. A curve o: I — S is a
geodesic for V if and only if c = m oo is a geodesic for V.

Moreover, every v € Aut(m) sends %-geodesz’cs n 6-geodesics.

Proof. By definition of m we have
Vo' = Vdﬂ(gr)dw(?i/) =dr (%;x’&’) .

So, we have N
Voo =0 Vzo =0

which gives the first assertion. _
For the second, we suppose that ¢ is a V-geodesic and prove that also
~voo is. By (2.29), we need to show that

(v00)(t) = exp (<K (y o o(t) ) exp (K (3 0 0(0))) (vo o) (0).  (231)

But, from Lemma 2.2.4, we know that
exp (~K(yo0(t)) exp (K(y00(0))) (00)(0)

—Mex K o p(V) ex ~o "o o
=10y o (K@) S e (K(e(0) 7 (0(0)7'(0)

= (7 (o) [exp (~K (o (1)) ) exp (K (a(0))) o'(0)]

and this is equal to (7/(a(t))) o' (t) = (yo o) (t) by (2.29). O






Chapter 3

Poincaré-Bendixson
theorems for meromorphic
connections

In this chapter we shall introduce the notion of meromorphic connection on
a Riemann surface, as an extension of the idea of holomorphic connection.
In particular, this will give a way to differentiate meromorphic sections of
a holomorphic bundle insted of only holomorphic ones. We shall introduce
geodesics for these connections and in particular study their behaviour in
the case of connections on the tangent bundle. The main result will be a
characterization of the possible w-limits for a geodesic, which generalizes the
analogous statement for the Riemann sphere in [AT11] to the setting of a
generic compact Riemann surface.

3.1 Meromorphic connections: generalities

Before giving the definition of a meromorphic connection, we shall review
some basic definitions and facts regarding meromorphic sections of a holo-
morphic bundle over a Riemann surface. As always, p: E — S will be our
holomorphic bundle over a Riemann surface S. We shall denote by M the
sheaf of meromorphic functions on S.

Definition 3.1.1. A meromorphic section of a holomorphic vector bundle
p: E — S over a Riemann surface S defined by a holomorphic cocycle
£ = {&as} is a meromorphic vector cochain {xo}, with vo € M(Uy) ®c C"
such that, on every non-empty intersection U, N Ug, we have

To = EapTg.
We shall denote by Mg the sheaf of meromorphic sections of p: E — S.

33
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What we are going to do now is to find an invariant for all the meromorphic
sections of a given line bundle. In this way, we shall be able to associate to
any holomorphic line bundle over a Riemann surface this invariant, that will
be called the degree of the bundle. To define this invariant, we need to recall
the following basic definition.

Definition 3.1.2. The order at 0 of a meromorphic function p(z) defined
on an open set U C C, with 0 € U 1is the order of its Laurent series at 0, i.e.,
the only integer v such that z=V(v) is holomorphic and non-vanishing at 0.

The order at 0 of a meromorphic vector function @ = (p1,...,¢n) defined
on an open set UsubseteqC, with 0 € U is the minimum of the orders of the
components ;.

The definitions clearly extend to a generic point different from 0. We
remark that for meromorphic vector functions too the order v at 0 is the
only integer such that z7”%(z) is holomorphic and non-vanishing at 0.

We are now ready to define the order of a meromorphic section s €

Mp(S).

Definition 3.1.3. The order ord, of a meromorphic section s of a holomor-
phic bundle p: E — S at a point z € S is the order at 0 of the corresponding
meromorphic vector function in any chart U, trivializing the cover (and
containing z).

This definition is well posed because, being the bundle holomorphic, the
transition maps are holomorphic and so the order does not depend on the
chosen chart. We also remark that the order of a section is non-zero only for
a discrete set of points, and hence for a finite set if S is compact. So, in this
case it is meaningful to consider the sum of all the orders at the points of
S, thus obtaining the following definition of total order for a meromorphic
section.

Definition 3.1.4. Let p : E — S be a holomorphic vector bundle over a
compact Riemann surface S. The total order of a meromorphic section s of
this bundle is the sum of all the orders of s at the points of S.

The next Proposition shows that this total order is in fact independent
on the section if p: F — S is a line bundle.

Proposition 3.1.5. Letp: E — S be a line bundle over a compact Riemann
surface S. Then, every non trivial meromorphic section of E has the same
total order.

Proof. Consider two sections s and s’. Because of the fact that the fibers
are 1-dimensional, we have s = s’ for some global meromorphic function

v € M(S). So, we have

Z ord, s = Z ord, s’ + Z ord, .
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But it is known that, for every meromorphic function ¢ on a compact
Riemann surface, we have ), ord, ¢ = 0, and the assertion follows. O

So, the total order does not depend on the section, and this allows us to
give the following definition.

Definition 3.1.6. The degree of a line bundle p: E — S over a Riemann
surface is the total order of a (and hence any) meromorphic section of E.
We shall denote the degree of the bundle with deg E .

We remark that the degree of E* is deg E* = deg E.
The following Theorem gives a useful characterization for the degree of
the bundle we will be most interested in, the tangent bundle.

Theorem 3.1.7. The degree of the tangent bundle p : T'S — S of a compact
Riemann surface is equal to the Fuler characteristic of the surface

degp = xs.

Proof. It follows from a double application of the Riemann-Roch formula.
Let us first recall it in this situation: given a compact Riemann surface S
and a line bundle L over S we have

RO(S, L) — h%(S,L* ® (T'S)*) =deg L + 1 — g, (3.1)

where h?(X, E) is the dimension over C of the vector space of the holomorphic
sections of the line bundle E over S and g is the genus of S.

We first apply (3.1) with L equal to the trivial bundle, for which we have
hY(S, L) =1 (it is the dimension of the space of holomorphic functions on S,
which are only the constants because S is compact) and deg L = 0. It means
that

1-h(S,(T9)")=1-g,
i.e., we get
RO (S, (TS)*) = g. (3.2)
Then, applying (3.1) with L = (T'S)" we get

g—1=deg(TS)"+1—g
which gives deg (T'S) = —deg (T'S)" =2 —2g O

We now come to the definition of a meromorphic connection for a line
bundle p : £ — S. As we did for the holomorphic connections, we give
the definition for a holomorphic vector bundle of any rank, but we imme-
diately restrict to the case of a vector bundle. In particular, in the sequel
meromorphic connection will always stand for meromorphic connection on a
holomorphic line bundle.
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Definition 3.1.8. A meromorphic connection V on a holomorphic vector
bundle p : E — S is a C-linear map V : Mg — ./\/l}g @ m(s) ME (where
M}sv @ pm(s) ME is the M(S)-module of meromorphic fiber-valued 1-forms
on S) which satisfies the Leibniz rule

V(se) =ds®e+ sVe

forall s € Mg and e € Mg.

Let us consider a meromorphic connection on a line bundle. It is easy
to see that, given a trivializing cover {Uy, 24, €o} for the bundle, we have a
meromorphic 1-form 7, on every U, representing the connection, i.e.,

V($a) = Na ® Sq

for every local meromorphic section s, on U,, exactly as it happens for
holomorphic connections. Another thing that continues to hold is the relation
(1.2) between the forms 7, and ng representing V on two overlapping open
sets U, and Ug,

6504,8

5046 .

N = Na + (33)
Moreover, we see that any collection {n,} associated to a trivializing
cover and satisfying (3.3) gives a meromorphic connection.
The following definitions will be very useful in the sequel.

Definition 3.1.9. The residue of a meromorphic connection at a point
z € S is the residue of any 1-form n, representing it on an open set U, of
the cover (when z € Uy).

Being £, holomorphic, we see that (3.3) implies that the residue of
a meromorphic connection at a point p € S is well defined, i.e., does not
depend on the particular open set U, and form 7, used to represent it.

In particular, if all the forms 7,’s are holomorphic, we see that we
re-obtain a holomorphic connection. So, we can really see meromorphic
connections as a generalization of holomorphic ones. In particular, we see
that every meromorphic connection V on a bundle p : E — S is a holomorphic
connection for the bundle p : E|go — S°, where S° is the surface S without
the poles of the forms 7,’s (which will be called the poles of the connection).

We continue to call horizontal a section s such that Vs = 0. We can also
define the geodesics for a meromorphic connection in the following way: given
acurve o : I — S% and X : E — T'S a morphism which is an isomorphism
on E|go0, o is said to be a geodesic with respect to the connection V and X
if it is a geodesic for the holomorphic connection induced on F|go.

The last thing we are going to study in this section is the sum of the
residues of a meromorphic connection on our bundle p : £ — S. We prove
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that it is equal to —degp and so, in particular, for the tangent bundle it
will be —xg. This means that we cannot have holomorphic connections on
Riemann surfaces which are not a complex torus, thus proving the result we
used at the beginning of Section 2.2.

The proof will essentially consist of two parts: we shall prove that the
sum of the residues is independent on the particular connection and then we
shall show a connection for which the equality holds.

We begin with the following Lemma, that in particular will give us the
connection for the second part of the proof.

Lemma 3.1.10. Let s be a meromorphic section of a line bundle p : E — S
over a Riemann surface. Then there exists a unique meromorphic connection
on E such that Vs = 0.

Proof. By definition, s is defined by a meromorphic cochain {s,} with respect
to a cover {U,}. By definition, we have

Sa = £aB58, (3.4)

where £ is the cocycle of the bundle p: E — S. Consider the meromorphic

connection locally represented, on U,, by the 1-form —%". We only have to

prove the compatibility identity (1.2), which in this case means

ds dse  d&,
_dsg _ _dsa  dlap

3.5
Sp Sa Eaﬁ ( )

Differentiating (3.4) we get
dsq = d&apsp + Eapdsp
and so, dividing by s, we get

ds S
Ha _ idﬁaﬁ + fﬂdsﬁ’
Sa Sa Sar
which gives (3.5) because of (3.4).
So, we have a meromorphic connection V. The next step is to prove that
s actually is horizontal with respect to V. But this follows directly from the

definition of V. In fact, locally,
d
Vsa = dsq ® eq + Sq <—;a> Qe =0

and so s is horizontal.
Finally, suppose we have two connections V and V', represented by 7,
and 7/, on Uy, such that Vs = V’'s = 0. It means that, on U,,

dsq R €q + SaNa @ €q =0
dse @ eq + Sanh, @ eq = 0.
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So, we would have
a (7704 - 77(,1) =0
on U,. It means that 7, —7,, = 0 outside the zeroes of s, which are a discrete

subset of U,. By the Riemann extension Theorem, we have 7, — 1), = 0 also
on the zeroes of s, and this means that V = V'. O]

Theorem 3.1.11. The sum of the residues of any meromorphic connection
over a holomorphic line bundle p : E — S over a compact Riemann surface
is the same for every meromorphic connection. Moreover,

Z Res, V = —degp.
peS

Proof. By Proposition 1.1.2 (that is easily seen to hold also for meromorphic
connections), the difference between two connections is a tensor, i.e., the
(tensor) multiplication by a global meromorphic 1-form 7. So, we have

Z Res. (V) — Z Res, (V) = Z Res, 7.

z€S z€S z€S

Since the sum of the residues of every global meromorphic 1-form on a
compact Riemann surface is zero, we obtain the result.

To prove that the sum of the residues is equal to — deg(p) we consider
any meromorphic section s of p: E — S and the (unique) meromorphic con-
nection on F for which s is horizontal. This connection is locally represented
by the form —ds—“ , which has residue at any point z equal to the opposite of
order of s at z. So the sum of the residues for this connection, and hence
for all, because of the first part, is — deg p. O

Corollary 3.1.12. Let S be a compact Riemann surface and V a meromor-
phic connection on p : TS — S, represented by a cochain n of 1-forms 1.

Then
Z Res, V = —xg
zeS

Corollary 3.1.13. There does not exist any holomorphic connection on the
tangent bundle of any compact Riemann surface which is not a torus, in
particular on TPY(C) — P(C).

Proof. A holomorphic connection would have the sum of the residues equal
to zero, which, by Corollary 3.1.12, is possible only with yg = 0. ]

Viceversa, given n points z1,...,2, on P!(C) and n complex numbers
ai,...,n, whose sum is —2, we see that we can construct a cochain of
meromorphic forms such that the residue at z; is equal to a;. In fact, we can
clearly suppose that z; = co. We construct a meromorphic function ¢ in
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C with poles at z;, and Res,, = a;. The residue at oo will be forced to be
—2—>"" ,a; = aj. So, considering the connection represented by ¢ dz, the
following Theorem follows.

Theorem 3.1.14. Let z1,. .., z, be distinct points in P1(C) and ay, ..., a,
be complex numbers such that > a; = —2. Then, there exists a meromorphic
connection on p : TP (C) — PY(C), holomorphic on P*(C) \ {2}, which has
residue a; at z;.

3.2 Meromorphic connections on the tangent bun-
dle

In this section, we study in more detail meromorphic connections on the
tangent bundle of a compact Riemann surface In particular, we extend the
results for P}(C) in Section 4 of [AT11] to the case of a generic compact
Riemann surface S. We shall use these results in Section 3.3 to obtain, with
Theorem 3.4.6, a generalization of Theorem 4.6 of [AT11] (see Theorem 3.4.8)
to this more general setting.

To do so, we start introducing the following definitions/notations. Unless
otherwise noted, in all this section V will be a meromorphic connection on
the tangent bundle of a compact Riemann surface.

Definition 3.2.1. Let S be a compact Riemann surface. Let V be a mero-
morphic connection on S and let S° be the complement of the poles.

e A (n-)geodesic cycle is the union of n geodesic segments o;: [0,1] — S°,
disjoint except for the conditions 0;(0) = 0;_1(1) and 01(0) = o,(1).
The points 0;(0) will be called the vertices of the geodesic cycle;

e A (m-)multicurve is a union of m disjoint geodesic cycles. A multicurve
will be said to be disconnecting if it disconnects S, non-disconnecting
otherwise;

o A part is the closure of an open set of S whose boundary is a multicurve.

We remark that a part may be all of S, when the associated multicurve
is non-disconnecting. Moreover, we see that every disconnecting multicurve
is the boundary of a part P & S.

We would like to define a notion of external angle at a vertex vy = ¢;(0)
of a geodesic cycle, i.e., the angle between the two tangent vectors o/_,(1)
and ¢}(0). To do this, we consider a local metric associated to V near vy,
found applying Proposition 2.1.6, and we see that we can define our notion
of angle using this metric. Furthermore, Proposition 2.1.6 says that every
two local metrics we consider must differ by multiplication of a positive real
function. It means that the notion of angles does not depend on the chosen
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metric, and so we can speak of angles, and in particular of external angles,
with respect of our meromorphic connection V.

We see that the angle is not the only “metric object” that we can associate
to a meromorphic connection. In fact, if considering Proposition 2.1.6 again,
we can prove the following property of the local metrics adapted to V.

Lemma 3.2.2. FEvery local metric adapted to a holomorphic connection V
is flat, i.e., the associated Gauss curvature is everywhere vanishing.

Proof. Each associated local metric is of the form hgg, where h is a positive
real function, given by h = exp(2Re K) = |exp(K)|?, and gy stands for the
Euclidean metric. It is known that, in such a situation, the Gauss curvature
is given by —%A log h, which here is 0 because we have to evaluate a laplacian
of the modulus square of a holomorphic function. O

We remark that this property is true only locally: it does not mean that
we have a flat global metric - actually, it is not even granted that we have a
global metric.

It is possible to see that there is also another interesting quantity that
we can calculate, even if we do not have a global metric. This is the integral,
on a curve, of the geodesic curvature. In particular, if we consider a pole p
for our connection and a small (clockwise) circle 7 around it, not containing
other poles, we see that

/kg — _97(1 + ReRes,(V)), (3.6)

where kg4 is the geodesic curvature of 7 (see for example [AT11], Theorem
4.1 for the proof).

With all these ingredients at our disposal, it becomes natural to try and
apply a Gauss-Bonnet Theorem to study the relation between the residues
of the connection V in a part P of S, the external angles at the vertices of
the multicurve bounding P and the topology of S.

Theorem 3.2.3 (cp. Theorem 4.1 in [AT11]). Let V be a meromorphic
connection on a compact Riemann surface S, with poles {p1,...,p,} and set
SY:= S\ {p1,...,pr}. Let P be a part of S such that the boundary of P is a
disconnecting multicurve v made by n geodesic cycles. Take as orientation of
v the standard one given by the fact of being the boundary of a part P. Let
21,...,%2s denote the vertices of v and ; the external angle at z;. Suppose
that P contains the poles {p1,...,pqg} and denote with Hp the rank of m1(P).
Then

s g
Zsjz%r 2—n—2HP+ZReRespj(V)
j=1 j=1
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Proof. Let 74 be a small counterclockwise circle bounding a disc near p;, and
let kg the geodesic curvature of 77.

With an application of the Gauss-Bonnet Theorem as in [AT11] to P
without the small circles containing the poles in P we find that

g S
Z/ k§+25j:27TXPZ27T(2—n_g_HP)~ (3.7)
j=1"Tj j=1

But from (3.6) we get

g g
Z / k; = —27wg — 2m Z Re ReSpj (V). (3.8)
j:1 Tj ]:1

Comparing (3.7) and (3.8) we get the thesis. O

Remark 3.2.4. The hypothesis that the multicurve disconnects cannot in
general be removed. In fact, consider a single geodesic cycle that do not
disconnect S. Suppose to cut the surface along this cycle and apply the above
argument in this situation. We see that the two geodesic cycle that now
form the boundary of the area where we are going to apply our version of the
Gauss-Bonnet Theorem (that is, all the area of S) have the same external
angles (in absolute value), but, due to the induced orientations, with opposite
sign. So, if we apply the arguments of the previous proof we simply get

Z Respj(V) = -2+ HS = —XS,
p;ES

which does not give us any further information.
From Theorem 3.2.3 we immediately derive the following Corollary.

Corollary 3.2.5. If a and 8 are multicurves such that o = 3 in Hy(S°),

we have
S S
A _ B
doet=D ¢
Jj=1 Jj=1

Proof. Tt follows from (3.7) and the fact that the region without poles
bounded by the two multicurves has Euler characteristic equal to zero. [J

In the next two Corollaries we highlight what happens when the discon-
necting multicurve is made up by a single geodesic or by a single geodesic
cycle composed by two geodesics.

Corollary 3.2.6 (Case of one disconnecting geodesic - cp. Corollary 4.2
in [AT11]). Let V be a meromorphic connection on a compact Riemann
surface S, with poles {p1,...,p,} and set S®:= S\ {p1,...,p;}. Let o be a
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disconnecting geodesic 1—cycle. Let P be one of the two parts in which S is
disconnected by o and € € (—m,m) the unique external angle of o. Then

€=2m (1 —2Hp +ZReRespj(V)> .
P

So
> ReResy,; (V) € (=3/2+ 2Hp, —1/2+ 2Hp).
ijP

Corollary 3.2.7 (Case of two geodesics such that their union disconnects
X - cp. Corollary 4.3 in [AT11]). Let V be a meromorphic connection
on a compact Riemann surface S, with poles {p1,...,p,} and set SO :=
S\A{p1,...,pr}. Let v be a disconnecting geodesic 2—cycle. Let P be one
of the two parts in which S is disconnected by v and €y and €1 be the two
external angles of v. Then

€o+e1=2m (1 —2Hp + ZReRespj(V)>
P

and hence
> ReRes,, (V) € (-2 + 2Hp,2Hp).
pjepP

Remark 3.2.8. In particular, we remark that in a part of S bounded by a
disconnecting 2— cycle there must necessarily be a pole.

In the following we shall need to consider closed geodesics and periodic
geodesics for a meromorphic connection. We define them in the following
Definition.

Definition 3.2.9. A geodesic o : [0,1] — S is closed if o(l) = 0(0) and o’'(1)
is a positive multiple of o’(0). It is periodic if o(l) = o(0) and o’ (1) = o’(0).

As we shall momentarily see, closed geodesics are not necessarily periodic.
This is due to the fact that, starting with a connection, we constructed the
local metrics from it, contrarily to the case of Riemannian geometry, where
we start with a global metric and we construct a connection from it.

By Corollary 3.2.6 we immediately see that a disconnecting geodesic is
closed if if and only if, for every component P of S\ o, we have

> ReRes,, (V) = —1+ 2Hp. (3.9)
P

We do not study in detail periodic geodesics for a meromorphic connection
on a compact Riemann surface, because we shall not need them in the sequel.

We only state a result of [AT11] which characterizes closed and periodic
geodesic in the case of the Riemann sphere, in order to give the idea of the
difference between these two concepts.
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Proposition 3.2.10 (Corollary 4.5 in [AT11]). Let V be a meromorphic
connection on PY(C), with poles {po = o0, p1,...,pr}, and set SO =PL(C)\
{po,p1,...,pr} CC. Let 0 : [0,]] = S be a geodesic with o(0) = o(l) and
no other self-intersections; in particular, o is an oriented Jordan curve. Let
{p1,...,pg} be the poles of V contained in the interior of o. Then o is a
closed geodesic if and only if

g
Z ReRes), (V) = —1
j=1
and it is a periodic geodesic if and only if
g
ZRespj(V) =-1
j=1

If o is closed, at every turn the tangent vector is multiplied by

g
exp QWZImRespj(V) ,
j=1

and so o can be extended to an infinite lenght geodesic o : J — S, where J
is a half-line (possibly J = R) such that:

1. if 379_ ImResy, (V) < 0 then o'(t) = 0 ast — +o0 and |0’ ()] — +oo
as t tends to the other end of J;

2. if 339_ ImResy (V) > 0 then o’'(t) — 0 as t — —oo and |0’ (t)| — +00
as t tends to the other end of J.

3.3 Minimal sets for fields on compact surfaces

In this section we shall study the following problem: we have a compact real
surface M and a, possibly singular, foliation on it. We want to study the
leaves of such a foliation and, in particular, its so-called minimal invariant
sets, which can be seen as the smallest (under inclusion) closed subsets of M
containing the leaf of each of its points.

For the sake of clarity, we shall start with a simpler problem: we are
going to define and study the problem in the case of vector fields. Then, we
shall generalize to line fields.

The first thing we do is giving the following Definition.

Definition 3.3.1. Let X be a smooth vector field on a real compact surface
M. A subset Q) C M is invariant for X if, for any p € ), the integral curve
for X issuing from p is contained in €.

Q 4s minimal for X if it is closed, invariant for X, non-empty and
contains no proper closed invariant subsets.
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The following Theorem, proved by Arthur J. Schwartz in [Sch63], charac-
terizes the possible minimal sets for a smooth vector field.

Theorem 3.3.2 (Schwartz [Sch63]). Let M be a compact connected two-
dimensional smooth real manifold. Let X be a smooth vector field on M and
Q be a minimal set for X. Then  must be one of the following:

1. a fized point for X;
2. a single, closed orbit homeomorphic to S*;
3. all of M, and in this case we have that M 1is the two-dimensional torus.

It is actually possible to generalize Theorem 3.3.2 to the case of several
vector fields. Let X = {X;} be a family of smooth vector fields on M. A
set ) C M is invariant for X if it is so for every X; € X. Again, we can
consider the minimal invariant sets for X', defined as a closed, non-empty
invariant sets Q which do not contain any €’ satisfying the same properties.
The next Theorem gives a characterization of these sets.

Theorem 3.3.3 (Hounie [Hou81]). Let M be a compact connected two-
dimensional smooth real manifold. Let X be a family of smooth vector fields
on M, and let ) be a minimal set for X. Then ) must be one of the following:

1. a point which is a common zero for all the fields in €;

2. a single, closed X-orbit, i.e., an orbit for every element of X, homeo-
morphic to S*;

3. all of M.

Consider now a line field A on M and the associated foliation. We
say that Q C M is invariant for A if it is a union of leaves and singular
points. Again, Q is minimal if it is closed, non-empty, invariant and does
not properly contain any ' with the same properties. The next Theorem
gives a characterization of the possible minimal sets.

Theorem 3.3.4 (Hounie [Hou81]). Let M be a compact connected two-
dimensional smooth real manifold and let A be a smooth line field with
singularities on S. Then a A-minimal set  must be one of the following

1. a singularity of A;
2. a closed integral curve of A, homeomorphic to S';

3. all of S, and in this case A is equivalent to an irrational line field on the
torus (i.e., there exists a homeomorphism ¢ : M — T that transforms
the given foliation to the one induced by an irrational line field).

We shall use this Theorem in the following section, to study the possible
w-limits of geodesics for a meromorphic connection.
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3.4 w-limits sets of geodesics

Once we have defined a meromorphic connection on a Riemann surface and
a notion of geodesic for it, we can ask which is the asymptotic behaviour of
these geodesics, e.g., which is the shape of their w-limits. In this section, we
give an answer in the case of a compact Riemann surface.

The main idea will be to see a geodesic ¢ as part of a leaf of a suitable
foliation F on S, and then to apply Theorem 3.3.4 to get some information
about the minimal sets for F contained in the w-limit of ¢. Then, we shall
use these information to recover the shape of the w-limit itself.

The following Lemma provides a smooth line field A such that o is (part
of) an integral curve of A.

Lemma 3.4.1. Let S be a compact Riemann surface and V a meromorphic
connection on S, with poles py,...,p, € X. Let S = S\ {p1,...,pr}. Let
o: (e_,e1) — SY be a geodesic for V without selfintersections, mazimal in
both forward and backward time. Then there exists a smooth line field A on
S, which has o as integral curve and, in a neigbourhood of o, is singular
exactly on the poles of V. In particular, on the w-limit of o, the line field A
is singular exactly on the poles of V.

In particular, this precisely means that we can see o as (the support of)
an integral curve for a line field on .S and apply Theorem 3.3.4 to study the
minimal sets contained in its w—limit.

Proof. If A c S° is open and small enough, we can find a metric g on A
compatible with V and an isometry J between A endowed with g and an
open set in C endowed with the euclidean metric; g is unique up to a positive
multiple.

We consider an open cover A of S° made up by open sets A; with the
following properties:

1. A is locally finite;

2. each A; is endowed with a metric ¢g; compatible with V, and with an
isometry J; : A; = B; C C, with B; convex;

3. if o intersects A;, we fix a bound on the possible angles between pairs
of lines in C D B; which contain the image of a part of . Say that the
range of the possible angles between these lines must be less than 7.
It is possible to do so thanks to the (continuous) dependence of the
solution of the geodesic equation from the initial conditions and the

fact that the isometry is continuous, too.

We shall start building a line field on every open set A; of A. Then we
shall show how to use them to find a global line field on S°, and finally we
shall extend it to all of S. To do so, let us fix an open set A € A, together
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with its image B. We shall now costruct a smooth flow of curves in B, that
will correspond to a smooth flow of curves, and so to a line distribution, in
A.

If o does not cross A, we put on B any smooth vector field which is never
zero and consider its associated (regular) foliation.

If o crosses A, we consider the segments o, C B which are the images
of the connected components of o(I) N A (recall that J sends geodesics
segments in A to Euclidean segments in B). In particular, we recall that,
by our assumption on A, the angle between o; and o; is bounded by g for
every pair (i,7). We fix a line [ in C and use it to define the inclination 0,
of every o, as the angle between [ and the line containing o,,.

We see that the ,,’s disconnect B in some components. We describe now
how to costruct the flow in all these components.

1. Suppose we have a gg that disconnects B in two parts, at least one of
which that does not contain any ¢;. In such a zone, we define our flow
by means of lines parallel to oy and take the associated line field.

