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Chapitre 1

Introduction

Les modèles fonctionnels de Sz.-Nagy–Foias et de Branges–Rovnyak sont deve-
nus des outils incontournables dans de nombreuses questions d’analyse et il nous
apparaît donc essentiel de bien comprendre les espaces qui interviennent. Une
grande partie des travaux présentés dans cette habilitation [T1–T7] est consa-
crée à l’étude de ces espaces modèles. Ainsi même si les modèles fonctionnels de
Sz.-Nagy–Foias et de Branges–Rovnyak ne font pas ici l’objet d’une étude propre-
ment dite, ils sont utilisés dans au moins deux de nos travaux [T4,T10] et ils sont
sous-jacents dans une grande partie des autres [T1,T2,T3,T5,T6,T7]. Ils peuvent
donc être vus comme l’origine et la motivation de mes recherches et c’est la rai-
son pour laquelle je vais leur consacrer une assez longue introduction. Une autre
partie des travaux présentés ici [T8,T9] traite d’estimations sur les produits de
Blaschke qui sont des fonctions méromorphes dans le plan complexe et qui appa-
raissent naturellement dans la théorie des espaces de Hardy. Une dernière partie
des travaux [T10–T12] porte sur diverses questions de théorie des opérateurs.

1.1 La théorie des opérateurs modèles et le shift
sur H2(E) : un bref historique

Etant donné X un espace de Banach, on note par L(X) l’algèbre des opé-
rateurs linéaires et continus de X dans X et pour T ∈ L(X), σ(T ) désigne le
spectre de T , c’est-à-dire l’ensemble des nombres complexes λ tels que λId − T
n’est pas inversible dans L(X). La résolvante RT (λ) := (λId − T )−1, fonction
définie et analytique en dehors du spectre de T et à valeurs opératorielles, est un
des moyens les plus utiles et efficaces pour étudier un opérateur. Elle intervient
notamment de façon cruciale dans le calcul fonctionnel et les décompositions spec-
trales de type Riesz-Dunford. A la fin des années 40, sous l’impulsion de l’école
d’analyse fonctionnelle formée à Odessa par M. G. Krein, on a commencé à lier
aux opérateurs d’autres fonctions analytiques, d’abord scalaires puis matricielles
et enfin opératorielles, l’idée étant que les propriétés de ces fonctions devaient
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refléter au mieux la structure des opérateurs eux-mêmes. Ces fonctions, appelées
fonctions caractéristiques de l’opérateur T , sont apparues pour la première fois
chez M. Livsitz [138] puis ont été reprises par M. Krein, M. Brodskii, V. Pota-
pov, Yu. Shmulyan, A. Strauss.... La motivation principale se trouvait dans les
recherches de Krein sur le prolongement des opérateurs non auto-adjoints sur un
espace de Hilbert et il s’agissait d’obtenir des versions continues des modèles tri-
angulaires de type Schur ou Jordan. Finalement dans les années 60, B. Sz.-Nagy
et C. Foias d’une part, et L. de Branges et J. Rovnyak d’autre part, ont repris ces
idées pour développer deux théories du modèle fonctionnel pour les contractions
sur un espace de Hilbert. Finalement en 1977, inspiré par des idées de B. Pavlov,
V. Vasyunin [227] a développé une approche dite “sans coordonnées” qui a permis
d’unifier toutes ces théories.

D’un point de vue général, un modèle pour un opérateur T : X −→ X est
un autre opérateur M : K −→ K qui, dans un certain sens, est équivalent à
T , l’idée étant bien sûr que l’étude de M soit plus simple et permette d’obtenir
des informations sur T . En dimension finie, il existe les modèles classiques de
Schur ou Jordan. Dans le cas de la dimension infinie, l’un des résultats les plus
importants en théorie spectrale est le modèle de J. von-Neumann [231] :

Théorème 1.1.1 (von-Neumann) Soit N un opérateur normal sur un espace
de Hilbert H (NN∗ = N∗N). Alors il existe une mesure borélienne positive µ sur
σ(N) et une fonction mesurable z 7−→ P (z) à valeurs projections orthogonales
dans H telles que l’opérateur N est unitairement équivalent à l’opérateur de
multiplication

(1.1) f(z) 7−→ zf(z), z ∈ σ(N),

sur l’espace L := {f ∈ L2(H,µ) : f(z) ∈ P (z)H, µ p.p.}.

Presque toutes les informations intéressantes sur les opérateurs normaux (et en
particulier autoadjoints ou unitaires) peuvent s’obtenir par l’étude du modèle
défini par (1.1). Si on veut dépasser le cadre de la dimension infinie ou le cadre
des opérateurs non-normaux, la situation est beaucoup plus délicate.

Dans la théorie des opérateurs linéaires, le shift sur `2 (c’est-à-dire l’opérateur
de décalage à droite) s’est révélé très vite être un exemple simple mais fonda-
mental. Notamment il est apparu que cet opérateur devait jouer un rôle crucial
dans l’étude des modèles pour les opérateurs non-normaux et en particulier les
contractions. Rappelons que d’un point de vue abstrait, un opérateur S linéaire
et continue sur un espace de Hilbert complexe séparable H est appelé un shift si
S est une isométrie et ‖S∗nx‖ → 0, n→ +∞ (x ∈ H). L’exemple (canonique) le
plus simple est le suivant : considérons E un espace de Hilbert et `2(E) l’espace
des suites x = (xn)n≥0, xn ∈ E, telles que

‖x‖2
2 :=

∞∑
n=0

‖xn‖2
E < +∞.
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Alors l’opérateur

S : (x0, x1, x2, . . . ) 7−→ (0, x0, x1, x2, . . . )

est un shift sur `2(E) et son adjoint est

S∗ : (x0, x1, x2, . . . ) 7−→ (x1, x2, x3, . . . ).

Un autre exemple (celui qui va intervenir dans les modèles de Sz.-Nagy-Foias
et de Branges–Rovnyak) est la transcription analytique de ce shift. Si D est le
disque unité ouvert du plan complexe et E est un espace de Hilbert, on désigne
par H2(E) l’espace de Hardy du disque unité à valeurs vectorielles dans E (voir
la sous-section 1.2.1 pour la définition) et l’opérateur

S : f(z) 7−→ zf(z)

est un shift sur H2(E). Son adjoint est donné par

S∗ : f(z) 7−→ f(z)− f(0)

z
.

Dans le cas où E = C, on note plus simplement `2(E) = `2 et H2(E) = H2.
Il est facile de voir que les shifts sur `2(E) et sur H2(E) sont unitairement

équivalents. La multiplicité d’un shift S est par définition la dimension de ker S∗,
le noyau de S∗. Ainsi, pour tout espace de Hilbert E, la multiplicité du shift sur
`2(E) (ainsi que sur H2(E)) est égale à la dimension de E. De plus, deux shifts
sont unitairement équivalents si et seulement si ils ont la même multiplicité.

En 1949, dans le cadre d’une étude sur la dynamique des opérateurs linéaires
sur un espace de Hilbert, A. Beurling [37] s’est intéressé à la description des sous-
espaces invariants du shift de multiplicité 1 sur `2. L’idée essentielle de Beurling
a été de considérer la représentation analytique du shift sur H2 pour pouvoir
utiliser les outils analytiques et la théorie de Nevanlinna. Ainsi, il a démontré que
tous les sous-espaces invariants du shift sur H2 sont de la forme ΘH2, avec Θ
une fonction intérieure (voir la sous-section 1.2.1 pour la définition des fonctions
intérieures). Ce résultat a ensuite été étendu dans de nombreuses directions ;
citons en particulier [128] pour le cas d’un shift de multiplicité finie, [104, 114, 113]
pour le cas d’un shift de multiplicité quelconque et [7] pour un contexte plus
général. Dans le cas d’un shift de multiplicité infinie, la fonction intérieure scalaire
qui apparait dans le théorème de Beurling est alors remplacée par une fonction
à valeurs opératorielles. Plus précisément, on peut formuler le résultat général
suivant :

Théorème 1.1.2 (Beurling-Lax-Halmos) Soient E un espace de Hilbert, S
le shift sur H2(E) et M un sous-espace vectoriel fermé de H2(E), invariant par
S. Alors il existe un espace de Hilbert F et une fonction intérieure Θ, définie sur
D et à valeurs dans l’ensemble des opérateurs linéaires et bornés de F dans E,
tels que M = ΘH2(F ).
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Le premier pas dans l’étude spectrale des opérateurs non-normaux est peut-
être le résultat dû à J. von Neumann [231] et H. Wold [232] sur la décomposition
des isométries. Plus précisément, ce théorème de structure dit que si V est une
isométrie sur un espace de Hilbert H, alors il existe une unique décomposition
H = Hu⊕Hs, où Hu, Hs ∈ Lat(V ) et S := V |Hs est un shift sur Hs et U := V |Hu

est un unitaire sur Hu. L’isométrie V est dite pure si Hu = {0}, autrement dit si
V est un shift.

Par la suite, G. Rota [187, 188] a montré que si T est une contraction stricte
sur un espace de Hilbert E (c’est-à-dire ‖T‖ < 1) et si S désigne le shift surH2(E)
alors il existe un sous-espace invariant N de S∗ tel que T est similaire à S∗|N .
En utilisant le théorème 1.1.2, on obtient alors que la restriction de l’adjoint du
shift aux espaces

KΘ := H2(E)	ΘH2(F )

représente un modèle pour les contractions strictes. Influencés par les idées de
Krein, Livsitz, Rota et Beurling, B. Sz.-Nagy et C. Foias ont développé dans les
années 60 un modèle fonctionnel pour toutes les contractions sur un espace de
Hilbert. Dans cette théorie, le shift sur H2(E) intervient aussi, mais si on veut
construire un modèle universel pour toutes les contractions, nous allons voir qu’il
faut compliquer un peu ce modèle (en fait l’espace modèle). De plus, l’autre diffé-
rence essentielle avec le modèle de Rota est que, dans la théorie de Sz.-Nagy–Foias,
on donne une représentation explicite de la fonction analytique qui apparaˆdans
le modèle (il s’agit de la fonction caractéristique que nous avons évoquée au dé-
but de cette introduction). Le fait d’avoir une représentation explicite va ainsi
permettre de déduire de nombreux résultats sur la contraction T en fonction des
propriétés de sa fonction caractéristique. L’utilisation de cette fonction caracté-
ristique va permettre d’introduire une structure analytique très profonde qui va
ouvrir la voie à l’utilisation dans ce contexte de toutes les techniques fines d’ana-
lyse complexe. Ceci va se révéler vraiment fructueux et contribuer au succès de
cette théorie et de ses applications. Parallèlement à la théorie de Sz.-Nagy-Foias,
L. de Branges et J. Rovnyak ont développé une autre théorie avec la différence
essentielle que les sous-espaces invariants sur lesquels ils restreignent l’adjoint
du shift ne sont plus nécessairement fermés pour la norme L2. Cette différence
présente un certain nombre d’avantage et une plus grande souplesse mais elle
introduit aussi (comme nous le verrons) d’autres difficultés.

Le point de départ dans la construction du modèle fonctionnel de Sz.-Nagy–
Foias est l’utilisation d’une dilatation unitaire minimale U pour la contraction
T . Signalons que cette notion de dilatation unitaire minimale leur a également
permis de construire un calcul fonctionnel H∞ pour les contractions qui s’est
révélé fort utile. En utilisant le théorème spectral 1.1.1, on réalise alors l’action
de la dilatation U et le modèle dépend alors de deux plongements isométriques de
certains espaces L2 dans l’espace de la dilatation unitaire minimale U . Dans [227]
et [146], V. Vasyunin a développé un modèle universel, le modèle fonctionnel sans
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coordonnées, qui englobe les modèles de Sz.-Nagy–Foias et de Branges–Rovnyak.
L’idée est de ne fixer ni la représentation concrête de la dilatation unitaire, ni
la dilatation elle-même, mais plutôt de travailler avec un plongement fonctionnel
abstrait qui contient toute l’information sur la contraction T .

1.2 Le modèle fonctionnel sans coordonnées : la
construction

Avant de décrire la construction du modèle fonctionnel sans coordonnées,
rappelons quelques notions sur les fonctions analytiques à valeurs opératorielles
et les contractions.

1.2.1 Préliminaires sur les fonctions analytiques à valeurs
opératorielles et les contractions

Si E est un espace de Hilbert complexe séparable et si le cercle unité T du plan
complexe est muni de la mesure de Lebesgue normalisée m, alors L2(E) désigne
l’espace de Hilbert des fonctions f définies sur T et à valeurs dans E, mesurables
et telles que

‖f‖2
2 :=

∫
T
‖f(z)‖2

E dm(z) < +∞.

L’espace de Hardy correspondant H2(E) est défini comme l’espace des fonctions
analytiques dans D à valeurs dans E, f(z) =

∑
n≥0 anz

n, an ∈ E, telles que

‖f‖2
2 :=

∑
n≥0

‖an‖2
E < +∞.

Il est bien connu que H2(E) peut s’identifier au sous-espace fermé de L2(E)
des fonctions dont les coefficients de Fourier négatifs sont nuls. Le symbole P+

(respectivement P−) désigne alors la projection orthogonale de L2(E) sur H2(E)
(respectivement sur H2

−(E) := L2(E)	H2(E)).
Si E,E∗ sont deux espaces de Hilbert séparables, on note par L(E,E∗) l’espace

des opérateurs linéaires et bornés de E dans E∗. Alors L∞(E → E∗) est l’espace de
Banach des fonctions f définies sur T, à valeurs dans L(E,E∗), qui sont faiblement
mesurables et telles que

‖f‖∞ := ess sup
ζ∈T

‖f(ζ)‖L(E,E∗) < +∞.

L’espace de Banach H∞(E → E∗) est défini comme l’espace des fonctions analy-
tiques et bornées dans D, à valeurs dans L(E,E∗), muni de la norme

‖f‖∞ := sup
z∈D

‖f(z)‖L(E.E∗).
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Si f est dans H∞(E → E∗), alors la limite

f(eiθ) := lim
r→1

f(reiθ)

existe pour la topologie forte opérateur pour presque tout eiθ dans T. Comme
précédemment, on peut identifier H∞(E → E∗) avec le sous-espace de L∞(E →
E∗) des fonctions dont les coefficients de Fourier négatifs sont nuls.

Précisons maintenant quelques éléments de terminologie concernant les fonc-
tions analytiques contractives. Si Θ est dans la boule unité de H∞(E → E∗), on
dit que Θ est pure si ‖Θ(0)e‖ < ‖e‖, pour tout e ∈ E, e 6= 0 ; on dit que Θ est
intérieure si Θ(ζ) est une isométrie pour presque tout ζ ∈ T (dans le cas scalaire,
cela signifie que Θ est de module 1 presque partout sur T). On dit que Θ est
∗-intérieure si Θ(ζ) est une co-isométrie pour presque tout ζ ∈ T.

Soient Θ1 dans la boule unité de H∞(E,E∗) et Θ2 dans la boule unité de
H∞(E ′, E ′

∗). On dit que Θ1 et Θ2 coïncident (au sens de Sz.-Nagy–Foias) s’il
existe deux opérateurs unitaires U : E −→ E ′, U∗ : E∗ −→ E ′

∗ tels que pour tout
z ∈ D, on ait Θ1(z) = U∗

∗Θ2(z).
Nous précisons maintenant quelques notions importantes pour les contrac-

tions. Tout d’abord, il existe un lemme analogue à la décomposition de von
Neuman–Wold pour les contractions, du à Sz.-Nagy–Foias et Langer indépen-
damment (voir [155]) : si T une contraction sur un espace de Hilbert H, alors il
existe une unique décomposition H = H0 ⊕Hu telle que TH0 ⊂ H0, THu ⊂ Hu

et Tu := T |Hu est unitaire, tandis que T0 := T |H0 est complètement non unitaire,
c’est-à-dire que T0 n’est unitaire sur aucun de ses sous-espaces invariants. On dit
que T est complètement non unitaire si Hu = {0}.

L’opérateurDT := (Id−T ∗T )1/2 est appelé l’opérateur de défaut de la contrac-
tion T . Les espaces de défaut de T sont DT = clos(DTH), DT ∗ = clos(DT ∗H),
et les indices de défaut de T sont ∂T = dimDT , ∂T ∗ = dimDT ∗ . Puisque DT =
DT0 ⊕ 0, DT ∗ = DT ∗

0
⊕ 0, on a DT = DT0 et DT ∗ = DT ∗

0
.

On dit qu’un opérateur unitaire U ∈ L(H) est une dilatation unitaire d’une
contraction T ∈ L(H) si H ⊂ H et si

T n = PHU
n|H, (n ≥ 1).

Elle est dite minimale si Span(UnH : n ∈ Z) = H. Un résultat fondamentale de
B. Sz.-Nagy [219] affirme que toute contraction possède une dilatation unitaire
minimale.

On écrit que T ∈ C0· si T n → 0 pour la topologie forte, et T ∈ C·0 si
T ∗ ∈ C0·. La fonction caractéristique ΘT de la contraction T est la fonction à
valeurs opératorielles ΘT (λ) : DT −→ DT ∗ définie pour λ ∈ D par

(1.2) ΘT (λ) :=
{
−T + λDT ∗(Id− λT ∗)−1DT

}
|DT .

On vérifie alors que ΘT est une fonction de la boule unité deH∞(DT ,DT ∗), qui est
pure. De plus, on a ΘT = ΘT0 . Maintenant si T est une contraction complètement
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non-unitaire, alors T est C·0 si et seulement si ΘT est intérieure et T est C0· si et
seulement si ΘT est ∗-intérieure.

Une classe de contractions fondamentale dans la suite est formée des opéra-
teurs de Toeplitz dont le symbole est une fonction opératorielle contractive. Plus
précisément, si ϕ ∈ L∞(E → E∗), Tϕ désigne l’opérateur de Toeplitz de H2(E)
dans H2(E∗) défini par

Tϕ(f) := P+(ϕf), (f ∈ H2(E)).

Alors Tϕ ∈ L(H2(E), H2(E∗)), ‖Tϕ‖ = ‖ϕ‖∞ et T ∗ϕ = Tϕ∗ , où ϕ∗ ∈ L∞(E∗ → E)
est défini par ϕ∗(ζ) := ϕ(ζ)∗, ζ ∈ T. On utilisera aussi l’opérateur de Hankel
associé Hϕ : H2(E) −→ H2

−(E∗) défini par

Hϕ(f) := P−(ϕf).

On a alors
ϕf = Tϕf +Hϕf, ‖ϕf‖2 = ‖Tϕf‖+ ‖Hϕf‖,

et le théorème de Nehari affirme que

‖Hϕ‖ = dist (ϕ,H∞(E → E∗)).

1.2.2 La construction du modèle

Pour cette section, on suit la présentation de [152] (voir aussi [155]). Comme
on l’a déjà mentionné, l’idée du modèle fonctionnel sans coordonnées est de ne
fixer ni la représentation de la dilatation unitaire minimale de T , ni la dilatation
elle même. Au contraire, nous allons travailler avec deux plongements fonctionnels
abstraits. Cette universalité apporte une plus grande liberté au modèle et explique
en partie son intérêt.

On appelle plongement fonctionnel abstrait une application linéaire

Π = (π∗, π) :

(
L2(E∗)
L2(E)

)
−→ H

satisfaisant les propriétés suivantes :

(i) π et π∗ sont des isométries ;

(ii) π∗∗π = Θ, où Θ est une fonction analytique contractive et pure1 deH∞(E →
E∗) ;

(iii) l’image de Π est dense dans H.

1Dans la définition, on inclut la pureté de π∗
∗π car on est intéressé ici par le modèle ; cela

n’est pas essentiel et n’est pas le cas par exemple dans la définition utilisé dans [T4]
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On montre alors que l’opérateur U : H −→ H défini par UΠ = Πz est un
opérateur unitaire. On définit l’espace modèle par

(1.3) KΘ = H	
(
πH2(E)⊕ π∗H

2
−(E∗)

)
,

et l’opérateur modèle MΘ ∈ L(KΘ) par la formule

(1.4) MΘ = PΘ U |KΘ,

où PΘ est la projection orthogonale sur KΘ. On a alors le théorème fondamental
suivant :

Théorème 1.2.1 (voir [152], Theorem 1.17) L’opérateurMΘ est une contrac-
tion complètement non unitaire dont la fonction caractéristique est Θ. De plus,
l’opérateur U est une dilatation unitaire minimale de MΘ.

Réciproquement, si T est une contraction complètement non unitaire, alors on
considère un plongement fonctionnel abstrait

Π = (π∗, π) :

(
L2(E∗)
L2(E)

)
−→ H

telle que dimE = ∂T , dimE∗ = ∂T ∗ et π∗∗π = Θ coïncide avec ΘT (on peut
montrer qu’un tel plongement fonctionnel existe). Alors, on a le résultat suivant :

Théorème 1.2.2 (voir [152], Theorem 1.18) Soit T une contraction complè-
tement non unitaire et Θ une fonction analytique contractive qui coïncide avec
ΘT , la fonction caractéristique de T . Alors T est unitairement équivalent à MΘ.

Le quintuplé {H, π, π∗, KΘ,MΘ} s’appelle le modèle fonctionnel sans coordonnées
de T .

Pour terminer cette brève description du modèle fonctionnel sans coordon-
nées, nous introduisons également deux autres plongements isométriques qui
interviennent naturellement dans l’étude du spectre absolument continu de la
contraction T . En particulier, ils donnent des représentations spectrales pour la
restriction de la dilatation unitaire minimale U de T aux parties résiduelles et
∗-résiduelles de H, c’est à dire à

R = H	 π∗L
2(E∗) et R∗ = H	 πL2(E).

On vérifie que

R = clos(π − π∗Θ)L2(E) et R∗ = clos(π∗ − πΘ∗)L2(E∗).

Puisque (π − π∗Θ)∗(π − π∗Θ) = ∆2 et (π∗ − πΘ∗)∗(π∗ − πΘ∗) = ∆2
∗, où ∆ =

(Id−Θ∗Θ)1/2 et ∆∗ = (Id−ΘΘ∗)1/2, les décompositions polaires nous donnent
deux isométries partielles τ : L2(E) −→ H, τ∗ : L2(E∗) −→ H telles que

τ∆ = π − π∗Θ et τ∗∆∗ = π∗ − πΘ∗,
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et dont les noyaux sont respectivement L2(E)	clos(∆L2(E)), L2(E∗)	clos(∆∗L
2(E∗)).

Si on regarde τ comme défini seulement sur clos(∆L2(E)), elle fournit une équi-
valence unitaire entre l’opérateur de multiplications par z sur clos(∆L2(E)) et
U|R. De même, si τ∗ est définit seulement sur clos(∆∗L

2(E∗)), elle fournit une
équivalence unitaire entre l’opérateur de multiplications par z sur clos(∆∗L

2(E∗))
et U|R∗.

On vérifie alors facilement que

(1.5) τ ∗π = ∆, τ ∗π∗ = 0, τ ∗∗π = 0, τ ∗∗π∗ = ∆∗

et

(1.6) Id = ππ∗ + τ∗τ
∗
∗ = π∗π

∗
∗ + ττ ∗.

En particulier, il suit de (1.5) et (1.6) les décompositions orthogonales suivantes :

H = π(L2(E))⊕ τ∗(L
2(E∗)) = π∗(L

2(E∗))⊕ τ(L2(E)).

Ainsi, il existe deux décompositions très utiles de l’espace modèle KΘ, à savoir

(1.7) KΘ = H′ ⊕H′′ = H′
∗ ⊕H′′

∗,

où
(1.8)
H′′ = KΘ∩τ(L2(E)), H′ = KΘ	H′′, H′′

∗ = KΘ∩τ∗(L2(E∗)), H′
∗ = KΘ	H′′

∗.

1.3 La transcription du modèle fonctionnel

1.3.1 La transcription de Sz.-Nagy–Foias

Etant donnée Θ ∈ H∞(E → E∗) une fonction contractive (pure), on note
∆ = (Id − Θ∗Θ)1/2 (c’est-à-dire l’opérateur de défaut de la contraction Θ). On
définit alors

(1.9) H =

(
L2(E∗)

clos ∆L2(E)

)
,

et

(1.10) π =

(
Θ
∆

)
et π∗ =

(
Id
0

)
.

Alors l’espace modèle KΘ obtenu est

(1.11) KΘ =

(
H2(E∗)

clos ∆L2(E)

)
	
(

Θ
∆

)
H2(E),
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et l’opérateur modèle est

(1.12) MΘ

(
f
g

)
= PΘ

(
zf
zg

)
=

(
zf −Θ[z(Θ∗f + ∆g)]̂(0)
zg −∆[z(Θ∗f + ∆g)]̂(0)

)
,

(
f
g

)
∈ KΘ.

Cette transcription s’appelle le modèle fonctionnel de Sz.-Nagy–Foias. De plus,
on a

(1.13) M∗
Θ

(
f
g

)
=

(
P+z̄f
z̄g

)
.

Si T est une contraction complètement non unitaire, alors T est unitairement
équivalent à l’opérateur modèle MΘT

. Remarquons que si de plus T ∈ C·0 (ce qui
équivaut à ΘT intérieure), alors le modèle se simplifie et on a

(1.14) KΘT
= H2(E∗)	ΘTH

2(E)

et T est unitairement équivalent à MΘT
= PΘT

S|KΘT
. De façon duale, si T ∈

C0· (ce qui équivaut à ΘT ∗ intérieure), alors on obtient que T est unitairement
équivalent à S∗|KΘT∗ et on retrouve alors le théorème de Rota.

Comme nous l’avons déjà mentionné, le modèle fonctionnel de Sz.-Nagy–Foias
a connu un vif succès. Notamment on peut retraduire de nombreux propriétés
spectrales de la contraction T en fonction de propriétés fonctionnelles sur ΘT ;
on peut alors utiliser des outils fonctionnels pour résoudre ces questions sur la
fonction caractéristique et ensuite récupérer des propriétés sur la contraction T .
Ce modèle est donc devenu un outil incontournable en théorie des opérateurs et
il existe une immense littérature consacré à ce sujet (en particulier, on pourra
consulter [220, 52, 125, 155, 152, 157, 153]). On peut notamment citer l’utilisation
de ce modèle dans le cadre du problème du sous-espace invariant. Ainsi, Sz.-Nagy–
Foias [220] ont obtenu des résultats de classification du lattice des sous-espaces
invariants et des décompositions spectrales pour certaines classes de contractions ;
l’idée est qu’une factorisation d’un certain type pour la fonction caractéristique
ΘT donne des renseignements sur la structure des sous-espaces invariants de la
contraction T . Je voudrais également rappeler que Sarason [196] a utilisé ce mo-
dèle pour développer une nouvelle approche à la théorie de l’interpolation qui
s’est révélé très fructueuse.

D’un point de vue plus fonctionnel, les espaces modèles en eux même ont
également été l’objet de nombreuses recherches, particulièrement quand l’espace
modèle se réduit à H2(E∗) 	 ΘH2(E) (ce qui correspond au cas où Θ est inté-
rieure). Dans cette direction, de nombreux mathématiciens ont tenté de mieux
comprendre la géométrie et les propriétés fonctionnelles de ces espaces. La littéra-
ture est aussi immense et je voudrais citer les travaux d’Ahern-Clark [1, 2, 3, 51],
Aleksandrov [7]–[14], Baranov [29]–[33], Cima [49, 50], Cohn [55]–[58], Dyakonov
[73]–[81], Havin–Mashreghi–Nazarov [107]–[108], Makarov-Poltoratski [170, 145],
Nikolski [159, 116], Treil [223, 224, 225, 230], Nazarov-Volberg [150]. Je revien-
drais dans les chapitres 2 et 3 sur certains de ces travaux.
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1.3.2 La transcription de de Branges–Rovnyak

Etant donnée Θ ∈ H∞(E → E∗) une fonction contractive (pure), on note WΘ

l’opérateur autoadjoint positif défini par

WΘ =

(
Id Θ
Θ∗ Id

)
,

etW [−1]
Θ désigne l’opérateur égal à 0 sur ker(WΘ) et à l’inverse deWΘ sur Im(WΘ).

On pose alors H = L2(E∗ ⊕ E,W
[−1]
Θ ), formé des fonctions f : T −→ E∗ ⊕ E

mesurables et telles que∫
T
〈W [−1]

Θ (ζ)f(ζ), f(ζ)〉 dm(ζ) < +∞,

et

π =

(
Θ
Id

)
et π∗ =

(
Id
Θ∗

)
.

Alors l’espace modèle KΘ obtenu est

(1.15) KΘ =

{(
f
g

)
: f ∈ H2(E), g ∈ H2

−(E∗), g −Θ∗f ∈ ∆L2(E)

}
,

et l’opérateur modèle est

(1.16) MΘ

(
f
g

)
=

(
zf −Θ[zg]̂(0)
zg − [zg]̂(0)

)
.

Cette transcription s’appelle le modèle fonctionnel de de Branges–Rovnyak. De
plus, on a

M∗
Θ

(
f
g

)
=

(
P+z̄f

z̄g −Θ∗z̄f(0)

)
.

En fait, cela ne correspond pas tout à fait au modèle original de de Branges–
Rovnyak. Pour expliciter ce modèle original et l’identifier avec la transcription
précédente, nous devons introduire les espaces H(Θ) et D(Θ) de de Branges–
Rovnyak. Dans la théorie du modèle fonctionnel de Sz.-Nagy–Foias, un rôle essen-
tiel est joué par le théorème de Beurling-Lax-Halmos (théorème 1.1.2) concernant
la description de tous les sous-espaces fermés de H2(E∗) qui sont S-invariants. De
façon similaire, dans la théorie de de Branges–Rovnyak, un rôle essentiel est joué
par la description de tous les sous-espaces contractivement inclus dans H2(E∗)
qui sont S-invariants. De Branges–Rovnyak (voir [156, 25, 65]) ont caractérisé ces
sous-espaces en montrant qu’ils sont tous de la forme

E = M(Θ) := {Θf : f ∈ H2(E)},
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où Θ est une fonction dans la boule unité de H∞(E → E∗) et M(Θ) est équipé
de la norme

‖Θf‖M(Θ) = ‖f‖2, f ∈ H2(E).

Alors H(Θ) est défini comme l’espace complémentaire (au sens de de Branges–
Rovnyak) de l’espace M(Θ) dans H2(E∗) ; plus précisément H(Θ) est formé des
fonctions f de H2(E∗) telles que

(1.17) ‖f‖2
H(Θ) := sup

g∈M(Θ)

(
‖f + g‖2

2 − ‖g‖2
M(Θ)

)
< +∞.

Une autre façon plus opératorielle de définir H(Θ) est de poser

(1.18) H(Θ) = (Id− TΘT
∗
Θ)1/2H2(E∗),

muni du produit scalaire

(1.19) 〈(Id− TΘT
∗
Θ)1/2)f, (Id− TΘT

∗
Θ)1/2)g〉H(Θ) = 〈f, g〉2,

pour f, g ∈ H2(E∗) 	 ker(Id − TΘT
∗
Θ). On vérifie alors que les deux définition

coïncident et que H(Θ) est un espace de Hilbert inclus contractivement dans
H2(E∗). Notons de plus que S∗ laisse invariant H(Θ) et il agit sur H(Θ) comme
une contraction que nous noterons XΘ := S∗|H(Θ). Remarquons que dans le cas
particulier où Θ est intérieure, alors Id−TΘT

∗
Θ est une projection orthogonale et

H(Θ) = KΘ.
Maintenant pour pouvoir définir le modèle complet de de Branges–Rovnyak,

nous devons introduire l’espace vectoriel suivant

D0(Θ) :=

{(
f
g

)
: f ∈ H(Θ), g ∈ H2(E) et zn+1f −ΘP+z

n+1Jg ∈ H(Θ), n ≥ 0

}
,

où J : L2(E) −→ L2(E) est l’opérateur unitaire défini par (Jg)(z) = zg(z),

g ∈ L2(E). Pour
(
f
g

)
∈ D0(Θ), n ≥ 0, on pose

un :=
∥∥zn+1f −ΘP+z

n+1Jg
∥∥2

H(Θ)
+ ‖P+z

n+1Jg‖2
2.

Alors, en utilisant la définition (1.17), on vérifie que la suite (un)n est croissante et
donc elle admet une limite (éventuellement +∞). On définit alors l’espace D(Θ)

comme l’espace des fonctions
(
f
g

)
∈ D0(Θ) telles que

∥∥∥∥(fg
)∥∥∥∥2

D(Θ)

:= lim
n→+∞

(∥∥zn+1f −ΘP+z
n+1Jg

∥∥2

H(Θ)
+ ‖P+z

n+1Jg‖2
2

)
< +∞.
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L’espace D(Θ), muni de ‖ · ‖D(Θ), est un espace de Hilbert, contenu contractive-
ment dans H2(E∗)⊕H2(E). De plus, l’opérateur i défini par

i ((Id− TΘT
∗
Θ)h) := (Id− TΘT

∗
Θ)h⊕ JP−Θ∗h, h ∈ H2(E∗),

injecte isométriquement l’espace H(Θ) dans l’espace D(Θ). Son adjoint est donné
par i∗(f ⊕ g) = f .

Le modèle original de de Branges–Rovnyak est alors

BR

(
f
g

)
:=

(
P+z̄f

zg −Θ(z̄)∗f(0)

)
,

(
f
g

)
∈ D(Θ).

Pour passer de ce modèle original à notre transcription initiale, il suffit de consi-
dérer l’unitaire

J =

(
Id 0
0 J

)
: H(Θ)⊕ L2(E) −→ H(Θ)⊕ L2(E).

On a alors
KΘ = JD(Θ) et JM∗

ΘJ = BR.

Signalons que dans le cas clos(∆H2(E)) = clos(∆L2(E)) (ce qui correspond au
cas où la contraction T est telle que T ∗ ne contient aucune partie isométrique),
alors le modèle de de Branges–Rovnyak se simplifie considérablement ; en effet,
dans ce cas, l’espace modèle se réduit à H(Θ), l’opérateur modèle BR se réduit
à XΘ et on peut montrer que

(1.20) X∗
Θf = Sf −Θj∗f (f ∈ H(Θ)),

où j : e −→ S∗Θe est une contraction de E dans H(Θ). Autrement si T est une
contraction complètement non unitaire et complètement non co-isométrique, alors
T est unitairement équivalent à l’opérateur défini sur H(Θ) par la formule (1.20).
Ainsi nous voyons que l’un des avantages du modèle de de Branges–Rovnyak par
rapport à celui de Sz.-Nagy–Foias est qu’il se simplifie dans un certain sens plus
souvent.

Comme les modèles de Sz.-Nagy–Foias et de Branges–Rovnyak sont des trans-
criptions d’un même modèle, on sait qu’ils sont unitairement équivalents. Indé-
pendamment, Nikolski–Vasyunin [156] et Ball [25] explicitent complètement cette
équivalence unitaire, en donnant une formule pour l’opérateur unitaire qui per-
met de passer d’un modèle à l’autre. Plus précisément, si on note MΘ ∈ L(KΘ)
l’opérateur modèle de Sz.-Nagy–Foias et si on pose

U(f ⊕ g) = f ⊕ J(Θ∗f + ∆g),

alors U est un opérateur unitaire de KΘ sur D(Θ) et on a BR∗ = UMΘ U−1. De
plus, si π∗ est l’isométrie définie par (1.10), alors on a i∗U = π∗∗ et π∗∗ est une
isométrie partielle de KΘ sur H(Θ).
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Le modèle de de Branges–Rovnyak a été généralisé par plusieurs auteurs
dans différentes directions ; notamment dans [26], Ball utilise des idées ana-
logues pour construire un modèle pour des opérateurs qui ne sont pas néces-
sairement des contractions ; voir aussi [175]. De plus, les espaces de de Branges–
Rovnyak interviennent dans l’étude de plusieurs questions centrales en analyse
comme l’interpolation des fonctions analytiques dans les classes de Schur et de
Carathéodory [82, 17] ou la théorie des systèmes et le problème de diffusion
inverse [64, 27, 18, 19]. D’autre part, Sarason a consacré une série de papiers
[197, 198, 199, 200, 201, 202, 142, 143, 144] et un livre [203] aux espaces de
Branges–Rovnyak H(Θ) (dans le cas scalaire). Notamment, dans [142, 143, 144],
Sarason étudie les multiplicateurs des espaces de de Branges–Rovnyak, dans [199]
il montre comment on peut retrouver très simplement des résultats de Carathéo-
dory en utilisant ces espaces. Enfin dans [201, 202], il montre comment ces espaces
H(Θ) sont reliés à des questions difficiles et importantes de théorie des fonctions
avec en particulier la description des points exposés de la boule unité de H1.
Citons également le travail de de Branges [61] concernant sa preuve de la conjec-
ture de Bieberbach qui utilise de façon cruciale les espaces H(Θ). Enfin, plus
récemment les espaces de de Branges–Rovnyak sont apparus dans diverses ques-
tions de théorie des opérateurs ou d’analyse complexe. Je voudrais citer un travail
d’Hartmann-Sarason-Seip [106] dans lequel ces trois auteurs donnent un critère
pour la surjectivité d’un opérateur de Toeplitz et la preuve utilise les espaces
H(Θ). Il existe aussi un papier récent d’Anderson-Rovnyak [20] où des estima-
tions généralisées de type Schwarz-Pick sont données et un article de Jury [119]
dans lequel les opérateurs de composition sont étudiés par des méthodes basées
sur les espaces H(Θ). Malgré tout, les espaces H(Θ) restent encore mystérieux
et de nombreuses questions restent ouvertes. Une partie des travaux de cette
habilitation avait pour objectif de comprendre un peu mieux ces espaces.

1.4 Plan du mémoire

Dans le chapitre 2, nous nous intéressons à l’aspect géométrique des espaces
de de Branges–Rovnyak H(Θ). Plus précisément, nous étudions les suites de
noyaux reproduisants de ces espaces et tentons de comprendre quand une suite de
noyaux reproduisants forme une base orthonormale, une base asymptotiquement
orthonormale, une base de Riesz, une suite minimale ou bien encore une suite
surcomplète.

Dans le chapitre 3, nous adoptons un point de vue plus fonctionnel pour étu-
dier les espaces H(Θ) dans le cas scalaire. Nous essayons d’analyser le comporte-
ment des fonctions de H(Θ) lorsqu’on s’approche du cercle unité T et tentons de
relier ce comportement à la fonction Θ elle-même. Notamment, nous montrons
comment on peut obtenir des inégalités de type Bernstein et nous appliquons ces
inégalités à des problèmes de plongement type Volberg–Treil et à des questions
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sur la stabilité des bases.
Dans le chapitre 4, nous étudions le comportement au bord des produits de

Blaschke. Nous donnons des estimations sur la croissance, à la fois des dérivées
n-ièmes d’un produit de Blaschke B, mais aussi de sa dérivée logarithmique,
lorsqu’on s’approche du bord ; ces estimations se font en fonction de la vitesse de
convergence de la suite des zéros de B.

Dans le dernier chapitre, notre travail porte sur plusieurs questions de théorie
des opérateurs. Dans un premier temps, nous étudions une classe de contractions
particulières (celle qui sont complexes symétriques) à travers leurs fonctions ca-
ractéristiques. Puis, nous nous intéressons aux opérateurs algébriques à travers
une question de stabilité spectrale. Enfin, nous terminons par une question liée
au problème du sous-espace invariant.
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Chapitre 2

Géométrie des espaces de de
Branges-Rovnyak

Dans ce chapitre, nous allons présenter les travaux [T1]–[T4] qui portent sur la
géométrie des suites de noyaux reproduisants des espaces de de Branges–Rovnyak
H(b).

2.1 Introduction

2.1.1 Les noyaux reproduisants des espaces de de Branges–
Rovnyak

On se donne une fonction b dans la boule unité de H∞(E → E∗). Rappelons
que H(b) est défini comme l’image de l’opérateur (Id−TbT

∗
b )1/2H2(E∗), muni du

produit scalaire

(2.1) 〈(Id− TbT
∗
b )1/2)f, (Id− TbT

∗
b )1/2)g〉b := 〈f, g〉2,

pour f, g ∈ H2(E∗) 	 ker(Id − TbT
∗
b ). Si λ ∈ D et si e ∈ E∗, alors d’après la

formule de Cauchy, on a

〈f(λ), e〉E∗ = 〈f, kλ.e〉2,

pour toute fonction f ∈ H2(E∗), avec kλ,e le noyau de Cauchy de H2(E∗) défini
par

kλ,e(z) :=
1

1− λz
e, (z ∈ D).

Ainsi en particulier, on obtient que la forme linéaire f 7−→ 〈f(λ), e〉E∗ est continue
sur H2(E∗). Comme H(b) est inclus contractivement dans H2(E∗), cette forme
linéaire est aussi continue si on la restreint à H(b). Le théorème de Riesz implique
alors qu’il existe une unique fonction kb

λ,e dans H(b) telle que

〈f, kb
λ,e〉b = 〈f(λ), e〉E∗ ,
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pour toute fonction f ∈ H(b). Cette fonction kb
λ,e s’appelle le noyau reproduisant

de H(b), associé au point λ ∈ D et au vecteur e ∈ E∗. En fait, on peut donner
une formule explicite pour ce noyau reproduisant. En utilisant la définition du
produit scalaire dans H(b), on remarque d’abord que

(2.2) kb
λ,e = (Id− TbT

∗
b )kλ,e,

et comme T ∗b (kλ,e) = b(λ)∗kλ,e, on obtient

(2.3) kb
λ,e(z) =

Id− b(z)b(λ)∗

1− λz
e.

Dans le cas scalaire (dimE = dimE∗ = 1), on note kλ et kb
λ les noyaux respectifs

de H2 et H(b).

2.1.2 Les systèmes d’exponentielles et le lien avec les es-
paces modèles

Si l’on considère une fonction f dans L2(0, 2π), on peut la développer en série
de Fourier L2-convergente

f(t) =
∑
n∈Z

f̂(n)eint, t ∈ (0, 2π),

où

f̂(n) =
1

2π

∫ 2π

0

f(t)e−int dt.

Que se passe-t-il si on remplace la base orthonormale (eint)n∈Z de L2(0, 2π) par un
système d’exponentielles (eiµnt)n∈Z quelconque ? Cette question trouve son origine
dans les travaux de R. E. Paley et N. Wiener [164] et ceux de N. Levinson [135] et
a donné naissance à la théorie des séries de Fourier non-harmoniques (voir [234]
pour un survey sur le sujet).

Un premier point de vue consiste à regarder la famille (eiµnt)n∈Z comme une
petite perturbation du système trigonométrique classique et étudier les pertur-
bations admissibles qui conservent de bonnes propriétés. Ceci a ouvert la voie à
toute une direction de recherche. Concernant des résultats de stabilité pour les
bases d’exponentielles on pourra consulter [164, 117, 70, 120] et pour des résul-
tats de stabilité pour la propriété de complétude mentionnons [134, 135, 15, 183,
184, 185, 92, 206, 207, 208, 166, 233, 234, 83]. Un autre point de vue qui trouve
aussi son origine dans les travaux de Paley–Wiener a été développé par B. Ja. Le-
vin. Dans cette méthode, un rôle fondamental est joué par une certaine fonction
entière de type exponentiel fini et qui s’annule aux points µn (n ∈ Z), correspon-
dant aux fréquences du système d’exponentielles étudié. Si cette fonction entière
G (appelée fonction génératrice pour la famille d’exponentielles (eiµnt)n∈Z) véri-
fie une certaine propriété de croissance, alors B. Levin [129, 130] et V. Golovin
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[97] ont démontré que la famille (eiµnt)n∈Z forme une base inconditionnelle de
L2(0, a), où a est lié aux caractéristiques de la fonction G. Ainsi il existe un lien
très étroit entre les propriétés des systèmes d’exponentielles et la théorie des fonc-
tions entières. Enfin un troisième point de vue concernant ce problème des bases
d’exponentielles a été introduit par N. Nikolski dans [159] puis dans [116] avec S.
Hrus̆c̆ev et B. Pavlov (on pourra voir aussi [153, 165, 115, 161]). Cette nouvelle
approche, basée sur le modèle fonctionnel de Sz.-Nagy–Foias, a non seulement
permis de retrouver tous les résultats classiques mais elle a aussi donné de nom-
breux résultats nouveaux qui ont ouvert la voie à d’autres développements. Les
publications [89, 90] (issues de ma thèse) et les travaux [T1–T4] (présentés dans
ce chapitre) s’inscrivent dans cette direction de recherche.

Expliquons maintenant cette approche introduite par Hrus̆c̆ev-Nikolski-Pavlov.
On note D le disque unité ouvert du plan complexe et C+ le demi-plan supérieur
ouvert. Considérons F la transformée de Fourier sur L2(R) et U l’opérateur uni-
taire qui envoie l’espace de Hardy H2(D) sur l’espace de Hardy H2(C+). Alors
un théorème de Paley–Wiener affirme que FUH2(D) = H2(C+) et un calcul
élémentaire montre que, si |λ| < 1, alors

FUkλ = c(λ)e−iµt,

où c(λ) ∈ C, µ = ω(λ) := i1+λ
1−λ

. D’autre part, si Θa est la fonction intérieure
(scalaire) définie par

Θa(z) := e−a 1+z
1−z , a > 0, z ∈ D,

alors FUKΘa = L2(0, a). De plus, on voit facilement que, si λ ∈ D, µ = ω(λ),
alors

FUkΘa
λ = c(λ)e−iµtχ(0,a).