2. In a component By; of B bounded by two segments oy and o1 and where
we do not have other ;’s, we define the vector field in the following
way: we take two points yg € o¢ and y; € o1. By convexity of B, the
segment joining them is contained in B. We parametrize this segment as
7:10,1] = B, 7(t) = (1 —t)yo +ty:1 and, for every ¢t € [0, 1], we consider
the line [; passing through 7(¢) with inclination 6y + ¢(t)(61 — 6o),
where ¢(t) is a smooth, non decreasing function, ¢(t): [0,1] — [0, 1],
which is 0 in a neighbourhood of 0 and 1 in a neighbourhood of 1. We
immediately see that the intersections fl; = [, N B form a smooth flow
on By, and that this flow is smooth also at the boundary of By (i.e.
near og and oy).

3. Being the o, disjoint, the only missing case is when we have some o,,’s
accumulating to a line 0g. We add the limit line to the foliation, so that
now all B will be divided in zones where we can apply the arguments
of cases 2 or 1. Because of the smooth dependence of the geodesics
on the initial conditions, the new line will not cause any problem of
smoothness.

Clearly the foliations we built in the different parts of B glue to a global
one and so we see that we have costructed a smooth line field in B (and
so also in A). Note that the inclinations of these lines are bounded by the
inclinations of the o, with the same bound if case 3 did not happen, or a
bit more (say, less than 7/3), if we needed to add limit lines. So, the angles
betweeen all these lines are less than 7.

The next step will be to glue the local line fields we have built on the
A; to a global field on S°. This means that we must specify, for every point



3.4. w-limits sets of geodesics 47

p € S°, a direction A\(p) in TSS, such that the correspondence p — A(p) is
smooth. To do so, we consider a partition of unity p; subordinated to the
cover A. If p belongs to a unique A;, we use as A(p) the one given by the
local costruction above. Otherwise, if p belongs to a finite number of A4;’s
(recall that the cover is locally finite) we do the following. Suppose that,
without loss of generality, p € A1 N---N A,. We have n lines in T’ 5’8 , given
by the local constructions on the B;’s. We use the partition of unity to do a
convex combination of (the inclinations, measured with respect to any of the
B,’s involved, of) these lines, thus obtaining a line in TSI? . We remark that,
by the arguments before Theorem 3.2.3, the notion of angle is well defined
and does not depend on the particular local metric, and so neither on the
open set, chosen to define it.

We have thus obtained a smooth line field on S° having S° as integral
curve. We check that it is non-singular near o. Clearly, it suffices to check
that the foliation is non-singular on the intersections Ay N --- N A,, which
intersect o. For this, we use the hypothesis on the boundedness of the
differences of angles among the lines in B;. We extend this line field to all
of S, adding the poles as singular points. The resulting field satisfies the
request of the Lemma, and so we are done. O

The following Theorem describes the possible w-limits of a V-geodesic.
Before introducing it, we give a couple of definitions that we shall need in
the statement and in the proof.

Definition 3.4.2. A saddle connection for a meromorphic connection on
the tangent bundle of a Riemann surface with poles pi,...,p, is a mazimal
geodesic o: (—e_,ey) — SO such that o(t) tends to a pole for both t — ¢_
and €.

A graph of saddle connections is a connected graph in S whose vertices are
poles and whose arcs are saddle connections. A spike is a saddle connection
of a graph which does not belong to any cycle of the graph.

A boundary graph of saddle connections (or boundary graph) is a graph
of saddle connections which is also the boundary of a connected open set of

S.

In the sequel we shall need a notion of disconnecting graph more mean-
ingful, in our context, than the purely topological one. In fact, consider a
graph that does not disconnect S and suppose to be able to add to it a small
disconnecting cycle near one of its poles. The new graph disconnects S, and
we may take the small disconnecting cycle as small as we like. So, we look
for a notion of disconnecting graph which should be invariant under these
small modifications of the graph.

We actually reserve the term disconnecting graph for the usual topological
situation, and we are going to call this property essentially disconnecting
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graph. To be able to define it, we need to state what we shall call desingu-
larization of a graph G to a curve 7.

Consider a boundary graph G and call A the open set of S whose boundary
bA is G. For every vertex p; of G, take a small open ball B; centered at that
pole. Moreover, consider a small open neigbourhood Cj of every spike of G.
We see that the union of the following three sets is a curve in S, that we
call a desingularization of G-

° G\ (UijUUiCi>?
. (Uijij) \U, ¢

o (U;bCin A)\U; B;.

The rationale behind this definition is the following: we take the graph
and the boundary of the neighbourhoods of the spikes outside the small
balls at the vertices and we connect them with small arcs (which are the
boundaries of the small balls). We see that, in particular, we can (uniformly)
approximate the graph G with desingularizing curves with respect to any
global metric on the compact Riemann surface S.

Remark 3.4.3. If the graph bounds two open sets of S, there may happen
that, using one of them, the resulting desingularizating curve is not connected.
In this case, we consider as desingularization the one which is connected.

We are now ready to give the following definitions.

Definition 3.4.4. A cycle of saddle connection which is the boundary of
a connected open set in S essentially disconnects S if every sufficiently
well-approzimating desingularization of G disconnects S.

It is clear that, for sufficiently well-approximating desingularization, the
fact that one of them is disconnecting implies that all of them are. Because of
this we may give the previous definition without specifying which particular
desingularization we are using.

It is also clear that our starting example, i.e., the union of a non discon-
necting cycle and a small disconnecting one, is not essentially disconnecting.

What we are going to do now is to relate this definition with the property
of having disconnecting cycles.

Lemma 3.4.5. Let G be a graph of saddle connections in S, such that every
cycle of G disconnects S. Then G is essentially disconnecting.

Proof. Because of the fact that every cycle in G disconnects S, we can paint
in black, for every cycle C, the part of S\ C not contained in A, the open set
of S whose boundary is GG. In this way, S will now have every component of
S\ G, except A, painted in black and A, say, white. Now we desingularize
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(a) the graph (b) the black region (c) the curve w

Figure 3.1: Desingularization of the graph

G to a curve v in the following way, clearly equivalent to the construction
above: near a pole connecting two (or more) cycles, we paint in black a little
ball and, for every spike, we substitute it with a little black strip following
its path, so that now we get a unique black region (see figure 3.1). We call
the boundary of the black region we have constructed in this way. Clearly
v is (homotopic to) a desingularization of G and, because of the fact that
it divides a black region and a white one, by definition v disconnects S. It
follows that G is essentially disconnecting. O

So, we know that if every cycle is disconnecting then the graph is essen-
tially disconnecting, while we can construct examples with an arbitrarily
high number of disconnecting cycle (and at least one non disconnecting)
which are not essentially disconnecting.

Now we state and prove the main result of this section.

Theorem 3.4.6. Let S be a compact Riemann surface and V a meromorphic
connection on T'S, with poles py,...,p, € A. Let S° = S\ {p1,...,p-}. Let
o:[0,60) = SY be a mazimal geodesic for V. Then either

1. o(t) tends to a pole of V ast — €g; or
2. o is closed; or
3. the w-limit set of o is the support of a closed geodesic; or

4. the w-limit set of o in S is a boundary graph of saddle connections; or
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5. o intersects itself infinitely many times; or
6. the w-limit of o is all of S, and in this case S is a torus.

Moreover, if we are in one of the cases 2, 3 or 4 and if the w-limit disconnects
(for case 2 and 8), or essentially disconnects (for case 4) then o lives is only
one of the resulting components of the complement of the w-limit. For this
component (that is a part P of S) we have that

Z ReResy, (V) =—-1+2Hp = —xp,
pi€P

i.e., the sum of the residues of the poles contained in this part is equal to
—1+2Hp, where Hp is the rank of m(P).

Proof. Suppose o is not closed, nor with infinitely many self-intersections.
Then up to changing the starting point of o we can assume that ¢ does not
self-intersect. Call pg the new starting point and W the w-limit set.

We apply the construction in Lemma 3.4.1, considering pg as a virtual
pole. In this way, o becomes maximal in both forward and backward time
and the construction can be carried out as done before. In particular, we
build a line field on S, singular, in a neighbourhood of o, exactly on the
poles of V and on pg, such that, in any point contained in the support of o
we have that the line field is generated by the tangent vector of o.

Being W closed, invariant and non-empty, applying Zorn’s Lemma we
see that it must contain at least one minimal set for the line field A. By
Theorem 3.3.4 we know that this minimal set can be all of S (which gives
case 6), homeomorphic to S! (which gives case 3, see the last Corollary in
[Sch63]) or otherwise it must be a singular point for the foliation, that is a
pole for V (let it pg). If W reduces to this pole, we have case 1. Otherwise,
we want to prove that we are in the situation described by case 4.

Being W path-connected, there must exist curves in SN that connect
2o and the pole (or two poles). So, we obtain that there is a (topological)
graph, that we call W, inside W.

W may disconnect S in some components (possibly only one) and o must
lie in one of these components. Moreover, all the arcs of the graph must be
in the boundary of this component, in order to be accumulated by o.

We prove that in the open component with o, that we call R, there
cannot be any point of W. In fact, take a point z € S°NW c W. We
know that ¢ must accumulate it, and this means that we have segments
of o arbitrarily near z. Start from one of these segments following o. It
will go somewhere in the component R, without self-intersecting, and it will
eventually return near z. Now, going on, it is trapped between the graph
and the previous part of itself. It has to go to W, so that it cannot return

near z, which means that we cannot have points of W in R (see also the last
Corollary of [Sch63]).
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So, we have found that W must consist of the graph w and, possibly, of
other points in the components of X \W other from R. But this last possibility
is obviously impossible, because o does not cross the graph (it would mean
that we have two leaves of the foliation of Lemma 3.4.1 intersecting in a
regular point). So we have found that W = W, which means that W must
be only the graph. By the local form of the geodesic, we see that the arcs
connecting the poles in W must be geodesics, too, and this gives 4.

So, we are left to proving the second part of the statement. The first
part of the proof already gives that o lives in only one component and that
this must be a part of S. So, we have to prove the formula for the sum of
the residues. This is clear for the cases 2 and 3, by Theorem 3.2.3. Let us
prove it for case 4, assuming, as given, that W essentially disconnects S.

Consider a generic point zg € W N SY. Locally, near z, we have the
local isometry J with (an open of) C. It means that we can find a geodesic
7:[0,e) — S°, issuing from zp, that intersects o infinitely many times. Let
o(t,) be a succession of points of intersection between o and 7, with ¢,
increasing and o(t,) — z9. Call o, the part of o between o(t,,) and o(t,+1),
T, the same for 7 and denote o, = o, U 7y,.

Due to the fact that W is the w-limit of o, we have a subsuccession o,
of &, such that every element is homotopy equivalent to a disconnecting
desingularization w of W. So, in particular, all the elements of {c,, }
disconnect S. We can clearly suppose that ng4+1 > ng + 1, so that all the
op, are disjoint.

We define a notion of “in” and “out” with respect to W in the following
way: the outside O is the open part in which lives o (i.e., the white component)
and the inside I is interior part of the union of the other components (i.e.,
the original black part).

We can do the same with the 0, , obtaining a succession I, of parts of
S, where we choose I,, to be the component of S\ 7, which contains 1.

Then, the sum of the two external angles of o, goes to zero. In fact, up
to a subsuccession, we can suppose the the direction of ¢ at the vertex of
I, closest to zy along 7 converges to a direction v_. The same is true for
the directions at the other vertices, that, up to a subsuccession, converge to
vy. Because of the local geometry, we have v_ = v, so that the sum of the
two external angles of &, goes to zero.

But, by finiteness of the number of the poles, we also have that, starting
form some k, every I,, contains the same poles (which are exactly the
poles not contained in the outside of W) and so the sum of their residues
is definitely constant. It means that, starting from this k, the intersections
become parallel and we can look for a condition on the sum of the residues
“in” and “out” of W by considering the same sum with respect to a I, , with
k large enough.
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So, we get

0= e=2r(1-2H+ > +> |=-2n(1-2Ho+ Y |,

p; €W p;el p; €0

where H; and Hp denote the ranks of 71(I) and m1(O).

In particular, ZO = —1 4 2Hp, which is the general analogous of the
formula in [AT11] (see Theorem 3.4.8 later). We remark that these last
computations hold also in the case in which W does not contain poles, is
homeomorphic to S! and disconnect S (which corresponds to case 3). [

Remark 3.4.7. There are examples of all the cases of Theorem 3.4.6 (see
Section 3.5, Chapter 6 and [AT11]) except for case 4.

As a corollary of Theorem 3.4.6, we derive the following result, which
was obtained by Abate and Tovena in [AT11]. This Theorem will be very
useful in the sequel, in particolar in Chapter 5, to study the behaviour of
integral curves for holomorphic homogeneous vector fields in C?.

Theorem 3.4.8 (Theorem 4.6 in [AT11]). Let V be a meromorphic connec-
tion on PY(C), with poles py,...,p, € PY(C). Let S =PY(C)\ {p1,...,pr}.
Let o: [0,60) — S° be a mazimal geodesic for V. Then either:

1. o(t) tends to a pole of V ast — £g; or

2. o is closed and then surrounds poles p1, . .., py, with Z?Zl ReRes), (V) =
—1; or

3. the w-limit set of o in PY(C) is the support of a closed geodesic sur-
rounding poles p1,...,pg with Z?:l ReRes), (V) = —1; or

4. the w-limit set of o in P*(C) is a a graph of saddle connections; or

5. o intersects itself infinitely many times, and in this case every simple
loop of o surrounds a set of poles whose sum of residues has real part
belonging to (—3/2,—1)U (—1,—1/2).

Moreover, in case 4, if the w-limit disconnects S (i.e., there is at least one
cycle in the graph), we have that

Z ReRes), (V) = -1
P

where the sum is done on the part P fo the complement of the w-limit that
contains o.

In particular, a recurrent geodesic either intersects itself infinitely many
times or is closed.
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On

Figure 3.2: A vertex of a spike

Here, by a simple loop of 0 we mean the restriction of ¢ to an interval
[to, 1] which is a simple loop in S. We notice that, in P1(C), every simple
loop disconnects P!(C) in two parts and so the condition holds in both parts
(recall that in this case the sum of the residues of V is —2).

Proof. For the first part we just apply Theorem 3.4.6 and note that Hp will
be always zero. The estimate for the simple loops in point 5 follows from
Corollary 3.2.6. The last statement of the recurrence follows from the first
part. ]

Remark 3.4.9. Let p be a pole belonging to a graph of saddle-connection
which is an w-limit set for a geodesic. Suppose that p is the vertex of only
one arc of the graph, i.e., it is a vertex of a spike. Take a transversal to
the arc at a point q near p, and consider the passages oy, of o near the pole.
Let e and €5 be the two external angles between oy, and T, as in Figure 3.2.
Definitively, we have that €} + 5 = m, because both the parts of oy, locally at
the left and at the right of the arc become parallel (because they tend to the
arc). So, we have
7m =27 (1 + ReResy(V))

which gives
1
ReRes,(V) = —3

So, in particular, if all the poles have the real part of the residue different
from —1/2, the graph cannot have spikes.

We see that the arcs in the w-limit graph not belonging to any cycle
are essentially due to the fact that we were able to see the geodesic as a
leaf of a foliation instead that as an integral curve of a vector field. Indeed,
suppose that we can actually find a vector field on .S having ¢ as integral
curve and which, in a neighbourhood of the geodesic, vanishes exactly at the
poles of the connections. Then, we see that such an arc in the graph would
be accumulated by integral curves for a vector fields, tending to it in two



54 Poincaré-Bendixson theorems for meromorphic connections

different directions. This is impossible, and so we see that the graph could
not have any spike. So, we have the following

Theorem 3.4.10. Let S be a compact Riemann surface and V a meromor-
phic connection on T'S, with poles py,...,p, € A. Let S° = S\ {p1,...,p}.
Let o:[0,20) — S° be a mazimal geodesic for V and suppose we can
find a smooth vector field X on S such that for any t € [0,e9) we have
X (a(t)) = p(o(t))d'(t), where p(t) is a positive real function, and moreover
X, in a neighbourhood of the support of o, vanishes exactly on the poles of
V. Then either

1. o(t) tends to a pole of V as t — eqo; or
2. o is closed; or
3. the w-limit set of o is the support of a closed geodesic; or

4. the w-limit set of o in S is a graph of saddle connections, consisting
only of cycles; or

5. o intersects itself infinitely many times; or
6. the w-limit of o is all of S, and in this case S is a torus.

We remark that we actually need that the field we construct is zero only
on the poles to avoid the presence of arc in the graph not belonging to any
cycle (see below).

It is possible, adapting the proof of Lemma 3.4.1, to look for conditions
that ensure the extension of ¢’ to a vector field, instead that only to a line
field. In particular, we see that:

e if in an open set A of the cover, isometric via J to an open B C C, we
have only finitely many zones bounded by passages o,,’s with opposite
direction, we can build the field in the same way we built the line field:
we only have to take in account the directions of the lines corresponding
to the geodesics. To do so, instead of doing a convex combination of
the inclinations, we do a convex combination of the tangent vectors.
We shall obtain, for any zone bounded by two passages with opposite
directions, a central line where the field is zero. Because of the finiteness
of the number of the lines, this central line consists of points which
are not accumulated by the geodesics, and so we do not have to care
whether the resulting field is zero.

o if we have an open set A of the cover, isometric via J to an open B € C,
such that there we have two sequence {0, } and {0} converging to a
limit line [ and such that the all the o,,’s have the same direction and
all the o,,,’s have the opposite one, we have to define our field as zero
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on the limit line. In this case, the geodesic locally corresponing to [ is
part of the w-limit and is accumulated form both sides by the geodesic.
So, we have an arc in the graph which is not part of a cycle.

3.5 Geodesics on the torus

In this section we study in detail the geodesics for holomorphic connections on
the torus. We remark that, by Theorem 3.1.12, we cannot have holomorphic
connections on Riemann surfaces different from the torus. Moreover, Theorem
3.4.6 tells us that this is the only case in which all the surface S can be
the w-limit set (and a minimal set for the line field of Lemma 3.4.1). Thus,
this study will in particular completely characterize the last possibility in
Theorem 3.4.6.

So, our goals are: to characterize holomorphic connections on the torus,
and to study the geodesics for them.

We recall that we can see a complex torus as a quotient of C, by the
action of a rank-2 lattice, generated over R by two elements Ay, A5 € C. In
particular, we can suppose, without loss of generality, that one of the two
generators is 1 and the other is some A € C, with Im A > 0. We shall denote
by T the torus associated to A.

The next results characterize holomorphic connections on a torus.

Lemma 3.5.1. Every holomorphic connection on a torus is the projection
of a connection on the cover C represented by a constant global form adz,
with a € C.

Proof. We know that the tangent bundle of a torus is trivial. So, the
condition for a set of {7, } to represent a meromorphic connection becomes,
in a trivialization with the identity as trivializing map, that we must have
a global 1, which is holomorphic, because of the absence of the poles. We
can build on C, the cover of the torus, a form 7, the form associated to the
connection induced on C by the one on the torus. This form 7 is global and
holomorphic. We have to prove that this form is of the form adz for a certain
a € C. But in fact, a holomorphic 1-form on C is of the form f(z)dz for some
holomorphic function f. But we must have 7(z) = 17(2 4+ 1) = 17(2 + A), which
gives f(z) = f(z+1) = f(z + A). But this means that we have an induced
holomorphic map on the torus, which must be constant. So f(z) = a, for
some constant a € C, and we are done. O

The next step will be to study the geodesics for a holomorphic connection
V on a torus. To do this, we shall study geodesics for the associated
connection V on C represented by some adz and then project them to the
torus. _

Let ¢ be a geodesic for V issuing from a point zy € C (that may be 0
without loss of generality) with tangent vector vy.
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First, we consider the case with a = 0. In this case, the local isometry
J is given by J(z) = cz, with ¢ € C*. So, applying the equation (2.30) in
Proposition 2.2.8 we obtain

co(t) = copt

which means that o(t) = vt and the geodesics are the euclidean ones.

Let us see what happens if a # 0. In this case, the local isometry J is
given by J(z) = %exp(az). We apply again equation (2.30) in Proposition
2.2.8 to get

1 - 1
—exp(ad(t)) = exp(azo)vot + — exp(azo),
a a

which we can solve to obtain

a(t) = 2log(1 + avpt), (3.10)

where log is the branch of the logarithm with log1 = 0 defined along the
half-line ¢t +— 1 + avgt B

So, we see that in general the geodesics for V are not the euclidean ones.
This could be seen also by the form of J, which is not a multiple of the
identity. This causes the metric to be distorted with respect to the one of C
and the geodesics to bend. In particular, also the geodesics on the torus will
not in general be induced by lines on the covering C.

But we can see from (3.10) that we can also have (non-trivial, i.e., with
a # 0) cases in which a geodesic is in fact the projection of a line, i.e., when
avg is real. This is precised in the following Proposition.

Proposition 3.5.2. For any given torus Ty (i.e., for every parameter \)
and every closed curve o on it induced by a straight line o on C, there exists
a holomorphic connection NV on Ty (non trivial, i.e., represented by a form
adz with a # 0) such that (the support of) o is (the support of ) a geodesic
for V.

Proof. We look for an a € C such that the connection represented by the
form adz satisfies the statement. Without loss of generality we can suppose
that 5(0) = 0. Moreover, we have vy = e for some r € R*. So we look for
an a such that avg is real, which gives an a of the form
T

a = BW’
for any 7 € R*. In fact, we see that in this way we have

ei@

o(t) = —log (1 +r7t). (3.11)
T

The argument of log is real, so it gives a straight line, with inclination equal
to that of vy, as desired. O
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In particular, Proposition 3.5.2 applies to the case of closed curves on
the torus. However, all the geodesics found in this way cannot be periodic.
We prove this in the next Proposition, where we also study in detail closed
geodesics. We remark here that all geodesics for a holomorphic connection
on T are defined for every t.

Proposition 3.5.3. Let V be a holomorphic connection on the torus Ty and
V the corresponding connection on the covering C, represented by a global

form n = adz. Let o: [0,00) — T be a (non-constant) closed geodesic for
V. Then:

e if a # 0, o is the projection of a line of the form at + b on the covering
C and it cannot be periodic;

e ifa =0, o is periodic.

Proof. If a = 0, the geodesics are the euclidean ones and so, once o is closed,
it must also be periodic.

So, let us study the problem with a # 0. In order for o to be closed and
non-trivial, we must have & (¢) = 1 log(1 4 avgt) = n+mA for a certain f € R
and n,m € Z, not both zero (¢ is the lift of o, as usual). Moreover, we want
the tangent vector in ¢ to be parallel to ¢'(0) = 0/(0). The derivative ¢’ is

1 1 Vo
- avg = ,
al+avet ° 1+ avot

o (t) =

so we want 1 + avpt = e to be real. Summing up, we obtain that the
conditions are

ea(ntmd) _1

1. 3n,m € Z such that t = is real;

avo

2. eUntmA) paal.

Together, they give avg real, which means that vg is a real multiple of @.
Being 0 = %log(l + avpt), we obtain that a geodesic must be the projection
of a line of the given form in order to be closed.

Now, when a closed geodesic (that, as we have seen, implies that o is a
line) can be periodic? We want o’ (f) = o’(0) = vy, which gives e*("+m}) = 1,
that is a(n +mA) = 0, which is impossible. O

It is easy to see that a geodesic which is the projection of a line, if not
closed, is dense, so we have that, for such a geodesic, ¢ is closed or the
w-limit is all of T'.

In the last Theorem of this section we study the geodesics which are
not the projection of a line, and give a complete description of the possible
w-limit sets for holomorphic connections on a torus.
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Theorem 3.5.4. Let V be a holomorphic connection on the complex torus
T\, represented by the global 1-form adz. Let o : [0,+00) — T be a mazximal
(non constant) geodesic for V. Then, if a # 0 the lift ¢ of o in the covering
C tends, fort — oo, to a line l of the form I(t) = at + b. So, the w-limit of
o is (the closure of) the projection of the line I on T. In particular:

1. ifa e (Qae Q) \ {0}, then:
e 0 is closed, non periodic, and is the projection of a line of the

form at + b on the covering C, for a certain b € C; or

e o is not closed, but its w-limit is a closed geodesic which is the
projection of a line of the form at + b on the covering C, for a
certain b € C.

2. ifa#0anda ¢ (Q@ NQ) \ {0}, the w-limit of o is all of T).

In particular, if a # 0 the w-limit of o does not depend on the initial tangent
vector vg.

If a =0, o is the projection of a line of the form vot+b, where vy = o'(0).
So,

o if vy € QP N\Q, then o is closed and periodic;
o ifvg & Qd A\Q , o is not closed and its w-limit is all of T.

Proof. If a = 0, we know that the geodesic are the euclidean ones, and the
statement follows. So, let us study the case with a # 0.
We start considering the equation of the lift &,

alog(1 + avot)

1
o(t) = —log(1 t) =
U( ) a Og( + avo ) ’a‘g
and its real and imaginary parts

_ Re(@) Re(log(1 4 avpt)) — Im(a) Im (log(1 + avot))
|al?

Red(t)

and
Re(a@) Im(log(1 + avot)) + Im(a) Re (log(1 + avot))
|a?

For t — +o00, Im (log(1 + awvpt)) is bounded, while Re(log(1 + avgt)) goes
to infinity. This means that

Imo(t) =

lim Ima(t) - Re(a@) Im(log(1 + avot)) + Im(a) Re (log(1 + avot))
t=+oo Red(t)  t—+oo Re(a@) Re(log(1 + avgt)) — Im(a) Im (log(1 + awvgt))
— lim Im(@) Re (log(1 + awvpt))
t—+oo Re(a@) Re(log(1 + avpt))



3.5. Geodesics on the torus 59

1.0

=
//

1.0

\\\\\\‘

0.2 0.2 3

o
o
o
o

0.2 0.4 0.6 0.8

a)T€Q@AQ (b) @ ¢ Q& AQ

-
=)

Figure 3.3: Geodesics on the torus

So, o(t) tends to a line of the form at + b for a certain b € C. It means
that that the w-limit of o must be (the closure of) the projection of this line.
If @ is not generated over Q by 1 and A, this projection corresponds to a
curve dense in the torus T}, and so the w-limit of all the torus 7). Conversely,
if @ is generated by 1 and A, we have that the projection of @t + b is a closed
curve, and the statement follows. ]

In Figure 3.3 we have drawn examples of geodesics in the two differents
situations in which @ € Q ® AQ and @ ¢ Q & AQ, both with A = 4. In Figure
3.3a we have drawn the geodesics with a = 2 — i and v(0) = 1 + ki, with
k=0,...,4, from t = 500 to t = 1000000 (to highlight the w-limits). We see
that in fact the w-limits are lines with angular coefficient 1/2, independently
from v. In Figure 3.3b we have done the same with a = (7 — 4)/200 and
v(0) = 500 (in blue) and v(0) = 500(1 4 ¢) (in red), for ¢ from 500 to 4000.
Again, we see that the w-limit depends only on a and not on v(0).






Chapter 4

Holomorphic endomorphisms
of complex manifolds

In this Chapter we start talking about complex dynamics. In particular,
we shall study holomorphic endomorphisms of a complex manifold fixing
a hypersurface. We shall see how to associate to every such holomorphic
endomorphism a foliation of the hypersurface and a meromorphic connection
on each leaf. Then, we shall study the geodesics for these connections, with
particular care to the situation in which the geodesic tends to a singular
point for the connection.

The construction will be developed in this general setting. In the next
Chapter we shall see how to apply it to the study of the dynamics of
holomorphic homogeneous vector fields, showing the connection between
the results of this Chapter and the Poincaré-Bendixson theory for geodesics
developed in the previous one.

4.1 The main construction

In all this chapter S will be a connected hypersurface in a complex manifold
M, with dim(M) = n. A chart for M will be said to be adapted to S if
in that chart S = {z! = 0}. We will indicate with End(M, S) the set of
holomorphic endomorphisms of M which fix .S pointwise and consider an
element f € End(M, S), different from the identity.

The following definition was introduced in [ABT04] and will be on primary
importance for all this section, and the first step to define a notion of tangency
between a hypersurface and an endomorphism fixing it.