On rappelle ici que si Θ est une fonction intérieure (c’est-à-dire une fonction
holomorphe et bornée dans D dont les limites radiales sont de module 1 presque
partout sur T = ∂D), alors KΘ est l’espace modèle associé à Θ par KΘ = H2(D)	
ΘH2(D) et on a KΘ = H(Θ) et Id − TΘT

∗
Θ est la projection orthogonale de H2

sur KΘ que nous notons aussi PΘ.
Comme FU est un opérateur unitaire, on voit que toutes les propriétés géomé-

triques (complétude, minimalité, uniforme minimalité, base...) d’une suite d’ex-
ponentielles sur L2(0, a) sont les mêmes que la suite associée de noyaux reprodui-
sants de KΘa . Nikolski a alors considéré le problème plus général suivant : étant
donné Θ une fonction intérieure quelconque (scalaire), peut-on caractériser les
suites (λn)n≥1 de D telles que la suite de noyaux reproduisants (kΘ

λn
)n≥1 forme

une base inconditionnelle de KΘ ?
Outre le lien avec les exponentielles et les applications en théorie du contrôle

notamment (voir [155, 116, 160, 23] pour les nombreuses applications des systèmes
d’exponentielles), l’une des motivations pour s’intéresser à ce problème général
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vient du modèle fonctionnel. Ainsi la théorie spectrale d’une contraction T dépend
beaucoup de la géométrie des noyaux reproduisants de KΘT

, où ΘT est la fonction
caractéristique de T , comme le souligne le résultat suivant de [116] : soit T ∈ L(H)
une contraction complètement non unitaire, de class C00 et dont les indices de
défaut sont égaux à 1 ; si ΘT = SB est la décomposition canonique de ΘT en un
facteur intérieur singulier S et en un produit de Blaschke B associé à une suite
de zéros (λn)n≥1, alors la réunion des vecteurs propres de T et T ∗ forme une base
inconditionnelle de H si et seulement si la suite de noyaux reproduisants (kS

λn
)n≥1

forme une base inconditionnelle de KS et supn≥1 |S(λn)| < 1.

2.1.3 La méthode initiée par N. Nikolski

Pour résoudre le problème des bases de noyaux reproduisants de l’espace mo-
dèle KΘ, l’idée essentielle de N. Nikolski, inspiré des travaux de S. Hruščëv [115]
et B. Pavlov [165], est de regarder la famille (kΘ

λn
)n≥1 comme une distorsion de

la famille (kλn)n≥1, en se basant sur la formule (2.2). Comme on peut caractéri-
ser la propriété de base inconditionnelle de la suite (kλn)n≥1 par la condition de
Carleson, on est alors ramené pour résoudre le problème à étudier l’inversibilité
de la projection PΘ|KB : KB −→ KΘ, où B est le produit de Blaschke associé à
la suite (λn)n≥1 (on sait que dès que (λn)n≥1 est une suite de Blaschke, la suite
de noyaux reproduisants associée est minimale et complète dans KB). Cette mé-
thode nécessite de supposer que l’opérateur PΘ : kλn 7−→ kΘ

λn
ne déforme pas trop

les normes des noyaux reproduisants dans le sens que

sup
n≥1

‖kλn‖
‖PΘkλn‖

< +∞.

Il est facile de voir que cette condition est équivalente à la condition suivante

(2.4) sup
n≥1

|Θ(λn)| < 1.

Une grande partie de la théorie s’est donc développée sous cette hypothèse sup-
plémentaire. Signalons que dans le cas particulier des systèmes d’exponentielles,
la condition (2.4) signifie que la partie imaginaire des fréquences de notre sys-
tème est bornée inférieurement, ce qui est souvent le cas dans les applications en
théorie du contrôle notamment.

Maintenant pour résoudre le problème de l’inversibilité de la projection PΘ|KB,
N. Nikolski a utilisé le langage des opérateurs de Hankel et Toeplitz et il a ainsi
obtenu le critère suivant (on note hΘ

λ le noyau reproduisant normalisé de KΘ

associé au point λ ∈ D).

Théorème 2.1.1 (Nikolski) Soient (λn)n≥1 une suite de Blaschke dans le disque
unité, B le produit de Blaschke associé et Θ une fonction intérieure satisfaisant
(2.4). Les assertions suivantes sont équivalentes :
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(i) (hΘ
λn

)n≥1 est une suite (resp. une base) de Riesz de KΘ ;
(ii) (λn)n≥1 vérifie la condition de Carleson et l’opérateur PΘ : KB −→ KΘ est

un isomorphisme sur son image (resp. sur KΘ) ;
(ii) (λn)n≥1 vérifie la condition de Carleson et dist (ΘB,H∞) < 1 (resp. et

dist (BΘ, H∞) < 1).

Dans [116], Hruščëv, Nikolski et Pavlov ont donné d’autres critères notamment
en fonction de l’argument de ΘB sur T. Comme on l’a déjà mentionné, ce résultat
a ouvert la voie à toute une direction de recherche et les propriétés géométriques
des noyaux reproduisants de H2 et KΘ ont été beaucoup étudiées notamment
par Vasyunin [226], Ivanov [23], Boricheva [42], Treil [224], Clark [51], Baranov
[32] et Makarov–Poltoratski [145]. Dans [89], j’ai étudié le problème des bases
dans le cas vectoriel et j’ai notamment donné des résultats de stabilité ; dans [90],
j’ai considéré le problème de la complétude des noyaux reproduisants de KΘ et
également le problème de la complétude de la biorthogonale.

2.2 Suites asymptotiquement orthonormales dans
KΘ

Dans [T1], je me suis intéressé, en collaboration avec I. Chalendar et D. Timo-
tin, à la propriété de suites (ou bases) asymptotiquement orthonormales formées
de noyaux reproduisants de KΘ, avec Θ une fonction intérieure (scalaire). Rap-
pelons que si (xn)n≥1 est une suite d’un espace de Hilbert H, on dit que (xn)n≥1

est une :
(a) suite asymptotiquement orthonormale dans H (abrégée par SAO) s’il existe

un entier N0 tel que, pour tout N ≥ N0, il existe des constantes cN , CN > 0
vérifiant pour toute suite finie (an)n≥1 de nombres complexes :

cN

∞∑
n≥N

|an|2 ≤

∥∥∥∥∥
∞∑

n≥N

anxn

∥∥∥∥∥
2

≤ C

∞∑
n≥N

|an|2,

et lim
N→+∞

cN = lim
N→+∞

CN = 1 ;

(b) suite basique asymptotiquement orthonormale dans H (abrégée par SBAO)
si (xn)n≥1 est une SAO avec N0 = 1 ;

(c) base asymptotiquement orthonormale de H (abrégé par BAO) si (xn)n≥1 est
une SBAO complète dans H.

Autrement dit, une BAO est très proche d’être une base orthonormale et en
particulier, une BAO est une base de Riesz.

Dans [228], Volberg a montré que si (λn)n≥1 est une suite de Blaschke de D et
si B désigne le produit de Blaschke associé, alors la suite de noyaux reproduisants
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normalisée (hλn)n≥1 est une BAO de KB si et seulement si

(2.5) lim
n→+∞

|Bn(λn)| = 1.

Les suites de Blaschke vérifiant (2.5) sont également apparues dans d’autres
contextes dans la littérature (voir par exemple [218, 162, 110, 99]). En parti-
culier, dans [218], C. Sundberg et T. Wolff montrent que parmi les suites de
Carleson, les suites vérifiant (2.5) sont caractérisées par la propriété d’être des
suites d’interpolation libre pour H∞∩VMO. En utilisant la matrice de Gram, on
peut donner une caractérisation différente. Notons Γ la matrice de Gram associée
à la suite (hλn)n≥1 et (en)n≥1 la base orthonormale canonique de `2. Si (hλn)n≥1

est une BAO, alors un fait général (voir [89, Lemma 3.7]) implique que Γ défini un
opérateur borné et inversible sur `2 de la forme Γ = Id+K, avec K un opérateur
compact. Comme Ken → 0, n→ +∞, on obtient que (Γ− Id)en → 0, n→ +∞.
On montre dans [T1] que la réciproque est aussi vraie.

Proposition 2.2.1 Soient (λn)n≥1 une suite de Blaschke de points distincts de
D et B le produit de Blaschke associé. Les assertions suivantes sont équivalentes :

(i) (hλn)n≥1 est une BAO de KB ;
(ii) (Γ− Id)en → 0, n→ +∞.

Il est bien connu (voir par exemple [153]) que les suites de Carleson Λ = (λn)n≥1

peuvent être caractérisées par le fait qu’elles sont séparées (par rapport à la mé-
trique pseudo-hyperbolique) et que la mesure

∑
n≥1

(1−|λn|2)δλn est une mesure de

Carleson. Nous avons montré qu’une caractérisation similaire peut être donnée
pour les suites vérifiant (2.5). Pour énoncer le résultat, nous avons besoin d’intro-
duire quelques notations. Pour tout z ∈ D, Iz est l’arc contenu dans T de centre
z/|z| et de longueur 1− |z|. Pour I ⊂ T,

SI := {z ∈ D :
z

|z|
∈ I, |z| ≥ 1− |I|};

pour c > 0, cI est l’intervalle de même centre et de longueur c|I|.

Proposition 2.2.2 Soit (λn)n≥1 une suite de Blaschke de points distincts de D.
Les assertions suivantes sont équivalentes :

(i) (λn)n≥1 vérifie la condition (2.5) ;
(ii) pour tout A ≥ 1, on a

lim
n→+∞

1

|Iλn|
∑
p6=n

λp∈SAIλn

(1− |λp|) = 0.
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Comme conséquence de cette proposition, nous donnons deux résultats qui
clarifient un peu la géométrie des suites satisfaisant (2.5).

Proposition 2.2.3 (a) Soit (λn)n≥1 une suite de D telle que la suite (|λn|)n≥1

est une suite croissante vers 1. Si

γ := lim
k→+∞

1− |λk+1|
1− |λk|

= 0,

alors (λn)n≥1 vérifie la condition (2.5). Si, en plus (λn)n≥1 ⊂ [0, 1[, alors la
réciproque est vraie.

(b) Supposons que (rn)n≥1 soit une suite d’entiers positifs distincts, 0 < rn < 1,
telle que

∑
n≥1

(1−rn) < +∞. Alors il existe tn ≥ 0 tel que la suite (rne
itn)n≥1

satisfait la condition (2.5).

Ces deux résultats sont à comparer avec des résultats analogues pour les suites
de Carleson (voir [153, Chap. VII]).

On se donne maintenant une fonction intérieure Θ et Λ = (λn)n≥1 une suite
de Blaschke de points distincts de D. On s’intéresse à la propriété de BAO pour
les suites de noyaux reproduisants normalisés (hΘ

λn
)n≥1. Le résultat suivant donne

une condition nécessaire.

Proposition 2.2.4 Si (hΘ
λn

)n≥1 est une SAO, alors la suite (λn)n≥1 vérifie la
condition (2.5).

La preuve est basée sur la proposition 2.2.1 et l’estimation suivante |ΓΘ
n,p| ≥ |Γn,p|,

où Γ = (Γn,p)n,p≥1 est la matrice de Gram associée à (hλn)n≥1 et ΓΘ = (ΓΘ
n,p)n,p≥1

celle associée à (hΘ
λn

)n≥1.
En général, il n’est pas possible d’espérer obtenir une réciproque à la proposi-

tion 2.2.4 sans hypothèse supplémentaire. En effet, supposons que la suite (λn)n≥1

vérifie la condition (2.5) et converge non-tangentiellement vers un point ζ ∈ T à
travers lequel Θ se prolonge analytiquement. Alors, on peut voir facilement que
(kΘ

λn
)n≥1 converge en norme vers kΘ

ζ 6= 0, où

kΘ
ζ (z) =

1−Θ(ζ)Θ(z)

1− ζz
.

Donc en particulier, (hΘ
λn

)n≥1 ne peut pas être une suite de Riesz (car sinon
(hΘ

λn
)n≥0 doit converger faiblement vers 0). Cependant, sous la condition (2.4),

nous avons donné une réciproque à la proposition 2.2.4.

Théorème 2.2.5 Supposons que (λn)n≥1 vérifie les conditions (2.4) et (2.5).
Alors soit

(i) (hΘ
λn

)n≥1 est une SBAO,
soit

(ii) il existe p ≥ 2 tel que (hΘ
λn

)n≥p est une BAO de KΘ.



28 Chap. 2 : Géométrie des espaces de de Branges-Rovnyak

Le théorème 2.2.5 améliore en fait un résultat de [89, Lemma 3.9].
Le cas (ii) du théorème 2.2.5 correspond aux suites (hΘ

λn
)n≥1 qui ne sont pas

minimales ; un exemple peut être construit en considérant pour Θ un facteur
intérieur non trivial de B. D’un autre coté, les suites minimales de noyaux repro-
duisants de KΘ ont été étudiées par I. Boricheva dans [42]. En combinant [42,
théorème 4.7] et le théorème 2.2.5, on obtient alors la caractérisation suivante.

Corollaire 2.2.6 Sous l’hypothèse (2.4), les assertions suivantes sont équiva-
lentes :

(i) la suite (hΘ
λn

)n≥1 est une SBAO dans KΘ ;
(ii) (λn)n≥1 vérifie la condition (2.5) et la suite (hΘ

λn
)n≥1 est minimale ;

(iii) (λn)n≥1 vérifie la condition (2.5) et il existe f ∈ H∞, f 6= 0, tel que ‖Θ +
Bf‖∞ ≤ 1.

Il est intéressant de comparer ce corollaire avec le théorème 2.1.1 qui montre que
(hΘ

λn
)n≥1 est une suite de Riesz si et seulement si (λn)n≥1 vérifie la condition de

Carleson et dist (ΘB,H∞) < 1. Cette dernière condition est bien sûr plus forte
que la dernière condition du corollaire 2.2.6 ; d’un autre coté, la condition (2.5)
est plus forte que la condition de Carleson.

Dans le cas où Θ n’est pas un produit de Blaschke, on peut dire un peu plus.

Proposition 2.2.7 Soit Θ une fonction intérieure, avec une partie singulière non
triviale, et supposons (2.4). Les assertions suivantes sont équivalentes :

(i) (λn)n≥1 vérifie la condition (2.5) ;
(ii) (hΘ

λn
)n≥1 est une SBAO.

De plus, dans ce cas, dim(KΘ 	 Span(hΘ
λn

: n ≥ 1)) = +∞.

La preuve de cette proposition adapte en fait un argument de [116, Théorème 3.2].
Nous avons également donné plusieurs résultats de stabilité qu’on peut comparer
avec des résultats de stabilité pour les bases de Riesz obtenus dans [89].

Théorème 2.2.8 Supposons que (hΘ
λn

)n≥1 est une SBAO et que (2.4) est satis-
faite. Si Λ′ = (λ′n)n≥1 est une suite de points distincts de D qui satisfait

(2.6) lim sup
n→∞

|bλn(λ′n)| < 1− dist (ΘB̄,H∞)

1 + dist (ΘB̄,H∞)
,

alors (hΘ
λ′n

)n≥1 est une SBAO.

2.3 Suites surcomplètes dans Kp
Θ

Dans [T2], avec I. Chalendar et J. Partington, nous nous sommes intéressés au
problème suivant : étant donné Θ une fonction intérieure, 1 < p < +∞ et (λn)n≥1
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une suite de points distincts de D, peut-on trouver une condition nécessaire et
suffisante pour que la suite (kΘ

λn
)n≥1 soit surcomplète dans Kp

Θ ?
Ici Kp

Θ désigne le sous-espace de Hp défini par

Kp
Θ = Hp ∩ΘHp

0 = {f ∈ Hp : 〈f,Θg〉 = 0, ∀g ∈ Hq},

où Hp est l’espace de Hardy du disque unité avec la norme ‖ · ‖p, p et q sont
des exposants conjugués et Hp

0 = {f ∈ Hp : f(0) = 0}. D’autre part, rappelons
qu’une suite (xn)n≥1 d’un espace de Banach X est dite surcomplète si toute sous-
suite infinie de (xn)n≥1 est complète dans X.

Comme on peut le voir facilement avec le théorème de Hahn-Banach, la sur-
complétude de (kΘ

λn
)n≥1 dansKp

Θ est équivalente à l’assertion suivante : si f ∈ Kq
Θ,

f(λnp) = 0 pour une sous-suite infinie (λnp)p≥1 de (λn)n≥1, alors f ≡ 0. Ainsi le
problème de surcomplétude peut se lire comme un problème sur les ensembles
de zéros des fonctions de Kq

Θ. D’autre part, ce problème est bien sûr relié au
problème de complétude dont nous avons déjà parlé dans l’introduction de ce
chapitre. Trouver un critère géométrique explicite pour la complétude des noyaux
reproduisants dans Kp

Θ semble pour le moment hors d’atteinte et il nous a donc
semblé naturel de nous intéresser à cette propriété de surcomplétude pour laquelle
il devrait être plus facile d’obtenir des résultats. Citons cependant une avancée
récente obtenue par Makarov–Poltoratski [145] qui généralise un résultat profond
de Beurling–Malliavin sur la complétude des systèmes d’exponentielles.

Afin de formuler nos résultats, nous devons introduire deux ensembles intime-
ment liés à la théorie des fonctions intérieures. Tout d’abord, si Θ est intérieure,
on note par σ(Θ) le spectre de Θ, c’est à dire le complémentaire dans D de l’en-
semble des points ζ ∈ D tels que Θ−1 se prolonge analytiquement à travers un
voisinage de ζ. En particulier, on a

(2.7) σ(Θ) ∩ T = {ζ ∈ T : lim inf
z→ζ
z∈D

|Θ(z)| = 0}.

De plus, si

Θ(z) =
∏
n≥1

|an|
an

an − z

1− anz
exp

(
−
∫

T

ζ + z

ζ − z
dµS(ζ)

)
,(2.8)

est la factorisation canonique de la fonction intérieure Θ, alors on a

(2.9) σ(Θ) = clos(an) ∪ suppµS.

D’autre part, on note par EΘ l’ensemble défini par

(2.10) EΘ :=

{
ζ0 ∈ T :

∑
n≥1

1− |an|2

|ζ0 − an|2
+

∫
T

dµS(ζ)

|ζ − ζ0|2
< +∞

}
.
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Cet ensemble correspond aux points ζ0 ∈ T où Θ admet une dérivée angulaire au
sens de Carathéodory, c’est-à-dire Θ et Θ′ admettent des limites radiales (finies)
en ζ0 et |Θ(ζ0)| = 1. Nous reviendrons au chapitre 3 sur cet ensemble.

Remarquons que si Θ est un produit de Blaschke fini, alors Kp
Θ est de di-

mension finie et donc si (λn)n≥1 est une suite de points distincts, (kΘ
λn

)n≥1 est
toujours surcomplète dans Kp

Θ. Par conséquent, dans la suite de la section 2.3,
nous supposerons toujours que (λn)n≥1 est une suite de points distincts de D et
Θ n’est pas un produit de Blaschke fini. En particulier, σ(Θ) ∩ T 6= ∅.

On obtient alors le résultat suivant qui donne des conditions nécessaires et
une condition suffisante en terme des ensembles EΘ et σ(Θ) :

Théorème 2.3.1 Soient p ∈ [2,∞), (λn)n≥1 une suite infinie de points distincts
de D. Alors nous avons les implications suivantes :

(SC) infn≥1 dist (λn, σ(Θ) ∩ T) > 0
⇓

(OV C) (kΘ(., λn))n≥1 est surcomplète dans Kp
Θ

⇓
(NC1) (kΘ(., λn))n≥1 est relativement compact (pour la norme) dans Kp

Θ

⇓

(NC2) sup
n≥1

1− |Θ(λn)|2

1− |λn|2
<∞

⇓
(NC3) infn≥1 dist (λn,T \ EΘ) > 0

De plus, pour p ∈ (1, 2), (SC) ⇒ (OV C) ⇒ (NC1) restent vraies.

Donnons une idée de la preuve de ce résultat. Tout d’abord, l’implication (SC) =⇒
(OV C) est une conséquence immédiate du principe des zéros isolés pour les fonc-
tions analytiques et de la propriété suivante du spectre d’une fonction intérieure :
si Θ est une fonction intérieure, alors toute fonction f ∈ Kq

Θ se prolonge analyti-
quement à travers T \ σ(Θ).
L’implication (essentielle) (OV C) =⇒ (NC1) découle du résultat général suivant.

Théorème 2.3.2 Soient X un espace de Banach réflexif et (xn)n≥1 une suite
bornée de vecteurs de X, deux à deux distincts. Si (xn)n≥1 ne contient aucune
sous-suite uniformément minimale (donc en particulier si (xn)n≥1 est surcomplète
dans X), alors (xn)n≥1 est relativement compact (pour la norme) dans X.

Ce point clé dans la preuve du théorème 2.3.1 est lui basé sur un lemme de
C. Bessaga et A. Pelczynski, qui affirme que si (yn)n≥1 est une suite de X qui
tend faiblement vers 0 et qui satisfait infn≥1 ‖yn‖ > 0, alors (yn)n≥1 contient une
sous-suite qui est une base de Schauder de son enveloppe linéaire fermée.
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Finalement, l’implication (NC2) =⇒ (NC3) du théorème 2.3.1 provient du théo-
rème de Carathéodory qui implique que ζ0 ∈ EΘ si et seulement si

lim inf
z∈D
z→ζ0

1− |Θ(z)|2

1− |z|2
< +∞.

�
Dans le cas où EΘ = T\σ(Θ), le théorème 2.3.1 donne donc une caractérisation

des suites surcomplètes de Kp
Θ, p ≥ 2. Nous nous sommes alors intéressés à la

classe des fonctions Θ intérieures telles que EΘ = T \ σ(Θ). Rappelons d’abord
qu’une suite (λn)n≥1 ⊂ D est une suite de Stolz s’il existe un sous-ensemble fini e
de T et une constante positive c telle que, pour tout n ≥ 1, on a

dist (λn, e) ≤ c dist (λn,T).

Si (λn)n≥1 est une suite de Stolz et ζ est un point d’accumulation de la suite
(λn)n≥1, alors il existe une sous-suite (λnp)p≥1 qui converge non-tangentiellement
vers ζ.

Corollaire 2.3.3 Soient p ∈ [2,∞) et (λn)n≥1 une suite infinie de points distincts
de D. Soit Θ = BS une fonction intérieure, avec B un produit de Blaschke associé
à une suite (an)n≥1 et S une fonction intérieure singulière associée à une mesure
µ. Supposons que (an)n≥1 est une suite de Stolz et que µ est à support fini. Alors

(kΘ(·, λn))n≥1 est surcomplète dans Kp
Θ ⇔ (SC) ⇔ (NC1) ⇔ (NC2) ⇔ (NC3).

La preuve de ce corollaire consiste à montrer que les hypothèses sur Θ impliquent
que EΘ = T \ σ(Θ) et le résultat suit alors immédiatement du théorème 2.3.1.

2.4 Bases orthogonales et bases de Riesz dansH(b)

Dans [T3] et [T4], je me suis intéressé au problème des bases de noyaux
reproduisants dans l’espace de de Branges–Rovnyak H(b). L’article [T3] concerne
le cas scalaire et l’article [T4] (avec N. Chevrot et D. Timotin) traite du cas
vectoriel.

Le premier problème auquel je me suis intéressé dans [T3] est celui de caracté-
riser les suites de noyaux reproduisants (kb

λn
)n≥1 qui forment une base orthogonale

de H(b). Rappelons que dans [51], D. Clark a obtenu un critère dans le cas où b
est intérieure, ce qui correspond au cas des espaces modèles Kb. Comme dans le
cas intérieur, il est facile de voir qu’il ne peut pas exister de bases orthogonales
(kb

λn
)n≥1 avec des pôles λn contenus dans le disque unité D. Dans certains cas, il

est cependant possible de considérer des noyaux reproduisants avec des pôles sur
le cercle unité. Pour une fonction b dans la boule unité de H∞, on peut aussi défi-
nir un ensemble Eb analogue à (2.10) (voir (3.6) pour la définition précise) et qui
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correspond aux points de T où b a une dérivée angulaire au sens de Carathéodory.
Dans ce cas, si ζ0 ∈ Eb, alors la fonction

kb
ζ0

(z) :=
1− b(ζ0)b(z)

1− ζ̄0z
, (z ∈ D),

est dans H(b) ; toute fonction f dans H(b) a une limite radiale en ζ0 et on a

(2.11) f(ζ0) = 〈f, kb
ζ0
〉b .

Si on veut une base orthogonale de noyaux reproduisants, il faut donc choisir la
suite des pôles (λn)n≥1 telle que λn ∈ Eb et b(λn) = λ ∈ T, n ≥ 1.

On montre alors dans [T3] le résultat suivant.

Théorème 2.4.1 Soient b ∈ H∞, ‖b‖∞ ≤ 1 et λ ∈ T. Supposons que la famille
{kb

ζ : ζ ∈ Eb, b(ζ) = λ} forme une base orthogonale deH(b). Alors b est intérieure.

La preuve de ce résultat suit la méthode utilisée par Clark pour obtenir son critère
dans le cas intérieur. L’idée est que si ζ ∈ Eb et b(ζ) = λ, alors kb

ζ représente un
vecteur propre pour l’opérateur

Uλ := X∗ + λ(1− λb(0))−1kb
0 ⊗ S∗b,

où X := S∗|H(b). On utilise alors le fait que Uλ est unitairement équivalent à
Zµλ

, l’opérateur de multiplication par la variable indépendante dans L2(µλ), où

µλ est la mesure sur T dont l’intégrale de Poisson est la partie réelle de
1 + λb

1− λb
. On

obtient alors que si la famille {kb
ζ : ζ ∈ Eb, b(ζ) = λ} forme une base orthogonale

de H(b), alors l’opérateur Zµλ
est diagonalisable, ce qui implique que µλ est une

mesure purement atomique. Il est alors facile de voir que ceci n’arrive que si b est
intérieure. �

Dans [T3], j’ai aussi considéré le problème des suites de noyaux reproduisants
normalisées (hb

λn
)n≥1 qui forment une suite (base) de Riesz de H(b). J’ai notam-

ment obtenu deux critères que j’ai par la suite généralisés au cas vectoriel dans
[T4]. Je vais donc directement présenter les résultats principaux dans le cas vec-
toriel. Mentionnons néanmoins que les techniques utilisées dans les deux articles
sont différentes comme nous y reviendrons plus tard.

On se donne donc une fonction b ∈ H∞(E → E∗), ‖b‖∞ ≤ 1, (λn)n≥1 une
suite de Blaschke de D et (en)n≥1 ⊂ E∗, ‖en‖ = 1. On va supposer en plus que
dimE∗ < +∞. En effet, si dimE∗ = +∞ et (en)n≥1 est une base orthonormale de
E∗, alors la famille de noyaux reproduisants normalisée (hλn,en)n≥1 est une suite
orthonormale dans H2(E∗) quelque soit la suite (λn)n≥1. Dans un certain sens, si
E∗ est un espace de Hilbert de dimension infinie, il existe trop de liberté sur les
vecteurs (en)n≥1 pour espérer obtenir un critère satisfaisant pour les suites (ou
bases) de Riesz. C’est la raison pour laquelle, les résultats obtenus jusqu’à présent
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dans le cas vectoriel supposent que E∗ est un espace de Hilbert de dimension finie
(voir [224, 23, 89]) et nous travaillerons donc nous aussi sous cette hypothèse.
Dans ce cas, on a

Span(kλn,en : n ≥ 1) = H2(E∗)	BH2(E∗) = KB,

où la fonction intérieure B ∈ H∞(E∗ → E∗) est un produit de Blaschke-Potapov
(voir [158] pour la définition).

Le point de départ est toujours le même (voir la sous-section 2.1.3) et est
basé sur l’idée de regarder la famille de noyaux reproduisants (kb

λn,en
)n≥1 de

H(b) comme une distorsion de la famille de noyaux reproduisants (kλn,en)n≥1 de
H2(E∗). On va donc aussi supposer que la norme de ces deux familles de noyaux
est comparable, ce qui revient à supposer la condition suivante

(2.12) sup
n≥1

‖b(λn)∗en‖ < 1.

Alors comme dans le cas intérieur scalaire, on montre dans [T3] (cas scalaire) et
[T4] (cas vectoriel) qu’on peut ramener l’étude des suites (ou bases) de Riesz de
noyaux reproduisants à une étude de l’inversibilité d’un certain opérateur.

Théorème 2.4.2 Soient b ∈ H∞(E → E∗), ‖b‖∞ ≤ 1, (λn)n≥1 une suite de
Blaschke dans D et (en)n≥1 ⊂ E∗, ‖en‖ = 1. Supposons que dim E∗ < +∞ et que
la condition (2.12) est satisfaite. Alors les assertions suivantes sont équivalentes :

a) la suite (hb
λn,en

)n≥1 est une suite (respectivement base) de Riesz de H(b) ;
b) la suite (hλn,en)n≥1 est une base de Riesz de KB et l’opérateur

(Id− TbT
∗
b )|KB : KB −→ H(b)

est un isomorphisme sur son image (respectivement sur H(b)).

Mentionnons qu’Ivanov [23, Theorem II.2.12] donne un critère géométrique pour
que la suite (hλn,en)n≥1 soit une base de Riesz de KB. Par conséquent, il reste
à étudier l’inversibilité de l’opérateur (Id − TbT

∗
b )|KB : KB −→ H(b), que nous

appelons dans la suite l’opérateur de distorsion. Rappelons que dans le cas où b
est intérieure, on peut ramener l’inversibilité de cet opérateur à l’inversibilité du
Toeplitz Tb∗B. En utilisant le théorème de Devinatz–Widon (ou le théorème de
Nehari), ceci donne alors le théorème 2.1.1 et le théorème obtenu dans [89]. Dans
le cas d’une fonction b scalaire (non nécessairement intérieure), le point clé de la
méthode utilisée dans [T3] pour étudier l’inversibilité de l’opérateur de distorsion
est le lemme suivant.

Lemme 2.4.3 Soit b un point extrême de la boule unité de H∞. Alors

Span
(
b− b(λ)

z − λ
: λ ∈ D

)
= H(b).
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Nous reviendrons plus tard sur ce lemme (que nous avons aussi généralisé dans
[T4]) mais il n’est plus vrai en général dans le cas vectoriel. Ainsi les deux mé-
thodes utilisées jusqu’à maintenant dans la théorie ne s’appliquent pas au cas
vectoriel. Nous avons donc employé une autre méthode, dans un certain sens plus
géométrique, basée sur le modèle fonctionnel abstrait.

Dans [T4], nous avons en fait discuté du problème général de l’inversibilité de
l’opérateur de distorsion

(Id− TbT
∗
b )|KΘ : KΘ −→ H(b),

où Θ est une fonction intérieure quelconque dans H∞(F → E∗) et b est une fonc-
tion analytique contractive dans H∞(E → E∗). Autrement dit, dans les résultats
qui suivent, Θ n’est plus nécessairement un produit de Blaschke-Potapov. On
obtient alors le critère suivant.

Théorème 2.4.4 L’opérateur de distorsion (Id− TbT
∗
b )|KΘ : KΘ −→ H(b) est

(a) un isomorphisme sur son image si et seulement si

dist (Θ∗b,H∞(E → F )) < 1;

(b) un isomorphisme sur H(b) si et seulement si dist (Θ∗b,H∞(E → F )) < 1
et l’opérateur

Γb := (P+b
∗Θ P+∆) :

H2(F )
⊕

clos(∆H2(E))
−→ H2(E).

est borné inférieurement.

La preuve de ce résultat utilise fortement le plongement fonctionnel abstrait in-
troduit par Nikolski–Vasyunin [152] (voir la sous-section 1.2.2 pour les définitions
et les notations). Si

Π = (π∗, π) :

(
L2(E∗)
L2(E)

)
−→ H

est un plongement fonctionnel abstrait tel que π∗∗π = b, alors le point clé de la
preuve du théorème 2.4.4 consiste à remarquer que

Id− TbT
∗
b = π∗∗PH′π∗|H2(E∗).

Comme π∗∗ est une isométrie partielle de Kb sur H(b) et que kerπ∗∗|Kb = H′′ =
Kb	H′, on voit que l’inversibilité de l’opérateur de distorsion peut se ramener à
l’inversibilité de l’opérateur PH′|π∗KΘ. En utilisant des arguments géométriques
standards sur les projections orthogonales dans un espace de Hilbert, on obtient
alors le théorème 2.4.4. �
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Remarquons que la condition pour l’inversibilité à gauche du théorème 2.4.4
généralise celle du théorème 2.1.1 ; la condition pour l’inversibilité elle ne peut
pas être réduite à une condition fonctionnelle simple. Néanmoins, elle permet
d’obtenir plusieurs corollaires intéressants qui montrent que dans plusieurs cas,
la fonction b a une forme spéciale.

Corollaire 2.4.5 Si clos(∆H2(E)) = clos(∆L2(E)) et l’opérateur de distorsion
est inversible, alors b est intérieure.

Corollaire 2.4.6 Supposons que dimF = dimE∗. Si l’opérateur de distorsion
est inversible, alors b est ∗-intérieure. Si de plus, dimE = dimE∗, alors b est
intérieure.

En particulier le corollaire 2.4.6 peut être appliqué à notre situation des bases de
noyaux reproduisants puisque la fonction intérieure Θ est un produit de Blaschke-
Potapov B et donc on a dimF = dimE∗.

Corollaire 2.4.7 Supposons que dimE = dimE∗ = 1. L’opérateur de distorsion
est inversible si seulement si on est dans une des deux situations suivantes :

(i) b est intérieure, dist (Θ̄b,H∞) < 1 et dist (b̄Θ, H∞) < 1.
(ii) F = {0} et ‖b‖∞ < 1.

En particulier, on obtient que si b est une fonction scalaire de la boule unité de
H∞ et si H(b) possède une base de Riesz formée de noyaux reproduisants qui
satisfait la condition (2.12), alors nécessairement b est intérieure. Ce résultat doit
être comparé avec le théorème 2.4.1.

Dans le cas non extrême, nous avions montré dans [T3] que la situation est
drastiquement différente, puisqu’on ne peut jamais avoir de base de Riesz (com-
plète) formée de noyaux reproduisants.

Théorème 2.4.8 Soient b ∈ H∞, ‖b‖∞61 et (λn)n>1 ⊂ D. Supposons que b
n’est pas un point extrême de la boule unité de H∞. Les assertions suivantes sont
équivalentes :

(i) la suite (kb
λn

)n>1 est minimale ;
(ii) la suite (kb

λn
)n>1 n’est pas complète dans H(b).

De plus, dans ce cas, nous avons :

dim(H(b)	 Span(kb
λn

: n>1)) = +∞.

Le point clé dans la preuve de ce résultat est le fait que, dans le cas où b est un
point non extrême de la boule unité de H∞, alors H(b) est invariant par S.

Dans [T4], nous discutons aussi de la complétude dans H(b) de la famille k̂b
λ,e

définie par

k̂b
λ,e(z) =

b(z)− b(λ)

z − λ
e, (λ ∈ D, e ∈ E).
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Avec les noyaux reproduisants, cette famille est le seul exemple d’éléments de
H(b) avec une formule explicite. De plus, ils apparaissent naturellement dans le
modèle fonctionnel et dans d’autres questions liées (voir [28] et [93]). La question
à laquelle nous nous sommes intéressés est donc la suivante : a-t-on

Span(k̂b
λ,e : λ ∈ D, e ∈ E) = H(b) ?

Rappelons que dans [T3] (voir lemme 2.4.3), nous avons montré que si b est un
point extrême de la boule unité de H∞, alors la famille {k̂b

λ,e : λ ∈ D, e ∈ E} est
complète dans H(b). Dans [T4], nous avons donné le critère suivant pour le cas
scalaire non extrême.

Théorème 2.4.9 Supposons que b n’est pas un point extrême de la boule unité
de H∞. Alors la famille {k̂b

λ : λ ∈ D} est complète dans H(b) si et seulement si b
n’admet pas de pseudo-prolongement analytique à travers T.

Rappelons qu’on dit qu’une fonction ϕ ∈ H2 admet un pseudo-prolongement
analytique à travers T s’il existe f, g ∈ ∪p>0H

p tels que ϕ = f̄/ḡ p.p. sur T.
R. Douglas, H. Shapiro et A. Shields [67] ont montré que ϕ admet un pseudo-
prolongement analytique à travers T si et seulement si ϕ n’est pas S∗-cyclique,
c’est-à-dire

Span(S∗nϕ : n ≥ 0) 6= H2.

Pour dépasser le cas scalaire, nous devons utiliser le langage du modèle fonc-
tionnel. On obtient alors le résultat général suivant.

Théorème 2.4.10 Soit b ∈ H∞(E → E∗), ‖b‖∞ ≤ 1. Les assertions suivantes
sont équivalentes :

1. Span{k̂b
λ,e : λ ∈ D, e ∈ E} = H(b).

2. H′ ∩H′′
∗ = {0}.

3. H′′ ∨H′
∗ = Kb.

Dans l’énoncé du théorème 2.4.10, les espaces H′, H′′, H′
∗ et H′′

∗ qui interviennent
sont les transcriptions de Sz.-Nagy–Foias des espaces définis dans (1.7) et (1.8).

Mentionnons pour finir deux corollaires intéressants.

Corollaire 2.4.11 Soit b ∈ H∞(E → E∗), ‖b‖∞ ≤ 1. Si clos(∆∗H
2
−(E∗)) =

clos(∆∗L
2(E∗)), alors

Span{k̂b
λ,e : λ ∈ D, e ∈ E} = H(b).

En particulier, si b∗ est intérieure alors les conoyaux sont complets dans H(b).

Corollaire 2.4.12 Soit b un point extrême de la boule unité de H∞(E → E∗).
Les assertions suivantes sont équivalentes :

(i) Span{k̂b
λ,e : λ ∈ D, e ∈ E} = H(b).

(ii) clos(∆∗H
2
−(E∗)) = clos(∆∗L

2(E∗)).



Chapitre 3

Propriétés fonctionnelles des
espaces de de Branges-Rovnyak

Dans ce chapitre, nous allons présenter les travaux [T5–T8] qui portent sur le
comportement au bord des fonctions des espaces de de Branges-Rovnyak.

3.1 Introduction
Rappelons que si D est le disque unité ouvert du plan complexe, alors H2 =

H2(D) désigne l’espace de Hardy usuel, formé des fonctions f analytiques sur D
et qui satisfont ‖f‖2 < +∞, où

‖f‖2
2 := sup

0≤r<1

∫ 2π

0

|f(reiθ)|2 dθ
2π
.

Comme les fonctions de H2 sont analytiques à l’intérieur du disque, il est naturel
de se demander ce qui se passe à la frontière ∂D = T. Au début du XXième
siècle, P. Fatou [86] a probablement été le premier à s’intéresser au comportement
au bord de ces fonctions. En particulier, il a montré que toute fonction de H2

possède des limites non-tangentielles (finies) en presque tout point de la frontière.
En général, on ne peut pas dire beaucoup plus concernant le comportement au
bord de ces fonctions. En particulier, si ζ0 ∈ T, il est facile de construire une
fonction f appartenant à H2 et telle que f n’a pas de limite radiale (finie) en ζ0.
Si on restreint la classe de fonctions, on peut naturellement espérer obtenir plus
d’informations. M. Livshitz [139] et Moeller [148] ont effectué le premier pas dans
cette direction en considérant le cas des espaces modèles KΘ. Rappelons que si
Θ est intérieure, alors KΘ désigne le sous-espace de l’espace de Hardy H2 défini
par

KΘ = H2 	ΘH2 = H2 ∩ΘH2
0 ,

où H2
0 := {f ∈ H2 : f(0) = 0} = zH2. On note également MΘ l’opérateur modèle

de KΘ dans lui-même, défini comme la compression du shift sur KΘ. Autrement



38 Chap. 3 : Propriétés fonctionnelles des espaces de de Branges-Rovnyak

dit,
MΘ(f) := PΘ(zf), f ∈ KΘ,

où PΘ est la projection orthogonale de H2 sur KΘ. Dans le résultat suivant, on
voit que le comportement au bord des fonctions de KΘ est étroitement lié au
comportement au bord de la fonction Θ elle-même.

Théorème 3.1.1 (Livshitz–Moeller) Soit ζ0 ∈ T. Les assertions suivantes
sont équivalentes :

(i) toute fonction f de KΘ a un prolongement analytique à travers un voisinage
de ζ0 ;

(ii) l’opérateur Id− ζ0MΘ est inversible ;

(iii) Θ a un prolongement analytique à travers un voisinage de ζ0.

L’équivalence entre (ii) et (iii) peut être formulée par l’égalité suivante des spectres :

σ(Θ) ∩ T = σ(MΘ) ∩ T,

(voir (2.7) pour la définition du spectre d’une fonction intérieure). En fait, on a
σ(Θ) = σ(MΘ) et ce résultat a ensuite été étendu par Sz.-Nagy–Foias et Helson
qui ont montré que les spectres d’une contraction et de sa fonction caractéristique
coincident (voir par exemple [153]).

En utilisant (2.9), on peut reformuler l’assertion (iii). Plus précisément, si la
factorisation canonique de Θ est donnée par (2.8) et si on note par µΘ := µB +µS,
où

µB :=
+∞∑
n=1

(1− |an|2)δ{an},

alors l’assertion (iii) est équivalente à l’existence d’un voisinage Vζ0 de ζ0 tel que
µΘ(Vζ0) = 0. Autrement dit, toutes les fonctions de KΘ peuvent se prolonger
analytiquement à travers un point ζ0 de T si et seulement si la mesure µΘ d’un
voisinage de ζ0 est nulle. Cette formulation rend plausible le principe général
suivant : si la mesure µΘ est suffisamment petite près d’un point ζ0, alors les
fonctions de KΘ doivent être lisses près de ce point.

Ceci est confirmé par le résultat suivant d’Ahern–Clark [3] sur l’existence des
valeurs au bord pour les dérivées des fonctions de KΘ.

Théorème 3.1.2 (Ahern-Clark) Soit Θ une fonction intérieure dont la facto-
risation canonique est donnée par (2.8). Soient N un entier positif et ζ0 ∈ T. Les
assertions suivantes sont équivalentes :

(i) pour toute fonction f de KΘ, f(z), f ′(z), . . . , f (N)(z) ont une limite (finie)
non-tangentielle en ζ0 ;

(ii) MN
Θ (kΘ

0 ) appartient à l’image de l’opérateur (Id− ζ0MΘ)N+1 ;
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(iii) on a
∞∑

n=1

1− |an|2

|1− ζ0an|2N+2
+

∫ 2π

0

dµS(eiϑ)

|1− ζ0eiϑ|2N+2
<∞.

De plus, sous la condition (iii), la fonction kΘ
ζ0,N , définie par

kΘ
ζ0,N(z) :=

N !zN −Θ(z)
N∑

j=0

(
N

j

)
Θ(j)(ζ0)(N − j)!zN−j(1− ζ0z)

j

(1− ζ0z)N+1
(z ∈ D),

appartient à KΘ et on a

(3.1) f (N)(ζ0) =

∫
T
f(ζ)kΘ

ζ0,N(ζ) dm(ζ),

pour toute fonction f de KΘ.

Dans [57], W. Cohn a donné un analogue du résultat précédent pour les fonctions
de Kp

Θ = Hp ∩ΘzHp.
Remarquons bien sûr que les théorèmes 3.1.1 et 3.1.2 admettent des analogues

dans le demi-plan supérieur C+ := {z ∈ C : =m(z) > 0}. Récemment, K.
Dyakonov [78] et A. Baranov [30] ont utilisé la formule intégrale (3.1) d’Ahern–
Clark–Cohn pour obtenir des inégalités de type Bernstein dans les espaces Kp

Θ

(dans le cadre du demi-plan supérieur).
Rappelons que, dans le cas où Θ est une fonction intérieure dans C+, alors

Kp
Θ = Hp(C+)∩ΘHp(C+), où Hp(C+) est l’espace de Hardy du demi-plan supé-

rieur. Si Θa(z) = eiaz, a > 0, alors

Kp
Θa

= Hp(C+) ∩ PW p
a ,

où PW p
a désigne l’espace de Paley–Wiener des fonctions entières de type expo-

nentiel au plus a, et dont la restriction à l’axe réel appartient à Lp(R). L’inégalité
de Bernstein classique affirme que, pour 1 ≤ p ≤ +∞, on

‖f ′‖p ≤ a‖f‖p, f ∈ PW p
a .

Cette inégalité a été généralisée par de nombreux auteurs dans des directions
différentes. Il est impossible de donner une liste exhaustive de références mais je
voudrais citer [40, 98, 167, 178, 177, 221] et [131, Lecture 28]. L’une des directions
a été d’étendre l’inégalité de Bernstein aux espaces modèles. Dans [132, 133], M.B.
Levin a montré que si Θ est une fonction intérieure et si Θ′(x) existe et est fini
(dans un sens non-tangentiel), alors pour chaque fonction f de K∞

Θ , la dérivée
f ′(x) existe aussi dans un sens non-tangentiel et on a∣∣∣∣ f ′(x)Θ′(x)

∣∣∣∣ ≤ ‖f‖∞.
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La dérivation dans les espaces modèles Kp
Θ a aussi été étudié par K. Dyakonov

[79, 78]. En particulier, il a montré l’équivalence suivante :

(i) il existe une constante C telle que

‖f ′‖p ≤ C‖f‖p, f ∈ Kp
Θ;

(ii) Θ′ ∈ L∞(R).

Enfin, A. Baranov [30] a obtenu des inégalités de type Bernstein à poids pour les
espaces modèles Kp

Θ qui généralisent les résultats précédents de Levin et Dyako-
nov. Plus précisément, pour une fonction intérieure générale Θ, il a prouvé des
estimations de la forme

‖f (n)ωp,n‖Lp(µ) ≤ C‖f‖p, (f ∈ Kp
Θ),

où n ≥ 1, µ est une mesure de Carleson sur le demi-plan supérieur fermé C+ et ωp,n

est un poids relié à la norme des noyaux reproduisants dans l’espace modèle K2
Θ.