Definition 4.1.1. The f-order of vanishing at p of h € Oyy is
vy(h,p) = max{p € N: ho f —h €Ty },
where Lg is the ideal sheaf of S.

61
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The order of contact v¢(p) of f with S in p is

vi(p) = min{vs(h,p): h € Opnp}t.

Roughly speaking, the order of contact is a measure of how much f is
similar to the identity near S, in a neighbourhood of p. For example, it says
how many terms of h o f — h we have to calculate, at worst, to be sure that
f is not the identity map.

The following Lemmas give a better characterization for v;(p) and, in
particular, prove that it does not depend on the point p, allowing us to speak
about the order of contact of f with S regardless to the point we use to
calculate it. In particular, it says that the number of terms we will calculate
at worst to understand that f is not the identity does not depend on p and
S0, in a certain sense, there are not parts of S where f is more or less tangent
to the hypersurface. So, let’s start with the following Lemma.

Lemma 4.1.2. Let (zl, .. .,z”) be local coordinates at p € S. Given h €
Owmp, we have

noo . Oh y
hof—h= (f]—z])% modl';,;(p). (4.1)
j=1
It follows that ‘
vy(p) = min {vy(z,p).}
Proof. We start developing h at p:

- . . §_ o3\ ol
e =) =3 (7 —) g+ 3 PSP

1
j=1 [1]>2 0z
n ; T
.  Oh 2 —p) 9'h
B
, 07! 1! 0z
j=1 [1]>2
n
fj _ ZJ Loty
I e =
j=1 |7]>2
where we used the usual multi-index notation, with I = (iy,...,i) € NF and
. . iV
= (ll)z1 s (lk)lk. So, we are done if we prove that Z|I|22 M

I;Zf ®) But we notice that, from the definition of v¢(p), we get (270 f —27) =

fl—2e Igfp(p ) and we finish recalling that |I| > 2.

For the second statement, we see that we have v¢(p) < minjzlw,n{l/f(zj,p)}
by definition, while the reverse inequality follows from the first part of the
proof. O



4.1. The main construction 63

Lemma 4.1.3. For every h € Opryp, the function p — vg(h,p) is locally
constant. So, it follows in particular that the function p — v¢(p) is constant.

Proof. Let {I',...,I*} be a set of generators for Zg,. By definition of Vhp
there exist germs g; € Oy, such that

hof—h= > Ug. (4.2)
\I|=vy (h.p)

By the coherence of the involved sheaves, (4.2) must hold also in a neigh-
bourhood, and so we have v¢(h,p) < v¢(h,q) for ¢ in a neighbourhood of
p. Conversely, by definition of v¢(h,p) we have that there is at least one
g1, ¢ Zsp. But this implies that also g7, ¢ Zs, for ¢ sufficiently near to p,
and this proves the converse inequality.

The second statement follows from the first and the connectedness of
S. O

The above results allow us to restate Definition 4.1.1.
Definition 4.1.4. The order of contact vy of f with S is
v =min{vs(h,p): h € Opp}
for any point p € S.

We want now to compare this order of contact vy to a related quantity,
i.e., the minimum of the f-order of vanishing taken only on Zg, insted of
all Oprp, that we could call a sort of “tangential order”. So, we give the
following Definition.

Definition 4.1.5. f is tangential to S in p if
min{v¢(h,p): h € Lsp} > vy.

We will now prove that also the notion of being tangential does not
depend on the chosen point, so that we can speak of f tangential to S
regardless to the point. We start with an analougous of Lemma 4.1.2.

Lemma 4.1.6. Let {I*,...,I*} a set of generators of Zsp. Then, for every
h € Is,, we have

ve(h,p) > min{uf(ll,p), ce l/f(lk,p), vy +1}.
In particular, f is tangential at p if and only if

min{v;(1',p),...,ve(l%,p)} > vy
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Proof. The second statement clearly follows from the first and the definition
of being tangential. For the first, we write h as gi1' + - - - + gil*, for some
g; € Onp, and develop ho f —h as

M-

hof—h=Y [(giof) (Fof)—g]

1

J

[(gjof)(Pof—V)+(gjof—g)V].

v

1

J

The first part of the sum gives the terms v¢(l/, p), while in the second we
recognise the terms g; o f — g;, which give a term v, each multiplied by I/,
which, being in Zg,, adds 1 to the given order v;. O

Remark 4.1.7. With M = C” the last statement is much simpler, because
we need only one generator for Is,. With a generic M, s, may actually
require more than one generator.

The following Corollary follows again from Lemma 4.1.3, that is from the
coherence of Zg .

Corollary 4.1.8. If f is tangential to S in py € S, then it is tangential to
S in every p € S.

Let us try to understand better what the notions of order of vanishing
and of tangential map mean with a concrete example. We consider M = C"
and the hypersurface S will be {z! = 0}. We work locally, taking 0 as the
point near which we work. We start asking which are the self-maps of C"
which leave {z! = 0} fixed. We see that, in order to do so, f must be of the
form

21 2+ (zl)alfl(zl,...,z”)
flz]=#+EHwfE. .2
2]\ e e

for some holomorphic functions fj, not divisible by z'. We immediately see
that z/o f—27 = (21)% fi(2!,. .., 2™), which means that v =minj—i__n,{a;}.
Let us see when f is tangential. Locally, Zg is generated by z', so that we
see that f is tangential if and only if a; > minj—o  ,{a;}.

Let us continue a bit on this line. We can rewrite f in a form that permits
to put in evidence the order vy. In fact, we see that there exist functions g,
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such that
2t P N 20 Ll CAN L
Pl | = | a0+ g
2" N 2 L L PN

with at least one of the g/’s different from zero when restricted to {z! = 0}.
In particular, we see that

=z =GNy (4.3)

and the condition to be tangential is easily seen to be equivalent to g' = 0
on S = {z! =0}.

What we have found is true in general: given an endomorphism f fixing
an hypersurface S of M, we can find (locally) the functions g/’s such that
(4.3) holds and again conclude that f is tangential if and only if locally
g' = 0 when restricted to S.

We want now to study in more detail the functions ¢7’s just introduced.
Obviously, they depend on the chart we are working with. The key fact is
that we can construct a global section of a suitable bundle over S, whose
main ingredients are precisely the functions g;’s, that will turn out to be
extremely useful to study the dynamics of f. This has been done, even in
more generality, in [ABT04], considering the more general problem in which
S is a submanifold of M of any codimension. We will state and prove it
only in the situation we are interested in, i.e., the one in which S is an
hypersurface of M. The general proof uses the same ideas and is only more
complicated due to the several indices needed.

Proposition 4.1.9. Consider the (local) sections
n 9 ©
_ j 1)\ ®vy
XfU = jE_lg 5.7 © (d)

of the bundle T Mg ® (N§)®Vf. They define a global section of this bundle
over S.

Proof. Take two overlapping charts (U, z) and (U, 2), with S|y = {z! = 0}
and S|; = {2' = 0} and consider the resulting sets of functions {¢’} and
{37}. We want to prove that, on U N U, we have

S0 @ (@) = Y 0 ()™ mod I,
j=1

j=1

i.e., that they are equal when restricted to S.
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First we see that, modulo Zg, d2! = g—idzl (% =0on S for j#1)

azk 9
and 3% = > 1 55 505+ S0, we get

0 A\ ®v
29]62j®<d21) =
8Zk 8 82’1 v 1\ ®vy
Z Z 957 0k <8zl> & (dz ) mod Zg

03! 2" 0 1\ ®vy
:zk: <3z > 823 02k ® (") mod Zs.

0z
consider the function z* and apply (4.1) in the chart with the coordinate 2.

We find that, modulo Z2",

i i i azk ANV A-azk
dof-F=d (Fof-#) 55 =2 ()75

Jj=1 J

A vy R
So, we need only to prove that g* = (in) Z] 057 gj mod Zg. To do this,

ve k

On the other hand, z* o f — z¥ is also equal to ( ) , and equating the

two results we get the desired identity, bacause 2’ = 2/ az, mod Ig. O

Recalling that we have a natural isomorphism between TM|g ® (N§)®/

and Hom (N ? “TM | 5), we can interpret the section x; just built as a

section of this latter bundle over .S, and so as a morphism Xy between N ? v
and TM|g. So, we get the following Definition.

Definition 4.1.10. Given f € End(M,s), f # idwy, x5 is the canonical
section and the associated morphism Xy is the canonical morphism.

We have the following Lemma, which gives a characterization of tangential
maps in terms of the canonical morphism.

Lemma 4.1.11. f € End(M, S) is tangential to S if and only if the image
of the canonical morphism is contained in T'S.

Proof. We know that, given the usual writing f/ — 2/ = (21)*f ¢/, the map f
is tangential if and only if g'|g = 0. But this precisely means that the image
of the canonical morphism is contained in T'S. ]

We remark that N ? "I is a line bundle, and so it means that X , outside
its zeroes, is an isomorphism with the image. We stress this thing in the
following way.
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Definition 4.1.12. Let f € End(M, s) be tangential to S. A point p € S is
said to be singular for f if Xy(p) = 0. We will use the notations Sing(f) for
the set of singular points and S° for S\ Sing(f).

As we just remarked, X is an isomorphism with its image on SO,

Let us sum up what we have found till now. We have our hypersurface
S, two vector bundles on it, N ? Y and TM |s, and we defined a morphism
between them, X:

NG TMs

In particular, if f is tangential, we can replace T'M|g with TS by Lemma
4.1.11, and so we have a diagram:

S

Restricting to Sp, we know that X, become injective:

®Vf <—> TS

In particular, via X, we can think of Ng%yf as a 1-dimensional subbundle
of TS°. So, using X 7 we can try to differentiate sections of bundles over

SY with respect to sections of N ;%Vf , introducing what we hope will be a a
connection, setting

Vu(3) == va(u) (5).

It turns out that this definition does not work, but that it is possible to
obtain a sort of connection (a partial connection) anyway, with a slightly
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more involved definition. This was done in [ABT04] and it is what we are
going to do now.

First, we define in a proper way what we would like a partial connection
to be, and then we shall give an expression for the partial connection in
this case. Finally, we shall prove that our proposal is in effect a partial
connection.

We give the definition of partial connection in a general setting, then we
shall specialize to our situation.

Definition 4.1.13. Let S° be a complex manifold and F and E two holo-
morphic vector bundles over S°. Suppose we have a morphism X : F — T'S°.
A partial holomorphic X-connection, or holomorphic action of F' on E, is a
C-linear map V : £ — F* ® € such that

Vu(gs) = X(u)(g)s + gVu(S) (4.4)

forallse & ue F and g € Ogo, where as usual £ and F are the sheaves of
holomorphic sections of E and F.
If X is injective we can identify F with its image in T'SY. In this case
we shall call V a partial holomorphic connection along X (F) c T'SY.
Finally, if both E and F extend to a larger manifold S, with S° dense
in S, and again X is injective on SO, we will call V a partial meromorphic
connection along X on E.

Clearly, in our situation we have F = N ?(Jllf and we are in the last case,
with SO dense in S and X = X ¢ injective on SY. The next Theorem says
that we can actually define a partial meromorphic connection along X; on
E = Ng.

Theorem 4.1.14. Let S be a hypersurface in a complex manifold M and
let f € End(M,S), f # idys tangential to S. Then we can define a partial
meromorphic connection V along the canonical morphism Xy on Ng by
setting

Vul(s) = m (1X@,3);5) (45)

where s € Ng,u € N?Vf, 7 : Ta,s — N is the canonical projection, s € Tar,g
is any element such that ™ (§|S) =sandu € 7';\?1:{ s any element such that
7r (U| 5) =u.

Proof. We have to prove that the definition does not depend on the chosen
chart and on the extensions s and w. Then we shall prove that it actually
defines a partial meromorphic connection.

First, we note that the section x is (locally) defined also in a neighbour-
hood of S, with value 0 if one of the terms in the tensor product is different
from dz!, which amounts to say that also the morphism is locally defined
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and zero on elements of the basis with at least one term tangent to S. We
still call this extension Xy

We refer to [ABT04], Sections 4 and 5, for the proof of the independence
from the chosen chart. Here we prove that the definition does not depend on
the particular extensions s and u. Take extensions 5,5, %, . We immediately
see that (5 — ') is tangent to S and that (u — '), is made up by terms of

the form u; ® - - - ®w,,, with at least one u; tangent to S. So, X (u — ﬂ’)‘s =
0.
We want to prove that

(X5, 8]y = X5 (@), 35

is tangent to S, so that it would vanish under . But we can write

[Xf(a/)agl] IS = [Xf(’[j),ﬂw + [Xf(ﬂ)7§4 - g] IS
+ [Xf(’d’ — ﬁ),g]ls + [Xf(a/ — ﬁ),y — :SV]|S.
So, we want to prove that the sum of the last three terms is tangent to S.
But the last two are zero because we saw that Xy (u — ﬂ’)w = 0 and the first
of the three is the commutator of two terms, both tangent to S.
Now, we prove that the definition actually gives a partial meromorphic

connection. To do this, we need to prove the equality (4.4) (C-linearity is
clear). First, we would like to prove that

VgU(S) = gVu(s),

with g € Og. So, let us extend ¢ to some g € Ops. By the definition of V
we have

Vgu(s) =m ([gX (), 5] |s)
=m (g[Xs(w), s][s — s(9)|s X ()
=g7 ([X¢(u,s)]|s) (because the second term is tangential)
=g vu(s)

Finally, we verify the Leibniz rule:

Vaulgs) = (1X;(),53] )
—(g[X;(@),]|s + X/ (@)(3)515)
—gVu(s) + (X (w)glss)

because, since X¢(u) € Zg, its action on g depends only on g|s = g. This
completes the proof. O

So, we have constructed a partial meromorphic connection on Ng. Our
next step will be to use it to define a partial meromorphic connection on
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N ? "I To do so, and also to understand better what is happening, we want
to find a concrete formula for the connection found so far.

Let us denote by 9; := =« (6%1) a local generator of Ng,, so that ) ®

e ®0 = Oi@ "I is a local generator for N gi "I The following Lemma gives
the desired formula.

Lemma 4.1.15. Let V the partial meromorphic connection along the canon-
ical morphism Xy on Ng defined by (4.5). Then, locally we have

g’
val®uf81 — —@hjmsoay
Proof. We can use s = 6%1 as (local) extension of 0y and u = (%)@jf as
(local) extension of 8? ", So, we have
AN’ —~ ;0 0
Voot =m{ X\ g )| ) =7 |2 g g
|S j=1 5
Ao o) |9,
N £~ 921 921 T 0zbs0 !
Jj=1 |50
O

Given a line bundle, in this case Ng, and a connection on it, it is possible
to induce a connection on some tensor power of the bundle. In our situation,
. . . . ®Vf .
we can induce a partial meromorphic connection on Ny 7 by setting

v
V(51 @ @8y) =) 510 QVs; @ D5y,
j=1

It is easy to verify that this actually is a partial meromorphic connection
on N ? I and also to generalize in a obvious way the formula of Lemma
4.1.15, obtaining

v dg' v
Voous (01°7) = —Vfﬁbmso (00)="1. (4.6)

Having at disposal a connection, it is natural to define a concept of
geodesic related to it, as we did in Chapter 2. This is what we are going to
do. Before doing that, we will rephrase a bit the results we have just talked
about.

To do so, consider the canonical morphism Xy : N ? "I TS associated
to a tangential map f. We see that the image of X is given, on SY. by a
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rank 1 subbundle of 'S, which means that we have a distribution of lines
in T'S, i.e., we obtain a (complex 1-dimensional) foliation F; on S, regular
precisely on SY. On S°, we can look for a generator of this foliation, i.e., for
a section vy of T'S which in every point of SY generates the associated line
of the distribution (and is zero on the singular points). It is easy to see that
we can simply consider

vy ~,;, 0
7=2

Our goal now is to define a partial meromorphic connection V% : Fy —
.7-";5 ® Fy along the identity on Fy, holomorphic on S9. to be thought in
the following way: given a leaf F; of the induced foliation, we want to
differentiate fields tangent to the leaf (i.e., elements of Fy) with respect
to other fields tangent to F, (the reason fo f}k) To do that, we have at
our disposal the connection V, which permits to differentiate sections of
N ? "I with respect to other sections of N ? "7 and the canonical morphism

Xp: NG = TS.

It is then natural to put

Vs = X, (vxfl(v)xf—l(s)) (4.8)
for s and v tangent to the leaf, using Xy to bring them back to N?Vf.
Putting together all the leaves, we see that we have a (partial) connection
on .S which permits to differentiate fields tangent to any leaf with respect
to another field tangent to the leaf, which, by costruction, restricts to a
standard holomorphic connection on each leaf of Fy.

Remark 4.1.16. In particular, we see that we have constructed a foliation
of the hypersurface S in Riemann surfaces and, on each of these leaves F,
we have two line bundles, (Ng)|r and the tangent TF' to the leaf itself, with
a morphism Xy between them. Moreover, we have a standard holomorphic
connection on the first bundle and an induced connection on the second. We
see that we precisely are in the setting we studied in Chapter 2.

In Chapter 2, we defined the geodesics with respect to the connection on
the first bundle and the morphism between the two (see Definition 2.1.17).
Here, it is then natural to introduce the following Definition.

Definition 4.1.17. A V°-geodesic is a real curve o : I — S° such that
o'(t) € (Ft) () for allt € I and VY6’ =0.

We remark that this definition is consistent with the connection V° we
have, in the sense that to verify the property of being geodesic we only need
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to be able to differentiate a vector field, o/, tangent to a leaf, with respect to
the same ¢/, and so with respect to a field again tangent to the leaf.

There is one situation in which the similarity with Chapter 2 is even
stronger: if M has complex dimension 2, S is a Riemann surface itself and
so the foliation consists of only one leaf. So, in this situation, the partial
connection is in fact a standard connection on all of S. In the sequel, this
will be in fact the case we will be mostly interested in.

In the remaining parto of this section, we are going to study the local
form of the geodesics and to introduce a global field, whose integral curves
will be exactly the geodesics, as we did in Chapter 2.

We start with the first task and, as it happened in Chapter 2, we will
derive an equation for the V%-geodesics which will have the form of the
common geodesic equation in differential geometry. We have just remarked
that, for a geodesic o, the tangent field ¢’ is tangent to the leaf, and it means
that it is multiple of the generator vy introduced before. We define of, to be
this multiple, i.e., we have

o = ajup. (4.9)
Moreover, by definition of vy, it means that
(07) = b (47 0 0)

for j = 1,...,n and, in particular, that o' = 0. We are then ready to state
and prove the following Lemma.

Lemma 4.1.18. o: I — S° is a V'-geodesic if and only if Xf_l(a’) =
o OZ | with

1
(06), — vy (gzl o a) (06)2 =0. (4.10)

Proof. The fact that SY is not of complex dimension 1 causes not much
trouble to the proof of equation (2.12). In fact, the condition of being
VV-geodesic here is

0 1 _ —1 —
Vo' =0 (VXEI(U,)XJC (g/)) =0
that, by (4.9) and (4.7), becomes
1 a®vp\
Y () (e07) =0,
By definition of V, we have

(G0 X (07" )(00) + 04V o0, 0] = 0,
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which is, by (4.7) and (4.6),

which is the assertion. O

Our next goal is to find a (holomorphic) vector field on the total space
of a bundle on S, whose integral curves are precisely the geodesics for the
connection V. The problem in using T'S is that we only have geodesics
contained in the leaves of the foliation (and so, for example, it is not true
that for any point and “speed”, i.e., tangent vector at that point, it is possible
to find a geodesic having these as starting conditions). We may solve this
problem by constructing a field for every leaf, but then we would have to
glue them together (and also to take into account the topology of the leaves).
So, it turns out that the best thing to do is not to use TS, or part of it,
as the bundle, but to define a field on N, ? "I instead, and ask to have the
preimages under X of the geodesics as the integral curves of the field.

So, we define locally a field G on the total space of p : N?Vf — S, by

: 9 g , 0
G\p_l(U) = ZQ\JUQSUQ + Vfﬁhjms (U) % (411)

where, as in Chapter 2, v stands for the coordinate of the fiber of the line
bundle, in this case N?Vf.

The last Proposition of this section ensures that the local fields G,-1 (¢
actually glue to a global field G, which safisfied the required property about
its integral curves.

Proposition 4.1.19. Let f € End(M,S) be tangential. Then the field G
defined with (4.11) is a global holomorphic vector field on the total space of
p: N?Vf — S and for a curve o : I — SO the following are equivalent:

1. o is V'-geodesic;

2. the image of o is contained in a leaf of Fy and Xf_1 (¢') is an integral
curve of G.

Proof. If M has complex dimension two, and so .S is a Riemann surface, the
proof is the same as in Proposition 2.1.18. In fact, in this case we have

0 1
52 = &%
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and the 1-form 7 representing V° is
1 0g'
n=— (ufg> dz2 (4.12)

So, the calculations are the same as in Proposition 2.1.18 with X, = ¢,
1

and so with X74(9a) = ¢°n (%) = —Vf%. The general case follows from

similar computations and the second statement follows from the geodesic

equation (4.10), as in the proof of Proposition 2.1.18. O

4.2 Local study of singularities

In this section we are going to study the geodesic flow for the connection V
near the singularities of the morphism X.

We know that a geodesic must be contained in one leaf of the foliation
given by the canonical morphism. So, the reason for this study is clear: to
understand the dynamics of the geodesics for the connection V', we need to
know two things: one is the dynamics of the foliation itself of the hypersurface
S, and the other is the behaviour of the geodesics inside the leaf they live in.
In this section, we are going to study this second problem. Because of the
characterization of the possible w-limits (in the compact case) of Theorem
3.4.6, it is natural to try and study the singularities of the morphism and
the geodesics tending to these.

We remark that, in the case in which the hypersurface is a Riemann
surface, i.e., the ambient manifold M is of complex dimension 2, the first
problem, to understand the dynamics of the foliation, becomes trivial and so
this study will give a complete picture of what is going on, at least in this
situation.

So, in all this section we shall restrict ourself to consider bundles over a
Riemann surface. Moreover, because of the fact that the arguments will be
essentially the same, and in fact the exposition will become more clear, we
shall work in the following (slightly) more general setting: .S will be a Riemann
surface, F a line bundle over it and X a morphism X : £ — T'S, singular on
a set Sing(X) C S and V a meromorphic connection on E, holomorphic on
SY:= S\ Sing(X). We shall make the following two assumptions: Sing(X)
will be a discrete set and the geodesic field of V, defined on E|g0, will extend
holomorphically to all of E. We see that, in the case we are interested in,
these assumptions are actually satisfied. V° will be the connection induced
on T'S by V via X, represented by the form 7°.

Our aim is to study the geodesic flow near the singular points of X. To do
this, we consider a singularity pg and consider a trivializing chart (Uy, zq, €q)
at pg, such that, in this chart, pp becomes the point 0.

The first thing we do is relating the form 7 to n°, by means of the function
X, defined as in (2.10) (in particular, we remark that from X (pg) = 0 we
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get X (0) = 0). To avoid confusions between the two connections, from now
on shall denote with p the residues for V and with Res the residues of V.

Lemma 4.2.1. The two forms n and n° representing V and V° are related
by
1
772 =Na — Xian (4.13)

and therefore
Res (V) = ppo (V) — ordpy (Xo): (4.14)

Proof. Because of the fact that S has complex dimension 1, we are done if

we prove that

1
770 (9a) =1 (0a) — Fan (0a) -

[0}

By definition of n° we have
vga (a(l) - 770 (804) 029 804'

On the other side, by definition of V, we have
_ 1
V9, (0) =X (Vx-10a) (X1 (0))) = X <Vx—1(aa) <X>)

1 1
=X <X O){i1 ((%) <X> X eq + XVXl(Ba)€a>

1 1
=X ——=5dX,(0,) ey + — a®ea>
(~ a0 @+ o

1
== _Yan(aa) & 801 + Mo & aoc

This proves (4.13), and (4.14) follows from (4.13). O

The assumption that G extends holomorphically to all of E means that
the product X474, (04) is a holomorphic function, for every chart U,. We
call Y, this function, so that we can rewrite 7, as };—‘;dza and

Go = XaVa0a — Yo (Va) (4.15)

We will also need to consider the order of the two functions X, and Y,
so that we define numbers px o, pty,o and functions hgf , h}; non-vanishing at
0 (i.e., at pp) such that X, = (zo)"*ehX and Y, = (z4)"¥h). By (4.14),
we immediately see that px . = px for every a, i.e., it does not depend
on the chosen chart. With these notations, we can use (4.13) to obtain the

following new expression for n°.
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Lemma 4.2.2. The 1-form n° representing the connection V° is locally

given by
Y hX /
RN (S 1 P
Z/JX /—LY,ahgf 2o hX

Proof. It is an easy computation: from

1 Y, 1
’[’]g = ’[’]a — Xiaan = X—Zdza - Xiaan

we get, substituting the expressions for X, and Y,,

0 <z§y’ah}; px 2B X TIRX 4 i (hgf)/> i
(63

KX hX 2BXhX

Na =

and the assertion follows. O

In the remaining part of this section we are going to study possible
normal forms for the geodesic field near a singularity. In fact, finding a
holomorphic normal form is of huge help in understanding the local dynamics
of the geodesic, that is the problem we are studying. We will see that the
normal form will strongly depend on a number, called the irreqularity of
the singularity, defined as m = ux — py,o. So, we are lead to the following
definition.

Definition 4.2.3. Let py a singularity for the morphism X: E — TS and
px and py,o the orders at 0 of the functions X, and Y, in (4.15), where U,
1s a chart centered in pg. Then:

o if ux < ly,a, Po %5 an apparent singularity;
o if ux = py,o + 1, po is a Fuchsian singularity;

o if ux > py,o + 1, po is an irregular singularity, of irregularity m =
X — Uyas
o if Ly, > 1, po is a degenerate singularity.

The next Lemma in particular says that these definition are all well
posed.

Lemma 4.2.4. Under a general change of coordinates for the bundle,

(Zﬁavﬁ) = ¢ (2a;Va) = (Y(2a),€(%a)Va) (4.16)

with ¥ and § holomorphic and such that 1(0) =0 (i.e., if 0 was a singular
point, it remains so), V' (0) # 0 and € # 0 the functions X, and Y, change
according to the rules
V' X,

£

Xgop =
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and )
1
Ygop = EYQ — éXa.
Proof. We note that we are in the situation described in Lemma 2.1.8, with
Y = g%i and § = {go = i So, Lemma 2.1.8 and the formula
1
Vo = §a5v5 = Zug
3
give
G =X o000 — Yo (Va)? 0
=X,v — Vo) =—
araYo 6 (6% 8/Ua

2
_x, % <82585_U 02306 1 0 ) Ve 0
Za

e 02 "0 0z epins) 2 a0,

_ 1 / 0 Ya 6(1/5) 2 0
= <Xa§1/) > 06876 - (5 + 8zaXa> (vs) 905’

so that we have

¢/
Xg="-X,
P
and
1. 9(1/e) 1 1 ¢ 1 1,
Y;=-Y, Xo=-Y, — —X,=-Y,— =¢&X,.
P et o, A =

O]

Corollary 4.2.5. Definition 4.2.3 is well posed. In particular, if U, and
Ug are two charts both centered at a singular point po:

L if px < py,a, then also px < pyp;
2. if px = py,a + 1, then also px = py g+ 1;
3. if ux > py,a + 1, then py g = py,o and in particular px > py,g +1;
4. 4f py,q > 1, then pyg > 1.
Proof. They all follow from the formulas in Lemma 4.2.4. O

In the remaining part of this chapter we shall look for normal forms for
the geodesic field near a singularity of X and use them to study the dynamics
of the geodesics. Before starting with this program, we prove a Lemma that
gives a first simplification of the geodesic field.

Lemma 4.2.6. By a change of type (4.16), we can suppose that hX = 1.
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Proof. Tt suffices to consider a change with ¢ = id and ¢ = hX. In particular
we see that with this change of coordinates Y, becomes

1 /
Yy = o (A7on — = (n)')
hOé
so that we obtain that

o if uy,o < px, then py g = py,o and h}; = % (h}; z“X WO‘ >
o if uyo > px, then pyg = px + Ordpo ((hf) 20" “th) LLx

1 HY,a— 1 /

and h%/ = m (ZaY Xh}l/ )
]

4.2.1 Apparent singularities

We start our study of the singularities of X with the apparent case. This
is characterized by the fact that, at a singularity py of this kind, we have
Wy, > px- In particular, this means that py is not a pole for the 1-form
n, and so also for the meromorphic connection V, while the 1-form 7°
such that, locally, no(%) has a pole of order 1 and residue —px (see Lemma
4.2.2).

The next Theorem gives the holomorphic classification of geodesic fields
at an apparent singularity.

Theorem 4.2.7. Letp: E — S be a line bundle over a Riemann surface
S. Suppose we have a morphism X : E — TS which is an isomorphism
over SO = S\ Sing(X) and a meromorphic connection V on E which is
holomorphic on S° and such that the geodesic field G extends holomorphically
from Ego to all of E.

Let py € Sing(X) be an apparent singularity of order p. Then, there
exists a chart (U, z,e) centered at py such that there G is given by

0 .

9 -1

G =1%o . i (4.17)
(1 +azt" )5 with a € {0,1}, if u>1.

If u> 1, then a € {0,1} and is a holomorphic and formal invariant.

Proof. By Lemma 4.2.6 we can suppose that G as the form
2 9
vy
in some chart U,. Now, we prove that there exists a change of coordinates

to a new zg such that the new Y3 becomes 0. In fact, with the notations of
Lemma 4.2.4, the request is that

G = 2MX 0004 — 287 hY (Vo)

1 !/
0=Yzoq =Y, <

Yo~ X (4.18)
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We look for a holomorphic solution & for (4.18), different from zero in a
neighbourhood of 0, i.e., of py. To do so, we fix £(0) = 1 and notice that the

Cauchy problem
é—/ — Z:U'Y,a_HX hYg
§(0) =0

is equivalent to equation (4.18), so that we obtain a holomorphic solution &.
Taking the change of coordinates characterized by ¢ = id and £ this solution,
we obtain that the new field becomes

(4.19)

G = zgx hffvgﬁg,

with in particular hé( (0) = hX(0) = 1. So, we found a (local) field without
the component in %, so that the problem can be simplified by means of the

classification of 1-dimensional vector fields tangent to C. In fact, Theorem
5.25 of [IY08] says that any 1-dimensional analytic vector field of the form

F(z):zu(H...)a%

is analitically conjugated to its polynomial formal normal form
Fo(z) = 2"(1 + az'™h),

where a € C is a formal and holomorphic invariant (see Theorem 4.24 of
[IY08] for this normal form). This solves the problem if © = 1 while, if p > 1,
we are left with a geodesic filed of the form

G =21+ az“l)aa
z

for some a € C. We are going to prove that, if a # 0, we can let a become 1
with a last change of coordinate of the form

(z,v) = (yz,0v).

In fact, under this change of coordinates, we see that the field G takes the
form 9

— M (§AH—L 2p—=2 p—1y, 7
G = (" + ady z )vaz.

Using 6 = a and « such that 6y~ =1 we get

G=:zl1+ z“_l)véi,

as desired. 0

Definition 4.2.8. The formal and holomorphic invariant a is called the
apparent index of the singularity pg.
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The next step will be to exploit the local form given by Theorem 4.2.7 to
study the dynamics of the geodesics for our connection V on the line bundle
FE near an apparent singularity. To do this, we first study the solution of
(4.17) and then apply this to our dynamical problem.

Lemma 4.2.9. Consider the system of differential equations on C?

{z’ =zt (14+azt Mo

4.20
o =0 (4.20)

with p an integer > 1, a € C, and initial conditions z(0) = zo and v(0) = Uy.
Then

1. if p =1 the solution is defined for every forward time and

e if Rety < 0, then z(t) = 0 as t — oo;

o if ReTp > 0, then |z(t)| — o0 as t — oo;

e if Revy =0, then |z(t)| is constant and the solution is periodic;

2. if u>1 and a = 0 then, for every initial condition zy for z,

e if Re(Tozt ") > 0 and Im(Tpzh ") = 0, then the solution diverges
in finite forward time;

o if Re(@ozgfl) >0 and Im@gz(’f*l) # 0, then the solution is z(t)
defined for every forward time, bounded, and eventually goes to

zero, but the mazimum of |z(t)| on the solution can be arbitrarily
high. In particular, max |z(t)| — oo as Im(ﬁozg_l) -0 );

o if Re(%zg_l) < 0 then the solution is defined for every forward
time and z(t) — as t — oo, with |z(t)| < |zo| for every t;

3. if p > 1 and a # 0 then the system admits fixed points with z # 0.
Moreover, for every zg there exists a vy such that, if the initial condition

Vo 18 C'Uo,

e if Re((/a) > 0 then the solution is defined for every forward time
and z(t) = 0 as t = +o00;

o if Re(¢/a) < 0, then the solution z(t) either goes to one of the
fized points of the system or is periodic, surrounding zero.

Proof. We divide the proof in the three cases of the statement
1. We have p = 1, so that the system (4.20) reduces to

2= 20,
which can be easily solved with

z(t) = zp exp(Topt).
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We see that the behaviour of the solution depends only on Re @y and
we obtain the assertion.

2. We have pr > 1 and a = 0. Now the first equation of (4.20) becomes
7 = 2

which is solved by (a suitable branch of)

1
— /.L—l _ufl
2(t) = 2 (1 _ Yo% : t) .
'LL —

We see that we have the three possibilities of the statement:

o if Tyz ~! € RT, then there exists ¢ € R* such that the solution
diverges at time t;

e if Re(Tpz ") > 0 and Im(Toz, ") # 0, the solution is defined for
every time. Moreover, the term in parenthesis

a1
Dozl
nw—1

1 t (4.21)

represents a line, and so its modulus is bounded from below. It is
easy to see that in fact the least possible modulus of this quantity
is

Im(woz ")

a1
Vozh

It follows that, for every t,

1

— _p—1 u—1

2] < Jaol | 020 1)
(oo )|

In particular, it follows that every solution is bounded and goes
to zero, but the maximum of |z(¢)| goes to infinity as the quantity
| Tm(Tozt 1) goes to zero;

o if Re(ﬁoz{f—l) < 0, then the term (4.21) diverges as t — oo and
so z(t) — 0. Moreover, since

2

w—1

we have |z(t)| < |29, as desired;
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3. Here p > 1 and a # 0. We immediately observe that the fixed points

are given by z = 0 and the solutions of az{ o, Then, we see that
a solution of the system (4.20) must satisfy v(t) = vy and

() o ) (452

(4.22)
o= (14 ) oo (- ()

To prove this, it suffices to show that the derivative in t of the left
hand side is zero. We can rewrite (4.22) as

where

w(t) exp(—w(t)) exp <_(,u—al)vot) = cp, (4.23)
where )
w(t) =1+ pEOT=E (4.24)

The derivative of the left hand side of (4.23) is easily seen to be equal

to - (w/ e 1)UO> . (_ (1 — )T t) |

a

1—p
azh

Substituting w’ =
is actually zero.

2" and equation (4.24) we get that this derivative

We rewrite it as
w(t) exp(—w(t)) = cpexp (Wt) , (4.25)

to divide the parts with and without w (i.e., 2). Then, we notice that
the important parameter will be (the real part of) “2, so that we get
the following cases:

e if Re (%) > 0, then the modulus of the right hand side of (4.25)
diverges as t — 4+00. So, we need that also

|w(t) exp(—w(t))| = |w(t)| exp (— Rew(t)) — oo.

In particular, we must have |w(t)| — oo, which means that z(t) —
0;

e if Re (%0) = 0, the right hand side of (4.25) has constant module
co and argument going to infinity. Thus, we have to study the
level sets of the function g(w) = |we™"|.

In Figure 4.1 we have drawn a plot of this function, with variable
w = z + ¢y and the level sets of it. We see that there exists a
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(a) Graph of g (b) Levels of g

Figure 4.1: g(w) = |we™|

value ¢ such that if |cg| > ¢ the ¢g-level of g is connected (and
unbounded), while if |cg| < ¢ the level sets has two components,
one bounded and one unbounded. So, we have the following two
cases:

— if |eg|] > ¢, we have argw(t) bounded and |Imw(t)| — +oc.
But this means that also |w(t)| — +o00, which gives z(t) — 0;

— if |¢p| < ¢ and w(0) is in the unbounded component of {g =
¢} the description is like in the previous case and we have
0w, (t) — po. On the other hand, if w(0) belongs to the
bounded component, we know that the argw(t) — oo, which
means that w(t) describes this level set infinitely many times.
But this means that w(¢) is closed (and thus periodic, because
it satisfies a first order ODE);

e if Re (%) <0, then the modulus of the right hand side of (4.25)
goes to zero as t — 4+00. So, we have two possibilities:

— |w(t)| — 0, and so z(t) tends to one of the fixed points; or

— Rew(t) — +o0, so that we have also |w(t)| — oo, and so
z(t) — 0.

O

Theorem 4.2.10. Let p: E — S be a line bundle over a Riemann surface
S. Suppose we have a morphism X : E — TS which is an isomorphism
over S® = S\ Sing(X) and a meromorphic connection V on E which is
holomorphic on S° and such that the geodesic field G extends holomorphically
from Ego to all of E. Let py € Sing(X) be an apparent singularity of order
w and apparent index a if p > 1. Let o : [0,e) — S° be a geodesic for V such
that o(t) — po ast — €.
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Then, fort — ¢, o’ (t) — Op, and X1 (o’(t)) tends to a non-zero element
of Ep,

Moreover, there is a neighbourhood U C S of the singular point pg such
that, if 2o € U \ Sing(X) and oy, : [0,) — S° is the mazimal geodesic with
initial conditions 0,,(0) = 2o and o, (0) = X (vo) (where vy = Toe and e is
the generator of E., in a local chart), then

1 ifp=1:

e if Revy < 0, then o,,(t) = po as t — +oo;
o if Revy > 0, then oy, (t) escapes the neighbourhood U as t — +¢;

o if Revy =0, then oy, (t) is a periodic geodesic surrounding po;

2.ifu>1 and a=0 there exists a non-zero direction vg € E,, and a
neighbourhood V' of R™ 0y such that:

o if Uy € V, then o, (t) escapes the neighbourhood U as t — +¢;
o if Ty ¢ V, then ow (t) = po as t — +o00;

3. if uw>1 and a = 1 then there is a non-zero direction vy € E,, such
that, if the initial direction of o, is v = (v,

e if Re(¢) > 0, then o,(t) — po as t — +oo;

e if Re(() < 0, then either o,(t) — po, or o, escapes the neighbour-
hood U, or it is a periodic geodesic surrounding po;

e if Re(() =0, then either o,(t) — po as t — +& or o, escapes the
neighbourhood U .

Proof. First, by Theorem 4.2.7 we can suppose that the field G has the
form (4.17) in a suitable chart centered at the singular point py and, by
Proposition 4.1.19 we know that a curve o(t) = (2(t)) is a V-geodesic if
and only if X~ 1(¢’) = (2(t),v(t)) is an integral curve for G. It means that
(2(t),v(t)) must be a solution of (4.20) and the request that o(t) — po
means that z(t) — 0. From (4.20) we see that v(t) = v(0) # 0, and so
X~1(o'(t)) tends to a non-zero element of E,,, Moreover, from z(t) — 0, we
have 2/(t) — 0, and so o'(t) = Op,. So we have proved the first part of the
Theorem.

Statements 1-3 follow from Lemma 4.2.9. We only remark that the v
of case 2 is equal to zé_” and that in case 3 we take U sufficiently small so
that z{f ~! 2 —1 (otherwise we would have z(t) = 2z, and this implies that
we cannot be in the domain of a chart where the field is of the form (4.17)).
So, all the solutions of (4.20) that go to a fixed point different to zero now
correspond to geodesics escaping U. O
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4.2.2 Fuchsian and irregular singularities

In this section we are going to provide a formal (i.e., by means of conjugation
by non-necessarily convergent power series) classification of (the geodesic
fields near) Fuchsian and irregular singularities, and also a holomophic one in
the Fuchsian case. This will allow us to obtain a description of the dynamics
of the geodesic flow near a Fuchsian singularity analogous to the one given
in Theorem 4.2.10 for apparent ones. Then, we shall prove other results
concerning the dynamics of a geodesic near a Fuchsian or irregular singularity.
We start with the formal classification.

Theorem 4.2.11. Let p: E — S be a line bundle over a Riemann surface
S. Suppose we have a morphism X : E — TS which is an isomorphism
over S° = S\ Sing(X) and a meromorphic connection V on E which is
holomorphic on S° and such that the geodesic field G extends holomorphically
from Ego to all of E.

Let py € Sing(X) be a Fuchsian or irreqular singularity such that, in a
chart (Uy, 2o, €a) centered at py we have

2 0

G=2zE%(a0+a1za+...) 0000 —25Y (bo+b12a+...) (Vo) R

with px > py and ag,bg # 0. Call p = bo/ay # 0. If po is Fuchsian, then
p = Resy, (V). Then:

1. if po is Fuchsian, then

(a) if uy — p ¢ N*, then G is formally conjugated to

ZHx 1 (zv@ — pfu2£)> ; (4.26)

(b) if uy —p =mn € N*, then G is formally conjugated to

ZHx—1 (zva — pv? (1 4 az") 8811) ; (4.27)

with a € {0, 1} which is a formal invariant;

2. if po is irreqular of irreqularity m = ux — puy > 1, then G is formally
conjugated to

hx—m (zmva — 2 (1 + ﬁzm_l) i) , (4.28)

where p = Resy, (V) (and so is a formal invariant).
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Proof. Proving that the given espressions are normal forms means that we
are looking for new charts in which the geodesic fields become of the given
form. Namely, if (z4,v4) are the initial coordinates, we are looking for a
change of type (4.16), composed with a liner map,

(28,8) = ¢ (2a,va) = <w(ja)7 f(«zcg)va>

with ¢ and € non necessarily convergent power series. In particular, we write
X, and Y, as

{Xa = kX ;rog a]zé
= kv Z 0 bjzh
and look for coordinates in which we would have
{X g = 2p~
Yg = ngx -1

for case 1a,

Yﬁ:P<1+2’g> ZX !

for case 1b, and

X 8= Z 5

Vg=p(1+257") o
for case 2. We shall do this in two steps: first, we shall use only a formal
change of type (4.16). Then, we shall study the action of a linear change.

For the first task, following the usual (formal) Poincaré-Dulac method,
we shall study the effect of a change of the form

Pn (Zom Uoz) = (Zoz + ClznJrl (1 + CQZZ)) )

with c1,co € C and not both zero. proving that, with it, we can modify the
n-esim coefficients of X, and Y, to the desired quantities without altering the
coefficients with index < n. Then, we shall consider the infinite composition

Y =""0¥n O P10 Yo,

that will be a formal power series giving the formal conjugation to the desired
form.

First, we study the action of ¢, on X, and Y, up to the term of order
n. By Lemma 4.2.4 we have

Xg=25 | Y ajzh+ (an+ao((n+1-px)er — ) 2 + o(2)
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and
(2 (C5mbizh) + if = 1
+Z§Y <(bn — (pyer + c2)bo — neaao) zg + O(Zg)) (Fuchsian case)
Yp =
2" (Z}ZS bj%) + itm>1
f"zlﬁw ((bn — (kyer + e2)bo) 25 + O(ZZ)) (irregular case)

So, we see that the terms of order less than n are actually left unmodified
by ¢n.

The next step is to find a couple (c1, c2) such that the terms of order n
become as in the assertion. We see that the condition are

ap(px —n —1)c1 + apea = ap, (4.29)
pybocr + (nag + bo)ca = by,

if m =1, and
ap(px —n —1)cy + apea = ay, (4.30)
pyboct + boca = by,

if m > 1. We want to solve both these systems for the unknown c¢; and cs.
In particular, this can surely be done if their determinant is non-zero. The
determinant of (4.29) is
nag (ny —p—n),
so that, if n # uy — p, the first system is solvable. In particular, this gives
the assertion for the case la. Moreover, even if n = py — p, the system (4.29)
becomes
ao(pcr + c2) = a
olper + ez) = an (4.31)
aopry (pe1 + c2) = by,

and we see that we can anyway solve the first equation of (4.31), thus getting
a normal form expressed by

Zhx~l <zv0 — pv? (1 4 az") 8) , (4.32)
ov
for some a € C.
Let us now consider the irregular case and the associated system (4.30).
Now the determinant is
apbp(m —n — 1)

and so, if n # m — 1, we can find the values ¢; and ¢y that satisfy (4.30).
Otherwise, system (4.30) becomes

{ao(,uycl + ¢2) = an (4.33)

bo(pycr + c2) = by
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and we see that we can solve the first equation also in this case, thus obtaining

Hx—m <zmv8 —pv? (14 az™1) ;) , (4.34)

(

as (partial) normal form.
Now we consider the linear change

(2a, Vo) = (728, 0v3). (4.35)

Our goal is to reduce (4.32) to (4.27) and (4.34) to (4.28), thus proving the
assertion.
In both case, the geodesic field has the form

0 0
— p—mm 02 1 q
Go = 27" (200, o pvs(1+azl) o ),

with m =1 and ¢ = puy — p in case 1b and ¢ = m — 1 in case 2. Under the
linear change (4.35) G becomes

_ 10 10
— M p—m m.,m - o 2,2 q.9)\ =
Gg=r g <7 23 52}67825 pd-vg (1 + avy zﬂ> 5(%5)

0 0
_ o pu—m -1 - 2 q
= 25 <5'y“ ZZLU’B% — pdy* Mg (1 + a'yq%) (%5>

Now, in the Fuchsian resonant case, (4.36) is

(4.36)

Gp = zg_l <57“125v5826 — poy* Mg (1 + ay"23) E;;)
and we see that there exists a pair (y,0) solving
{av” =1
Syl =1.
With two such v and 9, the geodesic field becomes
G =21 (zvaaz —p*(1+ Z”)aav> ,

as desired.
In the irregular case, (4.36) becomes

_ 0 0
_ pu—m ~1 —m, 2 —1_ m—1
Gp = 25 (67“ zglvga—% — pdy* Mg (1 +ay"™ 2 > (%g)

and we see that with (v, d) satisfying

Syl =1
poytTm =1,
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which means

= ’}/1_“
pyT =1,
we get,
_ 0 0
_ u—m m, < 2 ~m—1\ Y
G =25 (ZB vﬁ@zﬁ Y8 (1 + Pz ) 8vg> ’
and we are done. O

Remark 4.2.12. If we try to do a linear change of coordinates also in case
la, we see that we cannot simplify the form (4.26) any further. In fact, the
residue p must remain unmodified under the change of coordinates.

Doing the computations, after the substitutions we would get

_ _ 0 _ 0
G/g = Zg ! <5"}/M 12&1},3872/6 — p(S’}/M 1’0’%81}[3)

and we see that requiring 6y* 1 =1 brings this expression again in the form

_ 0 0
_ p—-1 v 2 ¥
Gp = zg <z51j5 925 pU3 8”,6’) .

Remark 4.2.13. In both the cases 1b and 2 of Theorem 4.2.11, when the
determinant of the corresponding system was zero, we decided to solve the
first equation, thus obtaining the best possible form, zgx, for Xg, but having
to hold an extra term in Yg. Clearly, it is possible to do the opposite choice,
i.e., solve the second equations of systems (4.31) and (4.33). Doing so, we
see that we can obtain

G = z#x—1 (z (1+a'2")vd — '01)2881))

as another normal form for case 1b and

—m m m— a
X <z (14+d2""1)vo— pv281}>

for case (2).
Definition 4.2.14. The formal invariant a € C is called resonant index.

It is actually possible to prove that, in the Fuchsian case, the formal
normal form of Theorem 4.2.11 is in fact also a holomorphic normal form,
in the sense that the changes of coordinates needed to obtain the forms
(4.26) and (4.27) are holomorphic. We do not prove this here, but we derive
from this holomorphic classification the following Theorem, the analogous
of Theorem 4.2.10 for Fuchsian singularities with vanishing resonant index.
For a proof of the fact that this normal form is a holomorphic one, refer to
[AT'11], pages 2665-2669. We remark that a holomorphic classification in the
case of irregular singularities is not known, yet.
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Theorem 4.2.15. Let p: E — S be a line bundle over a Riemann surface
S. Suppose we have a morphism X : E — TS which is an isomorphism
over S® = S\ Sing(X) and a meromorphic connection V on E which is
holomorphic on S° and such that the geodesic field G extends holomorphically
from Ego to all of E. Let py € Sing(X) be a Fuchsian singularity of order
px > 1 and let p = Res, (V). Suppose the resonant index vanishes if
pwx —1—p e N*. Then, there exists a neighbourhood U C S of pg such that,
for every zg € UN S,

1. if Rep < py, then we have at least one geodesic issuing from zy that
escapes U, and every geodesic issuing from zg that does not escape goes
to po. Moreover, for any of these geodesics o going to pg inside U we
have:

(a) if py Rep < |p|?, then X1 (¢/(t)) — 0 as o(t) — po;
(b) if py Rep > [p[?, then | X1 (o/(t))| = 400 as o(t) = po;

(c) if uy Rep = |p|?, then X1 (0/(t)) accumulates a circumference
in Fp,;

2. if Rep > py, then all geodesics issuing from zg but one escape U;
furthermore, the exceptional geodesic og tends to py in finite time with
X1 (ap(t)) — +o0 as oo(t) — po;

3. if Rep = py, but p # uy, then the geodesics not escaping U are either
closed, with X' (0') either tending to 0 or diverging, or accumulate
the support of a closed geodesic in U, with X! (a') — 0;

4. if p = py (necessarily > 0), then for every zo € U N S° there is a
non-zero direction vg € E,, such that, if v = (v, € E, and o, is the
geodesic issuing from zy tangent to X (v):

(a) if ReC < 0, then o, converges to py staying in U but with
[ X~ (oy (1) = +oo;
(b) if Re( > 0, then o, escapes U;
(c) if Re¢ =0, then o, is periodic and surrounds pg.
Proof. We consider as neighbourhood U a local chart centered in the singu-
larity pp found with (the holomorphic counterpart of) Theorem 4.2.11. In

particular, (4.26) gives that a curve o is a geodesic if and only if X ~1(o/(t))
satisfies

{Z/(t) BN (4.37)

V() = —pa(t)re?,

where p is the residue of V at pg
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We start studying the case(s) in which p # uy. It is possible to integrate
the system (4.37) obtaining as solution

2(t) = 20(1 + ct) Y1) = 25 exp (pfw log(1 + ct))

o() = vo(1 + ct) =/ P=1¥) = yy exp <p:/fy log(1 + ct)) ,

(4.38)

where ¢ = (p — py) 25 vy and log denotes the branch of the logarithm with
log1l = 0.
Consider the modulus of the solutions,

|z(t)| = |z0| exp [ Re pf#y log |1 + ct| — Im P*llt arg(1l + ct)
[v(t)| = |vo| exp ( Re p:ﬁy log |1+ ct| — Im p:ﬁy arg(1 + ct)
(4.39)

and suppose that Re p < py, which means that Re (p — ,u,y)_1 < 0. We see
that arg(1 + ct) is bounded, so that the term that will decide the asymptotic
behaviour of z(t) is log |1 + ct| (with its coefficient). In fact, we recognize
two possibilities:

e if ¢ = ((p— py)zh vo) ¢ R, log|l + ct| is defined (and remains
bounded from below) for every ¢, so that we get o(t) — po for t — +oo.
For what concerns v(t), we have to look at the coefficient Re p:ﬁy in
front of log |1 — ct|. We have

—p__ —lpl*+pyRep
p— fy lp— py|?

and cases la, 1b and 1c follow.

Re

o if ¢ = ((p— py)zh* vo) € R™, there exists a t € RT such that ¢t = —1,
so that log |1 + ct| diverges to —oo and |z(t)| diverges, which means
that the geodesic leaves U.

If Rep > py it is easy to see that the situation for z(¢) will be the
opposite of the previous one. Moreover, the condition Re p > py implies that
|p|? > uy Rep, so that |v(t)| — +oo in the only case in which o(t) — po,
and so part 2 is proved.

Let us now consider the case with Re p = puy and p # py. Now we have
that the real part of p_luy, which played a major role in the two previous
cases, is zero. In fact, we can write p = puy — %, for some vy € R*, so that we

get p_lw = i7. Substituting these into (4.38) we obtain

2(t) = zoexp (—yarg(l + ct) + iylog |1 + ct|)
v(t) = wvoexp (—logl|l + ct| + pyyarg(l + ct))
-exp (—i (arg(1 + ct) + pyylog |1 + ct]))

where now ¢ can be expressed as —iyz)¥ vo. We have the following cases:
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e if c € R7, then 1 + ct will be real for every ¢ for which the solution
will be defined (i.e., before —c™!). So arg(1 + ct) is constant and z(t)
describes a closed geodesic, with v(t) diverging with ¢ — —c™!;

e if c € R, the solution will be defined for all ¢ (until it escapes U).
Again, we have that arg(1l + ct) is constant, so that o(t) is a closed
geodesic. Now, v(t) — 0 as t — +oc;

e if ¢ ¢ R (c cannot be zero) the geodesic is defined for all times (unless
it escapes) and |z(t)| converges, so that o(t) tends to the support of
a closed geodesic and the expression for v(t) gives that v(t) — 0, as
wished.

We are left to prove case 4. Here the solution of (4.37) is different.
Namely, we have

{z(t) = z0exp (25" vot) (4.40)

v(t) = voexp (—py zH vot) .

We see that we have the following cases, giving the different possibilities of
case 4:

e if Re (2 vp) < 0, then z(t) — 0, so that o(t) — po for t — 400, and
[v(t)] = +oo;

e if Re (2} vp) > 0 the solution z(t) of (4.40) goes to infinity, which
means that the geodesic escapes U;

e if Re (2" vp) = 0 the geodesic is periodic.

O]

Remark 4.2.16. We may try to generalize Theorem 4.2.15 in the resonant
case. In this situation, we have py — p € N*, so that the only possibility is
that Re p < py as in case 1. Numerical studies (see [AT11]) seem to suggest
that the assertion of case 1 should hold in this case, too, but this has not
been proved, yet.

Remark 4.2.17. Consider a Fuchsian singularity such that Rep < uy.
We see that it cannot appear as a vertex of a graph of saddle connection
accumulated by some geodesic. In fact, this would require the existence of
infinitely many geodesics, arbitrarily close to the singularity, and escaping
i both forward and backward time. But the case 1 of Theorem 4.2.15
excludes this possibility. The same is true for apparent singularities, by
Theorem 4.2.10. So, we see that the vertices of a graph of saddle connections
accumulated by a geodesic must be irreqular or Fuchsian with Rep > py .
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The next result we present concerns geodesics which tend to a Fuchsian
singularity po with real residue p,,. We shall need it in the next chapter. To
study this problem we could think to work in the following way: suppose we
have an explicit formula for a metric adapted to V in a pointed neighbourhood
of pg. In that case we could then easily study the metric foliation (and the
geodesics, which live inside those leaves) and in particular its behaviour near
the singularity.