Ce poids compense en fait la possible croissance de la dérivée près du bord. Dans
[T5]–[T7], nous avons discuté des analogues des résultats de Livshitz–Moeller,
Ahern–Clark, Dyakonov et Baranov, dans le cadre des espaces de de Branges–
Rovnyak H(b).

3.2 Prolongement analytique et continu pour les
fonctions de H(b)

Rappelons que si b désigne une fonction de la boule unité de H∞ du disque
unité, alors on peut factoriser b (à une constante unimodulaire près) sous la forme
suivante

(3.2) b(z) =
+∞∏
n=1

(
|an|
an

an − z

1− anz

)
exp

(
−
∫

T

ζ + z

ζ − z
dσ(ζ)

)
, (z ∈ D),

où (an)n≥1 est une suite de Blaschke correspondant aux zéros de la fonction b et
σ est une mesure positive de la forme dσ = dµS + | log |b|| dm, avec µS mesure
positive singulière par rapport à la mesure de Lebesgue dm. On voit que dans
le cas où b est intérieure, on retrouve la factorisation (2.8). Comme dans le cas
intérieur, on peut définir le spectre de b, noté σ(b), comme le complémentaire dans
D des points λ ∈ D tels que

− si λ ∈ D, alors b(λ) 6= 0 ;

− si λ ∈ T, alors b se prolonge analytiquement à travers un voisinage Oλ de
λ et |b| = 1 sur Oλ.
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Rappelons aussi que H(b) est un sous-espace S∗-invariant et S∗ agit comme une
contraction sur H(b) (voir [203, Chapitre 2]). Si on note X := S∗|H(b), l’opéra-
teur X∗ va alors être l’analogue de l’opérateur modèle MΘ qui apparaˆdans les
théorèmes 3.1.1 et 3.1.2.

Dans [T5], en collaboration avec J. Mashreghi, j’ai obtenu l’analogue suivant
du résultat de Livshitz–Moeller.

Théorème 3.2.1 Soit b une fonction dans la boule unité de H∞ et soit I un arc
ouvert de T. Les assertions suivantes sont équivalentes :

(i) toute fonction de H(b) se prolonge analytiquement à travers I ;
(ii) I ⊂ cσ(X∗) ;
(iii) b se prolonge analytiquement à travers I et |b| = 1 sur I ;
(iv) toute fonction de H(b) se prolonge continûment à travers I ;
(v) b se prolonge continûment à travers I et |b| = 1 sur I.

En fait, l’équivalence entre les trois premières assertions a été obtenue par Sarason
[203, Chapitre V] dans le cas où b est un point extrême de la boule unité de H∞

et notre contribution principale concerne plutôt les points (iv) et (v). Même si ce
théorème est valide sans hypothèse d’extrémalité, on voit en fait avec (iii) que si
l’une de ces assertions est vérifiée, alors∫

T
log(1− |b|2) dm = −∞,

et donc b est un point extrême. Autrement dit, si b n’est pas un point extrême et
si I est un arc ouvert quelconque de T, alors nécessairement il existe une fonction
f ∈ H(b) telle que f ne se prolonge pas continûment à travers I.

3.3 Dérivées au bord radiales pour les fonctions
de H(b)

Dans [T5], nous avons également obtenu un critère pour que les fonctions
de H(b), ainsi que leurs dérivées jusqu’à un certain ordre, admettent des limites
radiales (finies) en un point ζ0 de T.

Théorème 3.3.1 Soit b une fonction dans la boule unité de H∞ admettant la
factorisation canonique (3.2). Soient ζ0 ∈ T et n ∈ N. Les assertions suivantes
sont équivalentes :

(i) pour toute fonction f ∈ H(b), f(z), f ′(z), . . . , f (N)(z) ont des limites finies
lorsque z tend radialement vers ζ0 ;

(ii)
∥∥∂Nkb

z/∂z
N
∥∥

b
est borné lorsque z tend radialement vers ζ0 ;
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(iii) X∗Nkb
0 appartient à l’image de l’opérateur (Id− ζ0X

∗)N+1 ;
(iv) on a∑

n

1− |an|2

|ζ0 − an|2N+2
+

∫ 2π

0

dµS(eit)

|ζ0 − eit|2N+2
+

∫ 2π

0

∣∣ log |b(eit)|
∣∣

|ζ0 − eit|2N+2
dm(eit) < +∞.

Signalons que ce résultat généralise le théorème 3.1.2. Mentionnons également
que Sarason [203, page 58] a obtenu un autre critère en terme d’une certaine

mesure de Poisson. Plus précisément, étant donné λ ∈ T, la fonction <e

(
λ+ b

λ− b

)
est harmonique et positive et donc elle est l’intégrale de Poisson d’une certaine
mesure µλ positive sur T. Par conséquent, on a

λ+ b(z)

λ− b(z)
=

∫
T

eiθ + z

eiθ − z
dµλ(e

iθ) + i=m
λ+ b(0)

λ− b(0)
.

Alors Sarason a montré que pour toute fonction f ∈ H(b), f(z), f ′(z), . . . , f (N)(z)
ont des limites finies lorsque z tend non tangentiellement vers ζ0 si et seulement
s’il existe λ ∈ T tel que

(3.3)
∫

T

∣∣eiθ − ζ0
∣∣−2m−2

dµλ(e
iθ) < +∞.

Récemment, V. Bolotnikov et A. Kheifets ont également donné un autre résultat
dans cette direction. Sous la condition

(3.4) lim inf
z→ζ0

∂2n

∂zn∂z̄n

(
1− |b(z)|2

1− |z|2

)
< +∞,

ils montrent dans [41] que pour toute fonction f ∈ H(b), f(z), f ′(z), . . . , f (N)(z)
ont des limites finies lorsque z tend non tangentiellement vers ζ0.

Les méthodes employées dans [203, 41] sont assez différentes des nôtres et
nous donnons maintenant quelques éléments de la preuve du théorème 3.3.1.

L’implication (i) =⇒ (ii) est basée sur la formule suivante

f (N)(z) = 〈f, ∂
Nkb

z

∂z̄N
〉b

et le théorème de Banach-Steinhaus. Pour (ii) =⇒ (iii) =⇒ (i), on utilise un
lemme adapté d’un résultat d’Ahern-Clark.

Lemme 3.3.2 Soient S1, . . . , Sp des contractions sur un espace de Hilbert X
qui commutent. Soit (λ1, . . . , λp) ∈ Tp tel que Id − λjSj est injectif et soit
(λ

(n)
1 , . . . , λ

(n)
p ) ∈ Dp qui tend non-tangentiellement vers (λ1, . . . , λp), lorsque

n→ +∞. Alors, pour tout y ∈ X, la suite

wn := (Id− λ
(n)
1 S1)

−1 . . . (Id− λ(n)
p Sp)

−1y
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est uniformément borné si et seulement si y appartient à l’image de l’opérateur
(Id− λ1S1) . . . (Id− λpSp) ; dans ce cas, wn tend faiblement vers

w0 := (Id− λ1S1)
−1 . . . (Id− λpSp)

−1y.

En utilisant la formule kb
λ = (Id− λ̄X∗)−1kb

0, on obtient que

∂Nkb
z

∂z̄N
= N !(Id− z̄X∗)−(N+1)X∗Nkb

0.

Comme σp(X
∗) ⊂ D (voir [T3,Lemma 2.2]), on sait que Id− ζ̄0X

∗ est injectif et
on peut appliquer le lemme 3.3.2 pour obtenir que (ii) =⇒ (iii) =⇒ (i).

Il reste l’équivalence avec (iv) qui est la partie difficile du théorème. Dans le cas
où b = Θ est une fonction intérieure, Ahern–Clark ont remarqué que la condition
(iv) est équivalente au problème d’interpolation suivant : il existe k, g ∈ H2 tel
que

(1− ζ̄0z)
N+1k(z)−N !zN = Θ(z)g(z).

Cette reformulation, basée sur la décomposition orthogonale H2 = KΘ ⊕ ΘH2,
est cruciale dans la preuve d’Ahern–Clark. Evidemment cela n’est plus vraie dans
le cas où KΘ est remplacé par H(b) car alors cet espace n’est plus fermé pour la
norme usuelle. Ceci induit une vraie difficulté que nous avons réussi à contourner
malgré tout en utilisant et en adaptant d’autres résultats d’Ahern-Clark [4]. En
particulier, nous avons utilisé le fait suivant : sous l’hypothèse (iv), alors, pour
tout 0 ≤ j ≤ 2N + 1, les deux limites

lim
r→1−

b(j)(rζ0) et lim
R→1+

b(j)(Rζ0)

existent et sont égales. Ici on définit b en dehors du disque unité par

b(z) :=
1

b(1
z̄
)
, |z| > 1, z 6= 1

ān

.

�
Les théorèmes 3.2.1 et 3.3.1 admettent bien sûr un analogue dans le demi-plan

supérieur C+. Dans la suite de ce chapitre (sauf mention express), nous allons
supposer que b est une fonction dans la boule unité de H∞(C+) et H(b) désigne
l’espace de de Branges–Rovnyak correspondant (les définitions sont les mêmes
que pour le disque unité).

Dans [T6], je me suis intéressé avec J. Mashreghi à l’obtention d’une formule
intégrale pour les dérivées au bord des fonctions de H(b) qui généralise la formule
(3.1). La difficulté essentielle ici est que contrairement au cas intérieur, le produit
scalaire dans H(b) n’est pas directement donné par une intégrale. Avant tout, je
dois rappeler quelques faits bien connus sur les espaces de de Branges–Rovnayk.
En fait, dans [203], ces résultats sont formulés dans le cas du disque unité ; ce-
pendant les mêmes résultats avec des preuves similaires sont vrais dans le cas du
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demi-plan supérieur. Le premier rappel concerne le lien entre les espaces H(b) et
H(b̄). Pour f ∈ H2(C+), on a [203, page 10]

f ∈ H(b) ⇐⇒ Tbf ∈ H(b).

De plus, si f1, f2 ∈ H(b), alors

〈f1, f2〉b = 〈f1, f2〉2 + 〈Tbf1, Tbf2〉b.(3.5)

Mentionnons également une propriété essentielle de l’espace H(b̄) [203, page 16].
Soit ρ(t) := 1−|b(t)|2, t ∈ R, et soit L2(ρ) l’espace de Hilbert formé des fonctions
mesurables f : R −→ C telles que ‖f‖ρ <∞, où

‖f‖2
ρ :=

∫
R
|f(t)|2ρ(t) dt.

L’opérateur T̃ρ : L2(ρ) −→ H2(C+), défini par

T̃ρ(q) := P+(qρ),

est une isométrie partielle de L2(ρ) sur H(b), dont le noyau est L2(ρ)	H2(ρ), où
H2(ρ) désigne l’enveloppe linéaire fermée dans L2(ρ) des noyaux de Cauchy kw,
w ∈ C+.

Etant donné b une fonction dans la boule unité de H∞(C+), on considère
l’ensemble

(3.6) En(b) := {x ∈ R : Sn(x) < +∞},

où

Sn(x) :=
+∞∑
r=1

=m zr

|x− zr|n
+

∫
R

dµS(t)

|x− t|n
+

∫
R

∣∣ log |b(t)|
∣∣

|x− t|n
dt.

Ici (zr)r≥1 est la suite des zéros de b et µS est la mesure singulière positive associée
à b dans sa décomposition canonique en facteur intérieur-extérieur.

D’après le théorème 3.3.1, on sait que si x0 ∈ E2n+2(b), alors pour toute
fonction f ∈ H(b) et tout entier 0 ≤ j ≤ n, la limite radiale

f (j)(x0) := lim
t→0+

f (j)(x0 + it)

existe (et est finie). De plus, si x0 ∈ En(b), alors b et toutes ses dérivées jusqu’à
l’ordre n − 1 ont des limites radiales en x0 (voir [4]). On notera alors pour z0 ∈
C+ ∪ E2n+2(b)

(3.7) kb
z0,n(z) :=

1− b(z)
n∑

j=0

b(j)(z0)

j!
(z − z0)

j

(z − z0)n+1
, z ∈ C+,
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et

(3.8) kρ
z0,n(t) :=

n∑
j=0

b(j)(z0)

j!
(t− z0)

j

(t− z0)n+1
, t ∈ R.

On obtient alors le résultat suivant

Théorème 3.3.3 Soient b une fonction dans la boule unité de H∞(C+), n un
entier positif et z0 ∈ C+ ∪E2n+2(b). Alors kb

z0,n ∈ H(b), kρ
z0,n ∈ L2(ρ). De plus, si

f ∈ H(b) et g ∈ H2(ρ) tel que Tbf = T̃ρ(g), alors on a

(3.9) f (n)(z0) =
n!

2iπ

(∫
R
f(t)kb

z0,n(t) dt+

∫
R
g(t)ρ(t)kρ

z0,n(t) dt

)
.

Si b est intérieure, on voit que le deuxième terme dans la formule (3.9) disparait
et on retombe sur la formule d’Ahern-Clark (3.1).

Dans le cas où z0 ∈ C+, la formule (3.9) est une conséquence simple de la
formule (3.5). Pour z0 ∈ E2n+2(b), le résultat est plus délicat et le point clé de la
preuve est de démontrer que

(3.10) f (n)(z0) = 〈f, kb
z0,n〉b,

puis

(3.11) Tb̄k
b
z0,n = T̃ρk

ρ
z0,n.

Une conséquence de (3.10) et du théorème 3.3.3 est que si x0 ∈ E2n+2(b), alors
kb

w,n tend faiblement vers kb
x0,n dans H(b), lorsque w tend radialement vers x0.

Il est naturel de se demander si cette convergence faible peut-être remplacée par
une convergence forte.

En fait, cette question est apparue dans le cas intérieur dans [3, Remark VII].
De plus, dans [203], Sarason montre que kb

w tend fortement dans H(b) vers kb
z0

,
lorsque w tend radialement vers un point z0 ∈ E2(b). Autrement dit la réponse
à notre question est positive pour le cas n = 0. Dans [T6], nous avons montré le
résultat suivant.

Théorème 3.3.4 Soient b une fonction dans la boule unité de H∞(C+), n ∈ N
et x0 ∈ E2n+2(b). Alors∥∥kb

w,n − kb
x0,n

∥∥
b
−→ 0, lorsque w tend radialement vers x0.

La preuve est assez technique. L’un des points remarquables est une formule de
combinatoire amusante et qui nous semble intéressante par ailleurs.
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Proposition 3.3.5 Soient n, r ∈ N, 0 ≤ r ≤ 2n+ 1 et définissons

An,r := (−1)r+1

n∑
p=0

n∑
`=0

(−2)p−`

(
r

n− `

)(
2n+ 1− r

p

)(
n− p+ `

`

)
.

Alors

(3.12) An,r =

{
−2n, 0 ≤ r ≤ n

2n, n+ 1 ≤ r ≤ 2n+ 1.

La preuve de cette proposition se fait en utilisant la théorie des séries hypergéo-
métriques.

Pour démontrer le théorème 3.3.4, on remarque tout d’abord que puisqu’on
a déjà la convergence faible, pour obtenir la convergence en norme, il suffit de
démontrer que

(3.13) ‖kb
w,n‖b → ‖kb

x0,n‖b lorsque w tend radialement vers x0.

On utilise alors des formules explicites pour calculer les normes ‖kb
w,n‖b et ‖kb

x0,n‖b

et des calculs simples mais “fastidieux” montrent alors que (3.13) se ramène à la
formule (3.12). �

3.4 Inégalités de Bernstein à poids dans les es-
paces H(b)

Comme nous l’avons remarqué dans [T5, Theorem 4.1], si on a une inégalité
du type

‖f ′‖2 ≤ C‖f‖b, (f ∈ H(b)),

alors nécessairement la fonction b est intérieure. Ceci est une conséquence du
théorème 3.2.1. Ainsi le résultat de K. Dyakonov [78] concernant l’inégalité de
Bernstein dans les espacesKp

Θ ne peut pas être étendu aux espacesH(b) généraux.
Dans [T7], je me suis alors intéressé en collaboration avec A. Baranov et J.

Mashreghi à des inégalités de type Bernstein à poids. Pour obtenir ces inégalités,
nous avons tout d’abord modifié quelque peu la formule intégrale (3.9).

Proposition 3.4.1 Soit b une fonction de la boule unité de H∞(C+). Soient
z0 ∈ C+ ∪ E2n+2(b), n ∈ N et

(3.14) Kρ
z0,n(t) := b(z0)

∑n
j=0

(
n+1
j+1

)
(−1)j bj(z0) b

j(t)

(t− z0)n+1
, t ∈ R.
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Alors (kb
z0

)
n+1 ∈ H2(C+) et Kρ

z0,n ∈ L2(ρ). De plus, pour toute fonction f ∈ H(b),
on a

f (n)(z0) =
n!

2πi

(∫
R
f(t)(kb

z0
)n+1(t) dt+

∫
R
g(t)ρ(t)Kρ

z0,n(t) dt

)
,(3.15)

où g ∈ H2(ρ) est telle que Tbf = T̃ρg.

On peut alors introduire les poids qui vont intervenir dans nos inégalités. Soient
1 < p ≤ 2, q son exposant conjugué et n ∈ N. Alors pour z ∈ C+, on définit

wp,n(z) := min
{
‖(kb

z)
n+1‖−pn/(pn+1)

q , ‖ρ1/qKρ
z,n‖−pn/(pn+1)

q

}
;

on suppose que wp,n(x) = 0 dès que x ∈ R et au moins une des fonctions (kb
x)

n+1

ou ρ1/qKρ
x,n n’est pas Lq(R).

En utilisant des estimations simples, on montre que si x ∈ E2n+2(b), alors
ρ1/qKρ

x,n est dans Lq(R). Il est naturel d’espérer obtenir aussi que si x ∈ E2n+2(b),
alors (kb

x)
n+1 est dans Lq(R). C’est vraie si b est intérieure par un résultat de Cohn

[56] et pour une fonction générale b et q = 2 par [T6, Lemma 3.2]. Cependant,
nous ne savons pas si ce résultat reste vrai en général.

Remarquons cependant que si f ∈ H(b) et 1 < p ≤ 2, alors (f (n)wp,n)(x)
est bien définie sur R. En effet, il suit du théorème 3.3.1 que f (n)(x) et wp,n(x)
sont finis si S2n+2(x) < +∞. Si S2n+2(x) = +∞, alors ‖(kb

x)
n+1‖2 = +∞. D’où

‖(kb
x)

n+1‖q = +∞ ce qui, par définition, implique que wp,n(x) = 0, et on peut
donc supposer que (f (n)wp,n)(x) = 0.

Dans le cas où b est intérieure, on a ρ(t) = 0 (t ∈ R) et le second terme dans
la définition de ωp,n disparait ; on retombe alors sur les poids considérés par A.
Baranov dans [30].

Pour formuler notre résultat principal, rappelons que si µ est une mesure
Borélienne positive sur le demi-plan supérieur fermé C+, alors µ est dite mesure
de Carleson s’il existe une constante Cµ > 0 telle que

(3.16) µ(S(x, h) ) 6 Cµ h,

pour tout carré S(x, h) = [x, x+h]× [0, h], x ∈ R, h > 0. On notera C l’ensemble
des mesures de Carleson. Rappelons que le célèbre théorème de Carleson affirme
que µ ∈ C si et seulement si Hp(C+) ⊂ Lp(µ) pour un (tout) p > 0.

Théorème 3.4.2 Soient µ ∈ C, n ∈ N, 1 < p ≤ 2, et

(Tp,nf)(z) = f (n)(z)wp,n(z), f ∈ H(b).

Si 1 < p < 2, alors Tp,n est un opérateur borné de H(b) dans L2(µ), c’est-à-dire
qu’il existe une constante C = C(µ, p, n) > 0 telle que

‖f (n)wp,n‖L2(µ) 6 C‖f‖b, f ∈ H(b).



48 Chap. 3 : Propriétés fonctionnelles des espaces de de Branges-Rovnyak

Si p = 2, alors T2,n est un opérateur de type faible (2, 2) comme opérateur de
H(b) dans L2(µ), c’est-à-dire qu’il existe une constante C = C(µ, n) > 0 telle que

µ
{
z ∈ C+ : |T2,nf(z)| > a

}
≤ C

a2
‖f‖2

b , f ∈ H(b).

La preuve de ce théorème repose sur la représentation (3.15) et suit essentiel-
lement la preuve du cas intérieur. Elle utilise notamment l’estimation suivante
pour le poids : pour 1 < p ≤ 2 et n ∈ N, il existe une constante A = A(p, n) > 0
telle que

(3.17) wp,n(z) ≥ A
(=m z)n

(1− |b(z)|)
pn

q(pn+1)

, z ∈ C+.

On peut également obtenir des estimations sur notre poids wp,n qui font intervenir
les ensembles de niveaux de la fonction b. Pour ε ∈ (0, 1), on pose

Ω(b, ε) := {z ∈ C+ : |b(z)| < ε},

Ω̃(b, ε) := σ+(b) ∪ Ω(b, ε),

et
d̃ε(x) := dist (x, Ω̃(b, ε)), .

avec
σ+(b) :=

{
x ∈ R : lim inf

z−→x
z∈C+

|b(z)| < 1
}
.

En particulier, closσ+(b) = σ(b)∩R, où σ(b) est le spectre de b défini à la section
3.2.

En utilisant des estimations fines sur |b′(x)|, on montre alors le résultat sui-
vant :

Lemme 3.4.3 Pour chaque p > 1, n ≥ 1 et ε ∈ (0, 1), il existe C = C(ε, p, n) > 0
telle que

(3.18)
(
d̃ε(x)

)n
6 C wp,n(x+ iy),

pour tout x ∈ R et y ≥ 0.

Ce lemme combiné avec le théorème 3.4.2 donne alors immédiatement l’inéga-
lité de type Bernstein suivante.

Corollaire 3.4.4 Pour chaque ε ∈ (0, 1) et n ∈ N, il existe une constante C =
C(ε, n) telle que

‖f (n)d̃n
ε ‖2 6 C‖f‖b, f ∈ H(b).
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3.5 Applications des inégalités de type Bernstein
Dans [T7], nous avons également donné quelques applications des inégalités

de Bernstein. La première application est liée au problème de plongement de
type Carleson pour les espaces modèles Kp

Θ. Plus précisément, étant donné une
fonction intérieure Θ dans le demi-plan supérieur C+, on veut décrire la classe
de mesures de Borel µ dans C+ telles que Kp

Θ ⊂ Lp(µ). Le théorème du graphe
fermé implique évidemment que ceci est équivalent à l’existence d’une constante
C > 0 telle que

‖f‖Lp(µ) ≤ C‖f‖p, (f ∈ Kp
Θ).

Ce problème a été posé par Cohn dans [53]. Dans le cas limite où Θ ≡ 0, on
retrouve les mesures de Carleson. En dépit du nombre important de résultats
profonds (voir par exemple [53, 56, 150, 230]), cette question est toujours ouverte
dans le cas général. L’étude de la compacité du plongement est également intéres-
sante et a été considéré dans [49, 55, 228]. Une méthode basée sur des inégalités
de Bernstein à poids a été introduite dans [30]. Non seulement cette méthode a
permis de donner des preuves unifiées de tous les résultats connus jusqu’à présent,
mais elle a également conduit à des généralisations de ces résultats.

Dans [T7], nous donnons des résultats de plongement pour les espaces de
de Branges–Rovnyak. Notamment nous obtenons la généralisation suivante d’un
résultat de Treil–Volberg [230].

Théorème 3.5.1 Soient µ une mesure de Borel dans C+ et ε ∈ (0, 1).
(a) Supposons que µ(S(x, h)) 6 Kh pour tous les carrés de Carleson S(x, h)

qui satisfont
S(x, h) ∩ Ω̃(b, ε) 6= ∅.

Alors H(b) ⊂ L2(µ), c’est-à-dire qu’il existe une constante C > 0 telle que

‖f‖L2(µ) 6 C‖f‖b, f ∈ H(b).

(b) Supposons que µ(S(x, h))/h→ 0 dès que S(x, h)∩ Ω̃(b, ε) 6= ∅ et h→ 0 ou
dist(S(x, h), 0) → +∞. Alors le plongement H(b) ⊂ L2(µ) est compact.

Dans le théorème 3.5.1, on doit donc vérifier la condition de Carleson uniquement
sur une sous-classe de carrés. Géométriquement, cela signifie que si on est loin du
spectre de b, alors la mesure µ dans le théorème 3.5.1 peut être beaucoup plus
grande qu’une mesure de Carleson standard. Cela s’explique par le fait que les
fonctions de H(b) ont beaucoup de régularité en dehors des points du spectre.
D’un autre coté, si |b(x)| ≤ δ < 1 presque partout sur un intervalle I ⊂ R, alors
les fonctions de H(b) se comportent sur I essentiellement comme n’importe quelle
fonction de H2(C+).

La preuve du théorème 3.5.1 est assez technique et utilise l’inégalité de Bern-
stein obtenue dans le théorème 3.4.2. Le théorème 3.5.1 est une généralisation
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d’un résultat de Baranov [30] pour les espaces modèles Kp
Θ. La preuve dans notre

cas général diffère quelque peu du cas intérieur et un certain nombres de difficul-
tées supplémentaires sont apparues. Notamment, dans le cas intérieur, Baranov
utilise un résultat d’Alexandrov qui affirme que l’ensemble des fonctions de K2

Θ

continues dans D est dense dans K2
Θ. On ne sait pas si ce résultat reste vrai dans

le cas des espaces H(b).
Pour une classe de fonctions b qui généralise une classe de fonctions introduite

par Cohn dans [53], la réciproque du (a) dans le théorème 3.5.1 est aussi vraie.

Théorème 3.5.2 Soit b une fonction dans la boule unité de H∞(C+) et sup-
posons qu’il existe ε ∈ (0, 1) tel que Ω(b, ε) est connexe, non borné et tel que
σ+(b) ⊂ clos Ω(b, ε). Soit µ une mesure de Borel sur C+. Les assertions suivantes
sont équivalentes :

(a) H(b) ⊂ L2(µ).
(b) Il existe C > 0 tel que µ(S(x, h)) 6 Ch, pour tout carré S(x, h) tel que

S(x, h) ∩ Ω̃(b, ε) 6= ∅.
(c) Il existe C > 0 tel que

(3.19)
∫

C+

=m z

|ζ − z|2
dµ(ζ) 6

C

1− |b(z)|
, z ∈ C+.

Ce résultat généralise certains résultats de [53, 230]. Remarquons que si b vérifie
les conditions du théorème 3.5.2, alors il suffit de vérifier l’inégalité

‖f‖L2(µ) ≤ C‖f‖b

pour les noyaux reproduisants de l’espace H(b) pour l’obtenir pour toutes les
fonctions de H(b). Récemment, Nazarov et Volberg [150] ont montré que cela
n’est pas vrai en général.

La deuxième application de nos inégalités de Bernstein concerne le problème
de la stabilité des bases de Riesz de noyaux reproduisants. Comme mentionné
dans l’introduction du chapitre 2, le problème de la stabilité des bases d’expo-
nentielles et de noyaux reproduisants dans K2

Θ est un problème ancien et il existe
une grande littérature sur ce sujet [164, 23, 70, 117, 120, 234, 89]. Récemment,
A. Baranov [31] a proposé une méthode pour étudier cette stabilité des bases de
noyaux reproduisants dans K2

Θ basée sur les inégalités de Bernstein. Dans [T7],
nous avons repris et adapté sa méthode pour obtenir des résultats de stabilité
pour les noyaux reproduisants dans H(b). Avant d’énoncer les résultats, nous
devons préciser quelques notations.

Pour λ ∈ C+ ∪E2(b), on note hb
λ le noyau reproduisant normalisé au point λ,

c’est à dire, hb
λ = kb

λ/‖kb
λ‖b. On se donne alors une suite (hb

λn
)n≥1 qui forme une

base (ou suite) de Riesz de H(b) et on considère des ensembles Gn ⊂ C+ tels que
λn ∈ Gn et si G :=

⋃
nGn, alors G satisfait les deux propriétés suivantes :
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(i) il existe deux constantes positives c et C telles que

c ≤
‖kb

zn
‖b

‖kb
λn
‖b

≤ C, zn ∈ Gn.

(ii) pour chaque zn ∈ Gn, la mesure ν =
∑

n δ[λn,zn] est une mesure de Carleson
et de plus, les constantes de Carleson Cν de ces mesures ν sont uniformément
bornées par rapport à zn. Ici [λn, zn] désigne le segment dont les extrémités
sont λn et zn, et δ[λn,zn] est la mesure de Lebesgue de cet intervalle.

On peut montrer qu’il existe toujours des ensembles Gn satisfaisant ces pro-
priétés. Par exemple, on peut considérer

Gn := {z ∈ C+ : |z − λn| < r=mλn},

pour r > 0 suffisamment petit.
Enfin, on notera ωp(z) := ωp,1(z) = min(‖(kb

z)
2‖−p/(p+1)

q , ‖ρ1/qKρ
z,1‖

−p/(p+1)
q )

(voir section 3.4).

Théorème 3.5.3 Soit (λn)n≥1 ⊂ C+∪E2(b) telle que (hb
λn

)n≥1 forme une base de
Riesz de H(b) et soit p ∈ [1, 2). Alors pour tout ensemble G =

⋃
nGn satisfaisant

(i) et (ii), il existe ε > 0 tel que le système de noyaux reproduisants (hb
µn

)n≥1 est
une base de Riesz de H(b) dès que µn ∈ Gn et

sup
n≥1

1

‖kb
λn
‖2

b

∫
[λn,µn]

wp(z)
−2|dz| < ε.(3.20)

Donnons quelques éléments de la preuve. Tout d’abord, un raisonnement clas-
sique dans la théorie des bases de Riesz permet de voir qu’il suffit de montrer
l’estimation suivante

∞∑
n=1

|〈f, hb
λn
− h̃b

µn
〉b|2 ≤ ε‖f‖2

b , f ∈ H(b),(3.21)

pour ε > 0 suffisamment petit, où h̃b
µn

est défini par

h̃b
µn

=
kb

µn

‖kb
λn
‖b

.

D’autre part, avec l’hypothèse (3.20), on montre qu’on peut supposer que f
est continue sur l’intervalle fermé [λn, µn] et différentiable sur l’intervalle ouvert
]λn, µn[. Ceci permet alors d’écrire que

|〈f, hb
λn
− h̃b

µn
〉b|2 =

|f(λn)− f(µn)|2

‖kb
λn
‖2

b

=
1

‖kb
λn
‖2

b

∣∣∣∣∫
[λn,µn]

f ′(z) dz

∣∣∣∣2 .
Il suffit alors d’appliquer le théorème 3.4.2 avec la mesure ν :=

∑
n δ[λn,µn]. �

En combinant le théorème 3.5.3 et l’estimation (3.17), on obtient le résultat
suivant qui généralise [89, Theorem 3.3] et un résultat de [31].
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Corollaire 3.5.4 Soient (λn) ⊂ C+, (hb
λn

)n≥1 une base de Riesz dans H(b), et
soit γ > 1/3. Alors il existe ε > 0 tel que le système (hb

µn
)n≥1 est une base de

Riesz dès que ∣∣∣∣λn − µn

λn − µn

∣∣∣∣ ≤ ε(1− |b(λn)|)γ.(3.22)



Chapitre 4

Produits de Blaschke

Dans ce chapitre, nous allons présenter les travaux [T8,T9] qui portent sur le
comportement au bord des dérivées des produits de Blaschke.

4.1 Introduction

Rappelons que D désigne le disque unité ouvert du plan complexe, T le cercle
unité et pour 0 < p ≤ +∞, Hp est l’espace de Hardy du disque unité. Etant
donnée une suite (zn)n≥1 ⊂ D satisfaisant la condition de Blaschke

∑
n(1−|zn|) <

+∞, on considère

B(z) =
∏
n≥1

|zn|
zn

zn − z

1− znz

le produit de Blaschke associé. Alors il est bien connu que B définit une fonc-
tion holomorphe et bornée dans D, qui possède des limites radiales de module 1
presque partout sur T. De plus, B se prolonge analytiquement sur T \ clos(zn :
n ≥ 1). La question centrale dans [T8] est la suivante :

a-t-on B′ ∈ Hp, pour un certain p > 0 ?

Cette question trouve son origine dans les travaux de Protas [173] et Ahern–Clark
[5] et une question analogue pour les fonctions intérieures singulières a également
été étudiée par J. Caughran–A Shields [46], M. Cullen [60] et H. Allen–C. Belna
[16].

Bien sûr, si B est un produit de Blaschke fini (c’est-à-dire si (zn)n≥1 est
une suite finie), alors le problème se trivialise car dans ce cas, B se prolonge
analytiquement à travers T sur un disque qui contient le disque unité fermé. Ainsi
on obtient immédiatement que B′ ∈ H∞. Par conséquent, dans toute la suite, on
suppose que la suite (zn)n≥1 est une suite infinie. Dans ce cas, un célèbre théorème
de Privalov (voir [72, page 42]) implique que B′ 6∈ H1. Même si B′ n’appartient
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pas à H1, peut-on donner l’asymptotique de

(4.1)
∫ 2π

0

|B′(reiθ)| dθ

lorsque r → 1− ? Plus généralement, si p ∈]0, 1], que peut-on dire de

(4.2)
∫ 2π

0

|B′(reiθ)|p dθ

lorsque r → 1− ? Si on calcule la dérivée logarithmique de B un calcul élémentaire
montre que

B′(z)

B(z)
=

∞∑
n=1

1− |zn|2

(1− zn z)(z − zn)
, (z ∈ D).

D’où

(4.3) |B′(reiθ)| ≤
∞∑

n=1

1− |zn|2

| 1− zn reiθ |2
, (reiθ ∈ D).

Des estimations classiques montrent alors que

(4.4)
∫ 2π

0

|B′(reiθ)| dθ =
o(1)

1− r
, (r → 1).

En général, si la condition de Blaschke est la seule restriction sur les zéros deB,
on ne peut pas dire plus. Cependant, si on impose des restrictions supplémentaires
sur la convergence des zéros du produit de Blaschke, on peut espérer obtenir des
estimations plus précises sur le comportement asymptotique de l’intégrale (4.1).
La restriction la plus commune est

∞∑
n=1

(1− |zn|)α <∞,

pour α ∈ (0, 1). Nous noterons C(α) cette condition.
Le premier résultat dans cette direction a été obtenu par Protas [173] qui a

démontré le théorème suivant.

Théorème 4.1.1 (Protas, 1973) Si 0 < α < 1
2

et si la suite de zéros (zn)n≥1

satisfait la condition C(α), alors B′ ∈ H1−α.

Protas a également donné une condition suffisante pour que la dérivée du produit
de Blaschke appartienne à un espace de Bergman à poids. Rappelons que pour
0 < p < ∞ et γ > −1, Ap

γ désigne l’espace de Bergman à poids, défini comme
l’ensemble des fonctions f : D → C analytiques et telles que ‖f‖p,γ <∞, où

‖f‖p,γ =

( ∫
D
(1− |z|2)γ|f(z)|p dm2(z)

) 1
p

,

avec dm2 la mesure de Lebesgue planaire.
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Théorème 4.1.2 (Protas, 1973) Si 0 < α < 1 et si la suite de zéros (zn)n≥1

satisfait la condition C(α), alors B′ ∈ A1
α−1.

Notons que si α > 1, alors Θ′ ∈ A1
α−1 pour toute fonction intérieure Θ quelconque

[71, Theorem 5].
P. Ahern et D. Clark [5, 6] ont montré que les résultats de D. Protas sont

optimaux dans le sens suivant :

Théorème 4.1.3 (Ahern–Clark, 1974& 1976) (a) il existe un produit de
Blaschke B dont les zéros (zn)n≥1 satisfont la condition C(α) mais B′ n’ap-
partient à aucun espace Hp avec p > 1− α ;

(b) il existe un produit de Blaschke B dont les zéros (zn)n≥1 satisfont la condi-
tion C(1/2) mais B′ n’appartient pas à H1/2 ;

(c) il existe un produit de Blaschke B dont les zéros (zn)n≥1 satisfont la condi-
tion C(α) mais B′ n’appartient à aucun espace A1

γ avec γ < 1− α.

P. Ahern et D. Clark ont également étudié la réciproque des résultats de Protas.
Autrement dit, ils ont donné des conditions nécessaires pour que la dérivée d’un
produit de Blaschke soit dans Hp ou dans A1

γ. Plus précisément, on a le résultat
suivant :

Théorème 4.1.4 (Ahern–Clark, 1974& 1976) Soient 0 < α < 1
2

et B un
produit de Blaschke.

(a) Si B′ ∈ H1−α, alors la suite (zn)n≥1 des zéros de B satisfait la condition
C( α

1−α
).

(b) Si B′ ∈ A1
α−1 alors la suite (zn)n≥1 des zéros de B satisfait la condition

C(ν), pour tout ν > α
1−α

.
(c) Il existe un produit de Blaschke B satisfaisant B′ ∈ H1−α et dont la suite

de zéros (zn)n≥1 ne vérifie la condition C(β) pour aucun β, 0 < β < α
1−α

.

Dans le même temps, C. Linden [136] a obtenu une généralisation du théo-
rème 4.1.1 pour les dérivées d’ordre supérieur de B.

Théorème 4.1.5 (Linden, 1976) Soient ` ∈ N∗, et 0 < α < 1
`+1

. Supposons
que la suite des zéros (zn)n≥1 satisfait la condition C(α), alors B(`) ∈ H 1−α

` .

Comme le montre le (c) du théorème 4.1.4, la réciproque du théorème 4.1.1
est fausse en général. Cependant, W. Cohn [54] a montré que cette réciproque est
vraie pour une classe importante de produits de Blaschke, à savoir les produits
de Blaschke d’interpolation. Rappelons que si (zn)n≥1 est une suite de Blaschke
de D, on dit que (zn)n≥1 est une suite de Carleson si

(4.5) inf
n≥1

∏
j 6=n

∣∣∣∣ zn − zj

1− znzj

∣∣∣∣ > 0.
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On dit que B est un produit de Blaschke d’interpolation si la suite des zéros de
B est une suite de Carleson.

Comme on l’a vu avec le théorème 4.1.3, sous la condition C(α), on n’a pas
nécessairement B′ ∈ Hp, pour p > 1 − α. Autrement dit, on sait que l’intégrale
dans (4.2) va tendre vers +∞ mais on peut essayer de donner une asymptotique.
Récemment plusieurs auteurs [126, 127, 174, 100] se sont attachés à cette question.
Ainsi, Y. Gotoh [100] a obtenu le résultat suivant.

Théorème 4.1.6 (Gotoh, 2007) Soient B un produit de Blaschke associé à
une suite de zéros (zn)n≥1, ` ∈ N∗, 0 < α < 1. Supposons que (zn)n≥1 vérifie la
condition C(α). Alors, pour tout p ≥ α, p > 1−α

`
, on a

(4.6)
∫ 2π

0

|B(`)(reiθ)|p dθ =
o(1)

(1− r)`p+α−1
, (r → 1).

En 2002, M. Kutbi [127] a obtenu ce résultat pour 0 < α < 1/(l + 1), puis, en
2004, D. Protas [174] a obtenu l’asymptotique (4.6) pour ` = 1 et 1

2
≤ α ≤ 1.

Dans [T8], nous avons étudié des estimations asymptotiques de∫ 2π

0

|B(`)(reiθ)|p dθ,

lorsque r → 1−, en remplaçant la condition C(α) par une condition plus générale
du type

(4.7)
∞∑

n≥1

h(1− |zn|) < +∞,

où h est une fonction positive satisfaisant certaines conditions de “régularité”
à préciser. Bien sûr, si nous voulons obtenir des résultats satisfaisant, nous de-
vons au moins supposer que la condition (4.7) est plus forte que la condition de
Blaschke, ce qui revient à supposer que h(t) ≥ t, t→ 0.

Une autre direction de recherche concerne des estimations sur la dérivée lo-
garithmique des produits de Blaschke. Rappelons que si f est une fonction mé-
romorphe dans le disque unité D, alors l’ordre de f est défini par

σ = lim sup
r→1−

log+ T (r)

log 1/(1− r)
,

où
T (r) =

1

π

∫
{|z|<r}

|f ′(z)|2

(1 + |f(z)|2)2
log

(
r

|z|

)
dx dy

est la fonction caractéristique de Nevanlinna de f [151]. Les fonctions méro-
morphes d’ordre fini ont été étudiées de façon intensive et ont trouvé de nom-
breuses applications par exemple dans les équations différentielles linéaires. Bien
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souvent, un rôle important est joué par la dérivée logarithmique de ces fonctions
méromorphes et on a besoin de connaître des estimations précises sur cette déri-
vée lorsqu’on s’approche du bord de D. Plus précisément, considérons l’équation
différentielle suivante

(4.8) g(n) + An−1g
(n−1) + · · ·+ A0g = 0,

où les coefficients Aj sont des fonctions analytiques dans D. On s’intéresse à
la croissance des solutions de (4.8) en fonction de la croissance des coefficients
Aj. Il apparait alors naturellement très utile pour ce problème de connaitre des
estimations précises sur le comportement de A

(k)
m /A

(j)
m , k > j > 0, lorsqu’on

s’approche du bord T (voir [101, 102, 111]). En particulier, J. Heittokangas obtient
dans [111] le résultat suivant et donne ensuite une application de ces estimations
au problème de l’étude de l’équation (4.8).

Théorème 4.1.7 (Heittokangas, 2000) Soient f une fonction méromorphe
dans le disque unité D d’ordre fini σ, ε > 0 et k, j ∈ N tel que k > j ≥ 0.
Supposons que f (j) 6≡ 0. Alors

(a) il existe un sous-ensemble E1 ⊂ (0, 1) satisfaisant∫
E1

dr

1− r
<∞,

tel que, pour tout z ∈ D, |z| 6∈ E1, on a

(4.9)
∣∣∣∣ f (k)(z)

f (j)(z)

∣∣∣∣ =
O(1)

(1− |z|)(3σ+4+ε)(k−j)
, (|z| → 1−);

(b) il existe un sous-ensemble E2 ⊂ [0, 2π), de mesure de Lebesgue nulle, tel
que si θ ∈ [0, 2π) \ E2, alors pour tout z ∈ D satisfaisant arg z = θ, on a
l’estimation (4.9).

Puis dans [48, Corollary 3.2], I. Chyzhykov, G. Gundersen, et J. Heittokangas
montrent que l’exposant (3σ + 4 + ε)(k − j) dans (4.9) peut être remplacé par
(σ + 2 + ε)(k − j) et ils donnent un exemple pour montrer que cette estimation
est la meilleure possible. En particulier, si B est un produit de Blaschke dans
D, alors c’est une fonction holomorphe dans D, d’ordre fini σ = 0 et on obtient
comme conséquence de [48, Corollary 3.2], le résultat suivant :

Corollaire 4.1.8 (Chyzhykov-Gundersen-Heittokangas, 2003) Soit ε > 0
et B un produit de Blaschke dans D. Alors

(a) il existe un sous-ensemble E1 ⊂ (0, 1) satisfaisant∫
E1

dr

1− r
<∞,
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tel que, pour tout z ∈ D, |z| 6∈ E1, on a

(4.10)
∣∣∣∣ B′(z)

B(z)

∣∣∣∣ =
O(1)

(1− |z|)2+ε
, (|z| → 1−);

(b) il existe un sous-ensemble E2 ⊂ [0, 2π), de mesure de Lebesgue nulle, tel
que si θ ∈ [0, 2π) \ E2, alors pour tout z ∈ D satisfaisant arg z = θ, on a
l’estimation (4.10).

Dans [T9], nous avons étudié une généralisation du corollaire 4.1.8 lorsqu’on
remplace la condition de Blaschke par la condition (4.7).

4.2 Comportement des intégrales moyennes des
dérivées des produits de Blaschke

Le résultat principal de [T8] est le suivant.

Théorème 4.2.1 Soit h une fonction continue et positive sur (0, 1) et supposons
qu’il existe q ∈ (1/2, 1] tel que h(t)/tq est décroissante et h(t)/t1−q est croissante
sur (0, 1). Soit B un produit de Blaschke associé à une suite de zéros zn = rne

iθn ,
n ≥ 1, satisfaisant

∞∑
n=1

h(1− rn) <∞.

Alors pour tout p ≥ q,

(4.11)
∫ 2π

0

|B′(reiθ)|p dθ =
O(1)

(1− r)p−1 h(1− r)
, (r → 1).

De plus, si
lim
t→0

h(t)/t1−q = 0,

alors

(4.12)
∫ 2π

0

|B′(reiθ)|p dθ =
o(1)

(1− r)p−1 h(1− r)
, (r → 1).

Le point clé de la preuve du théorème 4.2.1 est le lemme élémentaire suivant.

Lemme 4.2.2 Soient h une fonction continue et positive sur (0, 1) et supposons
qu’il existe p, q > 0 tels que h(t)/tp est décroissante et h(t)/tp−q est croissante
sur (0, 1). Alors si (rn)n≥1 est une suite de nombres réels dans (0, 1) telle que

∞∑
n=1

h(1− rn) <∞,
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on a

(4.13)
∞∑

n=1

(1− rn)p

(1− rrn)q
=

O(1)

(1− r)q−p h(1− r)
, (r → 1).

De plus, si limt→0+
h(t)
tp−q = 0, alors on peut remplacer dans l’estimation (4.13) le

O(1) par un o(1).

Donnons maintenant la preuve du théorème 4.2.1. Comme q ≤ 1, on obtient avec
(4.3)

|B′(reiθ)|q ≤
∞∑

n=1

(1− r2
n)q

| 1− rrnei(θ−θn) |2q
.

En utilisant l’estimation classique suivante∫ 2π

0

dθ

|1− reiθ|ν
� 1

(1− r)ν−1
, (ν > 1),

on en déduit que

(4.14)
∫ 2π

0

|B′(reiθ)|q dθ ≤ C
∞∑

n=1

(1− rn)q

(1− rrn)2q−1
.

Il suffit alors d’appliquer le lemme 4.2.2 pour obtenir les estimations (4.11) et
(4.12) pour p = q. Pour p > q, on utilise la propriété classique suivante

sup
z∈D

(1− |z|2)|f ′(z)| < +∞ ,

valable pour toute fonction f ∈ H∞. �
Comme on le voit, le théorème 4.2.1 repose donc principalement sur le lemme 4.2.2

dont la preuve est élémentaire. L’intérêt de notre travail est que non seulement
ceci va nous permettre de retrouver les résultats de Protas, Linden, Kutbi, Gotoh
et Cohn mais cela va aussi nous donner des généralisations de tous ces résultats
et ceci de façon élémentaire.

Corollaire 4.2.3 Soient α ∈ (0, 1), α1, α2 . . . αn ∈ R et

h(t) := tα
(

log
1

t

)α1

. . .

(
logn

1

t

)αn

,

où logn = log log . . . log, n fois. Soit B un produit de Blaschke associé à une suite
de zéros (zn)n≥1 satisfaisant

∞∑
n=1

h(1− |zn|) < +∞.
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Alors l’estimation suivante∫ 2π

0

|B′(reiθ)|p dθ =
O(1)

(1− r)α+p−1
(
log 1

1−r

)α1 . . .
(
logn

1
1−r

)αn
, (r → 1−)

a lieu dans les cas suivants :

cas 1 : α ∈ (0, 1), p > max(α, 1− α), αi ∈ R ;

cas 2 : α ∈ (0, 1
2
), p = 1− α, α1 < 0, αi ∈ R ;

cas 3 : α ∈ (0, 1
2
), p = 1− α, αi = 0, i ≥ 1 ;

cas 4 : α ∈ (1
2
, 1), p = α, α1 > 0, αi ∈ R ;

cas 5 : α ∈ (1
2
, 1), p = α, α1 = 0, i ≥ 1.

Ce corollaire découle immédiatement du théorème 4.2.1 et il redonne également
des résultats connus. Ainsi le cas 3 correspond au théorème 4.1.1 ; le cas 1 géné-
ralise le théorème de Kutbi [127] ; les cas 1 et 5 redonnent le théorème de Protas
[174].

Avec une méthode similaire, on donne également des estimations pour les
dérivées supérieures [T8, Theorem 4.1]. Ceci permet ainsi de retrouver les théo-
rèmes 4.1.5 et 4.1.6. La seule différence est qu’au départ, à la place de (4.14), on
utilise l’estimation suivante∫ 2π

0

|B(`)(reiθ)|p dθ ≤ C(p, `)
∞∑

n=1

(1− rn)p

(1− rrn)(`+1)p−1
, (

1

`+ 1
< p ≤ 1

`
),

De même, toujours avec la même méthode, on peut donner des estimations
pour la dérivée dans l’espace de Bergman à poids [T8, Theorem 5.1]. On obtient
alors une généralisation du théorème 4.1.2.

Dans [54], Cohn montre que si (zn)n≥1 est une suite de Carleson satisfaisant

∞∑
n=1

(1− |zn|)1−p <∞,

pour un certain p ∈ (2/3, 1), alors f ′ ∈ H2p/(p+2) pour toute f ∈ KB. Toujours
basé en utilisant le lemme 4.2.2, on démontre le théorème suivant qui généralise
ce résultat.

Théorème 4.2.4 Soient h une fonction continue et positive sur (0, 1) et B un
produit de Blaschke associé à une suite de Carleson (zn)n≥1 satisfaisant

∞∑
n=1

h(1− |zn|) <∞.
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Supposons qu’il existe p ∈ (2/3, 1) tel que h(t)/tp/2 est décroissante et h(t)/t1−p

est croissante sur (0, 1). Alors, pour toute fonction f ∈ KB, on a(∫ 2π

0

∣∣f ′(reiθ)
∣∣σ dθ)1/σ

≤ C ‖f‖2

( (1− r)p−1h(1− r) )1/p
, (r → 1),

avec σ = 2p/(p+ 2) et C une constante absolue.

La preuve est basée sur le fait que si (zn)n≥1 est une suite de Carleson, alors la
suite des noyaux reproduisants normalisés associée (hzn)n≥1 forme une base de
Riesz de KB (voir chapitre 2).

4.3 Comportement de la dérivée logarithmique des
produits de Blaschke

Dans la suite de ce chapitre, on va supposer que h vérifie les conditions sui-
vantes :

a) h est continue, positive et croissante sur (0, 1), avec h(0+) = 0 ;
b) h(t)/t est décroissante.

Sous l’hypothèse que B est un produit de Blaschke dont la suite des zéros (zn)n≥1

vérifie
∞∑

n=1

h(1− |zn|) < +∞,

nous avons donné dans [T9],des estimations sur la croissance de la dérivée lo-
garithmique B′(z)/B(z), lorsque z tend vers le cercle unité T, en évitant un
ensemble exceptionnel. Encore une fois, le point clé est le lemme 4.2.2.

Le premier résultat concerne des ensembles exceptionnels circulaires.

Théorème 4.3.1 Soit B un produit de Blaschke dont la suite des zéros (zn)n≥1

vérifie
∞∑

n=1

h(1− |zn|) < +∞.

Pour tout β ≥ 1, il existe un ensemble exceptionnel E1 ⊂ (0, 1) tel que∫
E1

dt

(1− t)β
<∞

et ∣∣∣∣ B′(z)

B(z)

∣∣∣∣ =
o(1)

(1− |z|)β h2(1− |z|)
lorsque |z| → 1− et |z| 6∈ E1.
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En particulier, si

(4.15)
∞∑

n=1

(1− |zn|)α <∞,

alors, pour tout β ≥ 1, il existe un ensemble exceptionnel E1 ⊂ (0, 1) tel que

(4.16)
∫

E1

dt

(1− t)β
<∞

et

(4.17)
∣∣∣∣ B′(z)

B(z)

∣∣∣∣ =
o(1)

(1− |z|)β+2α

lorsque |z| → 1− et |z| 6∈ E1.
Si (|zn|)n≥1 est une suite de Carleson, alors

1− |zn+1| ≤ c (1− |zn|)

pour une constante c < 1 [54, Theorem 9.2]. D’où (4.15) est satisfaite pour tout
α > 0. Par conséquent, pour tout β ≥ 1 et tout ε > 0, il existe un ensemble
exceptionnel E1 satisfaisant (4.16) et tel que

(4.18)
∣∣∣∣ B′(z)

B(z)

∣∣∣∣ =
o(1)

(1− |z|)β+ε

lorsque |z| → 1− et |z| 6∈ E1. Il serait intéressant de savoir si dans l’estimation
(4.18), on peut remplacer ε par zéro.

Le deuxième résultat principal concerne des ensembles exceptionnels de type
“radial”.

Théorème 4.3.2 Soit B un produit de Blaschke dont la suite des zéros (zn)n≥1

vérifie
∞∑

n=1

h(1− |zn|) < +∞.

Alors il existe un sous-ensemble E2 ⊂ [0, 2π), de mesure de Lebesgue nulle, tel
que si θ ∈ [0, 2π) \ E2, alors pour tout z ∈ D satisfaisant arg z = θ on a∣∣∣∣ B′(z)

B(z)

∣∣∣∣ =
o(1)

(1− |z|) h(1− |z|)
, (|z| → 1−).

En particulier, si
∞∑

n=1

(1− |zn|)α <∞,
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alors il existe un sous-ensemble E2 ⊂ [0, 2π), de mesure de Lebesgue nulle, tel
que si θ ∈ [0, 2π) \ E2, alors pour tout z ∈ D, satisfaisant arg z = θ, on a

(4.19)
∣∣∣∣ B′(z)

B(z)

∣∣∣∣ =
o(1)

(1− |z|)1+α
, (|z| → 1−).

Si on compare nos estimations (4.17) et (4.19) avec l’estimation de Chyzhykov–
Gundersen–Heittokangas (voir corollaire 4.1.8), on voit que notre estimation est
meilleure si α est petit (0 ≤ α ≤ 1

2
) et moins bonne sinon. D’autre part, men-

tionnons que J. Heittokangas [112, Theorem 1.2] a obtenu de façon indépendante
l’estimation (4.19). Il donne également une amélioration de l’estimation (4.17).
Plus précisément, sous l’hypothèse que B est un produit de Blaschke dont la suite
de zéros (zn)n≥1 satisfait la condition (4.15), alors, pour tout ε > 0, il existe un
sous-ensemble E1 ⊂ [0, 1) tel que∫

E1

dr

1− r
<∞

et

(4.20)
∣∣∣∣B′(z)

B(z)

∣∣∣∣ =
O(1)

(1− |z|)1+α
(
log 1

1−|z|

)2+ε ,

lorsque |z| → 1, |z| /∈ E1. La preuve de ce résultat de Heittokangas est basée sur
un lemme de Cartan. Nous espérons qu’en combinant notre méthode et le lemme
de Cartan, nous pourrons étendre l’estimation (4.20) à notre cadre général (c’est-
à-dire en remplaçant la condition (4.15) par la condition plus générale (4.7)).
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Chapitre 5

Autour de certaines classes
d’opérateurs

Ce chapitre regroupe les travaux [T10–T12] autour de trois questions en théo-
rie des opérateurs. Même si la publication [T10] traite d’une question sans rapport
avec les chapitres précédents, elle a néanmoins pour dénominateur commun avec
le chapitre 2 (et particulièrement la prépublication [T4]) le modèle fonctionnel de
Sz.-Nagy–Foias. En revanche, les travaux [T11] et [T12] sont dans l’esprit et les
techniques assez différents de ce qui précède.

5.1 Les opérateurs complexes symétriques

5.1.1 Introduction

Rappelons que les opérateurs complexes symétriques sur un espace de Hilbert
complexe, séparable sont caractérisés par l’existence d’une base orthonormale par
rapport à laquelle leur matrice est symétrique. Leur théorie est donc directement
reliée à la théorie des matrices symétriques, qui est un sujet classique en algèbre
linéaire. Ces matrices ou opérateurs apparaissent naturellement dans des branches
variées des mathématiques ou de la physique (on pourra consulter [95] pour un
survey sur l’histoire du sujet et ses connexions avec les autres domaines). L’intérêt
pour les opérateurs complexes symétriques s’est récemment ravivé avec le travail
de Garcia–Putinar [93, 94, 95].

D’un point de vue “théorie des opérateurs”, il est préférable d’avoir une dé-
finition plus intrinsèque de ces opérateurs qui ne dépend pas d’une base. Ceci
amène donc à introduire la notion de conjugaison : soit H un espace de Hilbert
complexe séparable ; une conjugaison C sur H est une application antilinéaire,
isométrique et involutive. Autrement dit, C vérifie les relations suivantes :

C2 = Id, 〈Cf,Cg〉 = 〈g, f〉, f, g ∈ H.
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L’exemple le plus simple de conjugaison est bien sûr la conjugaison complexe sur
l’espace de Hilbert C, z 7−→ z. C’est en fait l’exemple canonique comme le montre
le fait général suivant [94] : si C est une conjugaison sur H, alors il existe une
base orthonormale (en)n≥1 de H telle que Cen = en, n ≥ 1.

Etant donnée C une conjugaison sur H, un opérateur T ∈ L(H) est dit C-
symétrique si

T = CT ∗C,

où T ∗ désigne l’adjoint de T . On dit que T est complexe symétrique s’il existe
une conjugaison C sur H telle que T est C-symétrique.

Remarquons que cette définition coïncide avec celle donnée précédemment.
En effet, si C est une conjugaison sur H et si (en)n≥1 est la base orthonormale
de H telle que Cen = en, alors la matrice de CT ∗C relativement à cette base est
donnée par

[CT ∗C]jk = 〈CT ∗Cej, ek〉 = 〈CT ∗ej, Cek〉 = 〈ek, T
∗ej〉 = 〈Tek, ej〉 = [T ]kj,

ce qui montre que la matrice de CT ∗C relativement à la base (en)n≥1 est sim-
plement la transposée de la matrice de T relativement à cette même base. On
obtient donc que T est complexe symétrique si et seulement s’il existe une base
orthonormale (en)n≥1 de H par rapport à laquelle la matrice de T est symétrique.

Comme il a été remarqué dans [94], les exemples d’opérateurs complexes sy-
métriques sont très variés : matrices symétriques et en particulier matrices de
Hankel, matrices de Toeplitz, opérateurs normaux, certains types d’opérateurs
de Volterra. Un exemple étudié en détail par Garcia–Putinar est constitué par
l’opérateur modèle de Sz.-Nagy–Foias Mϕ, associé à une fonction intérieure ϕ non
constante. Ce dernier exemple a notamment été utilisé par Garcia–Putinar pour
traiter d’autres questions comme l’étude des perturbations de rang 1 de Mϕ, la
paramétrisation explicite des vecteurs non-cycliques de S∗ ou encore la résolution
du problème de synthèse de Darlington.

Dans [T10], en collaboration avec N. Chevrot et D. Timotin, j’ai exploré en
profondeur des généralisations de ce dernier exemple. Le contexte naturel est le
modèle fonctionnel des contractions complètement non-unitaires développé par
Sz. Nagy et Foias [220].

5.1.2 Un critère pour les contractions complexes symétriques

Le résultat principal de [T10] est un critère qui caractérise les contractions
complexes symétriques. Pour cette caractérisation, nous utilisons le langage du
modèle fonctionnel de Sz.-Nagy–Foias et plus précisément la notion de fonction
caractéristique. Nous renvoyons le lecteur aux sections 1.2 et 1.3 pour toutes les
définitions et la construction du modèle fonctionnel.

Théorème 5.1.1 Soit T une contraction sur un espace de Hilbert H. Les asser-
tions suivantes sont équivalentes :
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(i) T est complexe symétrique ;

(ii) il existe une application antilinéaire J : DT −→ DT ∗ , isométrique, surjective
et telle que

ΘT (z) = JΘT (z)∗J, ∀z ∈ D;

(iii) il existe un espace de Hilbert E , une conjugaison J ′ sur E et une fonction
analytique contractive pure Θ : D −→ L(E) tels que Θ coïncide avec ΘT et
Θ(z) est J ′-symétrique, pour tout z ∈ D.

Donnons une idée de la preuve de ce résultat. L’équivalence entre (ii) et (iii)
découle facilement des définitions.

La preuve de l’implication (i) =⇒ (ii) n’est pas difficile : si T est complexe
symétrique, alors il existe une conjugaison C sur H telle que T = CT ∗C. En
utilisant les propriétés de C, on montre alors que CDT = DT ∗ . Si on pose J :=
C|DT , alors en utilisant la définition de la fonction caractéristique (voir (1.2)),
on vérifie que la propriété (ii) est satisfaite.

L’implication (ii) =⇒ (i) est la partie intéressante et non triviale de la preuve.
Tout d’abord, en utilisant la décomposition de Sz.-Nagy–Foias–Langer sur les
contractions (voir la sous-section 1.2.1), on montre qu’on peut supposer que T
est complétement non unitaire. Dans ce cas, on sait (voir la sous-section 1.3.1)
que T est unitairement équivalent à l’opérateur modèle MΘT

: KΘT
−→ KΘT

défini par
MΘT

(f ⊕ g) := PΘT
(zf ⊕ zg),

Il s’agit donc de montrer que MΘT
est complexe symétrique. On considère alors

J̃ : L2(DT ) −→ L2(DT ∗) défini par

(J̃f)(z) := z̄J(f(z̄)),

et on vérifie que J̃ est antilinéaire, isométrique et surjective. On pose ensuite

C(πf + π∗g) = π∗(J̃f) + π(J̃−1g), f ∈ L2(DT ), g ∈ L2(DT ∗),

où π : L2(DT ) −→ H et π∗ : L2(DT ∗) −→ H sont les deux isométries définies
par (1.10). On montre que C est une conjugaison sur H qui laisse invariant KΘT

et son orthogonal. Alors si on pose C ′ := C|KΘT
, on obtient que C ′ est une

conjugaison sur KΘT
et MΘT

est C ′-symétrique. �
On en déduit alors facilement les deux corollaires.

Corollaire 5.1.2 Soit T une contraction telle que ∂T = ∂T ∗ = 1. Alors T est
complexe symétrique.

Corollaire 5.1.3 Tout opérateur agissant sur un espace de dimension 2 est com-
plexe symétrique.
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Signalons que le corollaire 5.1.2 apparaît déjà dans [93, 95] mais avec l’hy-
pothèse supplémentaire que T ∈ C00 (ce qui correspond au cas où la fonction
caractéristique de T est intérieure). Le corollaire 5.1.3 se trouve aussi dans [95]
avec une preuve différente. Enfin remarquons que d’après le théorème 5.1.1, si
une contraction T est complexe symétrique, alors nécessairement on a ∂T = ∂T ∗ .
En fait, c’est aussi une conséquence d’un résultat plus général (voir [95]) qui dit
que si un opérateur T (non nécessairement contractif) est complexe symétrique,
alors dim ker(T ) = dim ker(T ∗).

Dans la suite de [T10], nous avons discuté en profondeur du cas des contrac-
tions T ∈ C00 telles que ∂T = ∂T ∗ = 2.

Donnons tout d’abord une définition : étant donnée Θ : D −→ L(H,H∗) une
fonction analytique contractive, on dit que Θ est symétrisable si la matrice de
Θ(z) par rapport à des bases orthonormales fixées de H et de H∗ est symétrique
pour tout z ∈ D. En utilisant le théorème 5.1.1, il n’est pas difficile de montrer
qu’une contraction T est complexe symétrique si et seulement si sa fonction ca-
ractéristique ΘT est symétrisable. Notons aussi que d’après le corollaire 5.1.3, si
∂T = ∂T ∗ = 2, alors pour tout z ∈ D, on peut trouver des bases orthonormales
de DT et DT ∗ par rapport auxquelles la matrice de ΘT (z) est symétrique, mais
la difficulté ici pour obtenir des fonctions caractéristiques symétrisables est que
le choix des bases ne doit pas dépendre de z.

Rappelons d’abord un résultat de [94] qui donne une paramétrisation des
fonctions intérieures à valeurs matricielles 2× 2.

Proposition 5.1.4 (Garcia, 2005) Soit ϕ une fonction intérieure non constante,
a, b, c, d ∈ H2 et

Θ(z) =

(
a(z) −b(z)
c(z) d(z)

)
.

Alors Θ est une fonction intérieure dont le déterminant vaut ϕ si et seulement si

(i) a, b, c, d ∈ Kzϕ(= H2 	 zϕH2) ;

(ii) d = C(a) et c = C(b) ;

(iii) |a|2 + |b|2 = 1 p.p. sur T.

Ici C désigne la conjugaison sur Kzϕ définie par

(5.1) C(f) = fϕ, (f ∈ Kzϕ).

On a alors obtenu la caractérisation suivante des fonctions intérieures à valeurs
matricielles 2× 2 et qui sont symétrisables.

Théorème 5.1.5 Une fonction intérieure à valeurs matricielles 2× 2

Θ(z) :=

(
a(z) −b(z)

C(b)(z) C(a)(z)

)
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est symétrisable si et seulement s’il existe (γ, θ) 6= (0, 0) tels que

C(γa+ θb) = γa+ θb,

où C est défini par (5.1) et ϕ est le déterminant de Θ.

Comme exemple d’application, nous considérons alors les contractions T ∈
L(H) du type

T =

(
Mu X
0 Mv

)
où u et v sont deux fonctions intérieures non constantes, Mu (resp. Mv) représente
l’opérateur modèle associé à u (resp. à v) et H = Ku ⊕ Kv. On montre que si
‖T‖ ≤ 1 alors

(i) X = DM∗
u
Y DMv , Y : DMv 7−→ DM∗

u
est une contraction.

(ii) Si ‖Y ‖ = 1, on a ∂T = ∂T ∗ = 1 et sinon ∂T = ∂T ∗ = 2.

(iii) T ∈ C00.

Le résultat suivant donne alors un critère pour que T soit complexe symétrique.

Théorème 5.1.6 La contraction T est complexe symétrique si et seulement si
l’une des trois conditions suivantes est réalisée :

(a) Y = 0.

(b) ‖Y ‖ = 1.

(c) 0 < ‖Y ‖ < 1 et il existe λ ∈ D et µ ∈ T tels que v = µ
λ− u

1− λu
.

La preuve est une application des résultats précédents :
• si Y = 0, alors T = Mu ⊕Mv est complexe symétrique comme somme directe
d’opérateurs complexes symétriques.
• si ‖Y ‖ = 1, alors ∂T = ∂T ∗ = 1 et le corollaire 5.1.2 implique que T est complexe
symétrique.
• si 0 < ‖Y ‖ < 1, alors ∂T = ∂T ∗ = 2. En utilisant la théorie de Sz.-Nagy–Foias,
on montre alors que la fonction caractéristique de T coïncide avec la fonction
intérieure

Θ(z) =

(
α −βu(z)

βv(z) αu(z)v(z)

)
,

où |α|2 + |β|2 = 1. Il y a alors encore un peu de travail mais le résultat découle
des théorèmes 5.1.5 et 5.1.1. �
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5.2 Combinaisons linéaires d’opérateurs algébriques

5.2.1 Introduction

La deuxième question présentée dans ce chapitre concerne les propriétés spec-
trales des combinaisons linéaires d’idempotents. Dans [124], J. Koliha, V. Rakoče-
vić et I. Straškraba se sont intéressés à l’inversibilité des différences et sommes de
deux matrices idempotentes. J. Baksalary et O. Baksalary [24] ont alors prouvé
que, si P1, P2 sont deux matrices idempotentes, alors la non inversibilité de P1+P2

est équivalente à la non inversibilité de n’importe quelle combinaison linéaire
c1P1 + c2P2, où c1c2 6= 0, c1 + c2 6= 0. Récemment, H. Du, X. Yao et C. Deng [69]
ont donné (avec une preuve très compliquée) une généralisation de ce résultat
pour des opérateurs idempotents sur un espace de Hilbert. Dans [122], Koliha
et Rakočević étendent le résultat de Baksalary–Baksalary en prouvant que la di-
mension du noyau (respectivement du rang) de c1P1 + c2P2 ne dépend pas du
choix des nombres complexes c1, c2 6= 0, c1 + c2 6= 0. Dans [123], Koliha et Ra-
kočević prouvent que la propriété de Fredholm ou de semi-Fredholm pour une
combinaison linéaires d’idempotents sur un espace de Banach ne dépend pas non
plus du choix des coefficients.

Rappelons que siX est un espace de Banach complexe et si T ∈ L(X), on note
kerT son noyau, Im T son image, α(T ) = dim(kerT ) et β(T ) = dim(X/Im T ).
Un opérateur T ∈ L(X) est dit semi-Fredholm si Im T est fermé et au moins
un des deux nombres α(T ) ou β(T ) est fini. Pour un tel opérateur, on définit
l’indice de T comme i(T ) = α(T ) − β(T ). Notons par Φ+(X) (resp. Φ−(X))
l’ensemble des opérateurs semi-Fredholm supérieurement (resp. opérateurs semi-
Fredholm inférieurement), c’est à dire l’ensemble de tous les opérateurs semi-
Fredholm pour lesquels α(T ) < ∞ (resp. β(T ) < ∞). Un opérateur T ∈ L(X)
est dit Fredholm si T ∈ Φ(X) := Φ+(X) ∩ Φ−(X).

On définit Γ le sous-ensemble de C2 par

Γ = {(c1, c2) ∈ C2 : c1 6= 0, c2 6= 0, c1 + c2 6= 0}.

Alors on peut formuler précisément le résultat principal de [123].

Théorème 5.2.1 (Koliha-Rakočević, 2007) Soient X un espace de Banach
et P1, P2 ∈ L(X) deux opérateurs idempotents.

(i) Supposons qu’il existe (c1, c2) ∈ Γ tel que c1P1 + c2P2 est semi-Fredholm
supérieurement. Alors z1P1 + z2P2 est semi-Fredholm supérieurement pour
tout (z1, z2) ∈ Γ. De plus, α(z1P1 + z2P2) est constant sur Γ.

(ii) Supposons qu’il existe (c1, c2) ∈ Γ tel que c1P1 + c2P2 est semi-Fredholm
inférieurement. Alors z1P1 + z2P2 est semi-Fredholm inférieurement pour
tout (z1, z2) ∈ Γ. De plus, β(z1P1 + z2P2) est constant sur Γ.
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La preuve de ce théorème est simple et basée sur les deux observations suivantes :
si P1, P2 sont deux idempotents et si (c1, c2) ∈ Γ, alors

• Id−P1 envoie injectivement ker(c1P1+c2P2) dans ker((Id−P1)P2)∩ker(P1).

• (1 + c1c
−1
2 )Id − P2 envoie injectivement ker((Id − P1)P2) ∩ ker(P1) dans

ker(c1P1 + c2P2).

De ces deux observations, on en déduit donc que

(5.2) dim(ker(c1P1 + c2P2)) = dim(ker((Id− P1)P2) ∩ ker(P1)),

ce qui prouve que α(c1P1 + c2P2) est constant sur Γ. Pour en déduire le théo-
rème 5.2.1, Koliha–Rakočević utilisent alors un procédé introduit par B. Sadovskii
[193] et plus tard (indépendamment) par J. Buoni, R. Harte et T. Wickstead [43].
Plus précisément, si X est un espace de Banach, alors

`∞(X) := {x = (xn)n∈N : xn ∈ X, ‖x‖∞ = sup
n∈N

‖xn‖ <∞},

et m(X) est défini comme l’espace des suites x = (xn)n∈N de X telle que tout
sous-suite (xnk

)k∈N a une sous-suite convergente. De façon équivalente, on a x =
(xn)n∈N ∈ m(X) si et seulement si {xn : n ∈ N} est une partie totalement bornée
de X (pour la définition, voir [192, page 72]). Il est facile de voir que `∞(X) est un
espace de Banach et m(X) est un sous-espace fermé de `∞(X). Par conséquent,
l’espace quotient

X̃ := `∞(X)/m(X)

est un espace de Banach. Tout opérateur T ∈ L(X) détermine un opérateur
T̃ ∈ L(X̃) défini par

T̃ ((xn)n∈N +m(X)) := (Txn)n∈N +m(X), (xn)n∈N ∈ `∞(X).

L’application T 7−→ T̃ est un homomorphisme continu d’algèbre de L(X) dans
L(X̃). On a alors le résultat essentiel suivant

Théorème 5.2.2 (Sadovskii, 1972 & Buoni–Harte–Wickstead, 1977) Soit
T ∈ L(X). Les assertions suivantes sont équivalentes :

(i) T est semi-Fredholm supérieurement ;

(ii) T̃ est injectif ;

(iii) T̃ est borné inférieurement.

En utilisant le théorème 5.2.2 et (5.2), il est alors facile d’en déduire le théorème
de Koliha–Rakočević.

Indépendamment, dans [68], H. Du, C. Deng, M. Mbekhta et V. Müller ont
obtenu le résultat suivant.
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Théorème 5.2.3 (Du–Deng–Mbekhta–Müller, 2007) Soient X un espace
de Banach et P,Q ∈ L(X) deux idempotents. Soient (c1, c2) ∈ Γ. Si c1P + c2Q
est inversible (respectivement inversible à gauche, inversible à droite, injectif,
borné inférieurement, surjectif, Fredholm, semi-Fredholm supérieurement, semi-
Fredholm inférieurement, inversible essentiellement à gauche, inversible essentiel-
lement à droite, a un inverse généralisé), alors z1P + z2Q a la même propriété
pour tout (z1, z2) ∈ Γ.

La preuve est basée sur l’utilisation de la topologie du “gap” et la “co-norme”.
Motivé par tous ces résultats, en collaboration avec I. Chalendar et D. Timo-

tin, nous avons cherché à voir dans [T11] si on pouvait étendre ces résultats de
stabilité à des opérateurs algébriques possédant le même polynôme minimal.

5.2.2 Stabilité des propriétés spectrales

Dans [T11], nous nous sommes intéressés à la question suivante : soient X un
espace de Banach complexe et T, S ∈ L(X) deux opérateurs algébriques avec le
même polynôme minimal p ; est-ce que les propriétés spectrales de T − zS (injec-
tivité, surjectivité, dimension du noyau et de l’image, image fermée,...) restent
les mêmes en dehors d’un ensemble fini de valeurs pour le paramètre complexe
z ?

D’après les théorèmes 5.2.1 et 5.2.3, on sait que c’est vrai si p(z) = z2 − 1.
C’est aussi trivialement vrai si p(z) = z−a, a ∈ C. Nous avons montré dans [T11]
que ceux sont essentiellement les deux seuls cas où on peut obtenir des résultats
de stabilité de ce type.

Théorème 5.2.4 Soit p un polynôme unitaire de degré d ≥ 1. Les assertions
suivantes sont équivalentes :

i) p(z) = z − a ou p(z) = z2 − bz avec b 6= 0 ;
ii) il existe un ensemble fini F tel que pour toute matrice S, T dont le polynôme

minimal est p, alors z 7→ dim ker(T − zS) est constant sur C \ F .

La preuve est très simple : l’implication i) =⇒ (ii) découle facilement du théo-
rème 5.2.1 ou 5.2.3. La preuve de ii) =⇒ (i) consiste à construire différents contre
exemples dans les cas où

• p(z) = (z − a)(z − b), a, b ∈ C \ {0}, a 6= b ;
• p(z) = (z − a)2, a 6= 0 ;
• p(z) = z2.

Pour les deux premiers cas, des matrices 2× 2 suffisent, pour le troisième cas, il
faut prendre des matrices 4× 4. Le cas général s’en déduit alors facilement avec
des sommes directes d’opérateurs. �

Dans les cas où les opérateurs T, S ∈ L(X) commutent, il est plus facile
d’obtenir des résultats de stabilité.
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Théorème 5.2.5 Soient T, S ∈ L(X) deux opérateurs algébriques qui com-
mutent, avec comme polynôme minimal correspondant p, q. Supposons que les
racines de p sont λi, i = 1, . . . ,m et celles de q sont µj, j = 1, . . . , n. On définit
l’ensemble

F =

{
λi

µj

: 1 ≤ i ≤ m, 1 ≤ j ≤ n, µj 6= 0

}
.

Alors, pour tout z 6∈ F , T − zS est simultanément inversible à gauche ou non.

La preuve est basée sur la notion de spectre de Harte de T et S et sur un théorème
spectral [105].

Remarque 5.2.6 Notons que si T, S sont des opérateurs algébriques qui com-
mutent, alors T − zS est aussi algébrique, puisque les algèbres engendrées par
T et par S sont de dimension finie, tandis que l’algèbre engendrée par T − zS
est contenu dans le produit de ces deux algèbres. Comme le spectre d’un opé-
rateur algébrique coïncide avec son spectre ponctuel, l’injectivité est équivalente
à l’inversibilité à droite, à l’inversibilité à gauche, à l’inversibilité ou encore à la
propriété d’être borné inférieurement (toutes ces propriétés sont équivalentes au
fait que 0 6∈ σ(T )). On peut donc reformuler le théorème 5.2.5 en remplaçant
l’inversibilité à gauche par une de ces propriétés.

En utilisant alors le théorème 5.2.2, on obtient comme corollaire :

Corollaire 5.2.7 Avec les notations ci-dessus, pour tout z 6∈ F , l’opérateur
T−zS est simultanément semi-Fredholm inférieurement, semi-Fredholm supérieu-
rement, Fredholm, essentiellement inversible à droite, essentiellement inversible à
gauche, essentiellement inversible.

5.3 Opérateurs singuliers et sous-espaces invariants

5.3.1 Introduction

La troisième question présentée dans ce chapitre concerne le problème du
sous-espace invariant. Rappelons que si X est un espace de Banach, E un sous-
espace fermé de X et T un opérateur borné sur X, alors on dit que E est un
sous-espace invariant non trivial pour T si T (E) ⊆ E et {0} 6= E 6= X. Le
problème du sous-espace invariant est le suivant : étant donné X un espace de
Banach complexe, séparable et de dimension infinie, tout opérateur T ∈ L(X)
possède-t-il un sous-espace invariant non trivial ?

On sait depuis le contre exemple d’Enflo en 1976 que la réponse à la ques-
tion est négative. Depuis, de nombreux autres contre-exemples ont été donnés
notamment par Beauzamy et Read. D’un autre coté, une branche importante
des mathématiques s’est développée pour trouver des classes d’opérateurs qui
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possèdent un sous-espace invariant non trivial. Dans cette direction, l’un des ré-
sultats les plus célèbres est sans doute dû à Lomonosov en 1973 : il prouve [141]
que si T ∈ L(X) est compact, T 6= 0, alors il existe un sous-espace fermé M de X,
{0} 6= M 6= X, tel que S(M) ⊆M , pour tout opérateur S ∈ L(X) qui commute
avec T . En particulier, on obtient que tout opérateur qui commute avec un opé-
rateur compact non nul possède un sous-espace invariant non trivial. Pełczyński
a alors demandé quelle est la situation pour les opérateurs strictement singuliers,
qui sont dans une certaine mesure assez proche des opérateurs compacts.

Rappelons que T : X −→ Y est dit strictement singulier si pour tout ε > 0 et
tout sous-espace de dimension infinie E ⊆ X, il existe un vecteur x dans la sphère
unité de E tel que ‖Tx‖ < ε. De plus, on dira que T est finiment strictement
singulier si pour tout ε > 0, il existe un entier n ∈ N∗ tel que pour tout sous-
espace E ⊆ X avec dim(E) ≥ n, il existe un vecteur x dans la sphère unité de
E tel que ‖Tx‖ < ε. Les opérateurs finiment strictement singuliers sont aussi
appelés dans la littérature super-strictement singuliers. Notons que

compact ⇒ finiment strictement singulier ⇒ strictement singulier,

et chacune de ces propriétés définit un sous-espace fermé (et même un idéal
d’opérateurs) de L(X, Y ). Pour plus d’informations sur les opérateurs strictement
et finiment strictement singuliers, on pourra consulter [137, 147, 204, 21, 171, 168].

Dans [182], Read a répondu à la question de Pełczyński, en construisant un
opérateur strictement singulier sans sous-espace invariant non trivial. Dans [T12],
nous nous sommes intéressés à un analogue de la question de Pełczyński pour les
opérateurs finiment strictement singuliers. Autrement dit,

est-ce que tout opérateur finiment strictement singulier a un sous-espace
invariant non trivial ?

Des résultats partiels dans cette direction ont été obtenus dans [171, 21]. Dans
[T12], nous répondons à cette question par la négative, en montrant que l’opéra-
teur considéré par Read dans [182] est en fait finiment strictement singulier.

5.3.2 Opérateurs finiment strictement singuliers entre es-
paces de James

Il est assez délicat de décrire exactement la construction de l’opérateur consi-
déré par Read dans [182] ; nous allons donc dans ce qui suit, uniquement rappeler
ce dont nous avons besoin pour prouver que cet opérateur est finiment strictement
singulier.

Tout d’abord, cet opérateur agit sur une somme directe (hilbertienne) infinie
qui fait intervenir les espaces de James. Rappelons que l’espace de James Jp,
1 ≤ p < ∞, est l’espace des suites réelles x = (xn)∞n=1 dans c0 satisfaisant
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‖x‖Jp <∞ où

‖x‖Jp :=
(
sup
{n−1∑

i=1

|xki+1
− xki

|p : 1 6 k1 < · · · < kn, n ∈ N
}) 1

p

est la norme dans Jp (ici c0 est l’espace des suites convergentes vers 0). Pour plus
d’informations sur les espaces de James, le lecteur pourra consulter [118, 214,
137, 140, 169] ; signalons seulement que l’espace J2 a été introduit comme premier
exemple d’espace de Banach non réflexif et qui est isomorphe isométriquement à
son bidual. L’opérateur de Read T est alors défini sur l’espace X := (`2 ⊕ Y )`2 ,
où Y lui-même est défini comme une somme hilbertienne (infinie) d’espaces de
James

Y :=

(
+∞⊕
i=1

Jpi

)
`2

,

avec (pi) une suite strictement croissante de nombres réels dans (2,+∞), véri-
fiant certaines propriétés de croissance. Read montre que T est une perturbation
compacte de 0⊕W1, où W1 : Y −→ Y agit comme un shift à poids, c’est-à-dire

W1(x1, x2, x3, . . . ) = (0, β1x1, β2x2, . . . ), (xi ∈ Jpi
),

avec βi → 0, i→ +∞. Notons qu’on devrait plutôt écrire βiipi,pi+1
xi à la place de

βixi, avec ip,q qui désigne l’injection canonique de Jp dans Jq, 1 ≤ p < q < +∞.
On obtient alors dans [T12] le résultat suivant.

Théorème 5.3.1 L’opérateur de Read T est finiment strictement singulier et
sans sous-espace invariant non trivial.

Donnons une idée de la preuve de ce théorème. Comme T est une perturbation
compacte de 0⊕W1, il suffit de montrer que W1 est finiment strictement singulier.
Si on considère Vn : Y −→ Y , défini par

Vn(x1, x2, x3, . . . ) = (0, β1x1, β2x2, . . . , βnxn, 0, . . . ), (xi ∈ Jpi
),

alors comme βi → 0, on a ‖Vn −W1‖ → 0 et donc tout revient à prouver que
Vn est finiment strictement singulier. Finalement, le le théorème 5.3.1 découle du
résultat suivant :

Théorème 5.3.2 Si 1 ≤ p < q < +∞, l’inclusion canonique ip,q : Jp −→ Jq est
finiment strictement singulière.

Notons qu’il existe un résultat analogue pour l’inclusion canonique de `p dans `q
(voir [204, Proposition 3.3]), qui est basé sur le lemme suivant dû à Milman [147].
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Lemme 5.3.3 (Milman, 1970) Soient k ∈ N∗ et E un sous-espace de dimen-
sion k dans c0. Alors il existe un vecteur x = (xi)i≥1 ∈ E, de norme 1 et tel qu’il
existe i1 < i2 < · · · < ik avec

|xis | = 1, (1 ≤ s ≤ k).

La preuve du lemme 5.3.3 est très simple ; elle se fait par récurrence et utilise le
théorème des valeurs intermédiaires.

Pour prouver le théorème 5.3.2, nous utilisons un analogue du lemme de Mil-
man. Pour formuler précisément notre résultat, nous introduisons une définition.
Une suite finie ou infinie de nombres réels dans [−1, 1] sera appelé un zigzag
d’ordre k si elle possède une sous-suite de la forme (−1, 1,−1, 1,−1, . . . ) de lon-
gueur k. On a alors :

Théorème 5.3.4 Soient k ∈ N∗ et E un sous-espace de dimension k dans c0.
Alors E possède un zigzag d’ordre k.

Ce résultat est la clé des théorèmes 5.3.1 et 5.3.4 mais la preuve est beaucoup
plus compliquée que la preuve du lemme de Milman. La première étape consiste à
montrer qu’il suffit de prouver le résultat pour les sous-espaces de Rn. Puis nous
donnons alors deux preuves différentes. La première est basée sur les propriétés
combinatoires des polytopes. La seconde est basée sur la géométrie algébrique.
Donnons une idée de la deuxième méthode. Tout d’abord, notons pour k ≥ 1,

Γk = {x ∈ Rn : ‖x‖∞ ≤ 1 et x a au moins k coordonnées alternées ±1}

La clé de la preuve consiste à construire par récurrence une projection orthogonale
Pk−1 sur un sous-espace πk−1 de dimension n−k+1 telle que Pk−1 envoie homéo-
morphiquement Γk sur ∂∆k−1, où ∆k−1 est un ensemble convexe, équilibré et qui
contient 0 dans son intérieur. Si on compose alors Pk−1 par l’application x 7−→ x

‖x‖ ,
on obtient alors une application φ : Γk −→ Sn−k

∞ , qui est un homéomorphisme et
qui satisfait la relation φ(−x) = −φ(x) (ici Sm

∞ désigne la sphère unité de Rm+1

pour la norme infinie). Maintenant pour prouver le théorème 5.3.4, supposons par
l’absurde que E est un sous-espace de Rn de dimension k et qui ne contient pas de
zigzag d’ordre k. Alors E∩Γk = ∅ et donc la projection de Γk sur E⊥ ne contient
pas 0. En composant cette projection par l’application x 7−→ x

‖x‖ , on obtient alors
une application continue ψ : Γk −→ Sn−k−1

∞ qui satisfait ψ(−x) = −ψ(x). Par
conséquent, l’application Φ := ψ ◦φ−1 : Sn−k

∞ −→ Sn−k−1
∞ est continue et satisfait

Φ(−x) = −Φ(x). Un résultat classique de topologie algébrique nous dit alors
qu’une telle application n’existe pas et on obtient une contradiction. �
Outre l’application à la question de l’existence de sous-espaces invariants non
triviaux pour les opérateurs finiment strictement singuliers, nous pensons que le
théorème 5.3.4 présente un intérêt propre et devrait trouver dans le futur d’autres
applications.
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[116] Hruščëv, S. V., Nikolskĭı, N. K., and Pavlov, B. S. Unconditional
bases of exponentials and of reproducing kernels. In Complex analysis and
spectral theory (Leningrad, 1979/1980), vol. 864 of Lecture Notes in Math.
Springer, Berlin, 1981, pp. 214–335.

[117] Ingham, A. E. Some trigonometrical inequalities with applications to the
theory of series. Math. Z. 41, 1 (1936), 367–379.

[118] James, R. C. A non-reflexive Banach space isometric with its second
conjugate space. Proc. Nat. Acad. Sci. U. S. A. 37 (1951), 174–177.

[119] Jury, M. T. Reproducing kernels, de Branges-Rovnyak spaces, and norms
of weighted composition operators. Proc. Amer. Math. Soc. 135, 11 (2007),
3669–3675 (electronic).
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Functional models and asymptotically orthonormal

sequences

Isabelle Chalendar∗, Emmanuel Fricain†, and Dan Timotin‡

1 Introduction

A canonical orthonormal basis in the Hilbert space L2(−π, π) is formed by the exponentials

exp int, n ∈ Z. Starting with the works of Paley-Wiener ([12]) and Levinson ([8]), a whole

direction of research has investigated other families of exponentials, looking for properties

as completeness, minimality, or being an unconditional basis. In this context, functional

models have been used in [7], together with some other tools from operator theory on a

Hilbert space. The model spaces are subspaces of the Hardy space H2, invariant under

the adjoints of multiplications; their theory is connected to dilation theory for contractions

on Hilbert spaces (see [14, 9]). The approach has been proved fruitful; it has allowed the

recapture of all the classical results and has lead to many generalizations.

We are interested in investigating, along the line of research from [7], the case when

the basis is asymptotically close to an orthogonal one (see definition below). This is a

particular case of unconditional basis, where more rigidity is required, but the conclusions

obtained are usually more precise. A basic result appears in Volberg’s paper [15], where

it is shown that the usual Carleson condition for an interpolation set can be adapted to

obtain a characterization of asymptotically orthonormal sequences of reproducing kernels;
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further developments can be found in [3]. We intend to provide a comprehensive treatment

of this subject, emphasizing the parallel with unconditional bases.

The plan of the paper is the following. The next two sections contain preliminary ma-

terial. The case of reproducing kernels for the whole Hardy space is treated in Section 4;

we give an equivalent form of Volberg’s condition and prove some related results. Sec-

tion 5 investigates the relevance of Volberg’s condition for model spaces; the main results

are Theorem 5.2 and Corollary 5.6, which allow the characterization of asymptotically

orthonormal sequences of reproducing kernels. Perturbation results are obtained in Sec-

tion 6. In the last two sections we discuss the important case of exponentials, as well as

some other examples.

2 Preliminaries

For most of the definitions and facts below, one can use [9] as a main reference.

Let H be a complex Hilbert space. A sequence (xn)n≥1 ⊂ H is called:

– complete if Span{xn : n ≥ 1} = H;

– minimal if for all n ≥ 1, xn 6∈ Span{xm : m 6= n};

– Riesz if there are positive constants c, C verifying, for all finite complex sequences

(an)n≥1,

c
∑

n≥1

|an|
2 ≤

∥

∥

∑

n≥1

anxn

∥

∥

2
≤ C

∑

n≥1

|an|
2. (2.1)

A Riesz sequence is minimal, but the converse is in general not true.

The Gram matrix of the sequence (xn)n≥1 is Γ = (〈xn, xm〉)n,m≥1. Riesz sequences are

characterized by the fact that Γ defines an invertible operator on ℓ2.

The basic Hilbert space in which our objects live is the Hardy space H2 of the open unit

disc D; this is the Hilbert space of analytic functions f(z) =
∑

n≥0 anzn defined in the unit

disc D = {z ∈ C | |z| < 1}, such that
∑

n≥0 |an|
2 < ∞. Alternately, it can be identified

with a closed subspace of the Lebesgue space L2(T) on the unit circle, by associating to

each analytic function its radial limit. The algebra of bounded analytic functions on D is

denoted by H∞. Any φ ∈ H∞ acts as a multiplication operator on H2, that we will denote

by Tφ.
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Evaluations at points λ ∈ D are bounded functionals on H2 and the corresponding re-

producing kernel is kλ(z) = 1
1−λ̄z

; thus, f(λ) = 〈f, kλ〉. If φ ∈ H∞, then kλ is an eigenvector

for T ∗
φ , and T ∗

φkλ = φ(λ)kλ. By normalizing kλ we obtain hλ = kλ

‖kλ‖
=

√

1− |λ|2kλ.