The main ingredient we used to construct a solution of (2.1) in Proposition
2.1.6 was a local primitive of the 1-form 7 representing V. It is known that
we can find such a primitive on a simply connected open set, or also on other
domains, if and only if the condition

/ n=0 (4.41)

is satisfied for every closed loop in the open set. In this case we are exactly in
the opposite situation: being pg Fuchsian, the residue p,, must be different
from 0, and so for every simple loop surrounding po the integral (4.41) is not
zero. But we see that we actually do not need a primitive of 7 to solve (2.1),
but only its exponential. So, we can argue in the following way. We locally
write 1 = kdz for some meromorphic function k, with

k(z) = k*(z) + 220 (4.42)
with Res,, £* = 0. Then, we formally integrate (4.42) to get
K(z) = K*(z) + pp, log 2.

This is not a globally well-defined primitive, but it is indeed a locally
defined (multivalued) primitive. If we consider the exponential required by
Proposition 2.1.6, we get

exp(2Re K (2)) = exp(2Re K*(2))|z|R¢Pr0 exp(—(Im Popy) 18(2))-
So, we see that if Im p,, = 0, i.e., if pp, is real, the last expression reduces to
exp(2Re K(z)) = exp(2Re K*(2))|z|7o. (4.43)

So, in this case we have a local metric in a pointed neighbourhood of pg and
so we have an explicit expression for the metric foliation there. This allows
us to prove the following Proposition.

Proposition 4.2.18. Let E be a line bundle on a Riemann surface S, X
a morphism X : E — TS which is an isomorphism on S° = S\ Sing(X)
and V a meromorphic connection on E, holomorphic on Ejso, such that
the geodesic field extends holomorphically form Ejgo to the whole of E. Let
po € Sing(X) be a Fuchsian singularity, with residue pp, € R*. Then:



94 Holomorphic endomorphisms of complex manifolds

1. if ppy < 0, then all leaves of the metric foliation over p tend to the zero
section as p — po;

2. if ppo > 0, then all leaves of the metric foliation over p € S° tend to
mfinity as p — po.

In particular, if o : [0,e) — SY is a geodesic with o(t) — po ast — ¢, then
1. if ppy <0, then X ~1(a’(t)) tends to 0, ast — ;
2. if pp, > 0 then | X(o'(t))] = o0 ast — e.

Proof. Consider a small chart (U,, 2q, €4) centered at pyg. From (4.43), we
have that, near pg, a local metric g, on U, \ {po} adapted to V is given by

Ja(za,va) = exp(2Re K (za))]zal*70 v ?

where the notations are as in the argument before this Proposition. Notice
that, since pp is Fuchsian, then &}, is holomorphic at py. Being the leaves
of the metric foliation on U, \ {po} the level sets of g,, the first part of the
Proposition is proved. The second follows from the first, recalling that every
geodesic leaf is contained in a metric one. O

We end this section with some results about irregular singularities The
main difficulty we encounter when trying to study this kind of singularities
is that we do not have a holomorphic normal form for the geodesic field near
the singular point. Thus, we shall not be able to give a detailed description
of this case, analogous to those given in Theorems 4.2.10 and 4.2.15 for
apparent and Fuchsian singularities.

Anyway, we see that we can say something about geodesics tending to the
singularities also in this case. Here we prove a result concerning geodesics
converging to the origin staying inside some particular sectors.

From Lemma 4.2.6 we know that there exists a local chart (U, z) centered
at the singular point pg such that, in this chart, the geodesic field takes the
form

5 0

G = z“Xv({i — X" hyv £ (4.44)

where m is the irregularity of the pole and hy can be taken of the form
hy = (14 pp2™ ™" +9(2)),

with g(z) = 2™g(z), with g holomorphic. In fact to obtain this form we need
only a finite number of steps of the Poincaré-Dulac method presented in the
proof of 4.2.11, and so the conjugation is in fact holomorphic. We keep g of
order m, but we see that we may consider it of any arbitrarily high order.
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2 [

Figure 4.2: Re (%) >0

We know that the integral curves for G, i.e., the geodesics, are included in
the leaves of the horizontal foliation. This, by Proposition 1.1.5, are locally
the level sets of the function

exp(K (2))v

where K is, as usual, a local primitive of 7. Here, n is Z%dz and it means
that, if (2(¢),v(t)) is a geodesic, it must satisfy

m—1
exp <_zm_1 + ppo log z + G(z)) v =c,

where G(z) is a primitive of g (and we can assume G(0) = 0), for some
constant ¢ € C*.

Suppose now that z(t) — 0. We want to study the behaviour of v(¢), and
in particular to look for conditions for v(t) — 0 or |v(t)| — oo.

It is clear that, for z(t) — 0, we have G(z) — 0, so that we can avoid
considering this term. So, we are left to study the expression

m—1 m—1Y\
exp —Wvﬁopologz = exp — T zPro,

If arg z(t) is bounded, the dominant term is the first. So, in particular, we
have the following:

e if, for every t > t, we have Re (Zm%l) > 0, then exp (— mill) — 0, and

zm
so v(t) — oc;

e if, for every t > t, we have Re (zm%l) < 0, then exp (—:}n%ll) — 0, and
so v(t) — 0;

In Figure 4.2 we have drawn the part of the plane where Re (zm%l) >0
with m = 4.We see that we have 2(m — 1) sectors, each one of the same
angle, such that if z(¢) tends to the origin staying in one of these sectors,
then we have v(t) — 0 or v(t) — oo, in an alternate way.
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We study now what happens if, for infinitely many t, — oo, we have

Re (W) =0, i.e., if z(t,) belongs to one of the lines separating the

open sectors. We see that, for these t,’s, we have that |exp (—an_,ll)‘ is

constant and different from 0. So, the relevant term becomes z#70 (where
we remark that pp, is the residue of Vat py). We see that now we have the
following possibilities:

o if Re(pp,) > 0, we have that |z(t)|’?0 — 0, and so [v(t)| = oo;
e if Re(pp,) < 0, we have that |z(t)|’?0 — oo, and so |v(t)] — 0;
e if Re(pp,) = 0, then we have that |v(t)| is constant

We summarize some of these considerations in the following Proposition,
for later reference.

Proposition 4.2.19. Let E be a line bundle on a Riemann surface S, X a
morphism X : E — TS which is an isomorphism on S° = S\ Sing(X) and V
a meromorphic connection on E, holomorphic on E|go. Let py be an irregular
singularity of irreqularity m, such that in a suitable chart centered at py the
geodesic field takes the form (4.44). Then, we have 2(m — 1) radial sectors,
each one with opening w/(m — 1), such that, if z(t) tends to py staying in
one of these sectors, then, in an alternate way, v(t) goes to zero or diverges.

Remark 4.2.20. By numerical studies (see Chapter 6, in particular Section
6.7) it seems that in fact this should be the general situation, i.e., for every
wrreqular singularity of irreqularity m there is a suitable chart centered at it
such that, in this chart, we can find 2(m — 1) sectors at the origin such that,
for every geodesic (z(t),v(t)), if z(t) — 0, then this happens staying inside
one of the sectors (and v(t) goes to zero or diverges, accordingly). Moreover,
it seems that there actually exist directions of convergence: for every geodesic
(z(t),v(t)), then z(t) can converge to the origin only tangentially to some
precise directions.



Chapter 5
Dynamics in C"

In this chapter we shall see, following [AT11], the relation between the
dynamics of a germ of endomorphism tangent to the identity in C" and
the Poincaré-Bendixson-type theorems we discussed in Chapter 3. After
developing the theory in any dimension, we shall concentrate on the case
n = 2, for which we shall be able to give quite a complete description of the
dynamics.

5.1 The construction in this case

In this section we are going to study in more detail the construction of the
previous chapter in the situation in which M = C", the blow-up of C" at
the origin, and S = P"~1(C) is the exceptional divisor. Then, we shall see
how all this applies to the study of germs of endomorphisms tangent to the
identity.

First of all, let us fix all the notations we shall use in this and in the
following sections. We begin by fixing coordinates to work with and compute
the changes between them.

So, we are given 7 : M — C", the blow-up of the origin, and S = 7=1(0)
the exceptional divisor. We will use w = (wl, . ,w") as coordinates for
C™, to be able to use the letters z’s for the charts we are going to introduce.
We set H; C C" to be the set of points such that w’ # 0 and note that we
can use the open sets U;j := 7~ *(H;) U (S \ L;) (where L; is the hyperplane
in S corresponding to {w’ = 0}) as a cover for M. We define coordinates

zj = (zjl., .. .,zj”) on Uj, defined by

. . w! wi—1 jwj+1 w”
(zj,...,zj): ey — o — |,

wi’ wJ wJ

so that we also get that the projection 7 on the open Uj is given by
w 4 4
w(25(p) = (22222 (5.1)

97
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In particular, we see that the chart (Uj, z;) is centered at the point [0,...,1,...,0] €
P"~1(C), where the 1 is in the j-th position.

The following Lemma gives the coordinate changes betweeen z; and z;
on U; NUj, as well as the change rules for dz and . We omit the proof,

which consists enterely of standard computations.

Lemma 5.1.1. The coordinate change in U; NU; = {zf, z; # 0} are

2z if (h=1)
z;‘L: 1/27; if (h=1)
D)2 i (h#£1,7)

The change rules for differentials are

zfdzf + Zfdzf if (h
st = =2 IER i
j

zh P
h— (z;)deg if (h

The change rules for tangent vectors are

\/

)

T

1
]
%

ih: Zf( zaz Zk 1 132) Zf(h: )
0z h
ﬁ@—<%mz if (h#1,5)

The last coordinates we need to introduce are the ones for the bundle
p: N&” — S. We notice that we can use {U;NS} = {{zg = 0}} as trivializing
cover and use coordinates ((j,v;) on p~*(U; N S), where ¢; denotes the point
of S and is the standard coordinate induced by the z; coordinate on Uj,

1 -1 1 2 1
Q:(Q,...C;L ): <zj,...,z§,...,z;7’) eCr .

We use v; (corresponding to the generator Bf’wf ) as coordinate for the fiber,
so that we get ((j,v;) as local coordinates for the bundle.

Now, let us take a map f tangent to the identity in C™ and denote by
f € End(M, S) the blow-up of this map at the origin. We have 7o f = for
and, in particular, f will be the identity on S.
We can write (the components of) f as a sum of its homogeneous terms,
ie.,
Flw)=w +) Qhw

h>2
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and, if possible, start the sum with an higher index, if for every j we have
7 =0, for every h < v for some v. So, we obtain

Fw)y=w + Y Qhw)

h>v+1

with Qfl an homogeneous polynomial of degree h. The integer v + 1 is called
the order of the map f and is the least integer £ > 2 such that not all Q{C’s
are zero.

In the previous sections we have constructed a connection VY on the
tangent bundle of a hypersurface pointwise fixed by a holomorphic endomor-
phism, depending on the endomorphism itself. What we are going to do
now is to prove that, in the case we are considering, i.e., if f € End(C",0),
the connection related to f actually depends only on the homogeneous
polynomials {Qiﬂ, .., Qp 1} when f turns out to be tangential to S.

We start giving a precise characterization of when f actually is tangential
to S. To do so, we associate to our map f the vector field

Q E :Q]
! st v+l Oi

in C", which is homogeneous of degree v + 1.

Definition 5.1.2. We say that a homogeneous vector field is dicritical if it
is a multiple of the radial vector field

Zuﬂw.

J=1

We say that a map f tangent to the identity is dicritical if its associated
field Q is dicritical.

This condition is easily seen to be equivalent, for a field Q) = 2?21 QJ %,
to

thk’ _ wk‘Qh

forall h,k=1,...,n.

This condition on the associated field turns out to be the only obstruction
for the f to be tangential to S, in the sense of Definition 4.1.5. In fact, we
are going to prove that f is tangential to S if and only if f is non-dicritical.

To do so, we need an explicit expression for the blow-up f . This is done
in the next Lemma in the chart Uy, and for other charts it may be found in
the same way.



100 Dynamics in C"

Lemma 5.1.3. In the chart (Ui, z1) we have

v+1 h—v—1 e
) 2+ (1) i Zh>y+1h(zl)l Qp (1,¢1) (ifj=1)
171 = J v s (21) [Qj(l G)—21Q} (1,¢1)] .
&3 + (Zl) 1+( 1) Qh(l,ﬁ) (Zf] 7& 1)7
(5.2)
where we set f1 for zy o f.
Proof. First, let us write w = (wl,w ), where w (w2 w”) and,
analogously, z1 = (z1,21), f = (f', f’) and f = (f1 f), and recall that
m: (21, 2]) = (242]21), while its local inverse is (w! ) (wh, w' /wh).

From the relation for =7 o f we get

(fl (Z%,Z%Zi) 7f (z%’z%zl)) f (Z%,Z%Zl)

- (fl (=1,21)  f! (o 20) F (z%’zll))’

so that we have
1/(.1 A1
{f (le,Z 17 ) -{ ( ) R (53)
I (Z1az1z1) f ( )f (Z1a21)
It follows that
et ) = £ (e, 212h) =20+ > Q) (e, 214)

h>v+1
=4+ Y (D)),
h>v+1

where in the last step we used the homogeneity of Q}L, and this proves the
formula for j = 1. For j # 1, we use the second equation in (5.3) to get

f (217»’512’1) _ f (z%,z /)
f1 (zl,zl) f1 (z%,zl ’)

f/ (Z%, zl)

h

AR s (21) @ (1, 2)
= h

Z%+Zh>y+1 (21)" @} (1, 2))
h—1

21+ D st (21)" @), (1,21)

I DY S (21) Qh (1,2])
— 2+ st (Z%)::ll Qj, (1,29)
Lt Yz (31)" @ (1,21)
4 (14 S (D) QL 12D)
D D (Z%)h_1 Q! (1,2
_ 21+ Dt (21) (Q;lh(llzl) Q) (1,2)))
L+ s (1) @ (1 2)
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and we are done. O

Corollary 5.1.4. f is tangential to S if and only if f is non-dicritical.

Proof. If f is dicritical, all the Qf; 41 are not zero, so that in particular there
exist a point p € S such that v fi (z%, p) = v + 1. Moreover, all the differences
in the first term of the sum in the numerator of the second formula in (5.2)

are zero, so that also Vi <z{,p) > v+ 1 for j # 1. It means, by definition,

that f is not tangential.
Conversely, if f is not dicritical, there will be a j with

Qi-‘,—l (17 Cl) - z{Qllj—&-l (17 Cl) 7& 07

which means that v 7 (z{ p) will be equal to v for some p, and, being

Vi (z%,p) > v+ 1, it means that f is tangential to S. O
The next Lemma allows to see that the associated geodesic field G on

N?” depends only on {Q},H, ., Qp 1} when f is tangential, i.e., when f is
non dicritical.

Lemma 5.1.5. In the chart Uy, we have
) 1
. TQ\UmS = Qi1 (L G);

j j—1 .
e g{‘UlﬂS = QIZ+1 (17<1) - { 11/+1 (17C1) fOT] = 27 cees Ny

* Gp-1uins) =

n—1 ‘ - P 5
Z [Q]u—s—l (1,¢1) — { ' i—&—l (1, Cl)] m@i{h + VQi_H (1,¢1) ’U%a—vl
Jj=2 1

In particular, the morphism Xy, the connections V and VO and the associated
geodesic field G depend only on {Qiﬂ, o Qpit

Proof. The first equality follows immediately from the first of (5.2). For the
second, we use the second of (5.2) to get, for j # 1,

gj = Qi+1 (]-7 Cl) - Z{Q}ll (17 Cl) )

which gives the desired formula recalling that, in the chart U;, we have
¢ = z{fl. The last equality follows from the first two and the definition of
G. O
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So, we see that we can associate to a non-dicritical (v + 1)-homogeneous
field Z;Zl Qj% the morphism Xg : N E?” — TS and the connection V,
which will be the common morphism and connection for all the endomor-
phisms of the form

f(z) =2+ Q(2) + O (=),

The next thing we are going to do is to understand better the meaning
of the singular points, i.e., the zeroes, of Xg. To do so, we introduce a
definition and then prove that the objects we have defined are precisely the
zeroes of X, thus giving a new characterization of Sing( f ).

Definition 5.1.6. A characteristic direction of a homogeneous vector field
Q=371 Qj% is a direction [v] € P"1(C) such that the line L, = Cv is
Q-invariant. L, will be called characteristic leaf and we shall say that [v] is

degenerate if Q|,, = 0, non-degenerale otherwise.

We have the following Proposition, giving an equivalence between char-
acteristic directions and singular points:

Proposition 5.1.7. The singular points of X¢q are exactly the characteristic
directions of Q.

Proof. We shall use the second formula of Lemma 5.1.5. In the chart Uy, we
know that [v] is characteristic if and only if there exixts A € C such that

QL (1,23,...,27) 1
+
L (Lzf2) | =A A s
Vil (1,2%,...,2’?) 27
where [1,... 72{, ... 27| is a representative for [v]. This is clearly equivalent
to
4
11/+1 (l,z%,...,z’f) =)\
Q1 (1,23,...,20) =Xz
Q;;L_;'_l (].,Z%,...,Z?f) :)\ZT‘
which is
.
b (L) =
Qf/+1 (LZ%’ . '72?) = Z{QI:L,+1 (1,2%, .. .,Z{L)

71}4-1 (LZ%V--’Z{L) :Z?Qzlz—i—l (1,2%,...,Z?)-
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Thanks to Lemma 5.1.5, and recalling that {; = (z%, . ,z?), we see that
this is equivalent to g/ = 0, for j = 2,...,n, which precisely means that [v]
is a zero for Xg. O

What we have done so far has been to introduce G using something like
a pull-back by X¢, in the sense that we prescribed some properties on the
images on the integral curves of G. What we want to do now is to give
another description of G, that will turn out to be the pushforward of the
field @ by a map x, : C"\ 0 — N?”. In this way, we shall be able to relate
the integral curves for G, which we can study by means of the connection V°
on the foliation of T'S, and the integral curves of @), i.e., the integral curves
for the field associated to our starting endomorphism f. In particular, if we
consider fg, the time-1 map of @, we see that studying the integral curves
for @) permits to undersand the behaviour of the discrete orbits of fg. So, all
we have done gives us a way to approach the original problem of studying the
orbits of a time-1 map: we take its field ) and, to study its integral curves, we
can use the integral curves of G, which we can study looking at their images
in the foliation on T'S. Here, we can use Poincaré-Bendixson-type Theorems
to understand the topological behaviour of the geodesics for VU, which are
contained in a leaf of the foliation of T'S, thus getting information about the
asymptotic behavior of the integral curves for the initial endomorphism.

So, let us introduce this map x,:

Definition 5.1.8. In the chart H; = {w’ # 0} we define x,, : C*\ {0} —
N§"\ S as xu(w) = (¢j(w), vj(w)), where

Q@Oz(ﬁw-wg}~7%) (5.4)
vi(w) = (w;)”

The next proposition shows that x, is actually a well defined map between
C"\ {0} and N§"\ S.

Proposition 5.1.9. The map x, defined in (5.4) actually gives a v-to-1
holomorphic covering map between C™\ {0} and N\ S.

Proof. Using Lemma 5.1.1 it is easy to see that the changes of coordinates
for N&" are

¢/ if1<h<j-li<h<n-1
G=qGg ij<h<i-2
/¢ ifh=i-1

if 7 < ¢ and similar ones if j > i, and

v = (Cg) v;.
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It easily follows that the map x, is well defined, and it is then clear that it
is a holomorphic v-to-1-covering. O

We are now ready to prove the announced result that G = dx, Q.

Theorem 5.1.10. Let @ be a non-dicritical homogeneous vector field of
degree v +1 > 2 in C™ and G the associated geodesic field on the total space
of p: N?” — S. Then

dXI/(Q) =G.

Proof. First, we remark that the fact that ) is v-homogeneous ensures that
we can define its pushforward by y,.
To evaluate dx,(Q) we need to know the (local) pushforward of the

tangent vectors agh' From the definition of x,, we find that

1 0

Wl 3k ifh<j
0 (Zjl wh -2 45—l wk+19>
d — | = k=177 g¢k k=j ack 1 ) )
v <8wh) ](wj)z Lt v (w) % if h =
Wagj’.l‘l if h > 7,
and the assertion follows. O

As a corollary, we get the relation between the integral curves for the
homogeneous vector field ) and integral curves for G. We define S'Q =
77189\ {0} = {w € C*\ {0}: [w] € S°}, where S° is the complement in S
of the characteristic directions.

Corollary 5.1.11. Let Q be a non-dicritical homogeneous vector field of
degree v+ 1 > 2 in C™ and G the associated geodesic field on the total space
of p: N?” — S. Then a real curve ~v: I — S'Q is an integral curve for Q if
and only if x, o~ is an integral curve for G. Moreover:

o ify: 1 — SQ is an integral curve for Q, then [y]: I — P"~1(C) is a
VO-geodesic;

e if o: I — P" ! is a V'-geodesic then there exist v integral curves
M-t L = Sg for Q, differing only by the multiplication by a v-th
root of unity, such that [y;] = o for every j =1,...,v.

Proof. It follows immediately from Theorem 5.1.10 and Proposition 4.1.19.
O
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5.2 Behaviour on characteristic directions

In this section we describe the dynamics of the field @) inside a characteristic
leaf. By definition, we have that each integral curve for () starting on a
characteristic leaf remains there, and so the problem is 1-dimensional. In
particular, this also solves the problem for dicritical maps, for which all
directions are characteristic (see Section 6.2.2). We remark that a qualitative
description is given by the Leau-Fatou Flower Theorem. What follows
actually is the study of the topological model given by Camacho ([Cam?78]).

Proposition 5.2.1. Let Q) be a holomorphic homogeneous vector field in
C™, of degree v+ 1 > 2. Let [v] be a characteristic direction, with Ao such
that Q7 (v) = Aov’. Then,

e if the direction [v] € P! is degenerate, then the dynamics of Q on L,
1s trivial, i.e., every point is fized by the flow;

o if the direction [v] € P! is not degenerate, then the integral curve for
Q with (ov as starting point is

Cov

. 5.5
1-— V)\Qggt)l/'/ (5:5)

Véov (t) = (

In particular, we do not have recurrent integral curves and

— if MNoCY & RY then limy—, oo Yeoo(t) = 0;
— if Xo(§ € R then 1imH+(A0<gu)_1 eow ()] = +00;

Proof. If the direction is degenerate, we have that the field is zero on the
leaf and so everything is fixed.

If the direction is non-degenerate, we recast the problem in C and then
we bring it back on the leaf. To do so, we take a parametrization of the leaf,
i.e., a function

p:C— L,

¢ (v.
We pull-back the field Q| to C with do~"', obtaining

0
d<P_1(Q\LU) = Ao¢" T ac

and we integrate this field on C, obtaining

o

C(t) = (1 _ )\OVCOVt)l/V
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as integral curve issuing from (p, as we may verify directly. So, we bring our
integral curve on C back to L, C C", obtaining

Cov
1 — vAoCyt)t/v’

Y¢ov (t) = (

as wanted. From this formula, it is easy to verify the last two assertions: if
AoCY € RT there is a real time for which the denominator goes to zero, and
so ||v(t)|| diverges. If not, the denominator is never zero and so the curve is
defined for any (positive) ¢ and the denominator diverges as t — +oo. [

5.3 Dynamics in C?

In this section we shall apply all the results proved so far to the study of the
dynamics of homogeneous vector fields in C?. We see that this dimension
is very particular for what concerns the method introduced before. In
fact, when studying the problem in C", we come to study geodesics for a
connection on a foliation in Riemann surfaces of P*~!, and so the problem
splits in two parts: study the leaves of the foliation and the geodesics inside
them. The behaviour and topology of these foliation may in general be quite
complicated, not allowing to direcly get too many information from the use
of Poincaré-Bendixson-type theorems. But in dimension 2 we see that the
problem of understanding the foliation is very easy: P! is already the unique
leaf, allowing us to use Theorem 3.4.8 directly. This is what we are going to
do now. The next chapter will be devoted to the study of concrete examples,
i.e., the dynamics of homogeneous vector fields of degree 3 in C?, as an
application of this method.

We start by reviewing the setting and the results obtained so far in this
situation. This will help to clarify ideas and concepts in a more “visualizable”
setting, and also to have a concise and complete treatment of this special
case.

So, let M be a 2-dimensional complex manifold (in our case, C?) and
S a hypersurface, i.e., a 1-dimensional complex submanifold of M, and
f € End(M, S) different from the identity and tangential to S. In a chart
(Uq, 2o) adapted to S, i.e., where S = {2} = 0} we can write f as

() - (G
2 (2a)"792)
with g:;‘ g = 0. So, the canonical morphism becomes

0
Xfa= 9387 ® (dzb)®"t

and the partial meromorphic connection V along Xy on Ng introduced in
Chapter 4 by (4.5), the induced connection on N ? “f and the V° on T'S
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are all standard meromorphic connections. In particular, we see that V0 is
represented, on (Uy, 24 ), by the 1-form

770 — <ag§/823 . Vflagé> d22
« 92 9202,)

So, we see that we have all the ingredients to consider on Ng%yf , a line
bundle over the Riemann surface S°, the three foliations that we studied in
Chapter 2:

e the metric foliation on IV :ngf \ S°, a real non-singular foliation of rank

3, that we can extend to a singular foliation to all of N g?oyf by adding
the zero section as exceptional leaf;

e the horizontal foliation on N;%Vf , a complex non-singular foliation of
rank 1;

e the geodesic foliation on N ;’?;”f , a real foliation of rank 1, singular only
on the zero section, where we use the fact that Xy is an isomorphism

between N g)uf and TS9.

We can also consider the geodesic field G on N ;%Vf , defined by (4.11). In
the proof of Proposition 4.1.19 we already noticed that in this special case,
i.e., when M has dimension 2, it is the same field we studied in Chapter 2.
Here, it becomes of the form

dg! 0
_ 2 2
Gp_l(Ua) - ga|UaﬁSUOl 823 + vy azz w msva 81},1,
which is also

Gp_l(Ua) = XaUaHa,

with H, as defined in (2.9) (obviously, here 9, = %) and X, given by

2
Xo = ga|UaﬂSO‘

Let us now consider our starting problem: we have a holomorphic ho-
mogeneous vector field in C? and we want to study its dynamics. So, let
us consider C? with the usual coordinates (w!,w?) and a vector field of the
form 3 3

1,2 1,1, 2 2,1 2
wh,w?) = wh, W) — wh,w)—
Q( bl ) Q( I )3w1+Q( I )811)2
with Q! and Q? homogeneous of the same total degree v + 1. Blowing-up
the origin, we get the exceptional divisor S = P!(C). By what we said in
Section 5.1 we can cover M = C? with two charts, that we can call (U, z)
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and (Uso, 200 ), centered respectively at the points 0 = [1,0] € P!(C) and
=[0,1] € P}(C). By (5.1) we get

wh = 2§
2 _ 1.2
w* = 2525
1,1 .2
W = 25,25,
2 _ 2
we = z5,.

Consider now the bundle N g?” . We trivialize it with the two charts
(U07 CO? UO) and (UOO7 COOv UOO); with

and

1
(oo = = and vao = (o
o
Using these coordinates, it is easy to rewrite all the quantities we need. The
result is the following.

Chart Uo at [1,0], coordinate (o
Bz 3 |Uons = Ql( aCO)

Xo = Gby,ns = Qz(l(, Co))— Go@1(1, o)
_ vQ1 (16
o = _Q2(1,C0)1*C0Q01(1 gy 4o

_ vQ1(1,¢0)
Wp=H(UonsS®) = T Qa(T, Co)1 §ng1 1 §o)d<0 T3 dvo

VQl(LCO)
Ho 3(0 + Q2(1,¢0)— Cle(l ¢o) 031}0

Go = (Q2(1, ¢o) — ¢Q1(1, Co))voaco +vQ1(1, Co)(UO)Qa%)

Chart U at [0, 1], coordinate (o
ES UsnS @10, 1)
Xoo = ggo = Ql(CQOO(’Cl) 1_) CooQ?(Cooa 1)
— 1\Goo,
oo = Ql(coo,l)—gcoo@(cw,l)d@o 1
Wyt (UaenSY) = QTG )~ e @G,y B0 + s Voo

1{6c0>

B )
1 % T Q) Q2o 1) Vo0 Gugg L)
Goo = (Q (Com 1) - COOQ?(COOa )) Uooac + VQ2(C007 )( oo) o

Remark 5.3.1. In all this approach, the important quantities are the order
of a singularity, i.e., the order of vanishing of the morphism X, and the
residue of the connection at the singular points.