Suppose now Θ is an inner function. We define the corresponding model space by the

formula KΘ = H2⊖ΘH2; the orthogonal projection onto KΘ is denoted by PΘ. In KΘ the

reproducing kernel for a point λ ∈ D is the function

kΘ
λ (z) =

1−Θ(λ)Θ(z)

1− λ̄z
(2.2)

and the normalized reproducing kernel

hΘ
λ (z) =

√

1− |λ|2

1− |Θ(λ)|2
kΘ

λ (z). (2.3)

Note that, according to (2.2), we have the orthogonal decomposition

kλ = kΘ
λ + ΘΘ(λ)kλ. (2.4)

Suppose Λ = (λn)n≥1 is a Blaschke sequence of distinct points in D (which means that
∑

n≥1 1− |λn| < ∞). As usual, we denote by B = BΛ =
∏

n≥1 bλn the associated Blaschke

product, and Bn = B/bλn ; here bλn(z) = |λn|
λn

λn−z
1−λnz

. As B is an inner function, we may

consider the model space KB; it is well known that (hλn)n≥1 is a complete minimal system

in KB. It is a Riesz basis if and only if it satisfies the Carleson condition

δ(Λ) = inf
n≥1

|Bn(λn)| > 0;

we will write in this case Λ ∈ (C) and say that Λ is a Carleson sequence. Also, the sequence

Λ is called separated if infn 6=m |bλn(λm)| > 0.

In connection with Blaschke products, we will have the opportunity to use the following

two formulas. If λ, µ ∈ D, then
∣

∣

∣

∣

λ− µ

1− λµ

∣

∣

∣

∣

2

= 1−
(1− |λ|2)(1− |µ|2)

|1− λµ|2
; (2.5)

the denominator in the right hand side is given by

|1− λ̄µ|2 = (1− |λµ|)2 + 4|λµ| sin2 θ

2
, (2.6)

where θ ∈ (−π, π] is the argument of λ̄µ.

The following two Lemmas are proved in [7], II.
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Lemma 2.1. If (hΘ
λn

)n≥1 is a minimal but not complete sequence in KΘ, then, for all

µ ∈ D \ Λ, {hΘ
µ , hΘ

λn
: n ≥ 1} is still a minimal sequence.

Lemma 2.2. If Θ1, Θ2 are two inner functions, then dist(Θ̄1Θ2, H
∞) = ‖PΘ1TΘ2 |KΘ1‖,

and this quantity is strictly smaller than 1 if and only if PΘ2 |KΘ1 is an isomorphism onto

its image.

We end the preliminaries with a lemma pertaining to Riesz sequences of normalized

reproducing kernels.

Lemma 2.3. Let (λn)n≥1 be a Blaschke sequence of distinct points in D, B the correspond-

ing Blaschke product, and Θ an inner function. Suppose that (hΘ
λn

)n≥1 is a Riesz sequence

in KΘ, and denote by c, C the corresponding constants appearing in (2.1). Then

‖PBTΘ|KB‖ ≤

√

C

c
sup
n≥1

|Θ(λn)|

Proof. The subspace KB is spanned by the eigenvectors hλn , n ≥ 1 of T ∗
Θ, and T ∗

Θhλn =

Θ(λn)hλn . Take a sum (with a finite number of nonzero terms)
∑

n≥1 anhλn ; we have

∥

∥

∑

n≥1

anhλn

∥

∥

2
≥ c

∑

n≥1

|an|
2

and
∥

∥

∥
T ∗

Θ

(

∑

n≥1

anhλn

)

∥

∥

∥

2

=
∥

∥

∑

n≥1

Θ(λn)anhλn

∥

∥

2
≤ C

∑

n≥1

|Θ(λn)|
2|an|

2

≤ C(sup
n≥1

|Θ(λn)|)2
∑

n≥1

|an|
2,

whence
∥

∥

∥
T ∗

Θ

(

∑

n≥1

anhλn

)

∥

∥

∥

2

≤
(supn≥1 |Θ(λn)|)

2C

c

∥

∥

∑

n≥1

anhλn

∥

∥

2
.

Since (PBTΘ|KB)∗ = T ∗
Θ|KB, the lemma is proved.

3 Asymptotically orthonormal bases

We will say that (xn)n≥1 is an asymptotically orthonormal sequence in H (abbreviated

AOS) if there exists N0 ∈ N, such that for all N ≥ N0, there are constants cN , CN > 0

verifying

cN

∑

n≥N

|an|
2 ≤

∥

∥

∑

n≥N

anxn

∥

∥

2
≤ CN

∑

n≥N

|an|
2, (3.1)
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and limN→∞ cN = 1 = limN→∞ CN .

If N0 = 1, then one says that (xn)n≥1 is an asymptotically orthonormal basic sequence

(abbreviated AOB). Obviously this is equivalent to (xn)n≥1 being an AOS as well as a

Riesz sequence.

The following simple lemma is a basic tool.

Lemma 3.1. If (xn)n≥1 ⊂ H, then (xn)n≥1 is an AOB if and only if it is minimal and an

AOS.

Proof. If (xn)n≥1 is an AOB, then it is a Riesz sequence, and therefore minimal. Conversely,

if (xn)n≥1 is an AOS, then (xn)n≥N0 is a Riesz sequence for some N0. Now minimality

ensures that we can add the first finite number of vectors and still preserve this property.

As in the case of Riesz sequences, several equivalent characterizations are available for

AOB’s, as shown in the next proposition ([3], Section 3).

Proposition 3.2. Let (xn)n≥1 be a sequence in H. The following are equivalent:

(i) (xn)n≥1 is an AOB;

(ii) there exist a separable Hilbert space K, an orthonormal basis (en)n≥1 ⊂ K and U, K :

K → H, U unitary, K compact, U + K left invertible, such that (U + K)(en) = xn;

(iii) the Gram matrix Γ associated to (xn)n≥1 defines a bounded invertible operator of the

form I + K, with K compact.

One can obtain complete AOB’s by slightly perturbing orthonormal bases; this fact is

made precise in the following lemma.

Lemma 3.3. Let H be a Hilbert space, (xn)n≥1 an orthonormal basis in H, and (x′n)n≥1 a

sequence in H, such that
∑

n≥1 ‖xn − x′n‖
2 < 1. Then (x′n)n≥1 is a complete AOB in H.

Proof. Consider the operator Φ : H → H, defined by Φ(xn) = x′n. The condition in the

statement implies that IH − Φ is Hilbert-Schmidt, of norm strictly smaller than 1. Thus

Φ is of the form unitary plus compact and invertible; from Proposition 3.2 it follows that

(x′n)n≥1 is an AOB. On the other hand, since Φ is invertible, (xn)n≥1 complete implies

(x′n)n≥1 complete.
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We should note the following way to obtain AOB’s.

Lemma 3.4. Let (xn)n≥1 be a normalized sequence in H, tending weakly to 0. There exists

a subsequence (xkn)n≥1 which is an AOB.

Proof. Choose recursively the sequence (xkn) by requiring that
∑

m<n |〈xkn, xkm〉|
2 ≤ 1

2n+2 .

Then
∑

m6=n |〈xkn, xkm〉|
2 ≤ 1/2, whence, if Γ′ is the Gram matrix associated to (xkn), then

Γ′− I has Hilbert-Schmidt norm smaller than 1/2. Applying Proposition 3.2 to Γ′ implies

that (xkn)n≥1 is an AOB.

In particular, a Riesz sequence tends weakly to 0, and thus it contains AOB’s as sub-

sequences.

4 Reproducing kernels and AOB’s

Suppose Λ = (λn)n≥1 is a Blaschke sequence of distinct points in D. Since the reproducing

kernels (kλn)n≥1 are complete and minimal in KB, if (hλn)n≥1 is an AOS, then it is also

a complete AOB in KB. Such sequences are characterized by the following theorem of

Volberg ([15]).

Theorem A. The sequence (hλn)n≥1 is a complete AOB in KB if and only if

lim
n→∞

|Bn(λn)| = 1. (4.1)

Blaschke sequences that satisfy (4.1) have already appeared in literature (see, for in-

stance, [5, 4, 11, 13]). In particular, it follows from results in [13] that, among Carleson

sequences, they are characterized by the possibility of free interpolation with functions

in H∞ ∩ V MO. We will adopt the terminology in [13] and call a sequence (λn)n≥1 that

satisfies (4.1) a thin interpolating sequence (or just thin sequence); we will write (λn) ∈ (ϑ).

Thus thin interpolating sequences correspond to AOS of normalized reproducing kernels.

A different characterization can be stated by using the Gram matrix.

Proposition 4.1. If Λ = (λn)n≥1 is a Blaschke sequence of distinct points in D, then the

following are equivalent:

(i) (hλn)n≥1 is a complete AOB in KB;

(ii) (Γ− I)en → 0.
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Proof. (i)⇒(ii). By Proposition 3.2, (iii), it follows that Γ = I +K with K compact; since

Ken → 0, (Γ− I)en → 0.

(ii)⇒(i). By hypothesis (Γ− I)en → 0. But

‖(Γ−I)en‖
2 =

∑

p 6=n,p≥1

|Γn,p|
2 =

∑

p 6=n,p≥1

(1− |λn|
2)(1− |λp|

2)

|1− λ̄nλp|2
=

∑

p 6=n,p≥1

(1−|bλp(λn)|2) (4.2)

(we have used (2.5)).

In particular, there is some N such that for n ≥ N we have ‖(Γ − I)en‖
2 < 1/2, and

therefore |bλp(λn)|
2 > 1/2 if p or n are larger than N . Since the points λn are distinct,

the whole sequence Λ is separated, and there exists ε > 0, such that |bλp(λn)| ≥ ε for all

n 6= p. Therefore 1− |bλp(λn)|2 ≥ −c log |bλp(λn)| ≥ 0 for some c > 0. It follows that

‖(Γ− I)en‖
2 ≥ −c log |Bn(λn)|

whence |Bn(λn)| → 1; by Theorem A it follows that (hλn)n≥1 is a complete AOB in KB.

It is well known that Carleson sequences Λ = (λn)n≥1 can also be characterized by the

fact that they are separated and the measure
∑

(1 − |λn|)δλn is a Carleson measure. A

similar characterization can be obtained for thin interpolating sequences, as suggested by

Lemma 7.1 in [13]. We need some notations: for any z ∈ D, Iz will be the interval Iz ⊂ T

of center z
|z|

and length 1 − |z|. For I ⊂ T, SI = {z ∈ D : z/|z| ∈ I and |z| ≥ 1 − |I|};

while, for C > 0, CI is the interval with the same center and length C|I|.

Proposition 4.2. Suppose Λ = (λn)n≥1 is a Blaschke sequence. The following are equiv-

alent:

(i) Λ is a thin interpolating sequence;

(ii) for any A ≥ 1,

lim
n→∞

1

|Iλn|

∑

p 6=n
λp∈SAIλn

(1− |λp|) = 0. (4.3)

Proof. (i)⇒(ii). Fix A ≥ 1; from (2.6) it follows easily that there is some constant a > 0

such that, if z ∈ SAIλn
, then |1 − λ̄nz|

2 ≤ a(1 − |λn|)
2. Therefore, if λp ∈ SAIλn

, then
(1−|λn|2)(1−|λp|2)

|1−λ̄nλp|2
≥ 1−|λp|

a(1−|λn|)
. Consequently, (4.3) follows from Proposition 4.1, (ii).
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(ii)⇒(i). We show first that
∑

(1−|λn|)δλn is a Carleson measure. From (4.3) it follows

that we may suppose (by deleting a finite number of terms, if necessary) that for all λn we

have
∑

p 6=n
λp∈S5Iλn

(1− |λp|) ≤ |Iλn|.

and therefore
∑

λp∈S5Iλn

(1− |λp|) ≤ 2|Iλn |. (4.4)

Fix the interval I ⊂ T, and define σ = {n ∈ N : λn ∈ SI}. If n ∈ σ, then Iλn ⊂ 2I. By

Vitali’s covering lemma (see for instance [6], V.17), there is σ′ ⊂ σ, such that the intervals

Iλn are disjoint for n ∈ σ′, while
⋃

n∈σ Iλn ⊂
⋃

n∈σ′ 5Iλn ; the last inclusion implies that

{λn ∈ SI} ⊂
⋃

n∈σ′ S5Iλn
. Then, using (4.4), it follows that

∑

λn∈SI

(1− |λn|) ≤
∑

n∈σ′

∑

λp∈S5Iλn

(1− |λp|) ≤ 2
∑

n∈σ′

|Iλn| ≤ 4m(I);

thus
∑

(1− |λn|)δλn is indeed a Carleson measure.

Fix 0 < ε < 1, A ≥ 1, and choose n ∈ N, such that

∑

p 6=n
λp∈SAIλn

(1− |λp|) ≤ ε(1− |λn|) (4.5)

We write

∑

p 6=n

(1− |λn|
2)(1− |λp|

2)

|1− λ̄nλp|2
=

∑

p 6=n
λp∈SAIλn

(1− |λn|
2)(1− |λp|

2)

|1− λ̄nλp|2
+

∑

λp 6∈SAIλn

(1− |λn|
2)(1− |λp|

2)

|1− λ̄nλp|2

Since |1− λ̄nλp| ≥ 1− |λn|, it follows from (4.5) that the first sum is bounded by 4ε.

The second sum can be written as

∞
∑

k=0

∑

λp∈S
2k+1AIλn

\S
2kAIλn

(1− |λn|
2)(1− |λp|

2)

|1− λ̄nλp|2
. (4.6)

By (2.6), there is some constant C > 0 such that, for z 6∈ S2kAIλn
one has (1−|λn|2)

|1−λ̄nz|2
≤

C
22kA2(1−|λn|)

. On the other hand, since
∑

(1− |λn|)δλn is a Carleson measure, there exists
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C ′ > 0, such that
∑

λp∈S
2k+1AIλn

(1− |λp|
2) ≤ C ′2k+1A(1− |λn|). It follows then that (4.6)

is bounded by 4CC ′/A. On the whole, we obtain

∑

p 6=n,p≥1

(1− |λn|
2)(1− |λp|

2)

|1− λ̄nλp|2
≤ 4(ε + CC ′/A).

This can be made as small as possible by choosing ε and A; by Proposition 4.1 it follows

that Λ is a thin interpolating sequence.

As a consequence, we mention the following two results that help to clarify the geometry

of thin sequences; they are suggested by corresponding results related to Carleson sequences

(see [9], VII.3).

Proposition 4.3. (i) Suppose Λ = (λn)n≥1 is an increasing sequence in D such that

limn→∞ |λn| = 1. If

γ := lim
k→∞

1− |λk+1|

1− |λk|
= 0,

then Λ is a thin interpolating sequence. If, moreover, Λ ⊂ [0, 1), then Λ is a thin sequence

if and only if γ = 0.

(ii) Suppose (rn)n≥1 is a sequence of distinct positive numbers, 0 < rn < 1, such that
∑

n≥1(1 − rn) < ∞. Then there exist tn ≥ 0 such that (rneitn)n≥1 is a thin interpolating

sequence.

Proof. (i) Fix 0 < ε < 1, A ≥ 1, and choose N such that for all n ≥ N we have

1− |λn|

1− |λn−1|
< ε/A.

It follows that, if n ≥ N and k < n, then λk 6∈ SAIn.

On the other hand, if k > n, 1 − |λk| ≤ (ε/A)k−n(1 − |λn|), and
∑

k>n(1 − |λk|) ≤
ε/A

1−ε/A
(1− |λn|). Therefore

∑

k 6=n
λk∈SAIλn

(1− |λk|) ≤
ε/A

1− ε/A
(1− |λn|);

it follows by Proposition 4.2 that Λ is a thin sequence.

If Λ ∈ (0, 1), then

1−
1− λk+1

1− λk

=
λk+1 − λk

1− λk

≥
λk+1 − λk

1− λkλk+1

= bλk
(λk+1) ≥ |Bk(λk)|.

9



Therefore, if limk→∞ |Bk(λk)| = 1, then limk→∞
1−λk+1

1−λk
= 0.

(ii) We may suppose rn is increasing. Choose numbers bn > 0, such that
∑

n≥1 bn < ∞,

and (1− rn)/bn+1 → 0. Since the thin interpolating property is not changed by adding a

finite number of distinct points, we may suppose that
∑

n≥1 bn < π/2. We will then define

tn =
∑n

k=1 bk, and λn = rne
itn .

If A > 0 is given, then the condition (1− rn)/bn+1 → 0 implies that, for n sufficiently

large, SAIλn
∩ Λ = {λn}. Then (4.3) is trivially verified, whence Λ is a thin sequence.

It should be mentioned that (ii) in the above proposition has already been noticed

in [11].

We end this section by quoting a stability result from [3], Section 3, where it has been

proved that thin sequences are stable with respect to “small” perturbations.

Theorem B. Let Λ = (λn)n≥1, Λ′ = (λ′n)n≥1 be two sequences in D. If supn≥1 |bλn(λ′n)| <

1, then Λ ∈ (ϑ) if and only if Λ′ ∈ (ϑ).

5 Projection onto a model space

Suppose now that Θ is an inner function, while Λ is a Blaschke sequence of distinct points

in D. We are interested in the AOB property for the corresponding sequences of normalized

reproducing kernels (hΘ
λn

)n≥1, as defined by (2.3). It turns out that Volberg’s condition

(4.1) is necessary also in this context, as is shown by the next result ([3], Section 3). Below

we will give a simpler proof.

Proposition 5.1. If (hΘ
λn

)n≥1 is an AOS, then (λn)n≥1 is a thin interpolating sequence.

Proof. By applying formula (2.5), we have

|ΓΘ
n,p|

2 = |Γn,p|
2 |1−Θ(λn)Θ(λp)|

2

(1− |Θ(λn)|2)(1− |Θ(λp)|2)

=
|Γn,p|

2

1− |bΘ(λn)(Θ(λp))|2
≥ |Γn,p|

2.

Since Proposition 3.2, (iii), implies ‖(ΓΘ − I)en‖
2 =

∑

p 6=n |Γ
Θ
n,p|

2 → 0, it follows that

‖(Γ − I)en‖
2 =

∑

p 6=n |Γn,p|
2 → 0. Proposition 4.1 implies then that (hλn)n≥1 is an AOB

in KB.
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There is no hope to obtain, without supplementary conditions, a converse to Proposi-

tion 5.1. Indeed, suppose (λn) is a thin sequence, converging nontangentially to a point

ζ ∈ T, while Θ can be analytically extended on an neighborhood of ζ . It follows from

Theorem C in Section 8 below that (hΘ
λn

) is in this case norm convergent, and thus cannot

be even a Riesz sequence.

We will therefore try to obtain partial converses to Proposition 5.1. It is then natural,

in view of the theory of Riesz bases developed in [7], to work under the supplementary

condition supn≥1 |Θ(λn)| < 1. (Note that in the previous example we have |Θ(λn)| →

|Θ(ζ)| = 1.)

Theorem 5.2. Suppose supn≥1 |Θ(λn)| < 1. If (λn)n≥1 is a thin interpolating sequence,

then either

(i) (hΘ
λn

)n≥1 is an AOB,

or

(ii) there exists p ≥ 2 such that (hΘ
λn

)n≥p is a complete AOB in KΘ.

Proof. The condition on (hλn)n≥1 implies the existence of positive constants (cN)N≥N0 ,

(CN)N≥N0 , tending to 1, such that

cN

∑

n≥N

|an|
2 ≤

∥

∥

∑

n≥N

anhλn

∥

∥

2
≤ CN

∑

n≥N

|an|
2. (5.1)

According to (2.4), we have, applying (5.1),

∥

∥

∑

n≥N

anhΘ
λn

∥

∥

2
=

∥

∥

∑

n≥N

an
√

1− |Θ(λn)|2
hλn

∥

∥

2
−

∥

∥

∑

n≥N

anΘ(λn)
√

1− |Θ(λn)|2
hλn

∥

∥

2

≤ CN

∑

n≥N

|an|
2

1− |Θ(λn)|2
− cN

∑

n≥N

|an|
2|Θ(λn)|

2

1− |Θ(λn)|2

= CN

∑

n≥N

|an|
2 + (CN − cN)

∑

n≥N

|an|
2|Θ(λn)|

2

1− |Θ(λn)|2

≤ CN

∑

n≥N

|an|
2 + (CN − cN) sup

n

|Θ(λn)|2

1− |Θ(λn)|2

∑

n≥N

|an|
2.

Since CN → 1, CN − cn → 0, while supn
|Θ(λn)|2

1−|Θ(λn)|2
< ∞, we can find constants C ′

N → 1,

such that
∥

∥

∑

n≥N

anh
Θ
λn

∥

∥

2
≤ C ′

N

∑

n≥N

|an|
2.
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A similar argument shows the existence of c′N → 1, such that

∥

∥

∑

n≥N

anh
Θ
λn

∥

∥

2
≥ c′N

∑

n≥N

|an|
2.

It follows that (hΘ
λn

)n≥1 is an AOS; hence there exists m ≥ 1 such that (hΘ
λn

)n≥m is an

AOB.

Let p be the smallest positive integer with the property that (hΘ
λn

)n≥p is an AOB. If

p = 1 we are in case (i) of the statement. Otherwise, Lemmas 3.1 and 2.1 imply that

(hΘ
λn

)n≥p is complete in KΘ. The theorem is thus proved.

It should be mentioned that a weaker version of Theorem 5.2 appears in Lemma 3.9

in [3].

Corollary 5.3. Suppose that supn≥1 |Θ(λn)| < 1 and Λ is a thin interpolating sequence.

Then (hΘ
λn

)n≥1 is an AOB if and only if it is minimal.

Case (ii) in Theorem 5.2 corresponds to (hΘ
λn

)n≥1 not minimal; an example can be

obtained by taking Θ to be a proper inner divisor of B. Minimality of sequences of

reproducing kernels has been investigated in [1]; using Theorem 4.7 therein, we obtain the

following characterization.

Corollary 5.4. Suppose that supn≥1 |Θ(λn)| < 1. Then (hΘ
λn

)n≥1 is an AOB if and only

if (λn)n≥1 is a thin interpolating sequence and there exists f ∈ H∞, f 6= 0, such that

‖Θ + Bf‖∞ ≤ 1.

It is instructive to compare Corollary 5.4 with a result in [9], VIII.6, where it is proved

that under the hypothesis supn≥1 |Θ(λn)| < 1, (hΘ
λn

)n≥1 is a Riesz sequence if and only if

Λ ∈ (C) and dist(ΘB̄, H∞) < 1. This last condition is obviously stronger than the last

requirement of Corollary 5.4. On the other hand, the thin interpolating condition is much

more restrictive than Carleson’s.

We can say more in case Θ is not a Blaschke product. The next result adapts an

argument in [7], Theorem 3.2.

Proposition 5.5. Let Θ be an inner function with a nontrivial singular part, and suppose

supn≥1 |Θ(λn)| < 1. If the sequence (hΘ
λn

)n≥1 is an AOB in KΘ, then its span has infinite

codimension.
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Proof. Suppose that supn≥1 |Θ(λn)| = η < 1. We shall write Θ = βS, with β a Blaschke

product and S singular, nonconstant. Let us also denote B(N) =
∏

n≥N bλn .

By Proposition 5.1, (hλn)n≥1 is an AOB (and in particular a Riesz sequence). If

cN , CN are the constants in (3.1), then applying Lemma 2.3 to Θ and B(N) it follows

that ‖PB(N)TΘ|KB(N)‖ ≤ (CN/cN)1/2η. Since CN/cN → 1, we may find N ∈ N, such

that ‖PB(N)TΘ|KB(N)‖ < 1, which, according to Lemma 2.2, implies that PΘ|KB(N) is an

isomorphism on its image.

Now, if we define Θ′ = βS1/2, Θ′ is also an inner function, and

|Θ′(λn)| ≤ |β(λn)|
1/2|S(λn)|

1/2 = |Θ(λn)|
1/2 ≤ η1/2.

If we apply the same argument to Θ′, it follows that we can find N ∈ N, such that both

PΘ|KB(N) and PΘ′|KB(N) are isomorphisms on their images.

But we have

PΘ′ |KB(N) = (PΘ′|KΘ)(PΘ|KB(N)).

The operator on the left is one-to-one, while the image of (PΘ|KB(N)) is closed. Therefore

this image cannot intersect Ker(PΘ′ |KΘ), which is infinite dimensional. But the image of

(PΘ|KB(N)) is the space spanned by hΘ
λn

for n ≥ N ; it follows that the space spanned by

all the hΘ
λn

(n ≥ 1) also has infinite codimension.

In this case one can improve Corollary 5.4.

Corollary 5.6. Suppose that Θ has a nontrivial singular part and supn≥1 |Θ(λn)| < 1.

The following assertions are equivalent:

(i) Λ is a thin interpolating sequence;

(ii) (hΘ
λn

)n≥1 is an AOB.

Moreover, in this case, Span{hΘ
λn

: n ≥ 1} has infinite codimension in KΘ.

Proof. If Λ is a thin sequence, Proposition 5.5 shows that we are in Case (i) of Theorem 5.2;

consequently (hΘ
λn

)n≥1 is an AOB. The converse is contained in Proposition 5.1.
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6 Stability of AOB’s

We will next study the stability of AOB’s with respect to small perturbations.

Theorem 6.1. Suppose that supn≥1 |Θ(λn)| < 1 and (hΘ
λn

)n≥1 is an AOB. If Λ′ = (λ′n)n≥1

is a sequence of distinct points in D that satisfies

lim sup
n→∞

|bλn(λ′n)| <
1− dist(ΘB̄, H∞)

1 + dist(ΘB̄, H∞)
, (6.1)

then (hΘ
λ′n

)n≥1 is an AOB.

Proof. Fix N ≥ 1, and define

γn =







λn if n < N,

λ′n if n ≥ N ;

and Φ the Blaschke product associated to (γn)n≥1. Proposition 5.1 implies that Λ is a thin

sequence, whence, by Theorem B, Λ′ and (γn)n≥1 are both thin sequences. If g, h ∈ H∞,

then the equality ΘΦ̄− gh = ΘB̄(BΦ̄− g) + (ΘB̄ − h)g implies

‖ΘΦ̄− gh‖∞ ≤ ‖BΦ̄− g‖∞ + ‖(ΘB̄ − h)g‖∞,

which shows that

dist(ΘΦ̄, H∞) ≤ dist(ΘB̄, H∞) + (1 + dist(ΘB̄, H∞)) dist(BΦ̄, H∞).

Now, if B(N) =
∏

n≥N bλn , Φ(N) =
∏

n≥N bλ′n , then BΦ̄ = B(N)Φ(N). Suppose CN and

cN are the constants associated to Λ′ as in 3.1, while εN = supn>N |bλn(λ′n)|; one has then

obviously supn≥N |B
(N)(λ′n)| ≤ εN . Applying Lemmas 2.2 and 2.3, it follows that

dist(BΦ̄, H∞) = dist(B(N)Φ(N), H∞) = ‖PΦ(N)TB(N) |KΦ(N)‖ ≤ εN(CN/cN)1/2.

Consequently,

dist(ΘΦ̄, H∞) ≤ dist(ΘB̄, H∞) + (1 + dist(ΘB̄, H∞))εN(CN/cN)1/2.

The hypothesis implies that, for N sufficiently large, εN(CN/cN)1/2 < 1−dist(ΘB̄,H∞)
1+dist(ΘB̄,H∞)

and

therefore dist(ΘΦ̄, H∞) < 1. There exists thus f ∈ H∞, f 6= 0, such that ‖Θ−Φf‖∞ < 1,

and therefore supn≥1 |Θ(γn)| ≤ dist(ΘΦ̄, H∞) < 1. It follows by Corollary 5.4 that (hΘ
γn

)n≥1

is an AOB. Applying repeatedly Lemma 2.1, we obtain that (hΘ
λ′n

)n≥1 is an AOB.
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In the particular case where Θ has a nontrivial singular part, we can improve the

stability constant in Theorem 6.1.

Proposition 6.2. Suppose that Θ has a nontrivial singular part, supn≥1 |Θ(λn)| < 1 and

(hΘ
λn

)n≥1 is an AOB. If Λ′ = (λ′n)n≥1 is a sequence of distinct points in D that satisfies

lim sup
n→∞

|bλn(λ′n)| <
1− lim supn→∞ |Θ(λn)|

1 + lim supn→∞ |Θ(λn)|
,

then (hΘ
λ′n

)n≥1 is an AOB.

Proof. By Theorem B, Λ′ ∈ (ϑ). On the other hand,

∣

∣

∣

∣

Θ(λ′n)−Θ(λn)

bλn(λ′n)

∣

∣

∣

∣

≤

∥

∥

∥

∥

Θ−Θ(λn)

bλn

∥

∥

∥

∥

∞

≤ 1 + |Θ(λn)|,

whence

|Θ(λ′n)| ≤ |Θ(λn)|+ (1 + |Θ(λn)|)|bλn(λ′n)|.

Therefore supn |Θ(λ′n)| < 1; Corollary 5.6 implies that (hΘ
λ′n

)n≥1 is an AOB.

It is also possible to complement these results by studying the completeness of the

perturbed sequence. As concerns the effect of small perturbations on Riesz basis, the

following theorem was proved in [3].

Theorem ([3], 3.1). Suppose that supn≥1 |Θ(λn)| < 1. If (hΘ
λn

)n≥1 is a Riesz basis in KΘ,

then there exists ε = ε(Θ, Λ) < 1 such that for all sequences Λ′ = (λ′n)n≥1 in D satisfying

|bλn(λ′n)| ≤ ε, we have (hΘ
λ′n

)n≥1 is a Riesz basis in KΘ.

Combining this result with theorem 6.1, we obtain the following consequence for com-

plete AOB’s.

Corollary 6.3. Suppose that supn≥1 |Θ(λn)| < 1. If (hΘ
λn

)n≥1 is a complete AOB in KΘ,

then there exists ε = ε(Θ, Λ) < 1 such that for all sequences Λ′ = (λ′n)n≥1 in D satisfying

|bλn(λ′n)| ≤ ε,

we have (hΘ
λ′n

)n≥1 is a complete AOB in KΘ.
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A few words are in order concerning the different stability constants appearing in this

section. The analogue for Riesz sequences of Theorem 6.1 appears in [3], Theorem 3.3.

The right hand side of (6.1) is replaced therein by

δ(Λ)6

8

1− dist(ΘB̄, H∞)

1 + dist(ΘB̄, H∞)
.

For AOB’s, one should have expected a similar result, with δ(Λ) replaced by 1; Theorem 6.1

is therefore a sensible improvement.

As concerns completeness, there exists also an explicit upper bound for the constant

ε(Θ, Λ) which appears in Theorem 3.1 of [3]; namely, we must have:

ε < min{
δ

2
,
1− supn≥1 |Θ(λn)|

2
}

as well as
2ε

δ/2− ε
‖Γ‖1/2

(

128
1 + ε

1− ε
(1− 6 log δ)

1 + ε + δ/2

1− ε− δ/2

)1/2

< 1,

where δ = infn≥1 |Bn(λn)| and Γ is the Gram matrix associated to (hΘ
λn

)n≥1. One can see

that this is much more complicated than the bound given by formula (6.1).

7 Bases of exponentials

The study of bases of exponentials in L2(0, a) has provided the original motivation for the

development of the functional model approach in [7]. It is therefore natural to discuss in

more detail AOB’s of exponentials. Some preliminaries are needed to translate the problem

into the language of model spaces. Note also that, as is customary, the index set will now

be Z rather than N∗.

If C+ = {z ∈ C : Im z > 0}, then we define φ : C+ → D by φ(z) = z−i
z+i

(φ is a conformal

map from C+ to D). The operator

(Uf)(z) =
1

π(z + i)
f(φ(z)) (7.1)

maps H2 unitarily onto H2(C+), the Hardy space of the upper half-plane. The correspond-

ing transformation for functions in H∞ is

f 7→ f ◦ φ; (7.2)
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it maps inner functions in D into inner functions in C+. We have then UKΘ = H2(C+)⊖

(Θ ◦ φ)H2(C+), and U(kΘ
λ ) is the reproducing kernel for the point φ(λ).

The Blaschke factor corresponding to µ ∈ C+ is

b+
µ (z) =

z − µ

z − µ̄

and the Blaschke product with zeros (µn)n∈Z is

B+(z) =
∏

n∈Z

cµnb+
µn

(z),

the coefficients cµn being chosen as to make all terms positive in i. The thin interpolating

condition, which we will denote by (ϑ+), becomes

lim
|n|→∞

∏

m6=n

|b+
µm

(µn)| = 1.

Let F : L2(R) → L2(R) be the Fourier transform. Then FU maps H2 unitarily onto

L2(0,∞). If Θa(z) = ea z+1
z−1 , then FU maps KΘa unitarily onto L2(0, a); the normalized

reproducing kernel hΘa

λ (λ ∈ D) is mapped into χa
µ(t) = κa(µ)eiµt, where µ = −φ−1(λ), and

κa(µ) =
(

2 Im µ
1−e−2a Im µ

)1/2
. We also have Θa(λ) = eiaµ̄.

The results from the previous sections concerning reproducing kernels can then be

adapted to the case of exponentials eiµt, with µ ∈ C+; note that the relevant inner function

Θa is singular. The next theorem deals, however, with a more general class of exponentials.

Theorem 7.1. Let (µn)n∈Z, (µ′n)n∈Z be two sequences of distinct complex numbers. If

(eiµnt)n∈Z is a complete AOB in L2(0, 1), and lim|n|→∞ |µn − µ′n| = 0, then (eiµ′nt)n∈Z is a

complete AOB in L2(0, 1).

Proof. Fix N ≥ 1, and define

γn =







µn if |n| ≤ N,

µ′n if |n| > N ;
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and V by V (eiµnt) = eiγnt for n ∈ Z. For (an)n∈Z ∈ ℓ2, we have:

∥

∥(V − I)(
∑

n∈Z

aneiµnt)
∥

∥ =
∥

∥(V − I)(
∑

|n|>N

aneiµnt)
∥

∥ =
∥

∥

∑

|n|>N

an(eiµ′nt − eiµnt)
∥

∥

=
∥

∥

∑

|n|>N

aneiµnt
∑

k≥1

(i(µ′n − µn))ktk

k!

∥

∥

≤
∑

k≥1

1

k!

∥

∥tk
∑

|n|>N

(i(µ′n − µn))kaneiµnt
∥

∥

≤ CN

∑

k≥1

ak

k!





∑

|n|>N

|µ′n − µn|
2k|an|

2





1/2

≤ CN(ea sup|n|>N |µ′n−µn| − 1)(
∑

|n|>N

|an|
2)1/2,

CN being the constant in (3.1) corresponding to the AOB (eiµnt)n∈Z. Since sup|n|>N |µ
′
n −

µn| → 0 and CN → 1 for N → ∞, it follows that if N is large enough, then ‖V − I‖ < 1

and thus V is invertible. If Pm is the orthogonal projection onto Span{eiµnt : |n| ≥ m},

similar computations for m ≥ N show then that ‖(V − I)Pm‖ → 0, and therefore V − I is

compact. Proposition 3.2 shows that (eiγnt)n∈Z is a complete AOB in L2(0, 1).

Now the two sequences of complex numbers (µ′n)n∈Z and (γn)n∈Z differ by a finite

number of terms, and therefore (eiµ′nt)n∈Z is an AOS. On the other hand, ‖eiµnt‖ → 1

implies Im µn → 0; thus (µ′n)n∈Z and (γn)n∈Z are both contained in a strip, say | Im z| < A.

Multiplication by e−At is an invertible operator on L2(0, 1); thus (ei(γn+iA)t)n∈Z is a Riesz

basis in L2(0, 1). An application of Lemma 2.1 implies that (ei(µ′n+iA)t)n∈Z is also a Riesz

basis, and therefore the same is true about (eiµ′nt)n∈Z; the proof is complete.

In the case µn = 2πn, one can compare Theorem 7.1 to Kadec’s Theorem (see [7], I.5),

which states, for real sequences (µ′n), that Riesz bases are preserved under the requirement

|µ′n − 2πn| < 1/4. Such a uniform bound is not adequate for AOB’s; indeed, since in

L2(0, 1)

〈e2iπµnt, e2iπµn+1t〉 =
e2iπ(µn−µn+1) − 1

2iπ(µn − µn+1)
,

it follows that 〈e2iπµnt, e2iπµn+1t〉 → 0 implies µn − µn+1 − [µn − µn+1] → 0.

Suppose now that there is η > 0 such that Im µn > η for all n ∈ Z. In this case

AOB of (normalized) exponentials in L2(0, a) (a > 0) are exactly characterized by the

corresponding condition (ϑ+).
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Proposition 7.2. If Im µn > η > 0 for all n ∈ Z, then the following are equivalent:

(i) (µn)n∈Z is thin interpolating;

(ii) (χa
µn

)n∈Z is an AOB in L2(0, a) for all a > 0;

(iii) (χa
µn

)n∈Z is an AOB in L2(0, a) for some a > 0.

Proof. If we translate the problem in the disc, then the inner function Θa is singular, and

if λn = φ(−µ̄n), then |Θa(λn)| = e−a Im µn . Therefore supn∈Z
|Θa(λn)| < 1, and the results

in the statement are a consequence of Corollary 5.6.

One should remark that in this case the Volberg condition is independent of a > 0.

This should be compared with the situation for Riesz sequences of exponentials (see, for

instance, [10], D.5): in case infn∈Z Im µn > −∞, if (eiµnt)n∈Z is a Riesz sequence in L2(0, a),

then (eiµnt)n∈Z is a Riesz sequence in L2(0, a′) for all a′ ≥ a, but usually not for a′ < a.

Finally, a stability result can be obtained by translating Proposition 6.2.

Corollary 7.3. Suppose Im µn > η > 0 for all n ∈ Z, and (χa
µn

)n∈Z is an AOB in L2(0, a)

for some a > 0. If (µ′n)n∈Z is a sequence of distinct points in C+ that satisfies

lim sup
|n|→∞

∣

∣

∣

∣

µn − µ′n
µ̄n − µ′n

∣

∣

∣

∣

<
1− lim sup|n|→∞ e−a Im µn

1 + lim sup|n|→∞ e−a Im µn
,

then (χa
µ′n

)n∈Z is an AOB in L2(0, a).

8 Examples

As noticed in the previous section, bases of exponentials are related to a singular inner

function Θ, with corresponding one-point supported measure. In this section we will give

some examples related to other inner functions.

Since complete AOB’s are asymptotically close to orthonormal bases, it is natural to

try to obtain examples by perturbing orthonormal bases. If we take λ, λ′ ∈ D, then

〈kΘ
λ , kΘ

λ′〉 = 1−Θ(λ)Θ(λ′)

1−λ̄λ′
6= 0, and thus the reproducing kernels themselves cannot be or-

thogonal. However, we may obtain orthogonal bases of reproducing kernels in case the

evaluations on the boundary T of D are continuous; the precise statement appears in The-

orem C below. Suppose an ∈ D are the zeros of the Blaschke factor of Θ, while σ is
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the positive singular measure on T corresponding to the singular factor of Θ. We define

EΘ ⊂ T by the formula

EΘ =
{

ζ ∈ T |
∞

∑

k=1

1− |ak|

|ζ − ak|2
+

∫ 2π

0

dσ(t)

|ζ − eit|2
< ∞

}

. (8.1)

The following theorem appears in [2].

Theorem C. (i) If ζ ∈ EΘ, then Θ has a nontangential limit Θ(ζ) in ζ, of modulus 1.

The function kΘ
ζ (z) := 1−Θ(ζ)Θ(z)

1−ζ̄z
belongs to KΘ, and kΘ

λ → kΘ
ζ if λ → ζ nontangentially.

Moreover, any function f ∈ KΘ has a nontangential limit f(ζ) in ζ, and f(ζ) = 〈f, kΘ
ζ 〉.

(ii) If T \ EΘ is at most countable, then there exists a sequence ζn ∈ EΘ such that
(

kΘ
ζn

‖kΘ
ζn
‖

)

is an orthonormal basis of KΘ.

We may therefore obtain a large class of examples of complete AOB’s in KΘ formed by

reproducing kernels.

Corollary 8.1. If T \ EΘ is at most countable, then there exist sequences (λn)n≥1 in D

such that (hΘ
λn

)n≥1 is a complete AOB in KΘ.

Proof. By Theorem C, (ii), take a sequence ζn ∈ EΘ such that
(

kΘ
ζn

‖kΘ
ζn
‖

)

is an orthonormal

basis of KΘ. By (i) of the same proposition, it obviously follows that if ζ ∈ EΘ, and

λ → ζ nontangentially, then hΘ
λn
→

kΘ
ζ

‖kΘ
ζ ‖

. Choose then λn ∈ D, λn/‖λn‖ = ζn, such that

∑

n≥1

∥

∥hΘ
λn
−

kΘ
ζn

‖kΘ
ζn
‖

∥

∥

2
< 1. The required conclusion follows then by applying Lemma 3.3.

One should note that the choice of λn can obviously be made such that |Θ(λn) −

Θ(ζn)| → 0; it follows then that |Θ(λn)| → 1, and therefore we are not in the context of

the results in Section 5.

In case Θ = Θa, EΘa = T\{1}, and thus obviously satisfies the hypotheses of Theorem C

and Corollary 8.1. Actually, Clark’s paper [2] indeed has the bases of exponentials as a

starting point. A different type of example, adapted from [7], shows that complete AOB’s

can appear in a case when EΘ = ∅.

Take first a sequence of positive integers qn, n ≥ 1, such that qn+1 − qn →∞. Choose

then another sequence of positive integers pn, n ≥ 1, subject to the conditions

∑

n≥1

pn

2qn
< ∞ (8.2)

∑

n≥1

pn log pn

2qn
= ∞ (8.3)
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Choose pn equidistant points on the circle centered in the origin and having radius 1− 1
2qn ;

the union of all these points (for n ≥ 1) will be denoted by Λ. We will also denote

rn = 1− 1
2qn

We have
∑

λ∈Λ(1−|λ|) =
∑

n≥1 pn
1

2qn
< ∞; thus Λ satisfies the Blaschke condition and

we may form the corresponding product B. Take A > 0; for sufficiently large n, if λ ∈ Λ

has absolute value 1− 1
2qn

, then (SAIλ
∩Λ) \ {λ} contains only points on the circles of radii

strictly larger than |λ|. On each of these circles, the number of these points is of order

pk ×A|Iλ| = pkA(1− |λ|). Therefore

1

1− |λ|

∑

µ6=λ
µ∈SAIλ

(1− |µ|)

can be estimated by A
∑

k≥n+1
pk

2qk
, and thus tends to 0 by (8.2). Therefore Λ is a thin

sequence by Proposition 4.2.

On the other hand, EB = ∅. Actually, as in [7], more can be proved, namely that
∑

λ∈Λ
1−|λ|
|ζ−λ|

= ∞ for all ζ ∈ T. Indeed, for ζ ∈ T, we have

∑

λ∈Λ

1− |λ|

|ζ − λ|
=

∑

n≥1

1

2qn

∑

|λ|=rn

1

|ζ − λ|
.

For each fixed n, if |λ| = rn, then, with the possible exception of two points, |ζ − λ| is

comparable to |rnζ−λ|. The other points λ on this circle are at distances to ζ comparable

to j · 2π
pn

, with j = 1, 2, . . . , pn − 2. Therefore

∑

|λ|=rn

1

|ζ − λ|
≥ C

pn−2
∑

1

1
j

pn

≤ Cpn log pn.

Then
∑

λ∈Λ

1− |λ|

|ζ − λ|
≥ C

∑

n≥1

1

2qn
pn log pn = ∞

as required.
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1. Introduction

Given a Banach space X and a sequence (xn)n≥1 ⊂ X , the question of complete-
ness of sequences (xn)n≥1 in X is classical and appears in many problems. In this
paper, we deal with a stronger property than completeness.

Definition 1.1. Let X be a Banach space. An infinite sequence (xn)n≥1 whose terms
are pairwise distinct is overcomplete in X if every infinite subsequence (xnk

)k≥1

of (xn)n≥1 is complete in X , i.e. span{xnk
: k ≥ 1} = X , where span denotes the

closed linear hull.

One might expect that overcomplete sequences were rare, but in fact V. Klee
[13] proved that every separable Banach space contains an overcomplete sequence.
Such sequences (also known as hypercomplete or densely-closed sequences) have
been much studied in the theory of the geometry of Banach spaces, originally
because of their links with the existence of bases. See the book of Singer [17] for
further details.

In this paper, we study the following problem due to N. Nikolski and consid-
ered previously in [9].
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Problem 1. Find necessary and sufficient conditions concerning the inner func-
tion Θ and the sequence (λn)n≥1 of D in order to obtain overcompleteness of
(kΘ(·, λn))n≥1 in the model space Kp

Θ.

In fact overcompleteness of (kΘ(·, λn))n≥1 in Kp
Θ is equivalent to the following

assertion: if f ∈ Kq
Θ satisfies f(λnp) = 0 for (λnp)p≥1 an infinite subsequence of

(λn)n≥1, then f = 0.
The characterization of overcompleteness is linked to the same problem for

completeness, which is rather difficult, even in the special case of sequences of
exponential type (see [3, 14] for partial results in this direction).

The plan of the paper is the following. The next section contains preliminary
material on Hardy spaces and inner functions. In Section 3, we study reflexive
Banach spaces X of holomorphic functions on a domain Ω admitting evaluations
Eλ at points λ ∈ Ω. We give necessary conditions and sufficient conditions for
the overcompleteness of (Eλn)n≥1 in X . The main result of this section is the
following:
if X ∩H∞(Ω) is dense in X , then the overcompleteness of (Eλn)n≥1 implies the

strong relative compactness of (Eλn)n≥1.
In Section 4, we provide a characterization of the overcomplete sequences of expo-
nentials, i.e.

(eiµnt)n≥1 is overcomplete in L2(0, a) ⇐⇒ supn≥1 |µn| < ∞.
The main result of Section 5 is a geometric necessary and sufficient condition for the
overcompleteness of kΘ(·, λn)n≥1 in reflexive spaces Kp

Θ, holding for a wide class of
inner functions Θ. We also study the links between overcompleteness of sequences
of reproducing kernels and properties of minimality or uniform minimality of all
their infinite subsequences. We conclude with some illustrative examples analysed
using the theory of Toeplitz operators.

2. Preliminaries

For 1 ≤ p ≤ +∞, Hp will denote the standard Hardy space of the open unit disk
D in C, which we identify with the subspace of functions f ∈ Lp(T) for which
f̂(n) = 0 for all n < 0 [5, 10]. Here T denotes the unit circle with normalized
Lebesgue measure. Recall that a function Θ ∈ H∞ is called inner if |Θ(ζ)| = 1
for almost ζ ∈ T. We associate with each inner function Θ the model space Kp

Θ

defined by

Kp
Θ := Hp ∩ΘHp

0 = {f ∈ Hp : 〈f, Θg〉 = 0, g ∈ Hq},
where Hp

0 = {f̄ : f ∈ Hp : f(0) = 0} and where p and q are conjugate exponents.
For p ∈ (1,∞), Beurling’s theorem ([10], Chap. II) states that every nontriv-

ial closed invariant subspace of Hp for S∗ : f �−→ f − f(0)
z

is of the form Kp
Θ.

The study of the subspaces Kp
Θ is relevant in various subjects such as rational
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approximation [8, 11, 16], Toeplitz operators [4, 6] and spectral theory for general
linear operators [15]. The reproducing kernels in the subspaces Kq

Θ are the func-
tions kΘ(., λ) ∈ Kp

Θ such that f(λ) = 〈f, kΘ(., λ)〉 for λ ∈ D and f ∈ Kq
Θ. By [12]

they are given by

kΘ(z, λ) =
1−Θ(λ)Θ(z)

1− λz
.

Recall that if Θ is an inner function in H∞, then Θ has a canonical decom-
position of the form

Θ(z) = eiαzN
∏

n≥1

|an|
an

an − z

1− anz
exp

(
−

∫

T

ζ + z

ζ − z
dµ(ζ)

)
(2.1)

where α ∈ R, an = 0,
∑

n≥1(1− |an|) < ∞ and where µ is a non-negative singular
measure.

Definition 2.1. Let Θ be an inner function in H∞. The spectrum of Θ is denoted
by σ(Θ) and is defined to be the complement in D of the set {ξ ∈ D : 1

Θ can be
analytically continued in a (full) neighbourhood of ξ}.

It follows from [15], p. 63, that σ(Θ)∩T = {ξ ∈ T : lim infz→ξ |Θ(z)| = 0} and
if Θ has the canonical decomposition (2.1), then σ(Θ) = clos{an : n ≥ 1}∪supp µ,
where supp(µ) denotes the support of µ and clos denotes the closure.

A useful fact concerning the spectrum of an inner function is contained in
the following proposition.

Proposition 2.2 ([15], p. 65). Let Θ be an inner function and p ∈ (1,∞). The set
T \ σ(Θ) coincides with the set of points ξ such that every function in the model
space Kp

Θ admits an analytic continuation across ξ.

We shall also require another set associated with Θ, defined as follows.

Definition 2.3. Let Θ be an inner function with the canonical decomposition (2.1).
Then define the Ahern–Clark set EΘ [1] by:

EΘ :=




ζ ∈ T :
∑

n≥1

1− |an|2
|ζ − an|2 + 2

∫

T

dµ(t)
|t− ζ|2 < +∞




 .

Note that T \σ(Θ) ⊂ EΘ, but as we shall see later these sets can be distinct.
Also recall that the set EΘ is an open set relative to T. When Θ is an inner
function on D and ζ0 is a point in T, one says that Θ has an angular derivative in
the sense of Carathéodory at ζ0 if Θ has a non-tangential limit at ζ0 of modulus 1
and in addition the derivative Θ′ of Θ has a non-tangential limit at ζ0. We have
the following characterization of such points:

Proposition 2.4. Let Θ be an inner function and ζ0 ∈ T. Then the following as-
sertions are equivalent:

(i) Θ has an angular derivative in the sense of Carathéodory at ζ0.
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(ii) lim inf
z∈D

z→ζ0

1− |Θ(z)|2
1− |z|2 < ∞ .

(iii) ζ0 ∈ EΘ.

The equivalence between (i) and (ii) follows from Carathéodory’s Theorem
[16] and for the equivalence between (ii) and (iii) see [7].

Finally, we need the notion of minimal sequences.

Definition 2.5. Let (xn)n≥1 be a sequence of a Banach space X . Then (xn)n≥1

is called minimal if for every n ≥ 1, we have xn ∈ span{xk : k = n}. Moreover,
(xn)n≥1 is called uniformly minimal if infn≥1 dist(xn/‖xn‖, span{xk : k = n}) > 0.

A standard application of the Hahn–Banach theorem gives the following char-
acterization of minimality and uniform minimality ([15], p. 131).

Proposition 2.6. Let (xn)n≥1 be a sequence of a Banach space X.

1. (xn)n≥1 is minimal if and only if there exists a sequence (x∗n)n≥1 in X∗

satisfying < xn, x∗k >= δn,k where δn,k is the Kronecker symbol. Such a
sequence is called a biorthogonal sequence of (xn)n≥1.

2. (xn)n≥1 is uniformly minimal if and only if there exists a biorthogonal se-
quence (x∗n)n≥1 of (xn)n≥1 such that supn≥1 ‖xn‖‖x∗n‖ < ∞.

3. Overcomplete sequences in reflexive Banach spaces

First of all, we recall a useful lemma.

Lemma 3.1 ([2]). Let (yn)n≥1 be a sequence in a Banach space X satisfying the
condition inf

n≥1
‖yn‖ > 0 and such that (yn)n≥1 tends weakly to 0. Then (yn)n≥1

has a subsequence (ynp)p≥1 which is a basic sequence, i.e., a Schauder basis in its
span.

Now, we can give a general necessary condition for overcompleteness.

Theorem 3.2. Let X be a reflexive Banach space and (xn)n≥1 ⊂ X a bounded
infinite sequence of pairwise distinct vectors. If (xn)n≥1 does not contain a uni-
formly minimal subsequence (so, in particular if (xn)n≥1 is overcomplete in X),
then (xn)n≥1 is strongly relatively compact.

Proof. Suppose that (xn)n≥1 is not strongly relatively compact. As (xn)n≥1 is
bounded, we can find y ∈ X and a subsequence (xnk

)k≥1 tending weakly to y such
that inf

k≥1
‖xnk

− y‖ > 0.

First case: y = 0. Using Lemma 3.1, we obtain a subsequence of (xnk
)k≥1

which forms a basis in its span. In particular this subsequence is uniformly minimal,
which proves that (xn)n≥1 is not overcomplete in X .
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Second case: y = 0. Using once more Lemma 3.1, we can find a subsequence
(xnkp

−y)p≥1 which is a basic sequence. It follows that
⋂

i≥1

span {xnkp
−y : p ≥ i} =

{0}. Indeed, since (xnkp
−y)p≥1 is a basic sequence, for any z ∈ span{xnkp

−y : p ≥
1}, there exists a unique scalar sequence (anp)p≥1 such that z =

∑
p≥1 anp(xnkp

−
y). The minimality of (xnkp

− y)p≥1 implies that anp = 0 for p ≥ 1 if, in addition,
z ∈ ⋂

i≥1 span {xnkp
− y : p ≥ i} = {0}.

Since y = 0, there exists i0 ∈ N such that y ∈ span {xnkp
− y : p ≥ i0}.

Hence we get that X = (y, xnkp
− y)p≥i0 is a basic sequence, and thus a uniformly

minimal sequence. Let (y∗, (xnkp
−y)∗)p≥i0 be the biorthogonal sequence of X such

that supp≥i0 ‖xnkp
− y‖‖(xnkp

− y)∗‖ < ∞. One can check that ((xnkp
− y)∗)p≥i0

is also a biorthogonal sequence for (xnkp
)p≥i0 . Since (xnkp

)p≥i0 is bounded and
infp≥i0 ‖xnkp

−y‖ > 0, it follows that supp≥i0 ‖xnkp
‖‖(xnkp

−y)∗‖ < ∞. Therefore,
(xnkp

)p≥i0 is uniformly minimal. In particular, (xn)n≥1 is not overcomplete, which
ends the proof. �

In the rest of the section, we consider a reflexive complex Banach space X and
Ω a domain in C. Moreover suppose that the mapping f �−→ f is well-defined and
continuous from X into Hol(Ω) (the space of holomorphic function on Ω equipped
with the topology of the uniform convergence on compact subsets). It is a well-
known fact that the evaluations Eλ : f �→ f(λ) for λ ∈ Ω, are continuous. In this
context, we can relax the hypothesis under which we can give a necessary condition
for overcompleteness.

Theorem 3.3. Suppose that X∩H∞(Ω) is dense in X and let (λn)n≥1 be an infinite
sequence of pairwise distinct points in Ω. If (Eλn)n≥1 does not contain a uniformly
minimal subsequence (so, in particular if (Eλn)n≥1 is overcomplete in X∗), then
(Eλn)n≥1 is strongly relatively compact.

Proof. By Theorem 3.2, it suffices to show that sup
n≥1

‖Eλn‖ < +∞. Assume that

sup
n≥1

‖Eλn‖ = +∞ and let (yn)n≥1 be defined by yn = Eλn/‖Eλn‖ . For all f ∈
H∞(Ω) ∩X , we have |〈f, yn〉| = |f(λn)|/‖Eλn‖ ≤ ‖f‖∞/‖Eλn‖ → 0 as n → ∞ .
Since H∞(Ω) ∩ X is dense in X , we get that (yn)n≥1 tends weakly to 0 and
using Lemma 3.1, we find a subsequence (ynp)p≥1 which is a basic sequence and
in particular is uniformly minimal. Hence (Eλnp

)p≥1 cannot be overcomplete in
X∗. �

An obvious sufficient condition for overcompleteness is given by the following
proposition, which follows immediately from the principle of isolated zeros.

Proposition 3.4. Let (λn)n≥1 be an infinite sequence of pairwise distinct points in
Ω. If the closure of (λn)n≥1 is a subset of Ω, then (Eλn)n≥1 is overcomplete in
X∗.
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4. Overcomplete sequences in Kp
Θ, 1 < p < ∞

Before investigating overcompleteness in the reflexive model spaces Kp
Θ, it is natu-

ral to consider the problem in Hp where the reproducing kernels are kλ(z) = 1
1−λz

,
for λ ∈ D.

Theorem 4.1. Let p ∈ (1,∞) and (λn)n≥1 an infinite sequence of pairwise dis-
tinct points in D. The sequence (kλn)n≥1 is overcomplete in Hp if and only if
supn≥1 |λn| < 1.

Proof. In order to apply the results of Section 3, set Ω = D, X = Hq where
p and q are conjugate. In this context, for λ ∈ D, Eλ can be identified with
kλ. By Proposition 3.4, the condition supn≥1 |λn| < 1 implies that (kλn)n≥1 is
overcomplete in Hp. Conversely, by Theorem 3.3 the overcompleteness of (kλn)n≥1

implies in particular that supn≥1 ‖kλn‖p < ∞. Now, it is known ([15], p. 188) that
‖kλn‖p � 1

(1−|λn|2)1/q . Therefore, supn≥1 ‖kλn‖p < ∞ if and only if supn≥1 |λn| <
1. �

The study of sequences of reproducing kernels in the model spaces Kp
Θ is

often considered under the geometrical condition sup |Θ(λn)| < 1 [12]. In this case
we have the following result.

Theorem 4.2. Let p ∈ (1,∞) and (λn)n≥1 an infinite sequence of pairwise distinct
points in D. Suppose sup

n≥1
|Θ(λn)| < 1; then (kΘ(·, λn))n≥1 is overcomplete in Kp

Θ

if and only if sup
n≥1

|λn| < 1.

Proof. Set Ω = D, X = Kq
Θ where p and q are conjugate. For λ ∈ D, the evaluation

Eλ on X can be identified with kΘ(·, λ). By Proposition 3.4, the second condition
is sufficient for the overcompleteness. By Theorem 3.3, overcompleteness implies
in particular that supn≥1 ‖kΘ(·, λn)‖p < ∞. But we have

‖kΘ(·, λn)‖p
p

1
2π

∫ 2π

0

∣∣∣∣∣
1−Θ(λn)Θ(eit)

1− λneit

∣∣∣∣∣

p

dt ≥ (1−|Θ(λn)|)p 1
2π

∫ 2π

0

1
|1− λneit|p dt.

Since supn≥1 |Θ(λn)| < 1, there is a positive constant c such that ‖kΘ(·, λn)‖p
p ≥

c‖kλn‖p
p. It follows that supn≥1 ‖kλn‖p < ∞, and hence supn≥1 |λn| < 1, as shown

in the proof of Theorem 4.1. �

The study of bases of exponentials in L2(0, a) provided the original motivation
for the development of the functional model approach in [12]. In the remainder of
this section we discuss in more detail overcompleteness of exponentials. Some pre-
liminaries are needed to translate the problem into the language of model spaces.

If C+ = {z ∈ C : Im z > 0}, then we define the conformal mapping φ : C+ →
D by φ(z) = z−i

z+i . The operator (Uf)(z) = 1
π(z+i)f(φ(z)) maps H2 unitarily onto

the Hardy space H2(C+). The corresponding transformation for functions in H∞

is f �→ f ◦ φ; it maps inner functions in D into inner functions in C+. We have
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then UKΘ = H2(C+)� (Θ ◦ φ)H2(C+), and U(kΘ
λ ) is the reproducing kernel for

the point φ(λ).
The Blaschke factor corresponding to µ ∈ C+ is b+

µ (z) = z−µ
z−µ̄ and the

Blaschke product with zeros (µn)n≥1 is B+(z) =
∏

n≥1 cµnb+
µn

(z), the coefficients
cµn being chosen as to make all terms positive at z = i.

Let F : L2(R) → L2(R) be the Fourier transform. Then FU maps H2 unitar-
ily onto L2(0,∞). If Θa(z) = ea z+1

z−1 , then FU maps KΘa unitarily onto L2(0, a); the
reproducing kernel kΘa(·, λ) (λ ∈ D) is mapped (up to a nonzero constant) into eiµt,
where µ = −φ−1(λ). Note that |Θa(λn)| = e−a Im µn and thus supn≥1 |Θa(λn)| < 1
if and only if infn≥1 Im µn > 0.

Therefore, the previous results can then be adapted to the case of exponen-
tials eiµnt, with infn≥1 Im µn > 0. Nevertheless we will see that the hypothesis
infn≥1 Im µn > 0 can be removed.

Theorem 4.3. Let a > 0 and (µn)n≥1 be an infinite sequence of pairwise distinct
points in C. Then (eiµnt)n≥1 is overcomplete in L2(0, a) if and only if supn≥1 |µn| <
∞.

Proof. Consider the sequence (µ∗n)n≥1 defined as follows:

µ∗n =
{

µn if Imµn ≥ 0,
µn if Imµn < 0.

We will prove that

(eiµnt)n≥1 is overcomplete in L2(0, a) ⇐⇒ (eiµ∗nt)n≥1 is overcomplete in L2(0, a).
(4.1)

First we remark that for every infinite subset Λ of N∗, considering the anti-linear
bijection T defined by Tf(t) = f(−t + a) on L2(0, a), we have:

(eiµnt)n∈Λ overcomplete in L2(0, a) ⇐⇒ (eiµnt)n∈Λ overcomplete in L2(0, a).
(4.2)

If {n ≥ 1 : Im µn < 0} is finite or {n ≥ 1 : Im µn ≥ 0} is finite, (4.1) follows
from (4.2) and that fact that adding or deleting a finite set does not change the
overcompleteness property. Otherwise, (4.1) follows from (4.2) and the fact that
the union of two overcomplete sequences is overcomplete.

Let δ > 0. Now, considering the unitary operator U on L2(0, a) defined by
Uf(t) = eiδtf(t), we have:

(eiµ∗nt)n∈Λ overcomplete in L2(0, a) ⇐⇒ (ei(µ∗n+δ)t)n∈Λ overcomplete in L2(0, a).
(4.3)

Since infn≥1 Im(µ∗n + δ) > 0, by Theorem 4.2 and the translation of our problem
into the language of model spaces, we get:

(ei(µ∗n+δ)t)n∈Λ overcomplete in L2(0, a) ⇐⇒ sup
n≥1

|µ∗n + δ| < ∞⇐⇒ sup
n≥1

|µn| < ∞.

Using (4.1) and (4.3), the proof of the theorem follows. �
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5. Overcompleteness in Kp
Θ in terms of σ(Θ) and EΘ

The following result shows that we may assume, in the sequel, that Θ is an inner
function which is not a finite Blaschke product and thus σ(Θ) ∩ T = ∅.
Proposition 5.1. Let p ∈ (1,∞), (λn)n≥1 be an infinite sequence of pairwise dis-
tinct points in D and let Θ be a finite Blaschke product. Then (kΘ(., λn))n≥1 is
overcomplete in Kp

Θ.

Proof. Set Ω = {z ∈ C : |z| < R} where 1
R = max{z ∈ D : Θ(z) = 0} < 1 and

X = Kq
Θ where p and q are conjugate. For λ ∈ D, the evaluation Eλ on X can

be identified with kΘ(·, λ). Since clos({λn : n ≥ 1}) ⊂ {z ∈ C : |z| ≤ 1} ⊂ Ω, by
Proposition 3.4, (kΘ(., λn))n≥1 is overcomplete in Kp

Θ. �

Proposition 5.2. Let p ∈ [2,∞), (λn)n≥1 be an infinite sequence of pairwise distinct
points in D. We have the following sequence of implications:

(SC) infn≥1 dist(λn, σ(Θ) ∩ T) > 0
⇓

(OV C) (kΘ(., λn))n≥1 is overcomplete in Kp
Θ

⇓
(NC1) (kΘ(., λn))n≥1 is strongly relatively compact in Kp

Θ

⇓
(NC2) sup

n≥1

1− |Θ(λn)|2
1− |λn|2 < ∞

⇓
(NC3) infn≥1 dist(λn, T \ EΘ) > 0

Moreover, for p ∈ (1, 2), (SC) ⇒ (OV C) ⇒ (NC1) remains true.

Proof. Let p ∈ (1,∞). Set Ω = C \ (σ(Θ) ∪ { 1
z : Θ(z) = 0}) and X = Kq

Θ

where p and q are conjugate. Using Proposition 2.2, X embeds continuously into
Hol(Ω). Then (SC) =⇒ (OV C) and (OV C) =⇒ (NC1) applying respectively
Proposition 3.4 and Theorem 3.3.

Now take p ∈ [2,∞). If (NC1) is satisfied, then supn≥1 ‖kΘ(·, λn)‖p < ∞,
since relatively compact sets are bounded. Since p ≥ 2 we have:

sup
n≥1

1− |Θ(λn)|2
1− |λn|2 = sup

n≥1
‖kΘ(., λn)‖2

2 ≤ sup
n≥1

‖kΘ(., λn)‖2
p < ∞,

which implies that (NC2) is satisfied. To prove that (NC2) =⇒ (NC3), take ζ0 be

a limit point of (λn)n≥1 in T. Then since lim inf
z∈D

z→ζ0

1− |Θ(z)|2
1− |z|2 ≤ sup

n≥1

1− |Θ(λn)|2
1− |λn|2 <

∞, it follows from Proposition 2.4 that ζ0 ∈ EΘ. Since T \ EΘ is closed, there
exists δ > 0 such that for every n, dist(λn, T \ EΘ) ≥ δ. �

In the case where EΘ = T\σ(Θ), Proposition 5.2 provides a characterization
of overcomplete sequence of reproducing kernels in Kp

Θ for p ≥ 2. The next theorem
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provides an explicit class of inner functions Θ for which EΘ = T\σ(Θ). First, recall
that a sequence (αn)n≥1 ⊂ D is a Stolz sequence if there exists a finite subset e of
T and a positive constant c > such that for all n ≥ 1, dist(αn, e) ≤ c dist(αn, T).
If (αn)n≥1 is a Stolz sequence and ζ is a limit point of (αn)n≥1 then there exists
a subsequence (αnp)p≥1 and a Stolz angle

∆ζ := {z ∈ D : | arg(1− ζz)| < α, |z − ζ| < ρ} (0 < α <
π

2
, ρ < 2 cosα) ,

such that (αnp)p≥1 ⊂ ∆ζ and limp→+∞ αnp = ζ. In other words, this means that
(αnp)p≥1 converges nontangentially to ζ.

Theorem 5.3. Let p ∈ [2,∞) and (λn)n≥1 be an infinite sequence of pairwise dis-
tinct points of D. Let Θ be an inner function with the canonical decomposition (2.1).
If (an)n≥1 is a Stolz sequence and if µ has a finite support, then

(kΘ(·, λn))n≥1 is overcomplete in Kp
Θ ⇔ (SC) ⇔ (NC1) ⇔ (NC2) ⇔ (NC3).

Proof. By Proposition 5.2, it is sufficient to prove that T \ EΘ = T ∩ σ(Θ), or,
equivalently, that T \ σ(Θ) = EΘ. The inclusion T \ σ(Θ) ⊂ EΘ is true for any
inner function Θ and follows from the definitions of σ(Θ) and EΘ. Note also that
EΘ = EB ∩ ESµ and σ(Θ) = σ(B) ∪ σ(Sµ). Therefore it suffices to prove that
EB ⊂ T \ σ(B) and ESµ ⊂ T \ σ(Sµ). Write µ =

∑

λ∈supp(µ)

cλδλ where supp(µ)

is the support of µ, cλ > 0 and δλ is the Dirac measure at λ. If ζ0 ∈ ESµ , then∫

T

dµ(t)
|t− ζ0|2 < ∞, that is,

∑

λ∈supp(µ)

cλ

|λ− ζ0|2 < ∞. Since the support of µ is finite,

we conclude that infλ∈supp(µ) |λ−ζ0| infλ∈σ(Sµ) |λ−ζ0| > 0, and thus ζ0 ∈ T\σ(Sµ).
It remains to check that EB ⊂ T \ σ(B). Take ζ0 ∈ EB ∩ σ(B). Since,

ζ0 ∈ EB, using Proposition 2.4, we know that B has a nontangential limit at ζ0

with |B(ζ0)| = 1. Moreover, since ζ0 ∈ σ(B) ∩ T, there exists a sequence (αn)n≥1

which tends to ζ0 and satisfying B(αn) = 0 for n ≥ 1. Since (αn)n≥1 is a Stolz
sequence, it follows that B(ζ0) = 0, which is absurd. �

Note that kΘ(·, λn) strongly converges in K2
Θ if λn → ζ ∈ EΘ nontangentially

[1, 16]. Now, assuming that the sequence (λn)n≥1 is a Stolz sequence, the conditions
(NC1), (NC2) and (NC3) are obviously equivalent with p = 2.

We now give a characterization of overcomplete sequences of reproducing
kernels (kΘ(·, λn))n≥1 for some particular Blaschke products Θ whose sets of zeros
are not necessarily Stolz sequences. If Θ is inner and α ∈ D, then we define
Θα = Θ−α

1−αΘ . Then Θα is also an inner function and according to theorem of
Frostman, for almost all α ∈ D, it is actually a Blaschke product.

Proposition 5.4. Let p ∈ [2,∞) and (λn)n≥1 is an infinite sequence of pairwise
distinct points of D. Let Θ be a Blaschke product and suppose that there exists
α ∈ D and a singular inner function S with finite support such that Θ = Sα. Then

(kΘ(·, λn))n≥1 is overcomplete in Kp
Θ ⇔ (SC) ⇔ (NC1) ⇔ (NC2) ⇔ (NC3).
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Proof. It is not difficult to check that the formula U(f) =
√

1− |α|2 f
1−αΘ de-

fines a unitary operator U : Kp
S → Kp

Θ which maps (up to a nonzero constant)
kS(·, λn) into kΘ(·, λn). Therefore (kΘ(·, λn))n≥1 is overcomplete in Kp

Θ if and only
if (kS(·, λn))n≥1 is overcomplete in Kp

S . Moreover it follows from the very defini-
tion of the spectrum and Proposition 2.4 that ES = EΘ and σ(S)∩T = σ(Θ)∩T.
Applying Theorem 5.3, we conclude the proof of the proposition. �

Let S(z) = e
z−1
z+1 , a singular inner function whose support is {−1}. For almost

every α ∈ D, Sα is a Blaschke product. An easy calculation shows that the set of
zeros of Sα, say (an)n≥1, satisfies the equation

∣∣∣∣an − ln |α|
1− ln |α|

∣∣∣∣ =
1

1− ln |α| ,

which means that the sequence (an)n≥1 is on a circle tangent to T and thus (an)n≥1

is not a Stolz sequence. Theorem 5.3 does not apply; however, Proposition 5.4 gives
a criterion for overcompleteness in KSα .

In the introduction we have already mentioned the links between overcom-
pleteness and minimality and uniform minimality. The next theorem gives the
precise statements.

Theorem 5.5. Let p ∈ (1,∞) and (λn)n≥1 an infinite sequence of pairwise distinct
points in D.

1. The sequence (kΘ(·, λn))n≥1 is overcomplete in Kp
Θ if and only if it has no

infinite subsequence which is minimal.
2. The sequence (kΘ(·, λn))n≥1 is strongly relatively compact in Kp

Θ if and only
if it is bounded and has no infinite subsequence which is uniformly minimal.

Proof. 1. By definition, an overcomplete sequence in a Banach space does not con-
tain any infinite minimal subsequence. Conversely, if (kΘ(·, λn))n≥1 is not over-
complete, there exists an infinite subsequence (kΘ(·, λnp))p≥1 which is not com-
plete in Kp

Θ. By the Hahn–Banach theorem, there exists g ∈ Kq
Θ \ {0} such that

g(λnp) = 0, p ≥ 1. Now, if mp is the multiplicity of the zero at λnp of g, the function

Ψnp defined by Ψnp = g
(bλnp

)mp , with bλnp
(z) =

z−λnp

1−λnpz
, belongs to Kq

Θ ([15], p.

211). By construction (
Ψnp

Ψnp(λnp ) )p≥1 is a biorthogonal sequence of (kΘ(·, λnp))p≥1.
Therefore, the infinite subsequence (kΘ(·, λnp))p≥1 is minimal.
2. By Theorem 3.2, if (xn)n≥1 is a bounded sequence in a reflexive Banach space
which does not contain any uniformly minimal sequence is necessarily strongly
relatively compact. Conversely, first note that

‖kΘ(·, λn)‖ ≥
∣∣∣∣

〈
PΘ1

‖PΘ1‖q
, kΘ(·, λn)

〉∣∣∣∣
|1−Θ(0)Θ(λn)|

‖PΘ1‖q
≥ 1− |Θ(0)|

‖PΘ1‖q
.

Therefore, there exists c > 0 such that infn≥1 ‖kΘ(·, λn)‖ ≥ c. It follows that

dist
(

kΘ(·, λn)
‖kΘ(·, λn)‖ , span{kΘ(·, λk) : k = n}

)
≤ inf

k �=n

‖kΘ(·, λn)− kΘ(·, λk)‖
c

.
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Thus, if (kΘ(·, λn))n≥1 is strongly relatively compact, it is clear that (kΘ(·, λn))n≥1

is bounded and cannot have a uniformly minimal infinite subsequence. �

By means of examples we obtain further information on the links between
some of the conditions considered.

Proposition 5.6. The condition (NC3) is strictly weaker than (NC2); furthermore,
the condition (NC1) is strictly weaker than (SC).

Proof. We first construct an example where (SC) is not valid but (NC1) is satis-
fied. Let

an =
1
n + i( 1

2n − 1)
1
n + i( 1

2n + 1)

for n ≥ 1. Since 1− |an|2 � 1
2n , (an)n≥1 is a Blaschke sequence. Let (λn)n≥1 be a

Blaschke sequence which converges to −1 and which satisfies the Stolz condition.
Denote by B the Blaschke product associated with (λn)n≥1. Since σ(B)∩T = {−1}
and limn→∞ an = −1, applying Theorem 5.3, it follows that (kB(·, an))n≥1 is not
overcomplete in K2

B. Therefore there exists a subsequence (anp)p≥1 of (an)n≥1

such that (kB(·, anp))p≥1 is not complete in K2
B. By Lemma 97 of [15], this is

equivalent to the condition that kerTBΘ1
= {0} where Θ1 is the Blaschke product

associated with (anp)p≥1. By Coburn’s lemma [15, Lemma 43, p. 318], it follows
that {0} = kerT ∗

BΘ1
= kerTΘ1B. Applying once more Lemma 97 of [15], we

deduce that the sequence (kΘ1(·, λn))n≥1 is complete in K2
Θ1

. Obviously, we have
σ(Θ1) = {−1}. Nevertheless we have EΘ1 = T. Indeed, since T \ σ(Θ1) ⊂ EΘ1 , we
get T \ {−1} ⊂ EΘ1 . By Definition 2.3, −1 ∈ EΘ1 if and only if

∑

p≥1

1− |anp |2
|1 + anp |2

< ∞ .

But this convergence follows from the estimate 1− |anp |2 � 1
2np and the existence

of a constant c > 0 such that |1 + anp |2 ≥ c
n2

p
. Therefore, we get EΘ1 = T. Now,

since (λn)n≥1 is a Stolz sequence, (kΘ1(·, λn))n≥1 converges in norm in K2
Θ1

, and
then satisfies the condition (NC1) but (SC) is not valid.

Moreover, if one takes Θ1 defined as previously and λn = an, then Θ1(λn) =
0, which implies that (NC2) does not hold, whereas (NC3) is valid since EΘ1 =
T. �
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paces modèles. Thesis, University of Bordeaux I, 1999.

[10] J. B. Garnett, Bounded analytic functions. Academic Press, New-York, 1981.

[11] E. Hayashi, Classification of nearly invariant subspaces of the backward shift. Proc.
Amer. Math. Soc. 110 (1990), 441–448.
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F-69622 Villeurbanne Cedex, France
e-mail: chalenda@igd.univ-lyon1.fr

fricain@igd.univ-lyon1.fr

J. R. Partington
School of Mathematics, University of Leeds
Leeds LS2 9JT, United Kingdom
e-mail: J.R.Partington@leeds.ac.uk

Submitted: March 10, 2005



130 Chap. 6 : Annexes

6.1.3 Référence [T3]

Auteurs
E. Fricain

Titre
Bases of reproducing kernels in de Branges spaces.

Paru dans
J. Funct. Anal., 226 (2005), no. 2, 373–405.



Journal of Functional Analysis 226 (2005) 373 – 405

www.elsevier.com/locate/jfa

Bases of reproducing kernels in de Branges spaces
E. Fricain∗

Institut Girard Desargues, UFR de Mathématiques, Université Claude Bernard Lyon 1, 21,
avenue Claude Bernard, FR-69622 Villeurbanne Cedex, France

Received 23 August 2004; accepted 15 November 2004
Communicated by G. Pisier

Available online 5 March 2005

Abstract

This paper deals with geometric properties of sequences of reproducing kernels related to
de-Branges spaces. Ifb is a nonconstant function in the unit ball ofH∞, and Tb is the
Toeplitz operator, with symbolb, then the de-Branges space,H(b), associated tob, is defined
by H(b)= (Id − TbTb)1/2H2, whereH2 is the Hardy space of the unit disk. It is equipped

with the inner product such that(Id−TbTb)1/2 is a partial isometry fromH2 onto H(b). First,
following a work of Ahern–Clark, we study the problem of orthogonal basis of reproducing
kernels inH(b). Then we give a criterion for sequences of reproducing kernels which form
an unconditional basis in their closed linear span. As far as concerns the problem of complete
unconditional basis inH(b), we show that there is a dichotomy between the case whereb is
an extreme point of the unit ball ofH∞ and the opposite case.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

This paper is devoted to geometric properties of sequences of reproducing kernels
in de-Branges spaces. These spaces, first studied by de Branges and Rovnyak[6], are
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(not necessarily closed) subspaces of the Hardy spaceH 2 of the unit disk,D. Recall
first that

H 2 :=
{
f : D → C analytic: sup

0� r<1

∫
T
|f (r�)|2 dm(�) <∞

}
,

whereT is the unit circle anddm is the normalized Lebesgue measure onT. As usual,
H 2 will be identified (via radial limits) with the space ofL2 = L2(T) functions whose
negatively indexed Fourier coefficients vanish. Norm and inner product inL2 or H 2

will be denoted by‖ · ‖2 and 〈·, ·〉2, respectively.
Let P+ denote the orthogonal projection ofL2 ontoH 2. For � ∈ L∞, let T� denote

the Toeplitz operator with symbol� defined onH 2 by T�f = P+(�f ). The de-Branges
space,H(�), associated to� consists of thoseH 2 functions which belong to the range
of the operator(Id − T�T�)

1/2. It is a Hilbert space when equipped with the inner
product

〈f, g〉� := 〈PKer(Id−T�T�)
⊥f1, PKer(Id−T�T�)

⊥g1〉2,

where f = (Id − T�T�)
1/2f1, g = (Id − T�T�)

1/2g1 and PKer(Id−T�T�)
⊥ denotes

the orthogonal projection ofH 2 onto Ker(Id − T�T�)
⊥. Note thatH(�) is contained

contractively inH 2 and the inner product is defined in order to make(Id − T�T�)
1/2

a partial isometry ofH 2 ontoH(�). The norm ofH(�) will be denoted by‖ · ‖�.
For � ∈ D, we let k� denote the kernel function for the functional onH 2 of

evaluation at�; it is given byk�(z) = (1−�z)−1 (z ∈ D) and satisfiesf (�) = 〈f, k�〉2
(f ∈ H 2). SinceH(�) is contained contractively inH 2, the restriction toH(�) of
evaluation at� is a bounded linear functional onH(�). It is thus induced, relative to
the inner product inH(�), by a vectork�� in H(�). It is easy to see ([19, (II-3)]) that
k
�
� = (Id − T�T�)k� and

f (�) = 〈f, k�� 〉�,

for all f ∈ H(�). From now on,b will be a nonconstant function in the unit ball of
H∞, that is an holomorphic and bounded function inD, with ‖b‖∞�1. Then since
Tbk� = b(�)k�, we have

kb� = (Id − TbTb)k� =
1− b(�)b

1− �z
.

It is easy to see thatH(b) is a closed subspace ofH 2 if and only if Tb is a partial
isometry. That happens if and only ifb is an inner function, that is a function in
H∞ whose radial limits are of modulus one almost everywhere. ThenH(b) is the
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orthogonal complement of the Beurling invariant subspacebH 2, the typical nontrivial
invariant subspace of the shift operatorS. Hence, the spaceH(b), with b inner, are
the nontrivial invariant subspaces of the backward shiftS∗. In this case, starting with
the work of Hruscev, Nikolski and Pavlov, a whole direction of research has investi-
gated geometric properties of reproducing kernels inH(b) (see[4,9–11]). One of the
motivation to study geometric properties of reproducing kernels inH(b) is the link be-
ing with nontrigonometric exponentials systems. Recall that in the special case where
b(z) = exp(a z+1

z−1), a > 0, the reproducing kernelskb� , with � ∈ D, arise as the range

of the exponential functions exp(−i�w)�(0,a), with � = i 1+�
1−� , under a natural unitary

map going fromL2(0, a) to H(b). Geometric properties of family of exponentials arise
in many problems such as scattering theory, controllability and analysis of convolution
equations (see [3,11] for details). We intend to provide a comprehensive treatment of
geometric properties of reproducing kernels ofH(b), emphasizing the parallel with the
particular case whereb is an inner function.

We now recall some basic definitions concerning geometric properties of sequences
in an Hilbert space. For most of the definitions and facts below, one can use [14] as
a main reference.

Let H be a complex Hilbert space. If(xn)n�1 ⊂ H, we denote bySpan(xn : n�1)
the closure of the linear hull generated by(xn)n�1. The sequence(xn)n�1 is called:

(Co) completeif Span(xn : n�1) = H;
(M) minimal if for all n�1, xn /∈ Span(xm : m �= n);
(UM) uniformly minimal if inf

n�1
dist

(
xn

‖xn‖ ,Span(xm : m �= n)
)
> 0;

(UBS) an unconditional basis in its closed linear spanif every elementx ∈ Span(xn :
n�1) can be uniquely decomposed in an unconditional convergent seriesx =∑
n�1

anxn;

(RS) a Riesz basis in its closed linear spanif there are positive constantsc, C such
that

c
∑
n�1

|an|2�

∥∥∥∥∥∥
∑
n�1

anxn

∥∥∥∥∥∥
2

�C
∑
n�1

|an|2, (1)

finite complex sequences(an)n�1;
(UB) an unconditional basis ofH if it is complete and an unconditional basis in its

closed linear span.

Obviously we have

(UB) �⇒ (RS) �⇒ (USB) �⇒ (UM) �⇒ (M).

In general, all the converse implications are false but Köthe–Topelitz theorem asserts
that if ‖xn‖ � 1, then(USB)⇐⇒ (RS).
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The Gram matrix of the sequence(xn)n�1 is � = (〈xn, xm〉)n,m�1. Unconditional
basis are characterized by the fact that� defines an invertible operator on�2.

We recall some well-known facts concerning reproducing kernels inH 2. Let � =
(�n)n�1 be a sequence of distinct points inD and denote byxn = k�n

‖k�n‖2
the nor-

malized reproducing kernel. Then we have

• (k�n)n�1 is minimal if and only if (�n)n�1 is Blaschke sequence (which means
that

∑
n�1(1 − |�n|) < ∞). As usual, we denote byB = B� = ∏

n�1 b�n , where

b�n(z) = |�n|
�n

�n−z
1−�nz

.

• If (�n)n�1 is a Blaschke sequence, then(k�n)n�1 is complete inH(B).
• (xn)n�1 is a Riesz basis ofH(B) if and only if it is uniformly minimal which is

equivalent to(�n)n�1 satisfies the Carleson condition

inf
n�1

|Bn(�n)| > 0,

whereBn = B/b�n ; we will write in this case(�n)n�1 ∈ (C).
In this paper, we intend to study the property of unconditional basis for sequences of
reproducing kernels inH(b). The study of the spacesH(b) frequently bifurcates into
two cases dependingb is an extreme point of the unit ball ofH∞ or not. We will show
that for the property of unconditional basis inH(b), there exists a dichotomy between
the two cases. Recall that de Leeuw and Rudin[7] proved thatb is an extreme point
of the unit ball ofH∞ (abbreviated byb is extreme) if and only if

∫
T

log(1− |b|2) dm = −∞.

We now precise some notations that will be used in this paper. For a positive finite
Borel measure� on T and q a function inL2(�), we let

(K�q)(z) :=
∫

T

q(ei	)

1− e−i	z d�(e
i	), z ∈ C \ T,

and we think ofK� as a linear transformation ofL2(�) into the space of holomorphic
functions inC\T. Moreover, we letH 2(�) be the closed linear span ofzn, n�0, (for the
norm ofL2(�)) and we denote byZ� the operator of multiplication by the independant
variable onH 2(�). If � is absolutely continuous and
 is its Radon–Nikodym derivative
with respect to normalized Lebesgue measure, we writeK
 in place ofK�, H 2(
) in
place ofH 2(�) andZ
 in place ofZ�. Notice that ifq ∈ L2(
) then q
 ∈ L2 and

K
q = P+(q
).
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The plan of the paper is the following: the next section deals with the problem of
orthogonal basis of reproducing kernels inH(b). As for the classical case whereb
is inner, this problem depends on the spectral study of a rank one perturbation of
X∗, whereX = S∗|H(b). In particular, we prove (Corollary2.2) that if b is not an
inner function, thenH(b) does not possess orthogonal basis of reproducing kernels.
In Section 3, we give a criterion for the property of unconditional basis in its closed
linear span (Theorems 3.1 and 3.2). Then we give some applications of this criterion,
which are generalizations of results concerning the classical case. In Section 4, we
study the case whereb is extreme and prove thatId − TbTb is an invertible operator
from H(u) ontoH(b), with u an inner function, if and only ifdist(ub,H∞) < 1 and
dist(zub,H∞) = 1 (Theorem 4.1). Then we use this result to characterize sequences
(kb�n

)n�1 which form an unconditional basis ofH(b) (Theorem 4.2). In Section 5, we
study the case whereb is not an extreme point. Contrary to the extreme case, we show
that H(b) cannot possess unconditional basis of reproducing kernels (Corollary 5.1).
Then, we get a characterization of completeness (Proposition 5.2) and finally making
further assumption on the multiplier ofH(b), we give a result concerning summation
basis of reproducing kernels (Theorem 5.1).

2. Orthogonal bases of reproducing kernel

It is clear that if (�n)n�1 ⊂ D, then the family(kb�n)n�1 cannot be orthogonal. In
some cases, it is possible, however, to consider reproducing kernels with poles on the
unit circle. Let

b(z) = zN
∏
n

|an|
an

an − z
1− anz exp

(
−
∫

T

�+ z
�− z d�(�)

)

be the canonical factorization ofb, where
∑
n(1−|an|) <∞ and where� is a positive

Borel measure onT and set

Eb :=
{

� ∈ T :
∑
n

1− |an|2
|�− an|2 +

∫
T

d�(t)
|t − �|2 < +∞

}
.

Recall that we say thatb has an angular derivative in the sense of Carathéodory at the
point � of T if b andb′ have a nontangential limit at� and |b(�)| = 1. Then we have

the following criterion for the inclusionkb� := 1− b(�)b
1− �z

∈ H(b), � ∈ T.

Theorem A (Ahern and Clark[2] and Sarason[19] ). Let b ∈ H∞, ‖b‖∞� 1 and
� ∈ T. Then the following assertions are equivalent:

(i) there is a complex number c of unit modulus such that the function
1− cb(z)

1− �z
is

in H(b);
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(ii ) � ∈ Eb;

(iii ) lim inf
z→�

1− |b(z)|
1− |z| < +∞;

(iv) b has an angular derivative in the sense of Carathéodory at�;
(v) every function inH(b) has a nontangential limit at the point�.

Moreover, in this case, the number c is unique and is given byc = b(�) := limr→1

b(r�). If kb� := 1− b(�)b
1− �z

, then for all f ∈ H(b), we have

f (�) = 〈f, kb�〉b.

Let now �, �′ ∈ Eb, � �= �′ and assume thatb(�) = b(�′) = �, |�| = 1. Then

〈kb�, kb�′ 〉b = kb�(�′) =
1− b(�)b(�′)

1− ��′
= 0.

So if we want to get an orthogonal sequence of reproducing kernel(kb�n
)n�1, we have

to choose sequence(�n)n�1 such that(�n)n�1 ⊂ Eb and b(�n) = �, n�1, |�| = 1.
Following the work of Ahern–Clark[1] concerning the classical case whereb is an
inner function, we proceed first to a study of rank one perturbations ofX∗ which are
isometry, whereX = S∗|H(b). Recall that if� ∈ H∞, thenH(b) is invariant underT�
and the norm ofT� as an operator inH(b) does not exceed‖�‖∞. HenceS∗ = Tz acts
as a contraction inH(b) (see [19, (II-7)]). Recall also that we have (see [19, (II-9)])

X∗h = Sh− 〈h, S∗b〉bb (h ∈ H(b)). (2)

2.1. Spectral properties of rank one perturbation ofX∗

In this subsection, we proceed to an investigation of spectral properties of rank
one perturbations ofX∗ which are isometry. Actually, our study goes beyond what is
necessary for our treatment of the existence of orthogonal basis. First we give results
concerning spectral properties forX∗. We will see that these properties depend whether
b is an extreme point or not (for the analogue results forX, see[19, (IV-5), (V-7) and
(V-8)]).

Lemma 2.1. Let b ∈ H∞, ‖b‖∞�1 and h ∈ H(b). Then

‖X∗h‖b = ‖h‖b ⇐⇒ 〈h, S∗b〉b = 0.

Proof. Using relation (2), we get

XX∗h = S∗(Sh− 〈h, S∗b〉bb) = h− 〈h, S∗b〉bS∗b.
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Hence

‖X∗h‖2
b = 〈XX∗h, h〉b = ‖h‖2

b − |〈h, S∗b〉b|2, (3)

which gives the lemma. �

Lemma 2.2. Let b ∈ H∞, ‖b‖∞�1. Then�p(X∗) ⊂ D.

Proof. The inclusion �p(X∗) ⊂ D follows from the fact that X∗ is a
contraction. Assume that there exist� ∈ T∩�p(X∗) and leth ∈ H(b), h /≡ 0 such that
X∗h = �h. Then ‖X∗h‖b = ‖h‖b and Lemma2.1 implies that 〈h, S∗b〉b = 0.
HenceX∗h = Sh = �h, which gives that� ∈ �p(S), which is absurd and proves the
lemma. �

Proposition 2.1. (a) If b is extreme then

�p(X∗) = {� ∈ D : b(�) = 0} and �(X∗) = �p(X∗) ∪ �(b),

where�(b) := T \ 
(b) and 
(b) denotes the set of points� ∈ T such that there exist
an open arc I, � ∈ I and b can be continued analytically across I with|b| = 1 on I.
Moreover if b(�) = 0, then

Ker(X∗ − �Id) = C

(
b

z− �

)
. (4)

(b) If b is nonextreme then�(X∗) = D.

Proof. Recall thatX∗ is completely nonunitary and if�X∗ denotes the characteristic
operator function ofX∗, in the theory of Sz-Nagy and Foias, we have (see[17])

�X∗ = b (in the extreme case) and�X∗ =
(
b

a

)
(in the nonextreme case). Spectral

properties ofX∗ follow now from a theorem of Sz-Nagy and Foias (see [20, Theorem
4.1. p. 247]). It just remains to check equality (4). Let� ∈ D, b(�) = 0 and f ∈
Ker(X∗ − �Id), f /≡ 0. Then using (2), we have

(z− �)f = 〈f, S∗b〉bb,

which implies thatf ∈ C(b/(z − �)). Thus Ker(X∗ − �Id) ⊂ C

(
b

z− �

)
and an

argument of dimension shows that there is equality.�

Rank one perturbations ofX∗ that we will interest in are defined as follows.
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Definition 2.1. If � is a complex number of modulus 1, define the operatorU� of
H(b) by

U� := X∗ + �(1− �b(0))−1kb0 ⊗ S∗b.