Other quantities had been introduced before to study this problem. In
particular, we recall the index v, that we may here define as

1
) =~ Res},) (V)
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and the director d1,j(Q) of a non-degenerate characteristic direction [v],

defined as

1 8<Q2(17C) _CQI(LC))
Ql(lvvﬁ) aC

(see [Eca8la, Eca81b, Eca85] and [Hak98]). We shall not concentrate on
these quantities and on their relation with our problem.

o) (@) = (vo)

The following Theorems are mainly restatements of the general Theorems
4.2.10 and 4.2.15 and of Proposition 4.2.18.

Theorem 5.3.2 (Corollary 7.3 in [AT11]). Let Q be a homogeneous holo-
morphic vector field in C% of degree v + 1 > 2. Let [vg] € PY(C) be an
apparent singularity of Xq of order p > 1 and apparent index a € C if p > 1.
Then:

1. if the direction [y(t)] € PY(C) of an integral curve « : [0,e) — C?\ {0}
of Q tends to [vg] ast — e, then y(t) tends to a non-zero point of the
characteristic leaf Ly, C C?;

2. no integral curve of Q tends to the origin tangent to [vo];

3. there is an open set of initial conditions whose integral curves tend to
a non-zero point of Ly, ;

4. if p =1, then Q admits periodic orbits of arbitrarily long periods
accumulating at the origin.

Proof. We can have two different situations, due to the fact that the field
Q is identically zero on the leaf of an apparent singularity. So, an integral
curve can be a unique point of L,, or it cannot intersect L,,. In the first case
the assertions are clearly true, so we are going to consider integral curves of
the second kind. Moreover, being the characteristic direction @-invariant,
we can suppose that our integral curve lives in SQ. So, we have an integral
curve (t), and, in order to apply Theorem 4.2.10, we consider its projection
o = [y(t)] = po xu o7, converging to [vg]. We clearly have Xél(a’) =Xy 07,
and Theorem 4.2.10 implies that this object tends to a non-zero element of
(nglEC))vo = Xuv(Ly,). We only need to show that this implies that v(¢) tends
to a unique point of L,, (among the v possible points), but this follows from
the fact that the limit is connected. In particular, 2 immediately follows, and
3 follows from the cases of Theorem 4.2.10. We are left with proving 4: this
follows from the corresponding cases of Theorem 4.2.10, where we proved the
existence of periodic orbits through any point in a suitable neighbourhood.
From the proof of that Theorem, we see that the period of these orbits is
inversely proportional to the modulus of vg, and so the assertion follows. We
remark that we cannot have periodic orbits with x4 > 1. In fact, by (4.14),
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we have Res[vo](vo) = Pluy) (V) — = —p and so, in order for the projection
of the integral curve to be closed, we need p = 1. O

Proposition 5.3.3 (Corollary 7.5 in [AT11]). Let Q be a homogeneous
holomorphic vector field in C? of degree v+ 1 > 2. Let [vg] € PY(C) be a
Fuchsian singularity of X¢ with real residue p € R*. Let v : [0,e) — C?\ {0}
be an integral curve of Q such that [y(t)] tends to [vg] ast — . Then:

o if p <0, then y(t) tends to the origin as t — &;
o if p >0, then y(t) diverges ast — ¢.

In particular, if p > 0, no integral curve can tend to the origin tangent to
[vo] (outside the characteristic leaf Ly, ).

Theorem 5.3.4 (Corollary 8.5 in [AT11]). Let Q be a homogeneous vector
field in C2% of degree v + 1 > 2. Let [vg] € PY(C) be a Fuchsian singularity
of Xq of order ux > 1, residue p € C* and resonant index a € C if
px —1—peN*. Put uy = pux — 1. Then:

1. if the direction [y(t)] € PY(C) of an integral curve 7 : [0,g) — C?\ {0}
of @ tends to [vo] ast — € and 7y is not contained in the characteristic
leaf L., then:

(a) if Rep < uy and py Rep < |p|?, then ~(t) tends to the origin;

(b) if p = py >0, or Rep > py, or Rep < py and py Rep > |pf2,
then [|y(t)|| — +oo;

(c) if Rep < py and py Rep = |p|? then y(t) accumulates a circum-

ference in Ly, .

Furthermore there is a neighbourhood U C P1(C) of [vo] such that an integral
curve 7y issuing from a point zy € C2 \ Ly, with [z] € U\ {[vo]} can have
one of the following behaviours, where U = {z € C?\ {0}: [2] € U}:

2. if Rep > puy, then

(a) either ~y(t) escapes U, and this happens for a Zariski dense open
set of initial conditions in U; or
(b) [v(®)] = [vo] but [[y(E)]| — oo;
3. if Rep = py but p # puy, then

(a) either y(t) escapes U; or

(b) v(t) — 0 without being tangent to any direction, and [y(t)] is a
closed curve or accumulates a closed curve in P1(C) surrounding
[vo]; or
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(c) ||[7(t)|| = oo without being tangent to any direction, and [y(t)] is
a closed curve in P(C) surrounding vo;

in particular, no integral curve ouside Ly, can converge to the origin
tangent to [vol;

4. if p=py >0, then

(a) either y(t) escapes U, and this happens for an open set Uy C U
of initial conditions; or

() [y(t)] = [vo] with [|(t)|| — oo, and this happens for an open set
Us C U of initial conditions such that Uy U Us s dense in U; or

(¢) ~v is a periodic integral curve with [7y] surrounding [vo);

in particular, no integral curve outside L, converge to the origin
tangent to [vg], but we have periodic integral curves of arbitrarily long
period accumulating the origin;

5. if Rep < py and a =0, then [y(t)] — [vo] for an open dense set Uy
of initial conditions in U, and y(t) escapes U for z € U \ Uy; more
precisely:

(a) if py Rep < |p|? then v(t) — 0 tangent to [vo] for all z € Up;
(b) if py Rep > |p|? then ||y(t)|| — oo tangent to [vo] for all z € Up;

(c) if uy Rep = |p|? then v(t) accumulates a circumference in Ly,

Proof. The necessary condition for having a resonant index is py — p € N*|
which in particular implies py > p € Z. So, in cases 2-4 the resonant index
is zero and so cases 2-5 (and also part 1 when the resonant index is zero)
follow from Theorem 4.2.15. So, we need only to prove part 1 when the
resonant index is not zero (and so py > p € Z). But in this case:

e we have py Rep = uyp < |p|? if and only if p < 0;
e the condition for case lc is never satisfied.

So, the assertion follows applying Proposition 4.2.18 in this situation.
We remark that, by Theorem 4.2.15, in the cases not covered by case 1
we cannot actually have geodesics going to the singular point. O

For a similar study in the case of irregular singularities we would need
an analogous of Theorems 4.2.10 and 4.2.15 in this situation. We recall that
those two Theorems were proved by means of the holomorphic normal form
of the geodesic field near the singularity, which is not known yet for irregular
ones. But by Proposition 4.2.19 we get the following result.
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Proposition 5.3.5. Let Q be a homogeneous holomorphic vector field in C?
of degree v+ 1 > 2. Let [vg] € P(C) be an irreqular singularity of X¢, of
irreqularity m > 2 and residue p. Let vy : [0,€) — C2\ {0} be an integral curve
of Q such that [y(t)] tends to [vo] ast — e. Then, in a suitable chart of P1(C)
centered at [vg], we have 2(m — 1) sectors of equal opening centered at [vo]
such that is [y(t)] definitively stay in one of these sectors, then, alternately,
v(t) goes to zero or diverges.

We also state here a result by Liz Vivas (see [Vivll]) giving the existence
of basins of attraction for the origin for degenerate irregular direction.

Theorem 5.3.6. Let f be a germ of holomorphic endomorphism of C?
tangent to the identity and [v] a degenerate and irreqular characteristic
direction for f. Then there exists an open basin V attracted to the origin
along [v].

So we see that, given a holomorphic homogeneous vector field in C2, we
can study its integral curves through their projections on P!(C). To study
these, we have the Poincaré-Bendixson Theorem 3.4.8 and the local results of
this chapter. Using all these tools, we see that we can give a fairly complete
description of the dynamics for a large class of vector fields. For example,
we see that in the generic situation we have all the singularities that become
Fuchsian of order 1. Moreover, we see that, without losing the property of
being generic, we can also ask that for no subset of the singularities the real
part of the sum of the induced residues is equal to —1, thus excluding the
possibilities 2, 3 and 4 of Theorem 3.4.8. A sample Theorem it is possible
to prove in this situation is the following, which solves the problem in the
generic case.

Theorem 5.3.7 (Corollary 8.6 in [AT11]). Let Q be a non-dicritical homo-
geneous holomorphic vector field in C? of degree v + 1 > 2, such that all the
characteristic directions are Fuchsian of order 1. Assume that for no set
of g > 1 characteristic directions the real part of the sum of the residues is
equal to g — 1 (i.e. the real part of the sum of the induced residues is equal
to —1). Let v :[0,¢) — C? be a mawimal integral curve of Q. Then we have
the following two cases.

1. If v(0) belongs to a characteristic leaf Ly,, then the image of v is
contained in L,,. Moreover, either v(t) — 0 (and this happens for a
Zariski dense set of initial conditions in Ly, ), or ||y(t)|| = 400, and
in this case the integral curve is a straight line.

2. If v(0) does not belong to any characteristic leaf, then either:

(a) v converges to the origin tangentially to a characteristic direction
[vo] whose residue has negative real part;
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(b) ||[7(t)]| = +oco tangentially to a characteristic direction [vg] whose
residue has positive real part; or

(c) [7] : [0,e) — PY(C) intersects itself infinitely many times.

Furthermore, if 2¢ never occurs, then 2a holds for a Zariski dense open
set of initial conditions.






Chapter 6

Cubic vector fields in C?

In this last chapter we are going to study in detail the dynamics of homo-
geneous cubic vector fields in C?. The quadratic case has been studied by
Abate and Tovena in [AT11], starting from the holomorphic (and linear)
classification of these maps made by Abate in [Aba05]. Here, we want to give
a holomorphic classification of 2-dimensional cubic vector fields and then try
to apply the results of the previous sections to study the dynamics of the
time-1 maps of these fields, as done in [AT11] for the quadratic maps.

6.1 Preliminary remarks

So, let us suppose we have a cubic vector field in C?, of the form

Q(z,w) = (a2’ + bz*w + czw? + dw?) aa
z

+ (Az3 + B2*w + Czw? + Dw3) i

ow

In order to study a holomorphic classification of these fields, we need to

know how they change under a holomorphic change of coordinates of C2. So,

let x be a biholomorphism of C2. It is easy to see that, in the coordinates
induced by the change x, the field () becomes

Q=dx(Qox7Y),

which, in coordinates, means

b (Xfl)j

ow' (Q © X_l)i

Q=
We immediately see that the resulting @ is still a vector field of order at
least 3 and, in particular, that ()3, the homogeneous part of () of degree
3, actually depends only on @ and the linear part of x. So, we have the
following result.

115
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Proposition 6.1.1. Let () and @ be two holomorphic cubic vector fields in
C™. Then Q and Q are holomorphically conjugated if and only if they are
linearly conjugated.

In particular, we remark the following analogous for cubic maps of
Corollary 1.3 in [Aba05].

Corollary 6.1.2. Let f,g € End(C"™,0) be two cubic maps fixing the origin
and tangent to the identity. Then f and g are holomorphically conjugated if
and only if they are linearly conjugated.

We shall divide our analysis of cubic vector fields on the basis of the
number of the characteristic directions. In fact, we know that a cubic field
in C2 can be dicritical or must have 4 characteristic directions (see, e.g.,
[AT03]), counted with multiplicity. For any possible number of characteristic
directions, we shall first give a holomorphic classification of the fields and then
study the dynamics of the representatives found. As a matter of notation,
for simplicity and for the sake of clarity, in this chapter we shall denote by z
and w the two coordinates of C2.

6.2 Dicritical case

6.2.1 Classification

Proposition 6.2.1. Let Q) be a dicritical holomorphic cubic vector field in
C2. Then Q is linearly (and hence holomorphically) conjugated to the field

0 0
_ 2 2
Qz,w) =z waz+zw e

Proof. There exists a function A, not identically zero, such that, for every
(z,w) € C?, we have

az3 + b2%w + czw? + dw? = \(z,w)z
Az + B2*w + Czw? + Dwd = Az, w)w

It means that we must have
d=A=0,a=B,b=C,¢c=D
and the field @ is of the form Q. = (az3 + b2%w + czw2) %—i—(azQw + bzw? + cw3) 0

ow*
We want to see when two such fields are conjugated by linear change of
coordinates, i.e., by a

w

x(z,w) = (nz + mw, hz + kw) = (Z ?]7;> (z) ,
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with nk — mh # 0. It is easy to check that the field Q5. becomes, under
conjugation by this x, the field Qg 4, where

a’ = an® + bhn + ch?,
b = 2amn + b(kn + hm) + 2chk,
c = am? + bkm + ck?.

Let’s see what happens under some particular conjugations:

1. x(z,w) = (nz, kw). Then we see that the change becomes

a = an?
b = bkn
c = ck?.

From this we see that we can reduce the problem to the study of the
fields Qo10, @100, Qoo1, Qo11, @110, Q11, With b € C;

2. x(z,w) = (w, 2). The change becomes

a =c
b =
d =a,

so that we can reduce our representatives to Qo1o, Qoo1, Qoi1, Q1s1,
with b € C;

3. x(z,w) = (z — w,w). We get

a =a
b =b—2a
d=a—-b+ec

Thus, we have dx ! (Qo10 © X) = Qo1,-1 ~ Qo11;

4. for Qpo1 we see that the general change becomes

a/ — h2
b = 2hk
d = k2.

So, with h = k = 1, it becomes one field of the family @15;. Thus, we
are left with the field Qg1 and the family Q1.
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5. Finally, we prove that any field of the family @qp; is conjugated to
Qo10- Consider Qp19. Then the change is

a' =hn
W =kn+ hm
d=km

and the system is solvable if we put o’ = ¢ = 1.

Summing up, we have obtained that every field Qg is conjugated to
Qo10, and this gives the assertion. O

6.2.2 Dynamics

We want to study the dynamics of the dicritical vector field z2w% + sz%

(the dynamics for case 0 is pretty trivial...). This is easy to describe, thanks to
Proposition 5.2.1. We see that the lines L 1) and Ly o) are pointwise fixed.
To study the other lines through the origin, let [vg] € PY(C), [vo] # 0, oc;
choose a representative vy and let \g such that Q7 = A\gv’ the associated
eigenvalue. Let ¢ be a parametrization of L,,. By (5.5), we see that the half
lines [T = {\(? € RT} and I~ = {\(Z € R} are totally invariant for the
flow. So,

e the integral curve issuing from a point in [~ goes to the origin in
forward time and to infinity in (finite) backward time;

e the integral curve issuing from a point in [* goes to infinity in (finite)
forward time and to the origin in backward time;

e the integral curve issuing from any other point go to the origin both in
forward and backward time, without intersecting (T and ™.

6.3 One characteristic direction

6.3.1 Classification

Proposition 6.3.1. Let Q be a holomorphic homogeneous vector field in C™
with one characteristic direction. Then, @Q is linearly (and hence holomor-
phically) conjugated to one of the following:

e looo : Q(z,w) = =237

o 1io0: Q(z,w) = =28 — (3 + 22w) 2 ;

o 1910: Q(z,w) = —22wZ — (2° + 2w?) & ;

o 1y01: f(z) = — (a2® + 2w?) £ — (2% + az?w + w?) 2
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Proof. Up to a linear change of coordinates, we can suppose that the charac-
teristic direction is [0;1]. Using this condition, we find that d = 0. Now we
want to exclude other characteristic directions, i.e., we want that, for any v,
[1,v] is not a characteristic direction. So, we ask for the system

a+bv+cv? =X\
A+ Bv+ Cv?+ Dv? =\

to have no solutions. It means that
A#0,a=B,b=C,c=D,
so that the fields become of the form

0
Qabes = (a23 + b2%w + csz) — + (Az?’ + az’w + bzw? + cw3)

0z ow'’

The possible linear changes of coordinates which hold [0, 1] fixed are of the
form x(z,w) = (hz, kz + lw), with hl # 0. After some calculations, we get

dxil (QabcA o X) = Qa’b’c’A’

where

a’ = ah® + bhk + ck?
W = i(bh + 2ck)

d =cl?

A = AR3JL.

We remark that A # 0, so that A’ # 0. Moreover, the fact that the third
parameter (¢) is 0 is a holomorphic invariant. So, we have the following
cases:

ea=b=c=0: wehave d =b = =0and A’ = Ah3/l, so that every

germ in this family is equivalent to Qooo,—1, i.e., Q(z,w) = —z?’a%;

eb=c=0,a #0: weobtain v/ = ¢ = 0,d’ = ah? A" = Ah3/l and
we get that every germ in this family is equivalent to g_10,—1, i.e.,
Flzw) =~ 2 = (4 220) 2

e c=0,b+#0: we get a’ = ah®+ bhk,b = Ihb,c =0, A" = Ah3/l. We
can solve and obtain that every germ is equivalent to Qo —1,0,—1;

e ¢ # 0: we obtain that every germ in this family is equivalent to one of
the family Q—a,(),—l,—l-

O]
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6.3.2 Dynamics

We study the dynamics for the representatives of the holomorphic classifica-
tion (cp. [AT11], page 2676). Regardless of the holomorphic class of the field,
we have only one characteristic direction, which has order 4, residue p = 2
and induced residue Res = —2 . The behaviour in the characteristic line is
explained in Proposition 5.2.1, so here we shall study what happens outside
that line. Theorem 3.4.8 and Corollary 5.1.11 tell us that the direction [y] of
every integral curve v outside the characteristic line tends to [0, 1], in both
forward and backward time. In fact, the presence of a unique singularity
with residue —2 prevents the possibility of any other w-limit for [7].

So, we want to understand if the integral lines go to the origin or diverge
as t tends to the supremum of the values of definition for v (the singularity
cannot be apparent, because the residue is non-zero), and also try to see if
this value is finite or infinite.

We shall use coordinates (¢, v) for the chart centered in [0, 1] for all this
section.

Case 1ggg In this case, the associated vector field is

0
— _ 3 Y
@=-z ow
and in particular we have
Q'(¢.1)=0
and
Q*(¢1) = ¢,

so that we obtain (recall that here v = 2)

4, 0 3290
G=¢( va—C —2¢°%v 90
We see that the unique singularity [0, 1] is degenerate and Fuchsian of order
4, with vanishing resonant index. Here, uy = 3 > 2 = p (the residue), so
that Theorem 5.3.4 says that ||y(¢)]| goes to infinity in both forward and
backward time. We can also write down explicitely the solution issuing form
(Zo, wo) e C%
(1) = (20, w0 — 251).

We notice that the solution diverges, as we said, and the solution is defined
for every t € R.

Case 1199 In this case, the vector field is

0 0
_ 39 3 9 O
Q= zaz (z +zw)6w
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and we have

Q'(¢,1) = —¢* and Q*(¢,1) = —C*(1 + ().

The singularity co = [0, 1] is again degenerate, and the field G has the form

o 0 o2 22
G =Clog =271+ 5 (6.1)

so that oo is an irregular singularity. As in [AT11] for the analogous case 11y,
we can write down the explicit solution and obtain the asymptotic behaviour
as follows. So, let us suppose we have o(t) = (¢(t),v(t)) integral curve for G,
corresponding to an integral curve v for our field in C?. We know that the
horizontal foliation is given by the field

0 _,1+¢ 0

H = 37C 70%,

so that we obtain the condition

exp (_42> Co=¢

from the fact the the geodesic lies in a leaf of the horizontal foliation.
Moreover, we see that we also have

¢ =acton ()

(see Remark 2.1.22). We can solve and find

2

C(t) - _log(QCot + 261)

co 10g2(200t + 2¢1)
8(Cot + Cl)

u(t) =

where ¢y and c; are given by

log(2¢1) = — and ¢y = 2¢1¢%(0)v(0).

2
¢(0)

Now, recall that here v = 2 and the map o : C2\ 0 — NHE?Q \ P! is given
by x2(z,w) = (i, wz), so that Xg_l (¢v) = (Cv1/2, 01/2) (two solutions, it is
a double cover). From the form of the solution v, we see that we have two
cases:
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e if (?(0)v(0) € R, there is a positive ¢ for which the denominator of

v(t) vanishes. So, v diverges in finite forward time and goes to 0 in
infinite backward time. It means that the integral curve issuing form a
point (29, wp) € C?, with 23 € R~ diverges in finite forward time and
goes to the origin in infinite backward time, in both case tangentially
to [0, 1];

if ¢?(0)v(0) € R, the description is the opposite of the previous one.
There is a negative ¢ for which the denominator of v(t) vanishes. So,
v diverges in finite backward time and goes to 0 in infinite forward
time. So, the integral curve issuing form a point (zg,wg) € C?, with
zg € R~ diverges in backward time direction in finite time and goes to
the origin in infinite forward time, in both case tangentially to [0, 1];

if ¢2(0)v(0) ¢ R, then v goes to 0 in infinite time in both forward and
backward time, so that if (29, wp) € C2, with 22 ¢ R, then the issuing
integral curve goes to the origin in the same way.

Remark 6.3.2. The case zg = 0 means that the point (29, wq) lies in the
characteristic direction, and we see from the form of the associated field that
this line is left pointwise fized.

Case 1g19 The field here is

0 0
_ 2. Y .3 2y Y
Q(z,w) = —z"w " (2° + zw?) ”

and the associated geodesic field is

0 0
_ 4 _ 2 2
G =Clog —2(C + 1075

So here the singularity is irregular, with irregularity 3. With the usual
arguments we get

exp <_C12> Co=c

¢ = e exp (é)

which has solution

1

¢lt) = T F (et + 1)

v(t) = —coF (ot + c1) exp (F ' (cot + c1)?)

where F is a primitive of exp(—w?). It is possible to study this function to
get information in this case.
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NN
N\

N

cos(f) + isin(6)

1+ 4,v(0)

)

¢(0

Figure 6.1: Case 1919
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Numerical studies suggest the presence of directions of convergence to zero
for ((t), as described in Remark 4.2.20. In Figure 6.1a we have drawn ((¢) and
v(t) for integral curves issuing from ((0) = 1+ with v(0) = cos(f) + i sin(6),
with 6 = 0,35 ...27. Drawings of the same colour are the components
of the same curve. In Figure 6.1b we vary z(0) = cos(6) + ¢sin(6), with
¢ = 0,g;...2m, and hold v(0) = 1 + i fixed. We note two directions of
convergence, corresponding to the sectors of Proposition 5.3.5 and Remark

4.2.20, and that v(t) — 0 for all these integral curves.

Case 1,01 We have

d 0
(.3 09 _ 3 2 3
Q(z,w) = —(az —i—zw)az (27 + az w—i—w)aw

and the geodesic field in this case is

d 0
_ a4 9 503 2 2 0
G=¢( U@C 2(¢° +aC*+ 1) 50

with [0, 1] irregular singularity, of irregularity 4. With considerations analo-
gous to the previous cases, we get

exp (—25 - 32<3> Co=co
exp (-2 - %)
2

Integrating equation 2 would provide informations on the orbits. Proposition
5.3.5 provides basic information about curves converging to the singularity.

CI =C].

In Figure 6.2 we have studied this case numerically, with ¢ = 1 and
the same initial conditions we used in the previous case. This time the
irregularity is 4, and in fact we observe the presence of 3 directions of
attraction for generic projections of curves (we expect exceptional directions
of convergence separating curves tending to zero with different directions).
This is the only case of all our study in which we have irregularity 4, and thus
the only example we have to concretely study the situation with 3 sectors
of convergence. We remark that, in order to obtain this, it is necessary
to consider vector fields of degree at least 3: in fact, in the study of the
quadratic case done in [AT11] the maximal possible irregularity is 3, and so
this phenomenon is impossible to be seen.
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¢(t)

(b) ¢(0) = cos(f) +isin(f),v(0) =1+1

Figure 6.2: Case 1410
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6.4 Two characteristic directions

6.4.1 Classification

Proposition 6.4.1. Let Q be a holomorphic homogeneous vector field in C?
with two characteristic directions. Then, if the orders of the two directions
are 8 and 1, @Q is linearly (and thus holomorphically) conjugated to one of
the following:

® 20001 : Q(z,w)
e 20010 : Q(z,w) = zwidvz;
e 20001 : Q(z,w)
® 21010 : Qz,w) =

e 21001 : Q(z,w) =

=czuw?Z + w?’a%, with ¢ € C*;

z2° + zw2) % + zgw%;

(23 + czw?) % + (22w + wd) %’ with ¢ € C\ {1}:
¢ Bono Qaw) = (Put 2u) &+t
* 2011 : Q(z,w) = (Fw + czw?) % + (2w? + w?) a%; with ¢ € C'\ {1};

e 2,110 : Q(z,w) = (az3 + 22w+ zw2) % + (azQw + sz) 6%7 with a €
C\{1};

e 2,11 : Q(z,w) = (az3 + 22w + czwg) % + (az2w + czw? + w3) %,
with a € C*,c € C\ {1}.

Otherwise, if the orders of the two characteristic directions are both 2, g is
holomorphically conjugated to one of the following:

e 20100 : Qz,w) = (22“)) %"

20010 : Rz, w) = (szw) % + (zwz) %, with b # 0,1 (equivalent to
2/

0110/

2100 1 Q(z,w) = (2% + 2%w) 2 + 22w

210 1 Qz,w) = (23 + bz%w) £ + (2%w + 2w?) %, with b #0,1;
2/1b01 P Q(z,w) = (2’3 + bzw + zw2) %—i—(zQw + Czw? + w3) 8%7 equiv-
alent to 2y, with b,C € C,b# C.

Proof. Without loss of generality, we can assume that the two characteristic
directions are [0;1] and [1 : 0]. We clearly have two different situations,
depending on the fact that the two multiplicities are 2,2 or 3,1 (1,3 is clearly
equivalent to 3,1 with a swap of the coordinates).
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We start imposing that these two directions are characteristic, obtaining
d = A = 0. The fact that we do not have other characteristic directions
means that the system

aud + bu? + cu = \u
Bul+Cu+D =\

has no solutions u # 0. We find the equation
(a — B)u? + (b— C)u* + (¢ — D)u = 0.
Solving, we find that we have three cases:

e a =B,b=C,c# D. It means that the direction [0, 1] has order 1 and
[1,0] has 3;

e a=DB,b# C,c= D. It means that the direction [0, 1] has order 3 and
[1,0] has 1. It is equivalent to the previous case, as said before;

e a# B,b=C,c= D. We have that the two orders are 2 and 2.

So, we have two different situations. The first is the one with multiplicities
1 and 3

Qapen(z,w) = (2 + a2’ + bz%w + czw?) §+ (w + az*w + bzw? + Dw?) 36
z w

with ¢ # D; the second one is

0 5}
Q2pce(z,w) = (2 4 az® + b2%w + czw?) o (w + az*w + Czw* + cw?) o
z w
with b # C.
The linear maps that keep the two directions [0; 1] and [1;0] fixed are of
the form x(z,w) = (hz,kw). Let us study the two types separetely.

Case 3-1 The action of the conjugation is

-1 1 1
dx (QabcD © X) = Qah2,bhk,ck2,Dk2'

The vanishing of a,b,c¢, D is a linear invariant. So, we have the following
possibilities:

e a = b = 0: we see that it is of the form Q(1)0cD~ If ¢ or D is not zero,
we can let it become 1 with the parameter k, so that we see that the
family is parametrized by one parameter, [c; D] € P}(C). We divide
this case in the three families 29901, 20010, 200c1, With ¢ € C* \ {1} as a
parameter;
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e b =0,a # 0: we obtain, using h, that a becomes 1 and the map is
equivalent to Q%OCD, where again we only have to consider the ratio
A = [¢; D] € P1(C). We divide this case in two families: 21019, when
D =0, and 2001, with ¢ € C\ {1} as parameter;

e ¢ =0,b # 0: the same as the previous case, with b that goes to 1. Again
we obtain two families, that we call 29110 and 2301, where ¢ € C\ {1};

e a,b # 0: we have two parameters, i.e., we have [c, D] as usual and a
or b as a second parameter. We get the family 2,1.p, and we divide it
into 24110 and 24101 (with ¢ # 1).

Case 2-2 The effect of the conjugation is

-1 (2 2
dx (Qabcc © X) = Qah2,bhk,0hk,ck2
and the classification is similar to the previous one. First we obtain:
1. a = ¢ = 0: we obtain Q%bCO’ which depends only on [b; C] = N;

2. a = 0,c # 0: they are equivalent to Q%bm, again depending on
N =[b:C);

3. ¢c=0,a #0: we get Q%bco;

4. a,c # 0: again two parameters. We can use b and C' and obtain 27,4,
with two complex parameters.

Then, we can use the swap of the coordinates, x(z,w) = (w, z), which
gives dy ! ( zbcc o X) = Qiqbﬂ. We obtain that the two cases 2 and 3 are
equivalent, with 2’1[/\1;/\2}0 ~ 26,[)\2;>\1}1‘ Moreover, 2|, ~ 2], Finally, in
the first case we can consider the cases Q%lOO and Q%blo, with b € C* (and
Q(2)b10 ~ Q(Q)%lo ), and we can do the same in case 2, obtaining only Q%IOO and

Q3,1 (here b € C). In the last case we have the family 2},.,, with b,C € C,
not both zero (we shall see later that we do not need to divide it into more
families) and g%,0q ~ G5 o - O

6.4.2 Dynamics, case 3-1, 2,¢

We start studying the dynamics for the representatives of the form 24qee, i.€.,
the ones with one characteristic direction of order 3 and the other of order 1.
We use the charts (Up, (o) and (Use, (o) introduced in Section 5.1, centered
at [0,1] and [1,0] respectively. In the following tables we write down all the
relevant objects in this case.



6.4. Two characteristic directions 129

Chart at [1, 0], coordinate (o
Q1(1,¢0) = a+blo + ¢
Q2(1, o) = alo + bG§ + DEGGES

Xo = (D - )¢}

_ 2(atblo+e¢?)
o = — (ch)cg dCO

Go= (D — c)vogg’a%o +2 (a + bCo + cCg) Uga%o

order 3

residue p° = =5

. . 0 _
ind. residue Res” = =5 Do

Chart at [0, 1], coordinate (s
Q1(Coor 1) = aC + b3 + oo
Q2(Coo, 1) = ano + bCoo + D

Xoo = (C - D)goo
2(D+bGoo+ac3,)

L e [
Goo = (¢ = D)vasCoogiz +2 (D + blo + aC%) vi 52
order 1
residue p™ = 51_) -
ind. residue Res™ = 22 — 1 = B4¢

From the previous tables it is possible to recover the kind of singularity
of [1,0] and [0, 1] as the four parameters a, b, c and D vary. The results are
collected in the following table.

[1,0] @ o1 @
Apparent Fuchsian
Fuchsian Apparent
Fuchsian Fuchsian

Irregular (3 Apparent

Irregular (3 Fuchsian

Irregular (2 Fuchsian

Irregular (3 Apparent

®» MO O =IO O O
_= == RO OO0 O O
O =0 =6 =lo = O
— Ol Ol Ol O =

(3)
(3)
Irregular (2) Apparent
(2)
(3)
(3)

Irregular (3 Fuchsian
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From this table it is now easy to understand the way we decided to divide
some cases of the classification into subcases. The description of the different
cases follows.

Case 2pg19 In this and in the next two cases we do not have irregular
singularities and moreover we can integrate directly the field and obtain an
explicit formula for the integral curve ~y(t) issuing from (zp,wp). Here, we
have

9 0

Q(z,w) = zw E

and it is easy to see that the solution is

w%t,wO).

V() = (z0€
We see that the value Re w% dictates the behaviour of the integral curve. In
fact, z(t) may go to 0 (and so [y(t)] — [0,1]), diverge (and so [y(¢)] — [1,0])
or be periodic (in accord with Theorem 5.3.2).

Case 20001

Here the field is
0
3
zZ,w) = w’—.
Q) = '
We see that the first coordinate is constant, while we can solve for the second
one and obtain

1

V() = | 20—
1
V2 sz 1

)

with a suitable determination of the square root. We see that now it is
important to consider the parameter w%. In fact, we have:
1

o if w3 € RT, then w(t) diverges as t — 52 (and so the projection
0

goes to the singularity [0, 1]) and goes to zero as t — —oo (and so the
projection goes to [1,0]);
2 1

e if wy € R™, then w(t) diverges as t — 5 - (and so the projection
0

goes to the singularity [0, 1]) and goes to zero as t — +oo (and so the
projection goes to [1,0]);

e if w? ¢ R, then w(t) goes to zero for both ¢t — oo and so the projection
goes to [1,0].
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Case 2¢p.1, with ¢ € C Here the field is

Q(z,w) = czw28az + w3£U.
We see that the component w(t) of v(¢) will the same of the case 2ppp1. So,

we can solve also for the first coordinate, obtaining

1 \9? 1 1
0= | (502 ,
2w 1 0/2 2 1 t
Y (mt) Vs
which gives the explicit solution of the problem in this case. Moreover, from
the equation of the solution we immediately see that

mm@%=m<2)w

2
2wy

and so this product is constant. In particular, we have that the product
|2(t)||w(t)|~Re¢ is constant. It follows that

e if Rec < 0, if |w(t)| — oo, then |z(t)| — 0, and viceversa. So, we have
the following (see the previous case for the behaviour of w(t)):

— if w§ € R*, then w(t) diverges as t — 515 (and so z(t) — 0 and
0
the projection goes to the singularity [0, 1]) and goes to zero as
t — —oo (and so |z(t)| — oo and the projection goes to [1,0]);
— if w3 € R™, then w(t) diverges as t — +oo (and so z(t) — 0 and
the projection goes to the singularity [0, 1]) and w(t) goes to zero

as t — ﬁ (and so |z(t)| — oo and the projection goes to [1,0]);

— if w} ¢ R, then w(t) goes to zero for both ¢ — +0o and so z(t)
diverges and the projection goes to [1,0];

e if Rec = 0, we have that |2(¢)| is constant, so that the asymptotic
behaviour is the same as in Case 2¢go1;

e if 0 < Rec < 1, we have that |w(t)| and |z(¢)| have the same limit,
but |w(t)| goes to zero or diverges faster that |z(¢)|. So, in the cases
in which w(t) — 0 we have that the projection goes to [1, 0], while if
|w(t)] — oo we have that [y] — [0, 1];

e if Rec =1 we have that )%’ is constant and equal to zg (ﬁ) We

note that, if we write ¢ = 1 + ¢7y for some v € R, we have that the
two induced residues are —1 — %z (for [1,0]) and —1 + %1 (for [0, 1]).

In particular, we see that Re Res” = Re Res™ = —1 and we may have
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closed geodesics on P*(C), or geodesics whose w-limit is a closed one.
So, we see that the presence of induced residues equal to -1 makes this
case much more complicated than the other ones;

e if Rec > 1, we have that |z(¢)| has the same limit as |w(t)|, but goes
to 0 or oo faster that |w(t)|. So, we have that, in the cases in which
w(t) — 0 we have also z(t) — 0, with [y] — [0, 1], and when w(t) — oo
we have also z(t) — oo, with [y] — [1,0].

Cases 21010, 20110 and 2,110 In all these cases we have [1,0] as irregular
singularity of order 3 (and irregularity 2 or 3) and [0, 1] as apparent singularity
(of order 1). Thus the two residues are 2 and 0. It means that every integral
curve must go to a characteristic direction for both t — +o00, or be a periodic
integral curve, whose projection on P!(C) separates the two singularities
(or have projection going to some graph with [1,0] as only vertex). So, an
integral curve must have one of the following behaviours:

e it tends to a non-zero point of Ly q); or

it diverges tangent to [1,0]; or

it goes to the origin tangent to [1,0]; or
e is periodic and its projection on P!(C) separates the two singularities;
e has projection going to a graph whose only vertex is [1,0].

Proposition 5.3.5 gives some information about integral curves whose projec-
tion goes to the irregular singularity staying in a sector.

Cases 210c15 2011 and 241,17 In these three cases we have [1,0] as irregular

singularity of order 3, irregularity 2 or 3, residue p° = 62_0 and induced

1
residue Res? = %f’:, while [0, 1] is a Fuchsian singularity of order 1, residue

P = % and induced residue p>° = % In particular, we remark that the
induced residues are always different from —1 and this means that we cannot
have periodic integral curves, and not even integral curves whose projection
is closed.

Depending on the actual value of the parameter ¢ we can have integral
curves whose projection on P!(C) self-intersects infinitely many times, or
tends to a graph. Apart from these possibilities, we see that the projection
of every integral curve must go to a singular point. If it goes to the irregular
singularity staying in a sector, Proposition 5.3.5says that the integral curve
will go to the origin or diverge, depending on the sector. Otherwise, the
projection goes to the Fuchsian singularity. Depending on the value of c,
Theorem 5.3.4 (and, in the resonant case, Proposition 5.3.3) provides a

description of the geodesics tending to the pole.




6.4. Two characteristic directions 133

/
(XTI 1]

6.4.3 Dynamics, case 2-2, 2

The following table collects all the relevant objects of this case.

Chart at [1,0], coordinate ¢ Chart at [0, 1], coordinate (o
Q1(1,¢0) = a+ bGo + (3 Q1(Coor 1) = aG§ + (5 + oo
Q2(1,¢o) = ao + CCF + (§ @2(Coos 1) = a3 + Coe + ¢
Xo = (C = b)¢s Xoo = (b—C)C%
mo = i) g, moo = = 055 D a,
Go = (C = b)vo(s 5% Goo = (b— C)vaoCZ 52—
+2 (a+ bl + c(3) v%a%o +2 (a¢% + Clx +¢) UZO%
order 2 order 2
residue % residue 02791;
ind. residue Res’ = 2 —2= % ind. residue Res™ = C%—fb —2= %

The following one classifies the singularities depending on the value of
the four parameters involved.

Lo @] 01 @
0 1 0 0 Fuchsian Apparent

0O b 1 0 Fuchsian Fuchsian

1 1 0 0] Irregular (2) Apparent

1 b 1 0] Irregular (2) Fuchsian

1 b C 1] Irregular (2) Irregular (2)

Case 2(,,, We are studying the field

Q(z,w) = z%u%.

Here [1; 0] is Fuchsian, with residue 2 and induced residue 0 and

0

9Co

while [0; 1] is an apparent singularity, with residue 0 and induced residue —2
and

0
Go = —(3vo +2v3€0870,

0
oo
Because of Theorem 3.4.8, we know that the projection of every maximal
geodesic must tend to one of this points, for both ¢t - —oc0 and t — +o0.

Goo = —VooC2
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But we can also solve the differential equation directly, obtaining that the
integral line issuing from (2o, wy) is given by

A1) = —1),wo

1
wo (t — W00

We notice that the behaviour of v depends on the fact that wpzg € R or not
(one between zy and wg need to be different from zero, because we want to
start outside the characteristic lines). We have:

1

o and

e wozp € RT: then the first coordinate of y(¢) diverges for ¢t —
goes to zero for t — —oo;

1

e wpzp € R7: then the first coordinate diverges for t — om0

zero for t — +o0;

and goes to

e wpzp ¢ R: then, the first coordinates goes to zero for both ¢t — +oo.

We remark that the behaviour near [1,0] is as expected from Theorem
5.3.4 and Proposition 5.3.3.

Case 2(,,,, with b € C*  We recall that g2,,, ~ ggllo'
b

We have two Fuchsian singularities: [1,0], with residue %, induced

residue % and

9 9
Gy = —bvgg“ga—co + 2bCo + 03870

and [0, 1], with residue %, induced residue %’b and
0 0
Goo = bvooggoac—oo + 2ng§0%.

For both of them, we have puy = 1.
We want to study these (induced) residues, varying b. Clearly we can
suppose that Re p® < Re p>®. We get:

o if b = —1 then p” = p® = 1 = puy and Res” = Res™ = —1; almost
all integral curves diverge tangentially to a characteristic direction, or
are periodic integral curve whose projection on P!(C) separates the
two singularities and does not intersect any chart in which we can find
the Fuchsian normal forms for a singularity. Exceptional curves are
periodic, surrounding a (and hence both) characteristic direction. In
particular, we see that we cannot have integral curves going to the
origin (outside the characteristic leaves) but we have periodic integral
curves of arbitrarily long period accumulating the origin;
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e if b€ S\ {—1}, then we have Re p” = Re p™® = 1 = py, but p°, p> #
1 = py, which means that Re Res” = Re Res™® = —1 but Res?, Res™ #
—1. So, we have that every integral curve goes to the origin without
being tangent to any direction or diverges, again without being tangent
to any direction;

e if b lies between the two circumferences I'_; /5 of centre —1 and ra-
dius 2 and I'_3/5 of centre 1/3 and radius 2/3, but b ¢ S1, then
ReRes’, ReRes™ € (—3/2,—1) U (—1,—1/2) and so Rep’,Rep™ <
(1/2,1) U (1,3/2). Being Rep’ < Rep™ and p? + p> = 2, we have
that 1/2 < p® < 1 = uy < p™ < 3/2. So, see that may have integral
curves whose projection on P!(C) intersects itself infinitely many times.
Otherwise, almost all integral curves goes to the origin tangent to [1, 0]
(we remark here that we are not in the resonant case). Exceptional
curves diverge tangent to [0, 1];

e otherwise, Re Res?, ReRes™ ¢ (—3/2, —1/2) and in particular Re p° <
1/2 and Rep™ > 3/2. The picture is as in the previous case, but
without the possibility of infinitely self-intersecting geodesics. Almost
every integral curve goes to the origin tangent to [1,0] and exceptional
curves diverge tangent to [0, 1].

We are left with the three cases 211y, 2,0 (with b € C) and 2}, -, (again
with b € C). In all these cases we have at least an irregular singularity and
this does not allow to get a very complete description. Depending on the
values of the parameters, we see that we can have periodic curves, whose
projection surrounds singularities with the sum of the real part of the residues
equal to —1, curves whose projection goes to some graph, and also integral
curves whose projection self-intersects infinitely many times. Moreover, we
may have integral curves whose projection goes to an irregular singularity.
A basic description of some of these curves is given in Proposition 5.3.5.
Here we list the other possibilities for the integral curves, depending on the
particular case (i.e., on the kind of the other singularity):

1. in case 2};4, we have an apparent singularity, so an integral curve can
go to a non-zero point of the apparent leaf;

2. in case 2{;,, we have [0,1] as Fuchsian singularity, of order 2 and residue
p>°, and so the description follows from Theorem 5.3.4. We remark
that, if this is resonant, then the residue is real and negative and so
we can apply Proposition 5.3.3 to study the problem in this case. So,
if Re p> > 1, then exceptional curves may diverge tangent to [0, 1]. If
Re p*° = 1 but Re p>° # 1 we may have integral curve going to the origin
or diverging without being tangent to any direction. If p>° = 1, we may
have curves diverging tangent to [0, 1], too. Finally, if Re p*™ < 1 and
the resonant index is vanishing, we must have uy Re p™ = p> < |p|?
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(and so we may have curves going to the origin tangent to [0, 1]) or
Re p> > |p|? (and in this case p is real and a curve whose projection
goes to [0, 1] diverges tangent to this direction). Finally, if the resonant
index is non-vanishing, we remarked that we must have that the residue
is real and negative, and so, by Proposition 5.3.3, an integral curve
whose projection goes to [0, 1] must go to the origin;

3. in case 2},, both the two singularities are irregular. At now, this is
the worst case to study, because we have two irregular singularities and
no singular point of other kind, so that the possibilities listed above
are a complete list of the possible behaviours.

6.5 Three characteristic directions

6.5.1 Classification

First, we can suppose that the three directions are [1, 0], [0,1] and [1, 1]. This
says that we have the following constraints on the coefficients:

A=0,d=0,a+b+c=A+B+C=:5.

So the field is of the form

Q(z,w) = (az3 +b22w + (S—a-— b)sz) %

+ (Bz*w + Czw? + (S — B — C)w?) 0

ow
We must impose that [1,v] is not a characteristic direction for v # 0, 1.
It means that the system

a+bv+(B+C+D—a—bp?=\
Bv + Cv? + Dv® = \v

has not solutions v # 0, 1. So we obtain the equation

(B—a)v+ (C=bv*+ (a+b—B—C)>=0.

We divide by v (the zero solution) and by v — 1 (for the solution v = 1).
Thus we get
wa+b—B—-C)+a—B=0.

We see that we have the following cases:

e ifa=B,wewant a+b— B—C # 0, i.e.,, b # C. v = 0 is again solution
and this means that the direction [1;0] is the one with multiplicity 2;

e if a # B, we have two possibilities:
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—a+b—B—C = 0, that means that the direction [0;1] has
multiplicity 2;

— a+b— B—C = B — a, that means that the direction [1; 1] has
multiplicity 2.

With a permutation of the characteristic directions, we can study only
the case in which the direction [1;0] has multiplicity 2.
We have thus obtained the field

Qz,w) = (az3 +bz2w+ (C+ D — b)zw2) %

+ (az2w + Czw? + Dw?’) i,
ow
where b #= C'. We have four parameters so far. Let us see what happens
if we conjugate our map with one that fixes the characteristic directions,
ie., x(z,w) = (hz,hw). We obtain that all the coefficients are multiplied
by h? with such a conjugation, so that we can suppose that one of the four
parameters is 1 (if # 0).

For now, we stop here the classification, i.e., we do not divide here in
subfamilies the maps with three characteristic directions. We shall do in in
the next section, using as parameters some relations among a,b, C' and D
that we shall derive from the dynamics.

We observe in fact that we have another possible x, the one that exchanges
the directions [0, 1] and [1,1] and keeps [1, 0] fixed. It is the map

Xe(#w) = (=2 + w,w) = (‘01 }) (w) ,

The effect of a conjugation by such a map is

d=a
b'=—-2a—-b
C'=-2a—-C

We shall use this map later.

6.5.2 Dynamics

Here are the tables collecting the objects we are going to use in our study,
as well as order, residue and induced residue for every singularity.
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Chart at [1,0], coordinate (o Chart at [0, 1], coordinate (oo
Q1(1,¢0) = a+bC + (C+ D =b)¢§ | Qi(leo, 1) = alf +b¢F + (C + D —b)(eo
Q2(1,¢o) = alo + C¢G + D3 Q2(¢,1) =aC% + Cl + D
Xo=(b—C)¢ (o —1) Xoo = (b= C)loo (Co — 1)
__ 2(a+bGo+(C+D-b)¢F) _ 2(a¢Z+C¢0+D)
=" oage-n %o Moo = ~ h=C)em (G 1) U600
GO = (b - C)Cg (CO - 1) UOaico Goo = (b - C)Coo (Coo - 1) Uooac%
+2 (a+ b + (C+ D —b)(3) vd 2= +2 (a¢2, + Cloo + D) v2 52
[1,0] [1,1] [0,1]
order 2 order 1 order 1
residue p° = residue p! = residue p>
2(a+b) —2(a+C+D) 2D
b—C b—C b—C
induced residue Res’ = | induced residue Res' = | induced residue Res™ =
2a+2C —2a—b—C—-2D 2D—-b+C
b—C b—C b—C

We see that the important parameters that decide the kind of the singu-
larity of a given family are a and then b for [1,0] (“0”), a+ C + D for [1,1]
(“17) and D for [0, 1] (“c0”). In particular, we have that:

e if @ # 0, then 0 is 2-irregular. If a = 0 and b # 0, then 0 is Fuchsian.
If a = b =0, then 0 is apparent;

e if D =0, then oo is apparent, otherwise (D # 0) oo is Fuchsian;

e if a+ C + D = 0, then 1 is apparent, otherwise (a + C + D # 0) is
Fuchsian.

Summing up, we have (remember that b # C'):

b C D [1,0] [1,1] [0, 1]

0 =—a—-D=0 0 - - -

0 =—-a—-D=-D #0 apparent | apparent | Fuchsian

0 #*—a—-D=0 0 apparent | Fuchsian | apparent

0 #—-a—D=-D #0 apparent | Fuchsian | Fuchsian
#0 =-a—-D=0 0 Fuchsian | apparent | apparent
#0 =—-a—D=-D #0 Fuchsian | apparent | Fuchsian

#0 #—-a—D=0 0 Fuchsian | Fuchsian | apparent
#0 #—a—D=-D #0 Fuchsian | Fuchsian | Fuchsian

\H\\H\\H\\H\OOOOOOOO@
o O O O

any =-a—D=0 0  2-irregular | apparent | apparent
any =—a—D # 0 2-irregular | apparent | Fuchsian
any # —a—D=—a 0  2-irregular | Fuchsian | apparent
any #*—a—-D # 0 2-irregular | Fuchsian | Fuchsian
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We note that the first line gives the identity map, and so we don’t need
to consider it. Moreover, we see that, in every block of four maps, the second
and the third are equivalent, by a conjugation with the map . introduced
before. So, will will not study the second case of every block. Finally, we
recall that we can always make a coefficient different from 0 become 1. So,
we are now ready to study the dynamics for these representatives. As a
last remark, we note that the maps corresponding to the lines of this last
table (except the first and the second in every block) give the holomorphic
classification of the maps in this case.

Case 3g9c9, with C' € C*, i.e., 3g910 The field in this case is

Q(z,w) = szQ + Zw2i

0z ow
and these are the residues in this case:

[1,0] | [1

P 0
Res | —2

1] | [0,1]
0
—1

—_ N

We are going to show, in particular, that in this case no integral curve
can go to the origin, but that there exist curves that go to infinity with
direction which tends to the Fuchsian characteristic direction [1,1]. The
first part is quite clear, because, by the form of the field, we immediately
see that Q! = Q? and so the difference between the two components of the
solution is constant. In particular, to go to zero we should have that the two
coordinates of the starting point are equal, but this would mean that it lies
on the characteristic leaf of [1,1].

We shall apply the general theory, and also see that we can come to some
of the results by means of explicit formulas.

We know that the system has one Fuchsian direction, [1,1], of order 2
and residue p! = 2 (we notice in particular that ux —1 — p! = —2 ¢ N*, so
that we do not have a resonant index). Using Theorem 5.3.4 we find that
we are in case 1b, and so we know that, if an integral curve ~(¢) is such
that [y(¢)] — [1,1], then [|v(¢)|| = +o00. Moreover, we see that case 2 is
verified, and it means that we can find a neighbourhood U c P*(C) of [1,1]
such that every integral curve «(¢) with projection [v] issuing from a point
of U \ {[1,1]} either escapes from (the preimage under the projection of)
this neighbourhood (and this happens for a Zariski dense open set of initial
conditions), or we have [y(t)] — [1, 1], but ||y(t)] — oo.

Let’s now study the other two singularities, [1,0] and [0, 1], which are
apparent singularities. We know, from Theorem 5.3.2, that if an integral curve
7 :[0,6) = C2\ {0} has the projection that goes to one of these singularities
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as t — e, then ~(t) tends to a non zero element of the corresponding
characteristic leaf and, in particular, that no integral curve can go to the
origin tangentially to any of these two characteristic directions. Moreover,
we know that this happens for an open set of initial conditions for [y(0)] in
a neighbourhood of [0, 1] or [1,0].

The last part of Theorem 5.3.2 says that if the order of the singularity
is 1, or if it is greater than 1 but the apparent index is not zero, we have
periodic orbits of arbitrarily long periodic accumulating the origin near the
singular direction. Now, this must happen for the singularity [0, 1], which
has order 1 and in fact has induced residue equal to —1, thus allowing the
presence of these period orbits. What about the singularity [1, 0], of order 27
Here we can work backwards: we know that the induced residue is —2, and
this means that we cannot have periodic orbits accumulating [1,0]. So, we
find that the apparent index of [1,0] must be zero.

We shall now try to find an explicit solution for an integral curve, and
we shall see that the computations are in accord with the results from the
general theory.

First, as we already noticed, we have Q' = Q2. It means that, if we
write our solution as v(t) = (z(t),w(t)), then 2/(t) = w'(t) and so the
two components of v(t) will differ, at every time, of the initial difference
¢:=z(0) —w(0). So we can solve for w(t), using z(t) = ¢ + w(t). We get

Integrating, we obtain

1 c 1
t+c1 = —log (1+—> - —

c w cw
for some ¢; depending on the initial conditions. Here we see that in effect
we can have, for |z, ||w| — oo (which means that we tend to [1,1]), or
z =w + ¢ — 0, which stands for the [0, 1]. A careful study of this equation
can give information on the convergences, depending on c.

As a last remark, we note that if we consider the geodesic field

0

0
Go=—C (¢ — Voo + 2(3”387
Vo

9Co

we find, in the usual way, that

(¢ —1)%v0 =co
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for some ¢y and this again implies that, if () — 1 (which means that the
projection of the integral curve tends to [1,1]), we must have v — oo, and so
the [|v(¢)|| must diverge, while it does not for (o — 0 (which stands for the
singularity [0,1]). The same happens for G, and this implies that also for
[0,1] the solution does not diverge and goes to a non-zero point of the leaf.

Case 3pocp, with C, D € C* and C # —D, i.e., 3g0c1, C # —1,0

[1,0] | [1,1] [0,1]
p 0 |24+ 2 -2
Res| -2 |1+ % -1 - %

The field is

0 0
2 2 .3
(C+1)zw 8Z+(Czw +w )8w

We know that the two singularities [1,1] and [0,1] are Fuchsian, while
[1,0] is apparent. So, we are going to use Theorems 5.3.2 and 5.3.4 to study
this case.

We study the situation depending on the value Re(—2/C):

if Re(—2/C) < —1/2 or Re(—2/C) > 5/2 we have one Fuchsian direc-
tion with positive real part of the residue and one with negative. So,
almost every integral curve goes to the origin tangent to the Fuchsian
characteristic direction with negative real part of the residue or to
a non-zero point of the leaf of the apparent singularity. Exceptional
curves diverge tangent to the Fuchsian direction with positive real part
of the residue;

if —1/2 < Re(—2/C) < 0 or 2 < Re(—2/C) < 5/2 the description is as
in the previous case, with the extra possibility of integral curves with
projection on P!(C) with infinite self-intersections;

we cannot have —2/C = 0 or —2/C = 2 (C = —1 is excluded by
hypothesis), and so the residues cannot be —1 (this would have been
the only possibility to have graphs as w-limits of the projections);

if Re(—2/C) = 0 or Re(—2/C') = 2, it means that one Fuchsian induced
residue has vanishing real part, while the other has real part equal to
2. It means that almost every integral curve goes to a point of the
apparent leaf, goes to zero without being tangent to any direction, or
diverges in the same way. Exceptional curves diverge tangent to the
Fuchsian direction with real part of the residue equal to 2;

if 0 < Re(—2/C) < 1/2 or 3/2 < Re(—2/C') < 2 we can have integral
curves with infinitely self-intersecting projections. Apart from these
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curves, almost every integral curve goes to a non-zero point of the
apparent leaf, and exceptional curves diverge tangent to a Fuchsian
direction.

e if 1/2 < Re(—2/C) > 3/2 almost every integral curve goes to a non-
zero point of the apparent leaf, and exceptional curves diverge tangent
to a Fuchsian direction.