Proposition 2.2. The operatorU� is an isometry ofH(b). Moreover, it is a unitary
operator ofH(b) if and only if b is extreme and in this case, the U� are the only
one-dimensional perturbations ofX∗ which are unitary.

Proof. Denote by�� the measure onT whose Poisson integral is the real part of
1+ �b

1− �b
, denote byV�b the transformation defined onL2(��) by V�bq(z) = (1 −

�b(z))K��
q(z), and finally denote byZ��

the operator of multiplication by the inde-
pendant variable onH 2(��). We know (see[19, (III-8)]) that we have

U� = V�bZ��
V −1

�b
(5)

and moreoverV�b is an isometry ofH 2(��) ontoH(b). HenceU� is clearly an isometry
of H(b). We see also that this isometry is onto if and only ifZ��

is onto, which is
equivalent toH 2(��) = L2(��). But a theorem of Szegö says thatH 2(��) = L2(��) if
and only if the Radon–Nikodym derivative of the absolutely continuous part of�� with
respect to normalized Lebesgue measure is not log-integrable. Now a theorem of Fatou

shows that this Radon–Nikodym derivative equals to
1− |b|2
|1− �b|2 . Since log|1− �b|2 is

always integrable (being the logarithm of the modulus of theH∞ function 1− �b),
we see thatH 2(��) = L2(��) if and only if log(1− |b|2) is not integrable, which is
exactly the condition thatb is extreme.

Now, assume thatb is extreme and thatU := X∗ + h⊗ k, h, k ∈ H(b), is a unitary
operator. Iff ⊥ k, then we haveUf = X∗f , which gives‖X∗f ‖b = ‖f ‖b. Lemma
2.1 implies thatf ⊥ S∗b. It follows that there existc ∈ C such thatk = cS∗b,
which givesU = X∗ + h1 ⊗ S∗b, with h1 = ch. Taking the adjoint of this relation,
we see that iff ⊥ h1, then ‖Xf ‖b = ‖f ‖b. Now recall (see [19, (VIII-4)]) that
‖Xf ‖2

b = ‖f ‖2
b − |f (0)|2, which givesf (0) = 0, that isf ⊥ kb0. It follows that there

exist c1 ∈ C such thath1 = c1k
b
0 and thusU = X∗ + c1k

b
0 ⊗ S∗b. It remains to show

that there exist� ∈ T such thatc1 = �(1− �b(0))−1. Notice that for allf ∈ H(b), we
have

‖f ‖2
b = ‖Uf ‖2

b = ‖X∗f ‖2
b + |c1|2|〈f, S∗b〉b|2‖kb0‖2

b + 2 Re
(
c1〈f, S∗b〉b〈kb0, X∗f 〉b

)
.

In particular forf = S∗b, using relation (3), we get

0 = −‖S∗b‖2
b + |c1|2‖S∗b‖2

b(1− |b(0)|2)+ 2 Re(c1(X∗S∗b)(0)).
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SinceX∗S∗b = SS∗b − ‖S∗b‖2
bb, it follows that (X∗S∗b)(0) = −‖S∗b‖2

bb(0), which
implies that

0 = −1+ |c1|2(1− |b(0)|2)− 2 Re(c1b(0)).

Now define� := c1
−1 + b(0). Using the previous equality, easy computations show

that � ∈ T and c1 = �(1− �b(0))−1, which ends the proof of the proposition.�

The following lemma is a generalization of a result of Ahern–Clark[1] for the case
whereb is an inner function.

Lemma 2.3. Let � ∈ T. The following assertions are equivalent:

(i) b has an angular derivative in the sense of Carathéodory at�;
(ii) kb0 ∈ Im(Id − �X∗).

Moreover, in that case, we have(Id − �X∗)kb� = kb0.

Proof. (i) �⇒ (ii ): Since b has angular derivative in the sense of Carathéodory at�,
we know (see[19, (VI-4)]) that kbz tends tokb� in norm asz tends nontangentially to
�. Notice we have

‖(Id − zX∗)kbz − (Id − �X∗)kb�‖ = ‖(Id − zX∗)(kbz − kb� )
+((Id − zX∗)− (Id − �X∗))kb�‖

� 2‖kbz − kb�‖ + |z− �|‖X∗‖‖kb�‖.

Hence(Id − zX∗)kbz tends to(Id − �X∗)kb� as z tends nontangentially to�. Moreover
we have

(Id − zX∗)kbz = kb0,

(see[19, (V-8)]) which implies thatkb0 = (Id − �X∗)kb� .

(ii ) �⇒ (i): Assume that there existsg ∈ H(b) such thatkb0 = (Id − �X∗)g. We
have

kbz = (Id − zX∗)−1kb0

= (Id − zX∗)−1(Id − �X∗)g

= g + (z− �)(Id − zX∗)X∗g,

which gives that

‖kbz‖�‖g‖
(

1+ |z− �|‖(Id − zX∗)−1‖‖X∗‖
)
.
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Using the fact that‖(Id − zX∗)−1‖�(1− |z|)−1, we deduce that

‖kbz‖�‖g‖
(

1+ |z− �|
1− |z| ‖X

∗‖
)
.

As |z − �|/(1 − |z|) stays bounded asz tends nontangentially to�, we get that‖kbz‖
stays bounded asz tends nontangentially to�, which by TheoremA, implies thatb has
an angular derivative in the sense of Carathéodory at�. �

SinceU� is an isometry, its point spectrum is located on the unit circle. The notion
of angular derivative will lead us to characterize it. This result was obtained by Ahern–
Clark [1] for the case whereb is inner.

Theorem 2.1. Let � ∈ T. Then a complex number� is an eigenvalue ofU� if and
only if b has an angular derivative in the sense of Caratheodory at� and b(�) = �.
Moreover we have Ker(U� − �Id) = Ckb� .

Proof. Assume thatb has an angular derivative in the sense of Caratheodory at� and
b(�) = �. Using Lemma2.3, we havekb0 = (Id − �X∗)kb� . Hence

(U� − �Id)kb� = (X∗ − �Id)kb� + �(1− �b(0))−1〈kb� , S∗b〉bkb0

=−�kb0 + �(1− �b(0))−1〈kb� , S∗b〉bkb0.

Take now a sequence(zn)n which tends nontangentially to� and notice that

〈S∗b, kb� 〉b = lim
n→+∞〈S

∗b, kbzn〉b = lim
n→+∞

b(zn)− b(0)
zn

= �− b(0)
�

.

That implies

(U� − �Id)kb� = −�kb0 + �(1− �b(0))−1�(�− b(0))kb0 = 0,

which proves that� ∈ �p(U�) and Ckb� ⊂ Ker(U� − �Id).
Reciprocally, let� ∈ �p(U�) andf ∈ H(b), f /≡ 0 such that(U�−�Id)f = 0. Then,

we have(X∗ − �Id)f = −�(1 − �b(0))−1〈f, S∗b〉bkb0. Notice that if 〈f, S∗b〉b = 0,
then � ∈ �p(X∗), which is absurd thanks to Lemma2.2. Hence〈f, S∗b〉b �= 0, and
there exists c∈ C, c �= 0, such thatkb0 = (Id − �X∗)(cf ). Lemma 2.3 implies thatb
has an angular derivative in the sense of Carathédory at� and kb0 = (Id − �X∗)kb� .

We deduce thatkb� − cf ∈ Ker(X∗ − �Id) and Lemma 2.2 implies thatkb� = cf .
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Hencekb� ∈ Ker(U� − �Id). But previous computations show that

(U� − �Id)kb� =
(
−�+ �(1− �b(0))−1b(�)− b(0)

�

)
kb0,

which implies that�(b(�) − b(0))(1 − �b(0))−1 = 1, henceb(�) = �. Moreover as
kb� = cf , we have thatKer(U� − �Id) ⊂ Ckb� . �

As in the classical case whereb is inner, we can deduce from this result the de-
scription of the spectrum ofU�.

Corollary 2.1. Let � ∈ T.

(a) If b is extreme, then �(U�) ⊂ T and

� ∈ �(U�)⇐⇒
(i) � ∈ �(b)
or
(ii ) � ∈ c�(b) and b(�) = �.

(b) If b is nonextreme, then �(U�) = D.

Proof. (a) Assume thatb is extreme. Proposition2.2 shows thatU� is unitary, so
�(U�) ⊂ T. Let � ∈ �(U�), � ∈ c�(b). Using the fact that�(b) = �(X∗) ∩ T (see
Proposition 2.1) and the fact thatU� is a rank-one perturbation ofX∗, we deduce that
U� − �Id is a Fredholm operator of index 0. As� ∈ �(U�), we get that� ∈ �p(U�)

and Theorem 2.1 implies thatb(�) = �.
Reciprocally let� ∈ �(b) and assume that� ∈ c�(U�). Using once more the fact that

U� is a rank-one perturbation ofX∗, we get thatX∗ − �Id is a Fredholm operator of
index 0. Thanks to Lemma 2.2, we have thatKer(X∗ − �Id) = {0}. HenceX∗ − �Id
is invertible, which gives� ∈ c�(X∗) = c�(b), which is absurd.

On the other hand, let� ∈ c�(b) and b(�) = �. By definition, there exist an open
arc I, � ∈ I such thatb can be continued analytically acrossI and |b| = 1 on I. In
particular, b has an angular derivative in the sense of Caratheodory at� and since
b(�) = �, thanks to Theorem 2.1, we get that� ∈ �p(U�) ⊂ �(U�).

(b) Assume thatb is nonextreme. SinceU� is an isometry, we clearly have�(U�) ⊂
D. Now let � ∈ D and assume that� ∈ c�(U�). Recall that whenb is nonextreme,
then b ∈ H(b) and the spaceH(b) is invariant under the unilateral shiftS (see [19,
(IV-5)]). Hence if we denote byY := S|H(b), we have, using formula (2),

U� = X∗ + �(1− �b(0))−1kb0 ⊗ S∗b = Y − b ⊗ S∗b + �(1− �b(0))−1kb0 ⊗ S∗b.

Thus we get thatY−�Id is a Fredholm operator of index 0. SinceKer(Y−�Id) = {0},
the following lemma gives a contradiction; henceD ⊂ �(U�) , which ends the proof
of the corollary. �
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Lemma 2.4. Assume that b is nonextreme and letY = S|H(b). Then for � ∈ D, we
have Ker(Y ∗ − �Id) = Ckb�.

Proof. For all f ∈ H(b), we have

〈Y ∗kb�, f 〉b = 〈kb�, Yf 〉b = 〈kb�, zf 〉b = �f (�) = 〈�kb�, f 〉b,

which proves thatY ∗kb� = �kb�. Hencekb� ∈ Ker(Y ∗ − �Id).
Let now f ∈ Ker(Y ∗ −�Id) andg ∈ (Ckb�)⊥. Defineh := g

z−� . Sinceg(�) = 0, we
get thath ∈ H(b) (see[19, (II-8)]). Hence

g = (z− �)h = (Y − �Id)h ∈ (Y − �Id)H(b) ⊂ (Ker(Y ∗ − �Id))⊥.

That implies〈f, g〉b = 0, and thusf ∈ ((Ckb�)⊥)⊥ = Ckb�. �

2.2. Orthogonal bases of reproducing kernels inH(b)

Let � ∈ T. The function
1− |b(z)|2
|�− b(z)|2 is a nonnegative harmonic function inD, so it

can be represented as a Poisson integral

1− |b(z)|2
|�− b(z)|2 =

∫
T

1− |z|2
|1− �z|2 d��(�); z ∈ D,

where�� is a nonnegative Borel measure inT.
The following result gives a criterion in terms of the measure�� for the existence

of an orthogonal basis of reproducing kernels inH(b). In the particular case whereb
is inner, this result was obtained by Ahern–Clark[1].

Theorem 2.2. Let � ∈ T. The following assertions are equivalent:

(i) the family {kb� : � ∈ Eb, b(�) = �} forms an orthogonal basis ofH(b);
(ii) the measure�� is purely atomic.

Proof. If � ∈ Eb, b(�) = �, then Theorem2.1 implies thatU�k
b
� = �kb� . Hence the

family {kb� : � ∈ Eb, b(�) = �} forms an orthogonal system of eigenvectors ofU� in
H(b).
(i) �⇒ (ii ): SinceH(b) is separable,{� ∈ Eb : b(�) = �} is countable. Denote by

(�n)n�1 := {� ∈ Eb : b(�) = �}. SinceV�b is an isometry fromH 2(��) ontoH(b), the

family (V −1
�b
kb�n
)n�1 is an orthogonal basis ofH 2(��). Moreover, using (5), we have

Z��
V −1

�b
kb�n

= V −1
�b
U�k�n = �nV

−1
�b
kb�n
.
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That means thatH 2(��) has an orthogonal basis of eigenvectors ofZ��
, the operator

of multiplication by the independant variable onL2(��). It is now a well-known fact
that implies that�� =

∑
n�1 an{�n}, an := ��(�n).

(ii ) �⇒ (i): Assume that�� is purely atomic, that is�� = ∑
n�1 an{�n}, with

an = ��({�n}) > 0. In particular, for allf in H 2(��) = L2(��), we have

‖f ‖2 =
∑
n�1

an|f (�n)|2.

Using this equality, it is easy to see that(�{�n})n�1 is an orthogonal basis ofL2(��)

and we get that(V�b�{�n})n�1 is an orthogonal basis ofH(b). Using once more (5),
we haveU�(V�b�{�n}) = V�bZ��

�{�n} = �nV�b�{�n}. Theorem 2.1 implies that�n ∈ Eb,

b(�n) = � and there exitscn ∈ C∗ such thatV�b�{�n} = cnkb�n . Hence(kb�n)n�1 is an
orthogonal basis ofH(b). It remains to notice that{� ∈ Eb : b(�) = �} = (�n)n�1. The
inclusion (�n)n�1 ⊂ {� ∈ Eb : b(�) = �} has already been proved. Assume that there
exists� ∈ Eb, b(�) = �, � �= �n, n�1. Theorem A implies thatkb� ∈ H(b) and

〈kb�n , k
b
� 〉 =

1− b(�n)b(�)
1− �n�

= 0.

Hencekb� ∈ H(b)�Span(kb�n : n�1), which is absurd. �

Corollary 2.2. Let b ∈ H∞, ‖b‖∞�1. Assume that b is not an inner function. Then
H(b) does not have an orthogonal basis of reproducing kernels.

Proof. Let � ∈ T. Sinceb is not an inner function, there existsA ∈ Bor(T), m(A) > 0
such that for all� ∈ A, |b(�)| �= 1. Now if

1− |b(z)|2
|�− b(z)|2 =

∫
T

1− |z|2
|1− �z|2 d��(�); z ∈ D,

and if �(a)� denotes the absolutely component part of the measure��, we know that

1− |b(�)|2
|�− b(�)|2 = d�(a)�

dm
(�), for almost� ∈ A with respect to the Lebesgue measure. Hence

�(a)� �= 0 and the measure�� cannot be purely atomic. Theorem2.2 implies thatH(b)
does not have an orthogonal basis of reproducing kernels.�

3. Unconditional bases of reproducing kernels inH(b)

Let us first remark that if(�n)n�1 ⊂ D and (kb�n)n�1 is minimal, then(�n)n�1 is a
Blaschke sequence of distinct points. Thus from now on, we assume that(�n)n�1 is a
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Blaschke sequence of distinct points of the unit disk and we denote byB the Blaschke
product associated to(�n)n�1.

The problem of unconditional basis of reproducing kernels ofH(b), in the case
where b is inner, was solved by Hruscev et al.[11]. They prove that ifb is inner
and supn�1 |b(�n)| < 1, then (kb�n)n�1 is an unconditional basis in its closed linear

span (resp. ofH(b)) if and only if (�n)n�1 ∈ (C), dist(Bb,H∞) < 1 (resp. plus
dist(Bb,H∞) < 1). The key point to get this criterion is the following formulae:

bJTbBJB = IdH2− ⊕ Pb|H(B), in the spaceBH 2− = H 2− ⊕H(B), (6)

wherePb = (Id−TbTb)1/2 is the orthogonal projection ofH 2 ontoH(b) = H 2�bH 2,
Jg = zg, g ∈ L2(T) (see[16, Lemma 4.4.4. p. 309]).

In the general case, formula (6) is no longer true. However, we will see that it can
be possible to get some similar results for unconditional basis of reproducing kernels
in their closed linear span. For complete unconditional basis, as we will see in Sections
4 and 5, the solution breaks down into two cases depending whetherb is extreme or
not.

From now on, we denote byxn := k�n

‖k�n‖2
(resp. byxbn :=

kb�n

‖kb�n‖b
) the normalized

reproducing kernels ofH 2 (resp. ofH(b)) associated to a sequence(�n)n�1.

3.1. A criterion for unconditional basis in its closed linear span

The next result shows that Carleson’s condition is necessary for a sequence of re-
producing kernels ofH(b) to be an unconditional basis in its closed linear span. The
proof is similar to the classical case whereb is inner (see [14, Lecture VIII, p. 200])
and is left to the reader.

Proposition 3.1. Assume that(kb�n)n�1 forms an unconditional basis in its closed linear
span. Then(�n)n�1 ∈ (C).

The next result is the first step in our study of unconditional basis property.

Theorem 3.1. Let (�n)n�1 ⊂ D and let b ∈ H∞, ‖b‖∞�1. Assume that

sup
n�1

|b(�n)| < 1. (7)

Then the following statements are equivalent:

(i) (kb�n)n�1 forms an unconditional basis ofH(b) (resp. in its closed linear span);
(ii) (a) (�n)n�1 ∈ (C), (b) the operatorId − TbTb is an isomorphism ofH(B)

ontoH(b) (resp. onto its range).
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Proof. (i) �⇒ (ii ): Proposition3.1 implies that(�n)n�1 ∈ (C) and thus(xn)n�1 is a
Riesz basis ofH(B). Moreover, condition (7) shows that(i) is equivalent to the fact
that ((1− |b(�n)|2)1/2xbn)n�1 forms a Riesz basis. But

(Id − TbTb)xn = (1− |�n|2)1/2kb�n = (1− |b(�n)|2)1/2xbn.

Hence the operatorId − TbTb transforms a Riesz basis ofH(B) onto a Riesz basis
of H(b) (resp. of its closed linear span), so it is an isomorphism ofH(B) ontoH(b)
(resp. onto its range).
(ii ) �⇒ (i): From (a), we get that(xn)n�1 is a Riesz basis ofH(B) and using (b),

we have that((Id − TbTb)xn)n�1 is a Riesz basis ofH(b) (resp. of its closed linear
span). Hence(kb�n)n�1 forms an unconditional basis ofH(b) (resp. in its closed linear
span). �

We will now give a criterion for the left invertibily of(Id − TbTb)|H(B).

Lemma 3.1. Let u be an inner function and letb ∈ H∞, ‖b‖∞�1. Then the following
statements are equivalent:

(i) The operatorId − TbTb is an isomorphism ofH(u) onto its range;
(ii) dist(ub,H∞) < 1;

(iii) ‖Pub|H(u)‖ < 1.

Proof. The operatorId − TbTb is an isomorphism ofH(u) onto its range if and only
if there existsc > 0 such that

c‖f ‖2�‖(Id − TbTb)f ‖b, (f ∈ H(u)).

Notice that

‖(Id − TbTb)f ‖2
b = ‖(Id − TbTb)1/2f ‖2

2 = 〈(Id − TbTb)f, f 〉2 = ‖f ‖2
2 − ‖Tbf ‖2

2.

Hence the operatorId − TbTb is an isomorphism ofH(u) onto its range if and only
if there existsc > 0 such that, for allf in H(u), we have

‖Tbf ‖2
2�(1− c2)‖f ‖2

2,

which is equivalent to‖Tb|H(u)‖ < 1. But Tb |H(u) = P+b|H(u) and it is easy to see
that (Tb|H(u))

∗ = Pub = uP−ub. It follows that

‖Tb|H(u)‖ = ‖uP−ub‖ = ‖P−ub‖ = ‖Hub‖ = dist(ub,H∞),
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which gives the equivalence of the first two statements. Now notice thatPub|uH2 = 0
and so‖Pub‖ = ‖Pub|H(u)‖, which gives the equivalence with the third assertion.�

Using Theorem3.1 and Lemma 3.1, we get the following criterion which generalizes
the classical one (see [11, Theorems 2 and 3 bis, pp. 230–232]).

Theorem 3.2. Let (�n)n�1 ⊂ D and let b ∈ H∞, ‖b‖∞�1. Assume that

sup
n�1

|b(�n)| < 1.

Then the following statements are equivalent:

(i) (kb�n)n�1 forms an unconditional basis in its closed linear span;

(ii) (a) (�n)n�1 ∈ (C), (b) dist(Bb,H∞) < 1.

3.2. Applications of Theorem 3.1

We now give some applications of our criterion. The proof of the following facts
are similar to the case whereb is inner (see[11, Theorems 3.2, 3.5]) and are left to
the reader.

Corollary 3.1. Let (�n)n�1 ⊂ D and b ∈ H∞, ‖b‖∞�1. Assume that

sup
n�1

|b(�n)| < 1.

Then the following statements are equivalent:

(i) there exitsp ∈ N sufficiently large such that(kb
p

�n
)n�1 forms an unconditional

basis in its closed linear span;
(ii) (�n)n�1 ∈ (C).

Corollary 3.2. Let (�n)n�1 ⊂ D and let b ∈ H∞, ‖b‖∞�1 such that

lim
n→0

|b(�n)| = 0.

Assume that(�n)n�1 ∈ (C). Then there existsN ∈ N sufficiently large such that
(kb�n

)n�N forms an unconditional basis in its closed linear span.

Corollary 3.3. Let (�n)n�1 ⊂ D and b ∈ H∞, ‖b‖∞�1. Assume that

lim
n→+∞ |b(�n)| = 0.
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Then the following statements are equivalent:

(i) (kb�n)n�1 forms an unconditional basis in its closed linear span;

(ii) (kb�n)n�1 is uniformly minimal.

In the case whereb is inner, Hruscev et al.[11, Theorem 3.2] show that ifb = BS is
the canonical factorization ofb, whereB is a Blaschke product andS is a singular inner
function, and ifS �= const and limn→+∞ |b(�n)| = 0, then the Carleson’s condition is
sufficient for the sequence(kb�n)n�1 to be an unconditional basis of its closed linear

span. Moreover, we havedim(H(b)�Span(kb�n : n�1)) = +∞. Using Theorem 3.1,
we can give an analogue of this result. But before, we will need two lemmas. The first
one is an easy generalization of a result for the classical case (see [16, p. 313]) and
the proof is left to the reader. The second one is also a generalization of a result for
the classical case but is more complicated.

Lemma 3.2. Let (�n)n�1 ⊂ D and b ∈ H∞, ‖b‖∞�1. Assume that

Span(kb�n : n�1)�H(b).

Then for all � �= �n, n�1, we have

(a) kb� /∈ Span(kb�n : n�1); in particular (kb�n)n�1 is minimal.

(b) Span(kb�n , k
b
� : n �= p)�H(b), ∀p�1.

(c) {kb�n , kb� : n�1} is minimal.

Lemma 3.3. Let �1 be an inner function, �2 ∈ H∞, ‖�2‖∞�1, and� = �1�2. Then
we have

Ker(Id − T�1
T�1
)|H(�) = H(�) ∩ �1H

2 = �1H(�2).

Proof. Notice thatId − T�T��Id − T�1
T�1

. Indeed, for allf ∈ H 2, we have

〈(Id − T�T�)f, f 〉2 = ‖f ‖2
2 − ‖P+�f ‖2

2

= ‖f ‖2
2 − ‖P+�2P+�1f ‖2

2

� ‖f ‖2
2 − ‖P+�1f ‖2

2

= 〈(Id − T�1
T�1
)f, f 〉2.

Using a result of Douglas (see[19, (I-5)]), it follows thatH(�1) ⊂ H(�). Hence, we
haveH(�) ∈ Lat(Id − T�1

T�1
).

Since�1 is inner, we haveKer(Id − T�1
T�1
) = �1H

2 and it follows that

Ker(Id − T�1
T�1
)|H(�) = H(�) ∩ �1H

2.
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Let us show now thatH(�) ∩ �1H
2 = �1H(�2). First let f ∈ H(�) ∩ �1H

2. Then
there existsg ∈ H 2 such thatf = �1g and we have

T�2
g = P+�2g = P+��1g = T�f.

Sincef ∈ H(�), T�f ∈ H(�) (see[19, (II-4)]). But H(�) = H(�2), and soT�2
g ∈

H(�2). Using once more [19, (II-4)], we get thatg ∈ H(�2). Reciprocally, letg ∈
H(�2), andf = �1g. Of course,f ∈ �1H

2. On the other hand, we have

T�f = P+��1g = P+�2g = T�2
g,

and an other application of[19, (II-4)] show thatf ∈ H(�). �

As it was mentioned, the next result generalizes Theorem 3.2 in [11].

Theorem 3.3. Let (�n)n�1 ⊂ D and letb ∈ H∞, ‖b‖∞�1. Let u0 be the inner factor
and b0 the outer factor of b. Assume thatu0 is non constant, that b is not a Blaschke
product and furthermore that

lim
n→+∞ |u0(�n)| = 0.

Then the following statements are equivalent:

(i) (kb�n)n�1 forms an unconditional basis in its closed linear span;
(ii) (�n)n�1 ∈ (C).
Moreover in this case, we have dim(H(b)�Span(kb�n : n�1)) = +∞.

Proof. (i) �⇒ (ii ): Is always true and follows from Proposition3.1.
(ii ) �⇒ (i): Write u0 = B0S0, whereB0 is a Blaschke product andS0 is a singular

inner function. Define

�1 =
{
S

1/2
0 B0 if b0 ≡ const,
u0 if b0 /≡ const

and �2 =
{
b0S

1/2
0 if b0 ≡ const,

b0 if b0 /≡ const.

In the two cases, we haveb = �1�2, �1 is an inner function and�2 ∈ H∞, ‖�2‖∞�1.
Moreover, the assumptions onb imply that �2 /≡ const and limn→+∞ |�1(�n)| =
limn→+∞ |b(�n)| = 0. Consequently, it follows from Corollary3.2 that there ex-
ists N ∈ N sufficiently large such that both family(k

�1
�n
)n�N and (kb�n)n�N form

an unconditional bases in their closed linear span. Moreover, we see that the norms
‖kb�n‖b and ‖k�1

�n
‖�1

are comparable with each other. Now notice thatId − T�1
T�1

=
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(Id − T�1
T�1
)|H(b)(Id − TbTb). Indeed, we have, for allf ∈ H 2

(Id − T�1
T�1
)|H(b)(Id − TbTb)f = (Id − T�1

T�1
)f − TbTbf + T�1

T�1
TbTbf

and

T�1
T�1
TbTbf =�1P+�1P+bP+bf

=�1P+�1bP+bf

=
{

�1P+S
1/2
0 B0S0B0P+bf if b0 ≡ cte,

�1P+u0b0u0P+bf if b0 /≡ cte,

=
{

�1S
1/2
0 P+bf if b0 ≡ cte,

�1b0P+bf if b0 /≡ cte,

= TbTbf.

HenceId − T�1
T�1

= (Id − T�1
T�1
)|H(b)(Id − TbTb). This implies that

k
�1
�n

= (Id − T�1
T�1
)k�n = (Id − T�1

T�1
)(Id − TbTb)k�n = (Id − T�1

T�1
)|H(b)k

b
�n
.

Therefore,(Id−T�1
T�1
)|H(b) is an isomorphism fromSpan(kb�n : n�1) onto Span(k

�1
�n: n�1) ⊂ H(�1). Using Lemma3.3, we get

dim(H(b)�Span(kb�n : n�N))�dim Ker(Id − T�1
T�1
)|H(b) = dim(�1H(�2)).

But �2 /≡ const and thus

dim(H(b)�Span(kb�n : n�N)) = +∞.

Applying repeatedly Lemma3.2, it follows that(kb�n)n�1 is an unconditional basis in
its closed linear span, which has infinite codimension.�

Theorem 3.2 gives also a criterion for a sequence(k�n)n�1 to be an unconditional
basis in the closed subspace ofH 2(�) it generates.

Theorem 3.4. Let (�n)n�1 ⊂ D and let � be a positive Borel measure onT. Let
b ∈ H∞, ‖b‖∞�1 such that

1− |b(z)|2
|1− b(z)|2 =

∫
T

1− |z|2
|1− ze−i	|2 d�(e

i	).
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Assume that

sup
n�1

|b(�n)| < 1.

The following statements are equivalent:

(i) (k�n)n�1 is an unconditional basis in the closed subspace ofH 2(�) it generates;
(ii) (kb�n)n�1 is an unconditional basis in its closed linear span;

(iii) (a) (�n)n�1 ∈ (C), (b) dist(Bb,H∞) < 1.

Proof. The equivalence of(ii ) and (iii ) follows from Theorem3.2. To show that
(i) ⇐⇒ (ii ), consider the linear mapVb : L2(�) → Hol(D) defined byVbq(z) =
(1 − b(z))K�q(z), q ∈ L2(�), z ∈ D. We know thatVb is an isometry fromH 2(�)
ontoH(b) andVbk�n = (1− b(�n))−1kb�n

(see [19, (III-7)]). Hence

Vb

(
k�n

‖k�n‖L2(�)

)
= (1− b(�n))−1

‖kb�n‖b
‖k�n‖L2(�)

xbn = �nxbn,

with �n = (1 − b(�n))−1
‖kb�n‖b

‖k�n‖L2(�)
. Notice that |�n| = 1, n�1 and it follows that

(k�n)n�1 is an unconditional basis in the closed subspace ofH 2(�) it generates if and
only if (�nxbn)n�1 is a Riesz basis in its closed linear span, which is equivalent to
(kb�n

)n�1 is an unconditional basis in its closed linear span.�

4. The extreme case

In this section, we want to characterize sequences(kb�n
)n�1 which form an uncon-

ditional basis ofH(b). So thanks to Theorem3.1, this problem can be reduced to the
fact that Id − TbTb is an isomorphism ofH(B) ontoH(b). Recall that in the classi-
cal case whereb is inner, thanks to formula (6), we can reformulate this property in
terms of the invertibility ofTBb and then get a criterion in terms ofdist(Bb,H∞) and
dist(bB,H∞). In the general case, formula (6) is no longer true but nevertheless we
can obtain a similar criterion. First, we will give two lemmas.

Lemma 4.1. Let b ∈ H∞ and � ∈ D. Then we have

Id − TzbTzb = Id − TbTb − S∗b ⊗ S∗b (8)

and

(Id − TbTb)(Id − �S∗) = (Id − �S∗)(Id − TbTb)− �S∗b ⊗ b. (9)
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Proof. Notice that Tzb = S∗Tb; hence we haveId − TzbTzb = Id − S∗TbTbS. But
SS∗ = Id − 1 ⊗ 1, which implies that

Id − TzbTzb = Id − S∗Tb(SS∗ + 1 ⊗ 1)TbS

= Id − TbTb − S∗b ⊗ S∗b.

For formula (9), write

(Id − TbTb)(Id − �S∗)− (Id − �S∗)(Id − TbTb)= �(S∗TbSTbS
∗ − S∗TbTb)

= �S∗Tb(STbS
∗ − Tb)

= �S∗Tb(SS∗ − Id)Tb
=−�S∗b ⊗ b. �

Lemma 4.2. Let b be an extreme point of the unit ball ofH∞. Then

Span

(
b − b(�)
z− �

: � ∈ D

)
= H(b).

Proof. Let f ∈ H(b)�Span
(
b−b(�)
z−� : � ∈ D

)
. Using the equality

b − b(�)
z− �

= (1− �S∗)−1S∗b =
∑
n�0

�nS∗n+1
b,

we get〈f, S∗n+1b〉b = 0, ∀n�0. It follows from the relation betweenH(b) andH(b)
(see[19, (II-4)]), that

〈f, S∗n+1
b〉b = 〈f, S∗n+1〉2 + 〈Tbf, TbS∗n+1

b〉b = 〈f b, zn+1〉2 + 〈Tbf, TbS∗n+1
b〉b.

Now recall that if
 is the function 1−|b|2 on T, then the operatorK
 : H 2(
)→ H(b)
defined byK
g := P+(g
) is an isometry ofH 2(
) onto H(b). Moreover we have
K
J
 = T
, whereJ
 is the canonical injection fromH 2 into L2(
) and

K
Z
∗

 = S∗K


(see [19, (III-2) and (III-3)]). Since f ∈ H(b), Tbf ∈ H(b) and there existsg ∈
H 2(
) such thatTbf = K
g = P+(g
). Moreover, notice thatTbS

∗b = S∗Tbb =
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S∗(1 − (Id − TbTb)1) = −S∗T
1 = −K
Z
∗

1 and by induction

TbS
∗n+1 = −K
Z

∗


n+1

1.

It follows that

〈Tbf, TbS∗n+1
b〉b =−〈K
g,K
Z

∗


n+1〉b

=−〈g,Z∗


n+1

1〉

=−〈Zn+1


 g, 1〉

=−〈
g, zn+1〉2.

Finally, we get

〈f, S∗n+1
b〉b = 〈f b, zn+1〉2 − 〈
g, zn+1〉2,

which implies that〈f b− 
g, zn+1〉2 = 0, ∀n�0. That means thatf b− 
g ∈ H 2. But
since Tbf = P+(
g), we also havef b − 
g ∈ H 2−, and thusf b = 
g. Notice now
that |
g| is not log-integrable. Indeed, we have

log |
g|� log+ |
g|1/2 + 1
2 log
,

and the first term on the right side is integrable, whereas the second term has integral
−∞ becauseb is extreme. That implies that log|f b| = log |
g| /∈ L1. But f b ∈ H 2,
thus f b ≡ 0, that isf ≡ 0, which ends the proof. �

Theorem 4.1. Let b ∈ H∞, ‖b‖∞�1, and let u be an inner function. Assume that b
is an extreme point of the unit ball ofH∞ and that(Id − TbTb)|H(u) is left invertible.
Then the following statements are equivalent:

(i) Id − TbTb is an isomorphism ofH(u) ontoH(b);
(ii) Ker(Id − TbTb)|H(zu) �= {0};

(iii) (Id − TbTb)|H(zu) is not left invertible;
(iv) S∗b ∈ (Id − TbTb)H(u);
(v) dist(zub,H∞) = 1;

Proof. Notice that(ii ) �⇒ (iii ) is trivial and (iii )⇐⇒ (v) follows from Lemma3.1.
(i) �⇒ (ii ): There existsf ∈ H(u) such that (Id − TbTb)u = (Id − TbTb)f .

Define g := f − u. It is easy to see thatg ∈ H(zu) = H 2�zuH 2 and thusg ∈
Ker((Id − TbTb)|H(zu)). Moreover,g /≡ 0 (because otherwiseu = f ∈ H(u)), which
proves that(Id − TbTb)|H(zu) is not injective.
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(iii ) �⇒ (iv): Using the fact thatS∗|H(b) is a contraction, we get

inf
f∈H(zu)
‖f ‖2=1

‖S∗(Id − TbTb)f ‖b = 0.

Writing now f = SS∗f + f (0), we have

S∗(Id − TbTb)f = S∗(Id − TbTb)SS∗f + f (0)S∗kb0.

But S∗(Id − TbTb)S = Id − TzbTzb and S∗kb0 = S∗(1 − b(0)b) = −b(0)S∗b, which
gives

S∗(Id − TbTb)f = (Id − TzbTzb)S∗f − f (0)b(0)S∗b.

Now it follows from (8) that

S∗(Id − TbTb)f = (Id − TbTb)S∗f −
(
〈S∗f, S∗b〉2 + f (0)b(0)

)
S∗b,

which implies

inf
f∈H(zu)
‖f ‖2=1

∥∥∥(Id − TbTb)S∗f −
(
〈S∗f, S∗b〉2 + f (0)b(0)

)
S∗b

∥∥∥
b
= 0.

Thus there exists a sequence(fn)n�1 ⊂ H(zu), ‖fn‖2 = 1, such that

lim
n→+∞((Id − TbTb)S

∗fn −
(
〈S∗fn, S∗b〉2 + fn(0)b(0)

)
S∗b) = 0.

Notice that the sequence of complex numbersan := 〈S∗fn, S∗b〉2 + fn(0)b(0) is
bounded. Hence we can find a subsequence(anp )p�1 which converges, say toc. So we
have limp→+∞(Id − TbTb)S∗fnp = cS∗b. Sincefnp ∈ H(zu), we haveS∗fnp ∈ H(u)
and thuscS∗b ∈ (Id − TbTb)H(u). Using the fact that(Id − TbTb)|H(u) is left invert-
ible, we get thatcS∗b ∈ (Id − TbTb)H(u). Moreover, we have

‖S∗fnp‖2
2 = ‖fnp‖2

2 − |fnp(0)|2 = 1− |fnp(0)|2. (10)

First case:  := supp�1 |fnp(0)| < 1. Using the left invertibility of(Id − TbTb)|H(u),
there existsk > 0 such that

‖(Id − TbTb)f ‖b�k‖f ‖2 ∀f ∈ H(u).
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It now follows, using (10) that

|c|2‖S∗b‖2
b = lim

p→+∞‖(Id − TbTb)S∗fnp‖2
b�k2 lim sup

p→+∞
‖S∗fnp‖2

2�k2(1− 2) > 0,

which implies thatc �= 0 and thusS∗b ∈ (Id − TbTb)H(u).
Second case: supp�1 |fnp(0)| = 1 and b(0) �= 0. We can assume that the se-

quence (fnp (0))p�1 is convergent, say to�. Since |�| = 1, we have, using (10)
limp→+∞ ‖S∗fnp‖2 = 0, which implies, in particular that

lim
p→+∞〈S

∗fnp , S∗b〉2 = 0.

It now follows that limp→+∞ anp = �b(0). Thus c = �b(0) �= 0 and S∗b ∈ (Id −
TbTb)H(u).

Third case: b(0) = 0. Thenb1 := zb ∈ H∞ and applying Lemma3.1, we get that
(Id − Tb1Tb1

)|H(u) is not left invertible. Hence

inf
f∈H(u)
‖f ‖2=1

‖(Id − Tb1Tb1
)f ‖b1 = 0.

But H(b1) ⊂ H(b), and closed graph theorem gives

inf
f∈H(u)
‖f ‖2=1

‖(Id − Tb1Tb1
)f ‖b = 0.

Using now (8), we have

inf
f∈H(u)
‖f ‖2=1

∥∥(Id − TbTb)f − 〈f, S∗b〉2S
∗b
∥∥
b
= 0.

Since(Id − TbTb)|H(u) is left invertible, we get as above thatS∗b ∈ (Id−TbTb)H(u).
(iv) �⇒ (i): Let � ∈ D andf ∈ H(u) such thatS∗b = (Id−TbTb)f . Then we have

b − b(�)
z− �

= (Id − �S∗)−1S∗b = (Id − �S∗)−1(Id − TbTb)f.

But thanks to (9), we have

(Id − �S∗)−1(Id − TbTb)= (Id − TbTb)(Id − �S∗)−1 − �(Id − �S∗)−1S∗b

⊗ (Id − �S)−1b,
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which gives

b − b(�)
z− �

= (Id − TbTb)(Id − �S∗)−1f − �〈f, (Id − �S)−1b〉2(Id − �S∗)−1S∗b

= (Id − TbTb)(Id − �S∗)−1f − �〈f, (Id − �S)−1b〉2
b − b(�)
z− �

.

Thus

(
1+ �〈f, (Id − �S)−1b〉2

) b − b(�)
z− �

= (Id − TbTb)(Id − �S∗)−1f.

Notice that (Id − �S∗)−1f ∈ H(u). Moreover if c := 1 + �〈f, (Id − �S)−1b〉2 = 0,
then (Id − �S∗)−1f ∈ H(u) ∩ Ker(Id − TbTb), which implies by left invertibility of
(Id − TbTb)|H(u) that f = 0, which is absurd. Thusc �= 0 and

b − b(�)
z− �

∈ (Id − TbTb)H(u).

Using Lemma4.2, we get thatH(b) = (Id−TbTb)H(u), which proves thatId−TbTb
is an isomorphism ofH(u) ontoH(b). �

We can now give our criterion for unconditional basis inH(b).

Theorem 4.2. Let (�n)n�1 ⊂ D and let b ∈ H∞, ‖b‖∞�1. Assume that b is an
extreme point of the unit ball ofH∞ and

sup
n�1

|b(�n)| < 1.

Then the following statements are equivalent:

(i) (k�n)n�1 is an unconditional basis ofH(b);
(ii) (a) (�n)n�1 ∈ (C). (b) dist(Bb,H∞) < 1. (c) dist(zBb,H∞) = 1.

Proof. It suffices to combine Theorem3.1, Lemma 3.1 and Theorem 4.1.�

To finish this section, we would like to give a generalization of Theorem 9 in
[11], which underlines the link between spectral properties of the model operator and
geometric properties of reproducing kernels.

First of all, recall that whenb is extreme then

�p(X) = {� ∈ D : b(�) = 0}, Ker(X − �) = Ck�
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and

�p(X∗) = {� ∈ D : b(�) = 0}, Ker(X∗ − �) = C
b

z− �
,

(see[19] for the result forX and Proposition 2.1 forX∗).
Assume thatb has an infinite sequence(�n)n�1 of zeros and letB be the Blaschke

product associated to(�n)n�1 and let b1 = Bb. Then the following result gives a
criterion for the sequence of eigenvectors ofX andX∗ forms an unconditional basis
of H(b).

Theorem 4.3.With the previous notations, the following statements are equivalent:

(i) (k�n)n�1 ∪
(

b

z− �n

)
n�1

forms an unconditional basis ofH(b);

(ii) sup
n�1

|b1(�n)| < 1 and (kb1
�n
)n�1 forms an unconditional basis ofH(b1);

(iii) (�n)n�1 ∈ (C), dist(Bb1, H
∞) < 1, dist(zBb1, H

∞) = 1.

Proof. (ii )⇐⇒ (iii ): Notice that if b is extreme thenb1 is also extreme. Moreover if
dist(Bb1, H

∞) < 1, then there existsh ∈ H∞ such that‖b1 − Bh‖∞ < 1, and we
have

sup
n�1

|b1(�n)| = sup
n�1

|(b1 − Bh)(�n)|�‖b1 − Bh‖∞ < 1.

Now it suffices to apply Theorem4.2.
For (i)⇐⇒ (ii ), we will need the following lemmas.

Lemma 4.3.With the previous notations, we have

(a) H(b) = H(B)⊕⊥ BH(b1).
(b) H(b) = H(b1)⊕⊥ b1H(B).
Moreover, TB (resp.Tb1) acts as an isometry ofH(b1) (resp. ofH(B)) into H(b).

Lemma 4.4.With the previous notations, the sequence(kb1
�n
)n�1 is complete inH(b1)

if and only if

H(b) = H(B)+ b1H(B)H(b).

Lemma 4.5. Let H be an Hilbert space and X, Y be two closed subspaces of H.
Assume that(xn)n�1 (resp. (yn)n�1) is an unconditional basis of X(resp. Y). Then
(xn)n�1 ∪ (yn)n�1 is an unconditional basis of H if and only if

X + Y = H and 〈X, Y 〉 > 0.
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(i) �⇒ (ii ): Recall (see[14, Lecture IV]) that

Span(k�n : n�1) = H(B) = Span

(
B

z− �n
: n�1

)
.

Then it follows from Lemma4.3 that

Span

(
b

z− �n
: n�1

)
= b1H(B).

Now Lemma 4.5 implies that〈H(B), b1H(B)〉 > 0 and H(b) = H(B)+ b1H(B).
Thus, using Lemma 4.4, we get that(kb1

�n
)n�1 is complete inH(b1). Since (k�n)n�1

is an unconditional basis ofH(B), it remains, thanks to Theorem 3.1, to show that
(Id − Tb1Tb1

)|H(B) is an isomorphism onto its range. But it follows from Lemma 4.3

thatH(b1) is a closed subspace ofH(b) and then we can considerPH(b1) the orthogonal
projection ofH(b) ontoH(b1). Now notice that

k�n = kb�n =
1− b1(�n)b1

1− �nz
+ b1(�n)

b1

1− �nz
= (Id − Tb1Tb1

)k�n + b1(�n)b1k�n ,

which implies, using the fact thatb1H(B) = (H(b1))
⊥,

PH(b1)k�n = (Id − Tb1Tb1
)k�n .

Consequently we havePH(b1)|H(B) = (Id − Tb1Tb1
)|H(B). Since 〈H(B), (H(b1))

⊥〉 >
0, it follows, from [14, Lemma on Close Subspaces, Lecture VIII, p. 201], thatPH(b1),
and thusId − Tb1Tb1

, is an isomorphism ofH(B) onto its range.
(ii ) �⇒ (i): Using Proposition 3.1, we have(�n)n�1 ∈ (C). It follows that (k�n)n�1

and

(
B

z− �n

)
n�1

form an unconditional basis ofH(B) (see [14, Lecture VI]). Thanks

to Lemma 4.3, we get that

(
b

z− �n

)
n�1

forms an unconditional basis ofb1H(B).
Using Lemma 4.5, it remains to show that

〈H(B), b1H(B)〉 > 0 and H(b) = H(B)+ b1H(B).