Case 3pp00(b # 0) ~ 30100

[1,0] | [1,1] | [0,1]
P 2 0 0
Res 0 -1 -1
The field in this case is
0

2 2
(z w— Zw ) 5
We see that the second component of a solution (z(t),w(t)) is fixed, so that,
also in this case, like in 3¢90, there are no integral curves going to the origin
(unless w(0) = 0, but it would mean that the initial point is in a characteristic
leaf).

So, let’s study what happens near the singularities: [1,0] is Fuchsian, of
order 2, with py = 1 and p® = 2, so that Theorem 5.3.4 implies that there
exists a neighbourhood U C P!(C) of [1,0] such that every integral curve
issuing from a point in U \ {[1, 0]} either has the projection that escapes U
(Zariski open set of initial conditions) or diverges tangentially to [1,0]. In
both cases, it means that, as we said, the origin cannot attract anything.

For the other two singularities, they are apparent of order 1, and Theorem
5.3.2 says that there are periodic orbits of arbitrarily long period accumulating
them. This is coherent with the fact the the two induced residues are —1.

The global description is as follows: almost every integral curve is either
periodic, with projection on P!(C) surrounding an apparent singularity, or
goes to a non-zero point of an apparent leaf. Exceptional integral curves
diverge tangent to the Fuchsian direction.

Thanks to the fact the the coordinate w is fixed, we can also integrate
the field directly, obtaining

2(t) =

W20
20 + (wo — 20) exp(w3t)

w(t) = wy

Again, from this expression we can recover the main limits of integral curves.
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3opcos with b, C € C*,b 7& C, i.e. 301c0,C 75 0,1

[1,0] | [1,1] | [0,1]

2 =2C

P | i=Cc | 1-C 0
2C —-1-C
Res | =5 | 700 | !

The field is

[1,0] is Fuchsian of order 2, [1,1] is Fuchsian of order 1 and [0,1] is apparent
of order 1.

The study of this case in completely analogous to the one done for 3g0cp,
with the only difference that now uy is 1 for the Fuchsian singularity of
order two and the order of the apparent singularity is 1. Again, we see that,
varying C, we get examples of the different behavious stated in Theorems
5.3.2 and 5.3.4. Moreover, in this case we might have graphs as w-limits of
projections of integral curves: the graph may have as vertices both the two
Fuchsian singularities, or also only [1,0], if C'= —1.

Case 3ObCD(b7D 7é O,C 7é —D,C 7é b) ~ 3016’D7C 7& —D,C 7é 1

[1,0] [1,1] 0, 1]
2 —2(C+D) 2D
P 1—C 1-C 1-C
2¢ | —1—c—2D | 2D-14C
Res | =5 1-C 1-C

We are studying the field

Q(z,w) = (2w + (C + D — l)zwz)aaz + (Czw® + Dw3)88w
Here we have three Fuchsian singularities: [1,0] of order 2 and [1, 1] and
[0,1] of order 1. We remark that, if [1, 0] has non-vanishing resonant index,
it must have negative residue (from p = 1 —n). So, by Proposition 5.3.3, if
the direction of an integral curve goes to [1,0], then the integral curve must
go to the origin.
Apart from possible integral curves with projection with infinite self-
intersections, or going to a graph, or periodic orbits, we have that generic
integral curves have one of the following behavious:

e go to the origin tangent to a Fuchsian direction of order 1 and real
negative real part of the residue, or;
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Figure 6.3: 3910p,¢(0) =10+4,v(0) =1

e go to the origin or diverge without being tangent to any direction (this
possibility requires that the Rep! = 0, Rep® = 0 or Rep” = 1 but
Rep? # 1); or

e diverge tangent to [1,0], the Fuchsian direction of order 2 (if p° = 1);
or

e 2o to the origin tangent to [1,0].

Exceptional integral curves diverge tangent to a Fuchsian direction of
order 1 and residue with positive real part.

We want to study better a particular subcase of this case: suppose that
Rep® > 1 and Rep!, p> > 0. By Theorem 5.3.4, the projection of almost
every integral curve does not converge to any characteristic. Moreover, under
these conditions, we see that we can never exclude the possibility of infinitely
self-intersecting projections. In fact, for this we would need

Rep’ > 3/2
Repl,Rep™ > 1/2
PO+ pt+p>® =2,
which is clearly impossible. In Figure 6.3 we have drawn an integral curve

¢(t), with C = —1/2 and D = 1/4, so that p° = 4/3, p! = p> = 1/3 and
Res” = Res! = Res™ = —2/3 (compare with [AT11], Example 8.3).

So, we are left with the following three cases:
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1. Case 34500, a,b # 0,b # —a ~ 31p00,b # —1,0;
2. Case 3gpc0(a #0,C # —a,C # b) ~ 31p00,C # —1,C # b;
3. Case 3uep, (a,D # 0,C # —a — D,C # b) ~ 31uep, D # 0,C #

—1-D,C #b.

In all of three we have that [1,0] is an irregular singularity. We have

only partial results, due to the lack of a precise description of irregular
singularities. The following is a description of the integral curves which are
not periodic, whose projection does not self-intersect infinitely many times
and does not tend to a graph, and that do not go to the irregular singularity.
In this last case, Proposition 5.3.5 provides some basic information about
the convergence of some integral curves.

1. In case 34500 We have two apparent singularities. All the integral curves

that do not behave as said above go from a point of an apparent leaf
to another point of an apparent leaf.

. In case 3,.c0 we have one apparent singularity and one Fuchsian

singularity, both of order 1. So, almost all integral curves with a
behaviour different from the ones above go to a non-zero point of the
apparent leaf or, if the real part of the residue of the Fuchsian singularity
is negative, converge to the origin tangent to the Fuchsian direction,
or, if the residue of the Fuchsian singularity is purely imaginary, can
go to the origin or diverge without being tangent to any direction.
Exceptional curves diverge tangent to the Fuchsian direction, and this
can happen only if the residue of the Fuchsian direction has positive
real part.

. In case 3,.cp we have two Fuchsian singularities, both of order 1. So,

apart form the behaviours above, if at least one of the residues of
the Fuchsian sungularities have negative or zero real part, almost all
integral curves go to the origin tangent to one of the Fuchsian direction
whose residue has negative real part, or go to the origin or diverge
without being tangent to any direction (and this requires the presence
of a Fuchsian direction with purely imaginary residue). In this case,
exceptional integral curves diverge tangentially to a Fuchsian direction
whose residue has positive real part. If all the Fuchsian residues have
positive real part, then the generic behaviour must be among the ones
listed above.
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6.6 Four characteristic directions

6.6.1 Classification

We can suppose that the four characteristic directions are [0,1], [1,0], [1,1]
and [1,y], with y # 0, 1. So, if we take the generic field

Q(z,w) = (az3 + b22w + czw® + dw3) 8(1'

+ (A23 + B2*w + Czw® + Dw3) 88
w

we have that the fact that [0,1] is characteristic implies d = 0, [1,0] character-
istic implies A = 0, [1,1] implies a + b+ ¢ = B + C + D. We want to impose
y as the fourth solution of the equation

Bw + Cw? + Dw® = aw + bw? + (B + C + D — a — b)w?.
Because of the zero solution, we obtain
B+Cw+Duw?=a+bw+ (B+C+D—a—Dbuw?
which is
(w—1)((a+b—B—-C)w+(a—B))=0
so we want
_ B—a
VS atb-B-C

which must be different from 0 and 1 (and so a # B and B—a # a+b—B—-C),
so that the field becomes

Q(z,w) = (az3 + b22w + <D + CL_B) zw2> 9
Y 0z

+ (Bz2w+ <a+b—B+aB> zw2+Dw3> i

Y ow

So, our parameters are a, b, B, D and a map y which keeps the character-
istic directions fixed must be of the form x(z,w) = (hz, hw),h # 0, as we
saw in the revious section. The effect of a conjugation by x is to multiply all
these coefficients by h2.

6.6.2 Dynamics

We start with the usual tables collecting all the data of this case.
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Chart at [1,0], coordinate (g
Q1(1,¢) = a+ bl + (D + “E)¢
Q2(1,¢0) = BGo + (a+b— B+ “=F)(§ + D¢}
Xo =22 (¢~ 1) (G0 —v)

_ _ 2(a+bo+(D+23E)GE)
o = T (G- 1) (Co—v) dCo

Go = 22260 (G0 = 1) (G0 =) oy +2 (04060 + (D +50)G) udst

Chart at [0, 1], coordinate (oo
Q1(Coes 1) = 0% + b + (D + 255 (oo

Y

Q2(Coos1) = B + (a+b— B+ ) + D

Xoo =260 (G0 —1) (G0 —v)
e —  2(BGG +(a+b—B+22E)(+D)

(@—B)Co (Coo—1)(Co—1) dCoo
Goc = (G—B)goo(goo_l) (Coo_l>vooac%

Yy
+2 (B + (a+b— B+ 5E)( + D) o 5

00 OVoo

residue induced residue
[1,0] P’ = 24 Res’ = ath
[1 1] pl _ _2((a—i(-g+D))EJl+(a)—B)) Resl _ y(B—SELB—Qb;(QlD)—i)-(B—a)
) —a —vy —a -y
[1,y] | p¥ = _2a+b1(!§(a—)é9)yI+)Dy2 Res? — y2<—2D>(+By(B)—(2b—S>—3a+B
’ —a)(y— —a){y—
0.1 o = 22 Res™ — 20pta=8
We see that:
e if a = 0, then [1,0] is apparent with Res” = —1, otherwise it is Fuchsian,

with Res” # —1;

e if (a+b+ D)y+ (a— B) =0, then [1,1] is apparent with Res! = —1,
otherwise it is Fuchsian, with Res' # —1;

o if Dy? +y(a+b— B) —a =0, then [1,y] is apparent with Res¥ = —1,
otherwise it is Fuchsian, with Res? # —1;

e if D = 0 then [0,1] is apparent with Res® = —1, otherwise it is
Fuchsian with Res™ # —1.

We shall need to consider only one case with every possible number
of apparent singularities. Moreover, we remark that we cannot have all
the singularities becoming apparent, because this would imply that all the
coefficients of the map are zero, and so the map would be the identity.
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The last remark we make before starting with the dynamical study is
about the presence of graphs of saddle connections as w-limits of projections
of integral curves. First, the vertices of the graph can only be Fuchsian
singularities, because of Remark 4.2.17, and moreover they must all have
positive real part of the residue.

Remark 6.6.1. Here we have py = 0 and order 1 for every Fuchsian
singularity, so that the condition Re p < py becomes Rep < 0 (and ReRes <
—1). So, we see that every graph of saddle connections on P*(C) which is
an w-limit for the projection of some integral curve can have as vertices
only Fuchsian singularities with Re p > 0 (and Re p = 1/2 in order to be the
vertices of a spike). In the following study we shall not concentrate on these
cases, as well as on curves with infinitely self-intersecting projection.

[1,0], [1,1] and [1,y] apparent singularities It means that we have

a=20 a=20
(b+D)y—B=0 =1{¢b=0
Dy? +y(b—B)=0 Dy = B.

Moreover, we recall that we can suppose that one of the non-zero coefficients
is 1. So, let D =1, so that Gy becomes

Go = (o (¢ —1)(Co—vy) ani
Co
and we see that the three apparent singularities are not in normal form.
Clearly, we have p® = p! = p¥ = 0 and p™ = 2. Theorem 5.3.2, case
2, implies that (uy = 0 at the Fuchsian singularity [0,1]) there is an open
neighbourhood U C P! of [0, 1] such that, for a Zariski dense open subset
of initial conditions in U for [y(t)], we have that [y(¢)] escapes U, otherwise
[v(t)] = [0,1] with [|y(¢)|| = oco. So, we see that no integral curve can go to
the origin (also because of Proposition 5.3.3). The projection of almost all
integral curves are saddle connections between two apparent singularities
on P!(C), which means that almost all integral curve for the field in C?
go from a non zero element of Lj; 4 to another non zero element of Ly 4,
where a and a’ are 0,1 or y. Exceptional curves may diverge tangentially to
[0,1] or have a periodic projection around one of the apparent singularities
(Theorems 5.3.2 and 5.3.4).

[1,0] and [1,1] apparent singularities We have a = (b+ D)y — B = 0.
As before, we recall that we can assume that one non-zero coefficient is 1.
We take b = 1, so that we have

Ao’

Go = fCo (Co—=1)(Co—v) voaago — 2o (Co — 1) (v0)?
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We have p? = p! =0, and so p¥ 4+ p>™ = 2. We see that at least one among
Re p¥ ad Re p® must be positive. Suppose that Re p* > 0 and also that
Re p¥ < Re p™. We see that we can have the following cases:

e Rep? >0 (and so 0 < RepY < 1and 1 < Rep™® < 2). In this case,
from Theorem 5.3.4 we know that if an integral curve ~(t) is such that
[7(t)] goes to [1,y] or [0,1], then ||y(¢)|| diverges. We study the different
possibilities:

1. 0 <Rep¥ < 1/2 and 3/2 < Re p™ < 2. We see that, for example,
—1 < ReRes? < —1/2, so that there may be integral curves whose
projections self-intersects infinitely many times.

2. RepY =1/2 and Re p> = 3/2. In this case, we cannot have the
infinite selfintersections case.

3. 1/2 < Rep¥ < 1 and 1 < Rep™ < 3/2. Again, we see that the
pairs of singularities {0,y},{0,00},{1,y} and {1,00} have the
sum of the two induced residues in (—3/2,—1) U (—=1,—1/2) and
so we can have integral curves whose projections selfintersects
infinitely many times.

4. Repy = Rep™ = 1. As in case 2, we cannot have infinite self-
intersections.

Moreover, by Remark 6.6.1 we cannot have integral curves whose
projection tends to a graph of saddle connections. So, in cases 2 and
4 we get a fairly complete description of the situation: almost all
integral curves go from a non-zero point of a characteristic leaf (L g
or Ly 17) to another non-zero point of a characteristic leaf. Exceptional
curves diverge tangentially to [1,y] or [0, 1] or have periodic projections
surrounding an apparent singularity. In the other two cases, we may
also have integral curves with infinitely self-intersecting projections.

e RepY = 0. This is similar to case 4 of the previous possibility, with
the only difference that we may have a graph with [1,y] as only vertex
and we cannot have integral curves whose projection goes to [1,y], but
we have instead integral curves with closed projection, that may go to
the origin or diverge without being tangent to any direction.

e Rep¥ < 0. Also this case is similar to the first, with the main difference
being the fact that if the projection of an integral curve goes to [1,y],
then the integral curve goes to the origin instead of diverging. We have
the following two possibilities:

1. if =1/2 < Rep¥ < 0, we have —3/2 < Re p¥ < —1, so that we can
have infinitely many selfintersections for the projections of the
integral curves;
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2. if Re p¥ < —1/2, we see that no subset of the singularities has the
sum of the induced residues in (—-3/2,—1) U (—1,—-1/2).

So, we get the description for case 2: almost all integral curves go from
a non-zero point of a characteristic leaf to another non-zero point of
a characteristic leaf. Exceptional curves diverge tangentially to [0, 1],
tend to the origin tangentially to [1,y], or have periodic projections
surrounding an apparent singularity. In the other case, we may also
have integral curves with infinitely self-intersecting projections.

[1,0] apparent singularity It means that a = 0. We have p° = 0 and
ph+pY 4 p> =2.

Again, we see that the real part of at least one of these residues must be
positive, and suppose it is Re p>® > 0. We can also suppose that Re p! <
Re p¥ < Re p*>. So, we have the possibilities listed below (recall that uy =0
for all the three Fuchsian directions). In each of these cases it is possible
to find the values of the residues for which we can have infinitely self-
intersecting geodesics, as in the previous paragraph for the case of two
apparent singularities. If this does not happen, we can give a complete picture
of the dynamics of the associated maps. The description of a geodesics whose
projection tends to a singularity does not depend on the presence of these
self-intersecting geodesics.

e Rep!,Rep?,Re p™ > 0. No integral curve can go to the origin. If the
projection [y] of an integral curve vy goes to [1,1],[1,y] or [0, 1], then
|7 (®)|| = oo, while if [y(¢)] — [1, 0], then ~y(¢) tends to a non-zero point
of L[LO} .

We may have integral curves whose projection on P!(C) self-intersects
infinitely many times has as w-limit a graph with the three Fuchsian
singularities as vertices (Remark 6.6.1) or also a graph with two of the
three Fuchsian singularities as vertices (and this case requires that the
third Fuchsian singularity has residue with real part equal to 1, again
by Remark 6.6.1).

If we do not have these behaviours, we see that the generic behaviour
for an integral curve is to connect two points of the apparent leaf.
Exceptional curves diverge tangent to a Fuchsian direction or are
periodic, surrounding the apparent singularity.

e Rep! < 0,RepY,Rep™ > 0. If an integral curve goes to the origin,
it must do it tangent to [1,1]. Conversely, if the projection [y] of an
integral curve 7 goes to [1,1] then y(¢) — 0. If [y] goes to [1,y] or [0, 1],
then ||v(t)|| — oo, while if [y(¢)] — [1,0], then ~(¢) tends to a non-zero
point of Ly g.
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By Remark 6.6.1, we cannot have graphs of saddle connections as w-
limits for projections of integral curves. In fact, all the vertices should
have a residue with positive real part, and it means that they would
be [1,y] and [0,1]. But we would also need that Rep¥ + Rep™® =1,
which would imply Re p' = 1, which is false.

So, if we do not have infinitely-self intersecting projections of integral
curves, the description is as follows: almost all integral curves go to 0
tangent to [1,1] or go to a point of L . Exceptional curves diverge
tangent to [1,y] or [0, 1], the Fuchsian directions.

e Rep',Rep? < 0,Rep™® > 0. An integral curve v goes to the origin if
and only if its projection goes to [1, 1] or [1, y], and this case it converges
tangent to the corresponding direction in P1(C). If an integral curve -y
is such that [y(¢)] — [1,0], then it tends to a non-zero point of Lj; o).
If [v(¢)] — [0,1], then ~(¢t) diverge tangent to [0, 1].

By Remark 6.6.1 we know that we cannot have integral curves whose
projection accumulates a graph of saddle connections. So, if there are
not integral curves with infinitely self-intersecting projections, we have
that the generic behaviour is converging to the origin tangent to [1, 1]
or [1,y], or to a non-zero point of L ). Exceptional curves diverge
tangent to [0, 1].

e Rep! = 0,RepY,Rep™ > 0. We see that we have p' # 0, because
otherwise [1, 1] would not be a Fuchsian direction. All integral curves
going to the origin cannot converge tangent to any direction. If the
projection [y] of an integral curve ygoes to [1,0], v tends to a non-zero
value of Ly . If [y] = [1,1], ¥ may converge to the origin or diverge,
in both cases without being tangent to any direction. If [y(¢)] — [1, ]

r [1,00], then ~(t) diverge, tangent to [1,y] or [1, cc].

For what concerns the presence of graphs as w-limits of projections of
integral curves, we see that there may these graphs, with [1,1] as only
vertex or with all the three Fuchsian singularities as vertices.

If there are not integral curves with such a graph as w-limit for the
projection, or with infinitely self-intersecting projection, almost all
geodesics tend to a non-zero value of Ly g, go to the origin without
being tangent to any direction, or diverge, without being tangent to
any direction, too. Exceptional curves diverge tangent tangent to [0, 1]

e Rep! < 0,Rep? = 0,Rep™>® > 0. If an integral curve v goes to the
origin it may do it tangent to [1,1] or without being tangent to any
direction.

If the projection [y] of an integral curve goes to [1,0], then ~(t) tends
to a non-zero element of Ly o), as usual. If [y] — [1,1], then ~(t) tends
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to the origin tangent to [1,1]. If [y(¢)] — [1,y], then v may go to the
origin or diverge, in both cases without being tangent to any direction.
If [y(t)] — [0, 1], then [y(¢)] diverges tangent to [0, 1].

The description of the possible graphs is similar to the previous case:
there may be only [1, y| as vertex, or we may have all the three Fuchsian
singularities.

If there are not such graphs as w-limits of projections, nor infinitely
self-intersecting projections of integral curves, almost all geodesics tend
to the origin tangent to [1, 1] or without being tangent to any direction,
or tend to an element of Ly o}, or diverge without being tangent to any
direction. Exceptional curves diverge tangent to Ljg 1

Re p',Rep? = 0,Re p>® = 2. All integral curves going to the origin do
it without being tangent to any direction and if an integral curve -y
goes to the origin, then its projection goes to [1, 1] or to [1,y].

If [v(t)] — [1,1], then ~(¢) goes to the origin or diverge, in any case
without being tangent to any direction. The same is true for [1,y]. If
[v(t)] — [1,0] then v(¢) tends to a non-zero element of Ly o and if
[v(t)] — [0,1] then ~(¢) diverges tangent to [0, 1], as usual.

All Fuchsian This is the generic case of all the problem. We have four
Fuchsian singularities, with p° + p! + p¥ + p> = 2 As before, we can suppose

that

Rep’ < Rep! < Rep? < Rep™®

and in particular Re p> > 0. We have the following possibilities:

Re p%, Re pt, Re p¥, Re p> > 0;

Rep? = 0,Rep!,Rep¥, Re p> > 0;

Re p°,Re p' = 0Re p¥, Re p>® > 0;
Rep? Re p',Re p?¥ = 0Re p>® > 0;
Rep® < 0,Rep!,Rep¥, Re p™ > 0;
Rep® < 0,Rep! = 0,Re p¥, Re p™ > 0;
Rep? < 0,Rep',Rep? = 0,Re p™ > 0;
Rep? Rep' < 0,Rep¥,Re p™ > 0;
Rep? Rep' < 0,Rep? = 0,Re p™ > 0;

Rep% Rep',Rep? < 0,Rep™ > 0.

We see that, given an integral curve 7,
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1. if [y(¢)] tends to a singularity with Rep < 0, then «(t) goes to the
origin tangent to that direction;

2. if [y(¢)] tends to a singularity with Re p = 0, then 7(¢) may go to the
origin or diverge, in any case without being tangent to any direction;

3. if [y(t)] tends to a singularity with Re p > 0, then ~(¢) diverges tangent
to that direction.

Almost all integral curve have a behaviour of kind 1 or 2 (or have
infinitely self-intersecting projection, or the projection has a graph of saddle
connections as w-limit). Exceptional curves diverge tangent to some direction
with positive real part of the residue.

6.7 A final remark: a glimpse of higher irregular-
ity and degree

In this last section we shall not prove anything, but only show pictures,
trying to motivate our assertions (see Remark 4.2.20) about integral curves
near irregular singularities. We want to give some examples of singularities
of higher irregularity, necessarily with fields of degree higher than 3, and to
show pictures that seem to indicate directions of convergence to 0 for the
coordinate z(t).

Furthermore, we shall give some pictures showing how these direction vary
as the degeneracy of the singularity increases (that means, as the irregularity
of the singularity decreases).

We remark that we shall always work with a unique singularity. This
means that the induced residue is always —2, and this prevents from getting
insights about the general case. Moreover, in all this section, when we speak
about directions of convergence we mean the directions whose existence is
suggested by the numerical experiments.

Our setting will be the following: we suppose to have a homogeneous
vector field of degree v + 1,

0
Q(z,w) =(ays12" ™ + ap2’w+ - + aow”+1)a—
z

0
+ (by+lzy+1 + buzyw +---+ bOwV—i_l)iv
ow
with a unique characteristic direction, that, without loss of generality, will
be [0,1]. Tt is easy to see that the same argument used in Section 6.3.1 gives
that ag =0, b,41 # 0 and a; = b;—1 for i = 1,...,v + 1. Moreover, we can
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cosf +isin6

)

1+4,0(0

(a) ¢(0)

=1+4i

0)

(

cosf + isinf, v
Figure 6.4: A singularity of irregularity 5
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suppose that a non-zero coefficient is —1, and we set b,4.1 = —1. So, () must
be of the form

0
Q(z,w) =(ay12"™ +a,2"w+ - + ayzw”) =

0z
0
+ (=" oy 2w+ -+ g
ow
and the geodesic field G, in the chart centered at [0, 1], takes the form
G = CquZUaaC o V(C-I/+1 _ aV+1CV . al),028av_

Renaming the coefficients in order to avoid confusion, we see that we have a
geodesic field of the form

0 0
G= C”“vaf< — (T e agv’ o (6.2)
for some complex numbers a;, for i = 0, ..., v. In particular, the singularity

has order v + 2, is non-degenerate if and only if ag # 0 and irregular if at
least one of the a; is non-zero.

In the following we show a numerical study of the non-degenerate case for
v =3 and v =4 (i.e., for fields of degree 4 and 5). We remark that Thereom
5.3.6 ([Viv11]) ensures the existence of an open basin of attraction for the
origin in the case of degenerate singularities.

In Figure 6.4 we have considered the case v = 3, so that the irregularity of
[0,1] is 5. We have used the parameters ag = 1,a; = az = 0 and a3 = 0.3. In
Figure 6.4a we have drawn the coordinates ((¢) and v(t) of the integral curves
issuing from (1 + ¢,cos6 + isinf), with 6 = 0, %, ..., 2w, while in Figure
6.4b there are the integral curves issuing from (cosf + isinf,1 + i), with
0 =0,g;--2m. In particular, we recognise that the convergence to ¢ =0
seems to happen tangent to four directions. Moreover, the integral curves
definitively stay in one of the sectors of Proposition 4.2.19 and in fact we see
that v(t) — 0. We remark that there may exist exceptional curves whose
first coordinate tends to the origin tangent to another direction, separating
the projections on P!(C) of the ones going to two different singularities. If
the coordinate z(t) of one of these exceptional curves goes to 0 in one of the
sectors given by Proposition 4.2.19, we see that, for this curve, we must have
v(t) = oo.

In Figure 6.5 we do the same for the case v = 4, i.e., for the unique
singularity of a homogeneous vector field of degree 5. The geodesic field is

6, 0 5 4 2
G=¢ v@( 4(¢°+0.1¢" + v 50"
The description is similar to the previous one, except for the fact that
now there may be five directions of convergence for the projections of the
geodesics.
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(b) ¢(0) =cosf 4+ isinf,v(0) =1+1

Figure 6.5: A singularity of irregularity 6
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The last thing we want to do is to see how the directions change as we
change the parameters. Suppose all the coefficients in (6.2) are non-zero. In
particular, we know that, since ag # 0, then the singularity is non-degenerate
with irregularity v + 2 and (we my believe that) there are v + 1 directions
of convergence to zero for ((t). If we let ag become zero, the singularity
becomes degenerate, with irregularity v + 1 and the directions become v.
Now we can let a; become 0, and see that the irregularity decreases to v
(and the directions to v — 1).

In Figures 6.6 and 6.7 we precisely do this. We show, respectively, the
integral curves issuing from (1 + ¢,cosf + isinf) and (cos@ + isinf, 1 + i)
for different geodesic fields, of the form

0 0
G = (Ov= — dhyv*>—,
Crae TG,
where the hy is written under every image.
In particular we see that every time that the irregularity decreases, we
have two directions that seem to collapse to a single one.

Once again, we remark that the study of the dynamics of the geodesics
near irregular singularities is an open problem. There are partial results,
as the ones already mentioned, but this case is not fully understood as the
apparent and the Fuchsian one.

The existence of these directions of convergence is not proved, and pictures
like the ones shown here cannot prove anything, but they can anyway give
an insight about what is happening.
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