But we know that(Id − Tb1Tb1
)|H(B) is an isomorphism onto its range, which implies

that PH(b1)|H(B) is also an isomorphism onto its range. Now using once more lemma
on close subspaces from[14], we get that

〈H(B),H(b1)
⊥〉 > 0 and H(b) = H(B)+H(b1)⊥,

which ends the proof becauseH(b1)
⊥ = b1H(B). �
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Proof of Lemma 4.3. (a) Follows from[19, (II-6)].
(b) Let A := Tb, A1 := Tb1 andA2 := TB . Using [19, (I-10)], we have

H(b) = H(A) = H(A1)+ A2H(A1) = H(b1)+ bH(B).

Moreover, we have

H(b) = H(b1)⊕⊥ b1H(B)⇐⇒ H(b1) ∩ b1H(B) = {0}.

But H(b1)∩ b1H(B) ⊂ H(b1)∩ b1H
2 = H(b1)∩M(b1) = Tb1H(b1) (see[19, (II-5)]).

Now let f ∈ H(b1) ∩ b1H(B). Then there existsh ∈ H(B) and g ∈ H(b1) such that
f = b1g = b1h. Thusg = h. Sinceh ∈ H(B), h is not a cyclic vector ofS∗ (see [8]).
It is known that whenb is extreme, the nonzero functions inH(b) are cyclic vectors
of S∗ (see [19, (V-2)]). Thusg ≡ 0 andf ≡ 0. The fact thatTb1 acts as an isometry
of H(B) into H(b) follows from [19, (I-11)]. �

Proof of Lemma 4.4. Recall that ifM and N are two closed subspaces of an Hilbert
spaceH, thenH = M +N⊥ if and only if M⊥ ∩N = {0} (see [14, Lemma on Close
Subspaces, Lecture VIII, p. 201]). Moreover, thanks to Lemma 4.3, ifM = b1H(B)
andN = BH(b1), we haveM⊥ = H(b1) andN⊥ = H(B). Thus

H(b) = H(B)+ b1H(B)H(b) ⇐⇒ H(b1) ∩ BH(b1) = {0}.

On the other hand, iff ∈ H(b1) and f (�n) = 0, n�1, then f
B
∈ H(b1). Thus

H(b1)�Span(kb1
�n
: n�1) = H(b1) ∩ BH(b1),

which gives the result. �

Proof of Lemma 4.5. It suffices to use the link between the angle and the skew
projections (see[15] or [14]). �

5. The nonextreme case

In this section, we discuss the nonextreme case. As we shall see, contrary to the
extreme case, there cannot exist basis of reproducing kernels inH(b).

First, recall that if(kb�n)n�1 is not complete inH(b) then it is minimal (see Lemma
3.2). The following result shows that the converse is also true in the nonextreme case.
The key point is the fact thatH(b) is invariant under the shift.
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Proposition 5.1. Let b ∈ H∞, ‖b‖∞�1 and (�n)n�1 ⊂ D. Assume that b is nonex-
treme. The following statements are equivalent:

(i) (k�n)n�1 is minimal;
(ii) (k�n)n�1 is not complete inH(b).
Moreover, in this case, we have

dim(H(b)�Span(kb�n : n�1)) = +∞.

Proof. Thanks to Lemma3.2, it suffices to prove that if(k�n)n�1 is minimal, then
dim(H(b)�Span(kb�n : n�1)) = +∞. Suppose thatdim(H(b)�Span(kb�n : n�1)) =
N < +∞. Then it implies the existence of a sequence of reproducing kernels which is
minimal and complete inH(b). Indeed, we can assume thatN�1. Applying repeatedly
Lemma 3.2, we get that if(�i )1� i�N ⊂ D, with �i �= �j , i �= j and �i �= �n, then

(kb�n
, kb�i

) n�1
N� i�1

is minimal and complete inH(b). In particular, it implies the existence

of a functionh ∈ H(b) such thath(�1) = 0 andh(�n) = h(�i ) = 0, n�2, 1� i�N .
Now considerf := (z − �1)h. SinceSH(b) ⊂ H(b) in the nonextreme case (see [19,
(IV-5)]), we have

f ∈ H(b)�Span(kb�n , k
b
�i
: n�1, N� i�1).

Sinceh /≡ 0, we havef /≡ 0, which contradicts the completeness of(kb�n , k
b
�i
) n�1
N� i�1

.

�

Corollary 5.1. Let b ∈ H∞, ‖b‖∞�1 and (�n)n�1 ⊂ D. Assume that b is nonextreme
and that

sup
n�1

|b(�n)| < 1.

Then the following statements are equivalent:

(i) (kb�n)n�1 forms an unconditional basis in its closed linear span;

(ii) (a) (�n)n�1 ∈ (C), (b) dist(Bb,H∞) < 1.

Moreover in this case, we have

dim(H(b)�Span(kb�n : n�1)) = +∞.

Proof. It suffices to combine Proposition5.1 and Theorem 3.2.�

We can precise a little more Proposition 5.1 and get a characterization of complete-
ness (and thus of minimality).
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Proposition 5.2. Let b ∈ H∞, ‖b‖∞�1 and (�n)n�1 ∈ D. Assume that b is nonex-
treme.

(a) If b is pseudocontinuable, then the following statements are equivalent:
(i) the sequence(kb�n)n�1 is complete inH(b);

(ii)
∑
n�1

(1− |�n|) = +∞.

(b) If b is not pseudocontinuable, then the following statements are equivalent:
(i) the sequence(kb�n)n�1 is complete inH(b);

(ii) S∗b ∈ Span(kb�n : n�1).

Recall that a functionf in H 2 is pseudocontinuable (acrossT) if there exist functions
f1, f2 ∈ H∞ such thatf = f1/f2 a.e. onT. Douglas, Shapiro and Shields show that
a functionf ∈ H 2 is pseudocontinuable if and only iff is not S∗-cyclic (see[8]).

Proof. (a) Assume thatb is nonextreme and pseudocontinuable.
(ii ) �⇒ (i): Follows from the fact thatH(b) ⊂ H 2.
(i) �⇒ (ii ): Assume that(kb�n)n�1 is complete inH(b) and that (�n)n�1 is a

Blaschke sequence. Denote byB the Blaschke product associated to(�n)n�1. Sinceb
is pseudocontinuable, there exists a nonconstant inner functionu such thatb ∈ H(u).
Then it follows thatb = zhu, whereh ∈ H 2. We will show thatkb�n ∈ H(uB), n�1.
For all polymial p, we have

〈kb�n , Bup〉2 = 〈k�n , Bup〉2 − b(�n)〈bk�n , Bup〉2

=−b(�n)〈zhuk�n , Bup〉2

=−b(�n)〈k�n , zhBp〉2 = 0.

Hence, using the density of polynomials inH 2, we get thatkb�n ∈ H(uB), n�1. Thus,
we have

SpanH(b)(kb�n : n�1) ⊂ H(uB)H(b) ⊂ H(uB),

becauseH(b) is contained contractively inH 2. Since the sequence(kb�n)n�1 is complete
in H(b), we get thatH(b) ⊂ H(uB). But sinceb is nonextreme, the polynomials belong
to H(b) (see[19, (IV-2)]) and thus toH(uB). It follows thatH 2 ⊂ H(uB), which is
absurd.
(b) Assume thatb is nonextreme and not pseudocontinuable.
(i) �⇒ (ii ): Is trivial.
(ii ) �⇒ (i): Using the equalityXkb�n = �nkb�n − b(�n)S∗b (see [19, (II-9)]), we get

that Span(kb�n : n�1) is invariant underX. But we know that invariant subspaces of the
operatorX, whenb is nonextreme, are just the intersections ofH(b) with the invariant
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subspaces ofS∗ (see[18]). Hence there is an inner functionu such that

Span(kb�n : n�1) = H(b) ∩H(u).

But then the fact thatS∗b ∈ H(u) implies that b ∈ H(uz), which is absurd unless
u ≡ 0 (becauseb is not pseudocontinuable). HenceSpan(kb�n : n�1) = H(b). �

Remark 5.1. For the extreme case, an analogue of this result is far from being known,
even in the particular case whereb(z) = exp(−a 1+z

1−z ), a > 0.

If (k�n)n�1 is a minimal sequence, then it is well-known that there exists a summable
methodV such that(k�n)n�1 is a V-basis ofH(B) (see[14, Lecture VIII, p. 194]). If
we make assumption on multipliers ofH(b), we can give an analogue of this result.

First of all, recall that we say that a function� ∈ H∞ is a multiplier ofH(b) if
H(b) is invariant underT�. From the closed graph Theorem, it follows thatT� is a
bounded operator ofH(b). We denote in this case,M� := T�|H(b).

Many authors study multipliers ofH(b) (see for instance [12,13] or [5]). In particular,
it is proved in [12] that ifb is extreme, thenH(b) does not have inner multipliers.

Theorem 5.1. Let b ∈ H∞, ‖b‖∞�1 and (�n)n�1 ∈ D. Assume that b is nonextreme
and that B is a multiplier ofH(b). Then the sequence(kb�n)n�1 is minimal. Moreover,

if (�n)n�1 is the unique biorthogonal of(kb�n)n�1, with �n ∈ Span(kb�n : n�1), then

for all function f ∈ Span(kb�n : n�1), we have

f =
∑
n�1

Bp(�n)〈f,�n〉bkb�n ,

whereB(p) =∏
n�p b�n . In particular, we have

Span(�n : n�1) = Span(kb�n : n�1).

Proof. Recall that whenb is nonextreme, the polynomials belong toH(b) (see [19,
(IV-2)]), thus 1 ∈ H(b). Since B is a multiplier ofH(b), we get thatB ∈ H(b). It
follows that

Bn = B

b�n
= P+(b�nB) = Tb�nB ∈ H(b),

becauseH(b) is invariant underT�, for all � ∈ H∞. Moreover, we have

〈
Bn

Bn(�n)
, kb�p

〉
b

= Bn(�p)
Bn(�n)

= n,p,
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which implies that
(

Bn
Bn(�n)

)
n�1

is a biorthogonal of(kb�n)n�1. Thus the sequence

(kb�n
)n�1 is minimal.

Now we will show thatB(p) is multiplier ofH(b) and that‖MB(p)‖�‖MB‖, for all
p�1.

First notice that ifB̃(p) :=∏
n<p b�n , then for allf ∈ H(b), we have

B(p)f = P+(B̃(p)Bf ) = TB̃(p) (Bf ).

Since B is a multiplier, we haveBf ∈ H(b) and thusB(p)f ∈ H(b). Moreover, we
have

‖B(p)f ‖b�‖B̃(p)‖∞‖MB‖‖f ‖b = ‖MB‖‖f ‖b,

because the norm ofT
B̃(p)

as an operator ofH(b) does not exceed‖B̃(p)‖∞ (see[19,

(II-7)]). That proves thatB(p) is multiplier ofH(b) and‖MB(p)‖�‖MB‖, for all p�1.
On the other hand, sinceB(p) is multiplier of H(b), we have

M∗
B(p)
(kb�n

) = B(p)(�n)kb�n ,

(see [19, (II-10)]) and thus limp→+∞M∗
B(p)
(kb�n

) = kb�n
, n�1. Since ‖M∗

B(p)
‖ =

‖MB(p)‖�‖MB‖, Banach–Steinhauss Theorem implies that, for allf ∈ Span(kb�n :
n�1), we have limp→+∞M∗

B(p)f = f . But now it is easy to see that, for allf ∈
Lin(kb�n : n�1), we have

M∗
B(p)
f =

p−1∑
n=1

B(p)(�n)〈f,�n〉bkb�n .

By density, we get this equality for allf ∈ Span(kb�n : n�1), which implies, lettingp
tends to∞ that

f =
∑
n�1

Bp(�n)〈f,�n〉bkb�n . �
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ON CERTAIN RIESZ FAMILIES IN VECTOR-VALUED DE
BRANGES–ROVNYAK SPACES

NICOLAS CHEVROT, EMMANUEL FRICAIN, AND DAN TIMOTIN

Abstract. We obtain criteria for the Riesz basis property for families of repro-

ducing kernels in vector-valued de Branges–Rovnyak spaces H(b). It is shown that

in several situations the property implies a special form for the function b. We

also study the completeness of a related family.

1. Introduction

Starting with the works of Paley–Wiener ([PW34]), a whole direction of research

has investigated families of exponentials in L2(R), looking for properties as com-

pleteness, minimality, or being an unconditional basis. A classical result is here

Ingham’s Theorem [Ing34], which says roughly that a small perturbation of the

standard exponentials eint remains a basis in L2(−π, π). This line of approach, the

consideration of a given family of exponentials as a small perturbation of one that

is known to be complete or a Riesz basis has subsequently yielded many stability

results. One should also mention that the theory of geometric properties of scalar

or vector valued exponential families has found applications in various areas such

as convolution equations, string scattering theory or controllability of dynamical

systems (see [HNP81, AI95, Nik02b] for a survey on exponentials systems and their

applications).

In this context, functional models have been used in [HNP81], allowing the use of

tools from operator theory on a Hilbert space. The model spaces are subspaces of

the Hardy space H2, invariant under the adjoints of multiplications; their theory is

2000 Mathematics Subject Classification. Primary: 46E15, 46E22 Secondary: 30D55, 47A15.

Key words and phrases. de Branges–Rovnyak spaces, bases of reproducing kernels, completeness.
1



2 NICOLAS CHEVROT, EMMANUEL FRICAIN, AND DAN TIMOTIN

connected to dilation theory for contractions on Hilbert spaces (see [SNF67]). The

approach has proved fruitful, leading to the recapture of all the classical results as

well as to several generalizations.

This investigation has been pursued with respect to families of reproducing kernels

in vector-valued and scalar model spaces in [Fri01], [Fri02] and [CFT03], and in

scalar de Branges–Rovnyak spaces in [Fri05]. Again the main goal is to obtain

criteria for a family of reproducing kernels to be complete, minimal or Riesz basis.

We also mention an interesting paper of A. Baranov [Bar06] whose criteria is based

on recent work of Ortega-Cerdà and Seip [OCS02].

In this paper we investigate similar problems in the context of vector-valued de

Branges–Rovnyak spaces. It appears that the functional methods used in [Fri01,

Fri05] are no more appropriate in this situation, and we have to find a new approach.

This is essentially done by using in more detail the structure of the model theory

of contractions [SNF67], and especially its relation to vector valued de Branges–

Rovnyak spaces as emphasized in [NV85]. This new approach throws some light also

on the scalar-valued case; we show, for instance, that if the scalar-valued de Branges–

Rovnyak space H(b) admits a Riesz basis of reproducing kernels, then necessarily b

is inner. Similar methods are used to investigate properties of a different family of

functions, called difference quotients; in particular, in the scalar case, we show that

the difference quotients are complete in H(b) if and only if either b is an extreme

point of the unit ball of H∞ or b is not pseudocontinuable.

The plan of the paper is the following. The next section contains some preliminary

material. The connection of the de Branges–Rovnyak spaces to the functional model

for contractions is described in detail in Section 3, following [NV85, NV98], where a

main notion is that of abstract functional embedding, introduced in [Vas77]. Section 4

shows how the problems concerning bases of reproducing kernels can be reduced,

under suitable hypotheses, to the study of the invertibility of a certain operator

(the distortion operator). Criteria for this invertibility are given in Section 5, which

contains the main results of the paper. A different type of criterium appears in
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Section 6, while Section 7 contains some interesting examples. Finally, Section 8

studies completeness properties of the difference quotients.

2. Preliminaries

2.1. Hardy spaces and de Branges–Rovnyak spaces. If E is a separable com-

plex Hilbert space, L2(E) is the usual L2-space of E-valued functions f on the unit

circle T with respect to the normalized measure m endowed with the norm

‖f‖2
2 =

∫
T
‖f(z)‖2

E dm(z).

The corresponding Hardy space H2(E) is defined as E-valued analytic functions on

D, f(z) =
∑

n≥0 anz
n, an ∈ E, with ‖f‖2 < +∞, where

‖f‖2
2 =

∑
n≥0

‖an‖2
E.

Alternately, it is well-known that H2(E) can be regarded as the closed subspace of

L2(E) consisting of functions whose negative Fourier coefficients vanish. The symbol

P+ (respectively P−) stands for the Riesz orthogonal projection from L2(E) onto

H2(E) (respectively onto H2
−(E) := L2(E)	H2(E)).

If E, E∗ are two separable Hilbert spaces, we denote by L(E, E∗) the space of

all bounded linear operators from E to E∗. Then L∞(E → E∗) is the Banach

space of weakly measurable essentially bounded functions defined on T with values

in L(E, E∗), endowed with the essential norm. The Banach space H∞(E → E∗) is

formed by bounded analytic functions on D with values in L(E, E∗); taking (strong)

radial limits identifies H∞(E → E∗) with a subspace of L∞(E → E∗).

If ϕ ∈ L∞(E → E∗), we will make a standard abuse of notation and denote by

the same symbol ϕ the multiplication operator

ϕ : L2(E) −→ L2(E∗)

f 7−→ ϕf

defined by (ϕf)(ζ) := ϕ(ζ)f(ζ), ζ ∈ T. The inclusion ϕH2(E) ⊂ H2(E∗) is equiv-

alent to ϕ ∈ H∞(E → E∗), while ‖ϕ‖ ≤ 1 (or ‖ϕ|H2(E)‖ ≤ 1) is equivalent to
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‖ϕ(ζ)‖ ≤ 1 a.e. on T. The symbol Tϕ denotes the Toeplitz operator from H2(E) to

H2(E∗) defined by

Tϕf := P+(ϕf).

Then Tϕ ∈ L(H2(E), H2(E∗)), ‖Tϕ‖ = ‖ϕ‖∞, and T ∗
ϕ = Tϕ∗ , where ϕ∗ ∈ L∞(E∗ →

E) is defined by ϕ∗(ζ) := (ϕ(ζ))∗, ζ ∈ T.

We will also use occasionally the Hankel operator Hϕ : H2(E) → H2
−(E∗) defined

by

Hϕ(f) = P−(ϕf).

We have then

(2.1) ϕf = Tϕf + Hϕf, ‖ϕf‖2 = ‖Tϕf‖2 + ‖Hϕf‖2.

The vector valued Nehari Theorem says that ‖Hϕ‖ = dist(ϕ, H∞(E → E∗)).

Let b ∈ H∞(E → E∗), ‖b‖∞ ≤ 1. The de Branges–Rovnyak space H(b), associated

to b, is the vector space of those H2(E∗) functions which are in the range of the

operator (Id − TbT
∗
b )1/2; it becomes a Hilbert space when equipped with the inner

product

〈(Id− TbT
∗
b )1/2f, (Id− TbT

∗
b )1/2g〉b := 〈f, g〉2,

where f, g ∈ H2(E∗) 	 ker(Id − TbT
∗
b )1/2 (see [dBR66, BK87]; [Sar95] contains an

extensive presentation of the scalar case). Note that H(b) is contained contrac-

tively in H2(E∗) and the inner product is defined in order to make (Id− TbT
∗
b )1/2 a

coisometry from H2(E∗) to H(b). The norm of H(b) will be denoted by ‖ · ‖b.

An important particular case is obtained for b an inner function, that is, a function

in H∞(E → E∗) such that b(ζ) is an isometry for almost all ζ ∈ T. Then H(b) is a

closed subspace of H2(E∗), and ‖·‖b coincides with the induced norm; more precisely,

we have H(b) = H2(E∗) 	 bH2(E). By the Lax–Halmos Theorem, these are the

nontrivial subspaces of H2(E∗) which are invariant for the backward shift S∗|H2(E∗).

They are traditionally denoted by Kb; thus, in this case, we have H(b) = Kb.

For further use, remember that b is called ∗-inner if b(ζ) is a coisometry for almost

all ζ ∈ T. This is equivalent to b̃(ζ) := b(ζ̄)∗ being inner.
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2.2. Reproducing kernels. If λ ∈ D and e ∈ E∗, the function kλ,e(z) = 1
1−λz

e

belongs to H2(E∗) and is a reproducing kernel for this space; that is, for any f ∈
H2(E∗) we have 〈f(λ), e〉E∗ = 〈f, kλ,e〉H2(E∗). Since H(b) is contained contractively

in H2(E∗), this formula defines also a bounded linear functional on H(b), which,

according to Riesz’s theorem, is given by the inner product in H(b) with a vector

kb
λ,e ∈ H(b); thus, for all f ∈ H(b), 〈f, kb

λ,e〉b = 〈f(λ), e〉E∗ . A computation similar to

the case of scalar de Branges–Rovnyak spaces (see [Sar95, Ch.2]) yields the formula

(2.2) kb
λ,e(z) = (Id− TbT

∗
b )kλ,e =

1

1− λz
(Id− b(z)b(λ)∗)e

for the reproducing kernels in H(b). Also, it follows easily that

‖kλ,e‖2
2 =

‖e‖2

1− |λ|2
, ‖kb

λ,e‖2
b =

‖e‖2 − ‖b(λ)∗e‖2

1− |λ|2
.(2.3)

We denote by κλ,e and κb
λ,e the normalized reproducing kernels of H2(E∗) and

H(b) respectively; that is

κλ,e(z) =

√
1− |λ|2

(1− λz)‖e‖
e

and

κb
λ,e(z) =

√
1− |λ|2

(1− λz)
√
‖e‖2 − ‖b(λ)∗e‖2

(Id− b(z)b(λ)∗)e.

We will also discuss properties of another interesting family of elements of the de

Branges–Rovnyak space H(b): the so-called difference quotients, defined by

(2.4) k̂b
λ,e =

1

z − λ
(b(z)− b(λ))e, λ ∈ D, e ∈ E.

3. A geometric approach to the de Branges–Rovnyak space

The function-theoretical approach, as developed for the scalar case in [Sar95], is

no more adequate when dealing with vector-valued de Branges–Rovnyak spaces. We

will use a more geometric description, connected to the model theory for contrac-

tions. The main source for this point of view is [NV98] (see also [NV85], as well as

the exposition of [Nik02b]).
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We start with an abstract functional embedding (AFE). This is a linear mapping

Π = (π, π∗) : L2(E)⊕ L2(E∗) → K,

satisfying the following properties:

(1) the restrictions π and π∗ are isometries;

(2) πH2(E) ⊥ π∗H
2
−(E∗);

(3) the range of Π is dense in K;

(4) π∗∗π commutes with the shift operator and maps H2(E) into H2(E∗); hence

we know (see [Nik02b, Lemma 1.2.3]) that π∗∗π = b, with b being a contractive

H∞(E → E∗) function.

Set ∆ = (Id− b∗b)1/2 and ∆∗ = (Id− bb∗)1/2. Since

‖(π − π∗b)f‖K = ‖∆f‖2, ‖(π∗ − πb∗)g‖K = ‖∆∗g‖2,

for every f ∈ L2(E) and g ∈ L2(E∗), the equalities

τ∆ = π − π∗b, τ∗∆∗ = π∗ − πb∗

determine the partial isometries

τ : L2(E) −→ K, τ∗ : L2(E∗) −→ K

with initial spaces clos(∆L2(E)) and clos(∆∗L
2(E∗)) respectively. It is easy to see

that

(3.1) τ ∗π = ∆, τ ∗π∗ = 0, τ ∗∗π = 0, τ ∗∗π∗ = ∆∗

and

(3.2) Id = ππ∗ + τ∗τ
∗
∗ = π∗π

∗
∗ + ττ ∗.

In particular, we get from (3.1) and (3.2) the following decompositions:

(3.3) K = π(L2(E))⊕ τ∗(L
2(E∗)) = π∗(L

2(E∗))⊕ τ(L2(E)).

Note that, in contrast to [NV98], we do not include the purity of π∗∗π in the defini-

tion (since we are not interested in the correspondence with the model contraction).



ON CERTAIN RIESZ FAMILIES IN VECTOR-VALUED DE BRANGES–ROVNYAK SPACES 7

It is shown that the operator UΠ defined by the relation UΠΠ = Πz is a unitary on

K.

Now for a given AFE Π, we define H = K 	 (π(H2(E))⊕ π∗(H
2
−(E∗)); thus

(3.4) K = H⊕ π(H2(E))⊕ π∗(H
2
−(E∗)),

and

(3.5) PH = Id− πP+π∗ − π∗P−π∗∗.

The space H is further decomposed as

H = H′ ⊕H′′ = H′
∗ ⊕H′′

∗,

where H′′ = H ∩ τ(L2(E)) = H ∩ τ(clos(∆L2(E))), H′ = H 	 H′′, and H′′
∗ =

H ∩ τ∗(L
2(E∗)) = H ∩ τ∗(clos(∆L2(E∗))), H′

∗ = H 	 H′′
∗. Note also that (3.3) and

(3.4) imply that actually H′′ = H ∩ π∗(H
2(E∗))

⊥ and H′′
∗ = H ∩ π(H2

−(E))⊥.

The following simple lemma will be used several times in the sequel.

Lemma 3.1. Let Π = (π, π∗) : L2(E)⊕L2(E∗) → K be an AFE and let b = π∗∗π be

the contractive H∞(E → E∗) function associated to Π. Then, we have

H′′ = τ
(
clos(∆L2(E))	 clos(∆H2(E))

)
and

H′′
∗ = τ∗

(
clos(∆∗L

2(E∗))	 clos(∆∗H
2
−(E∗))

)
.

Consequently, H = H′ if and only if clos(∆H2(E)) = clos(∆L2(E)), and H = H′
∗ if

and only if clos(∆∗H
2
−(E∗)) = clos(∆∗L

2(E∗)).

Proof. Suppose f = τg with g ∈ clos(∆L2(E)). By (3.1), it follows that f ⊥
π∗L

2(E∗); in particular, f ⊥ π∗H
2
−(E∗). Then

f ∈ H′′ ⇔ f ∈ H ⇔ f ⊥ π(H2(E))

Using again (3.1), one obtains that f ⊥ π(H2(E)) is equivalent to

0 = 〈τg, πh〉 = 〈g, τ ∗πh〉 = 〈g, ∆h〉
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for all h ∈ H2(E), which proves the first assertion of the Lemma. The second asser-

tion follows from similar arguments, while for the last part we have only to remember

that τ and τ∗ are isometries on clos(∆L2(E)) and clos(∆∗L
2(E∗)) respectively. �

In the end of this section we connect the abstract functional embeddings with the

de Branges–Rovnyak spaces.

Lemma 3.2. Let Π = (π, π∗) : L2(E)⊕L2(E∗) → K be an AFE and let b = π∗∗π be

the contractive H∞(E → E∗) function associated to Π. Then

Id− TbT
∗
b = π∗∗PHπ∗|H2(E∗) = π∗∗PH′π∗|H2(E∗).

Proof. Using (3.5) as well as the relations π∗∗π∗ = Id and π∗∗π = b, we obtain

π∗∗PHπ∗ = π∗∗π∗ − π∗∗πP+π∗π∗ − π∗∗π∗P−π∗∗π∗ = P+ − bP+b∗.

whence

π∗∗PHπ∗|H2(E∗) = (P+ − bP+b∗)|H2(E∗) = Id− TbT
∗
b .

The second equality follows since H	H′ is contained in the kernel of π∗∗ according

to (3.1). �

Proposition 3.3. Let Π = (π, π∗) : L2(E)⊕L2(E∗) → K be an AFE and let b = π∗∗π

be the contractive H∞(E → E∗) function associated to Π. The operator π∗∗ is a

coisometry from H onto H(b), with ker π∗∗|H = H′′. In particular, if clos(∆L2(E)) =

clos(∆H2(E)), then π∗∗ : H → H(b) is unitary.

Proof. First, using (3.4), we see that π∗∗H ⊂ H2(E∗). Then, if we put A = π∗∗|H :

H → H2(E∗) and B = (Id − TbT
∗
b )1/2, Lemma 3.2 shows that AA∗ = B2. There

exists therefore a partial isometry U : H −→ H2(E∗), with initial space (ker A)⊥

and final space the closure of the range of B, such that A = BU . The definition

of the norm of H(b) implies then that A = π∗∗|H is a partial isometry from H onto

H(b). Its kernel is

ker π∗∗|H = H ∩ ker π∗∗ = H ∩ (Im π∗)
⊥ = H′′,
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whence the proof is ended using Lemma 3.1. �

Remark 3.4. In [NV85] (see also [Nik02a, pp. 84-86]), some conditions equivalent

to clos(∆H2(E)) = clos(∆L2(E)) are given; in particular, one of them is the density

of the polynomials in L2(E, ∆). In [Tre86], S. Treil shows that b is an extreme point

in the unit ball of H∞(E → E∗) if and only if either clos(∆H2(E)) = clos(∆L2(E))

or clos(∆∗H
2
−(E∗)) = clos(∆∗L

2(E∗)), which is equivalent (according to Lemma 3.1)

to H = H′ or H = H′
∗. In the scalar case dim E = dim E∗ = 1, b is extreme if and

only if log(1− |b|) is not integrable on T (see [dLR58]).

In Section 8 we will use the Sz.-Nagy–Foiaş transcription of the model. More

precisely, starting from any contractive function b ∈ H∞(E → E∗), we can construct

an abstract functional embedding Πb by defining K = L2(E∗)⊕clos(∆L2(E)), where

∆ = (Id− b∗b)1/2, and

(3.6) Πb(f ⊕ g) = (g + bf)⊕∆f, f ∈ L2(E), g ∈ L2(E∗).

We have then

(3.7) H =
(
H2(E∗)⊕ clos(∆L2(E))

)
	 {bf ⊕∆f : f ∈ H2(E)}.

This explicit transcription is related to the construction of the Sz-Nagy–Foiaş model

for contractions on Hilbert spaces [SNF67].

4. Riesz bases of reproducing kernels

The main problems that we intend to study are the following: given b ∈ H∞(E →
E∗), ‖b‖∞ ≤ 1, given a sequence (λn)n≥1 ⊂ D and a sequence (en)n≥1 ⊂ E∗, ‖en‖ = 1,

n ≥ 1, find criteria for the sequence (κb
λn,en

)n≥1 to form

(P1): a Riesz basis of its closed linear hull;

(P2): a Riesz basis of H(b).

We will not, however, study these problems in the most general form. First, note

that if dim E∗ = +∞ and (en)n≥1 is an orthonormal sequence in E∗, then (κλn,en)n≥1

is an orthonormal sequence in H2(E∗), for any choice of sequence (λn)n≥1 in D. In
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some sense, if E∗ is an infinite dimensional Hilbert space, there is too much freedom

for the vectors en to hope to get a satisfactory criterion for Riesz basis. That is why

interesting results have usually been obtained under the condition dim E∗ < +∞
(see [Tre89, AI95]). This condition will be assumed in the next two sections.

Now, it is easy to see that if (κb
λn,en

)n≥1 is a Riesz basis, then (κλn,en)n≥1 is minimal,

which implies that (λn)n≥1 is a Blaschke sequence [AI95, page 65-67]. Therefore we

will also suppose, in the sequel, that the sequence (λn)n≥1 is a Blaschke sequence of

distinct points in D. We have then span(κλn,en : n ≥ 1) = H2(E∗)	BH2(E∗) = KB,

where the inner function B ∈ H∞(E∗ → E∗) is a Blaschke–Potapov product (see,

for instance, [Nik74]).

At this point, the technique originating in [Nik80] (and which is used in [Fri01,

Fri05]) regards the family (κb
λn,en

)n≥1 as a ”distortion” of (κλn,en)n≥1. It is then

assumed that Id − TbT
∗
b does not distort very much the norms of the reproducing

kernels, in the sense that

sup
n≥1

‖kλn,en‖2

‖(Id− TbT ∗
b )kλn,en‖b

< +∞.

Using (2.3), we see that this condition is equivalent to

sup
n≥1

‖b(λn)∗en‖ < 1.(4.1)

Under this further condition, we can state the following result.

Theorem 4.1. Let b ∈ H∞(E → E∗), ‖b‖∞ ≤ 1, let (λn)n≥1 be a Blaschke sequence

in D and let (en)n≥1 ⊂ E∗, ‖en‖ = 1. Assume that dim E∗ < +∞ and that condition

(4.1) is satisfied. Then the following are equivalent:

a) the sequence (κb
λn,en

)n≥1 is a Riesz basis of its closed linear hull (resp. of

H(b));

b) the sequence (κλn,en)n≥1 is a Riesz basis of KB and the operator

(Id− TbT
∗
b )|KB : KB −→ H(b)

is an isomorphism onto its range (resp. onto H(b)).



ON CERTAIN RIESZ FAMILIES IN VECTOR-VALUED DE BRANGES–ROVNYAK SPACES 11

Proof. a) ⇒ b) By formula (2.2) we have (Id− TbT
∗
b )(kλn,en) = kb

λn,en
and condition

(4.1) implies that ‖kb
λn,en

‖b � ‖kλn,en‖2. It follows then (see, for instance, [HNP81,

page 228]) that the uniform minimality of (kb
λn,en

)n≥1 implies the uniform minimality

of (kλn,en)n≥1. But, according to a result of S. Treil [Tre89], since dim E∗ < ∞, the

latter is equivalent to the fact that the sequence (κλn,en)n≥1 is a Riesz basis of KB.

Since the operator (Id − TbT
∗
b )|KB maps one Riesz basis onto another, it is an

isomorphism of KB onto span(κb
λn,en

: n ≥ 1).

b) ⇒ a) Conversely, if (Id− TbT
∗
b )|KB is an isomorphism onto its range and the

sequence (κλn,en)n≥1 is a Riesz basis of KB, then ((Id − TbT
∗
b )κλn,en)n≥1 is a Riesz

basis of its closed linear hull. But

(Id− TbT
∗
b )κλn,en =

‖kb
λn,en

‖b

‖kλn,en‖2

κb
λn,en

,

and since
‖kb

λn,en
‖b

‖kλn,en‖2
is bounded from below and above, we obtain that the sequence

(κb
λn,en

)n≥1 is a Riesz basis of its closed linear hull. Moreover, if (Id − TbT
∗
b )|KB is

an isomorphism onto H(b), we have

span(κb
λn,en

: n ≥ 1) = span((Id− TbT
∗
b )kλn,en : n ≥ 1) = H(b). �

Remark 4.2. Till now the elaborated theory [Nik80, Fri01, Fri05] works under

condition (4.1) only. This is not surprising in view of the method used, which is

based on projecting a basis from KB; therefore the first thing to require is that the

size of the individual elements of the base should not be changed too drastically. In

the particular case of exponential families, this condition means that the imaginary

parts of the frequencies of the exponentials are bounded below, which is the case for

families arising from control theory. It should be mentioned however that in [Bar06]

Baranov gives certain criteria for a family of reproducing kernels to be a Riesz basis

in a model subspace associated to a meromorphic inner function, without using the

assumption (4.1).

Remark 4.3. Theorem 4.1 reduces the problem of finding Riesz bases in H(b) to

the case of KB. To apply it, we should be able first to decide when a reproducing
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sequence of kernels in H2(E∗) forms a Riesz sequence. Such a criterion has been

given by S. Ivanov (see [AI95, page 73]); we need some further notations in order to

state it.

We define, for λ ∈ D and r > 0, the pseudo-hyperbolic disc

ω(λ, r) := {z ∈ D : |bλ(z)| < r}, where bλ(z) =
λ− z

1− λz
.

Then, for a sequence Λ = (λn)n≥1 in D, we set

G(Λ, r) =
⋃
n≥1

ω(λn, r).

For m ≥ 1, we denote by Gm(Λ, r) the connected components of the set G(Λ, r) and

we write

Em(r) := {n ≥ 1 : λn ∈ Gm(Λ, r)}.

Finally, we put N := dim E∗. Then the sequence (κλn,en)n≥1 is a Riesz basis of its

closed linear hull if and only if the two following conditions are satisfied:

a) the sequence (λn)n≥1 is the union of at most N Carleson sets;

b) there exists r > 0 such that

inf
m≥1

min
n∈Em(r)

α(en, span(ep : p ∈ Em(r), p 6= n)) > 0,

where α(en, Y ) denotes the angle between the vector en and the subspace Y .

We will call (Id − TbT
∗
b )|KB : KB → H(b) the distortion operator. By Theorem

4.1 and Remark 4.3, problems P1 and P2 are reduced, in case condition (4.1) is

satisfied, to the following: find criteria for the distortion operator to be

(P1′): an isomorphism onto its range;

(P2′): an isomorphism onto H(b).

These problems will be addressed in the next section.

We end this section by stating a stability result. The proof is similar to the anal-

ogous result for model subspaces (i.e. the inner case) obtained in [Fri05, Theorem

3.4], and will therefore be omitted.
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Theorem 4.4. Let b ∈ H∞(E → E∗), ‖b‖∞ ≤ 1, Λ = (λn)n≥1 be a Blaschke

sequence in D and let (en)n≥1 ⊂ E∗, ‖en‖ = 1 such that the sequence (κb
λn,en

)n≥1 is

a Riesz basis of its closed linear hull (resp. of H(b)). Assume that dim E∗ < +∞
and that condition (4.1) is satisfied. Then there exists ε > 0 such that any sequence

(κb
µn,an

)n≥1 satisfying

|bλn(µn)| ≤ ε and ‖an − en‖ ≤ ε, n ≥ 1,

is a Riesz basis of its closed linear hull (resp. of H(b)).

Let us also mention that in the scalar de Branges–Rovnyak spaces, using a different

approach based on Bernstein type inequalities, a stability result was found in [BFM]

without the assumption (4.1). However, the techniques used therein do not seem

adaptable to the vector case.

5. The distortion operator

We will discuss in this section the invertibility of the distortion operator (Id −
TbT

∗
b )|KΘ : KΘ → H(b), for a general inner function Θ ∈ H∞(F → E∗) and

b ∈ H∞(E → E∗) contractive. As noted above, the methods used in the scalar case

in [HNP81, Fri05] and in the inner vector case in [Fri01], are no more appropriate,

and we have to use a different approach, based on the AFE introduced in Section 3.

We start by reminding a simple lemma, whose proof we omit.

Lemma 5.1. Suppose we have two orthogonal decompositions of a Hilbert space H:

H = X1 ⊕ X2 = Y1 ⊕Y2.

Then the following statements are all equivalent:

(1) PY1|X1 is surjective.

(2) PX1|Y1 is bounded below.

(3) ‖PX2|Y1‖ < 1.

(4) ‖PY1|X2‖ < 1.

(5) PY2|X2 is bounded below.
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(6) PX2|Y2 is surjective.

Here for a (closed) subspace E of H, the notation PE denotes the orthogonal

projection of H onto E.

The first result gives the answer to Problem (P1′).

Theorem 5.2. Let b ∈ H∞(E → E∗), ‖b‖∞ ≤ 1 and let Θ ∈ H∞(F → E∗) be

an inner function. The distortion operator is an isomorphism onto its range if and

only if dist(Θ∗b, H∞(E → F )) < 1.

Proof. Let Π = (π, π∗) : L2(E)⊕L2(E∗) → K be an AFE such that π∗∗π = b. Recall

that according to Lemma 3.2, we have

Id− TbT
∗
b = π∗∗PHπ∗|H2(E∗).

Moreover by Proposition 3.3, π∗∗ is a partial isometry from H onto H(b) with kernel

equals to H′′. Since PHπ∗L
2(E∗) ⊂ (ker π∗∗|H)⊥, we have that Id−TbT

∗
b : KΘ → H(b)

is an isomorphism onto its range if and only if PH|π∗KΘ is bounded below. Applying

Lemma 5.1, this last assertion is equivalent to

‖PK	H|π∗KΘ‖ < 1.

Now, K	H = π(H2(E))⊕π∗(H
2
−(E∗)), and the second term in the orthogonal sum

is orthogonal to π∗KΘ. Thus the condition is equivalent to ‖Pπ(H2(E))|π∗KΘ‖ < 1,

or, passing to the adjoint, ‖Pπ∗KΘ
|π(H2(E))‖ < 1.

But we obviously have

‖Pπ∗KΘ
|π(H2(E))‖ = ‖π∗PKΘ

π∗∗π|H2(E)‖ = ‖PKΘ
b|H2(E)‖

while, using the vector valued Nehari Theorem,

‖PKΘ
b|H2(E)‖ = ‖ΘP−Θ∗b|H2(E)‖ = ‖HΘ∗b‖ = dist(Θ∗b, H∞(E → F )).

This string of equalities proves the theorem. �

The next theorem is an answer to Problem (P2′); it is not, however, as explicit as

the answer to Problem (P1′).



ON CERTAIN RIESZ FAMILIES IN VECTOR-VALUED DE BRANGES–ROVNYAK SPACES 15

Theorem 5.3. The distortion operator is an isomorphism onto H(b) if and only if

dist(Θ∗b, H∞(E → F )) < 1 and the operator

Γb := (P+b∗Θ P+∆) :

H2(F )

⊕
clos(∆H2(E))

−→ H2(E).

is bounded below.

Proof. Let Π = (π, π∗) : L2(E) ⊕ L2(E∗) → K be an AFE such that π∗∗π = b. It

follows from Proposition 3.3 that the operator π∗∗ is an isometry from H′ onto H(b);

therefore, using Lemma 3.2, we get that

Id− TbT
∗
b = π∗∗PH′π∗|H2(E∗),

and Id − TbT
∗
b : KΘ → H(b) is an isomorphism onto H(b) if and only if PH′|π∗KΘ

is bounded below and surjective. According to Theorem 5.2, PH′|π∗KΘ is bounded

below if and only if dist(Θ∗b, H∞(E → F )) < 1; thus it remains to show that

PH′|π∗KΘ is surjective if and only if Γb is bounded below.

Now, since

H′ ⊕ π∗(H
2
−(E∗)) = K 	

[
π(H2(E))⊕H′′],

π∗(KΘ)⊕ π∗(H
2
−(E∗)) = π∗(L

2(E∗))	 π∗(ΘH2(F )),

it follows that PH′|π∗KΘ is surjective if and only if PK	[π(H2(E))⊕H′′]|π∗(L2(E∗)) 	
π∗(ΘH2(F )) is surjective. Apply then Lemma 5.1 to the case X1 = π∗(L

2(E∗)) 	
π∗(ΘH2(F )), X2 = π∗(ΘH2(F ))⊕ π∗(L

2(E∗))
⊥, Y1 = K 	

[
π(H2(E))⊕H′′], Y2 =[

π(H2(E))⊕H′′], the surjectivity of PY1|X1 is equivalent to PY2|X2 bounded below.

Since H′′ ⊂ π∗(L
2(E∗))

⊥, this last condition is equivalent to

Pπ(H2(E))|π∗(ΘH2(F ))⊕
[
π∗(L

2(E∗))
⊥ 	H′′]

bounded below. Now we note that PπH2(E) = πP+π∗ and according to (3.3) and

Lemma 3.1, we have

π∗(L
2(E∗))

⊥ 	H′′ = τ(L2(E))	H′′ = τ(clos(∆L2(E)))	H′′ = τ(clos(∆H2(E))).
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Therefore, PH′|π∗KΘ is surjective if and only if

πP+π∗ (π∗Θ τ) : H2(F )⊕ clos(∆H2(E)) −→ K

is bounded below. But it follows from (3.1) that

πP+π∗ (π∗Θ τ) = π (P+π∗π∗Θ P+π∗τ) = π (P+b∗Θ P+∆) = πΓb.

Since π is an isometry, we obtain the desired conclusion. �

Although the necessary and sufficient condition given by Theorem 5.3 cannot be

reduced to a simple functional condition, we can obtain some useful corollaries.

Corollary 5.4. If clos(∆H2(E)) = clos(∆L2(E)) and the distortion operator is

invertible, then b is inner.

Proof. If Γb is bounded below, then for any f ∈ clos(∆L2(E)) = clos(∆H2(E)), we

have

c‖f‖2 = c‖znf‖2 ≤ ‖Γb(0⊕ znf)‖2 = ‖P+∆znf‖2 = ‖P+z̄n∆f‖2.

Since the right side of the last inequality tends to 0 as n → +∞, we obtain

clos(∆L2(E)) = {0}, which is equivalent to b inner. �

An interesting result can be obtained in the case the inner function Θ has full

range.

Corollary 5.5. Suppose dim F = dim E∗. If the distortion operator is invertible,

then b is ∗-inner.

If also dim E = dim E∗, then b is inner.

Proof. If Γb is bounded below, then (b∗Θ ∆) is bounded below as an operator from

H2(F )⊕clos(∆L2(E)) to L2(E). Since for any f ∈ L2 and ε > 0 one can find g ∈ H2

and N ∈ N such that ‖zNf − g‖2 < ε, a standard argument shows that (b∗Θ ∆)

is bounded below from L2(F )⊕ clos(∆L2(E)) to L2(E). If dim F = dim E∗, then Θ
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inner implies that ΘL2(F ) = L2(E∗), and thus

(b∗ ∆) :

L2(E∗)

⊕
clos(∆L2(E))

−→ L2(E)

is bounded below. But the adjoint of this last operator is an isometry. Since

a coisometry that is bounded below is necessarily unitary, it is easily seen that

multiplication with b must be a coisometry from L2(E) to L2(E∗), whence b is ∗-
inner. The last assertion is then obvious. �

In particular, Corollary 5.5 can be applied to our original problem, namely the

Riesz property of a family of reproducing kernels in H(b). Indeed, in that case

the inner function Θ is actually a Blaschke–Potapov product corresponding to a

Blaschke sequence (λn), which verifies the condition dim F = dim E∗.

Corollary 5.6. Suppose dim E = dim E∗ = 1. Then the distortion operator is

invertible exactly in the two following cases:

(i) b is inner, dist(Θ̄b, H∞) < 1 and dist(b̄Θ, H∞) < 1.

(ii) F = {0} and ‖b‖∞ < 1.

Proof. From Corollary 5.5 it follows that the invertibility of the distortion opera-

tor implies either b inner or F = {0}. If b is inner, then the conditions in (i) are

known to be equivalent to the invertibility of the distortion operator (see, for in-

stance, [Nik86]). If {F} = {0}, then KΘ = H2, and the invertibility of the distortion

operator is equivalent to ‖b‖∞ < 1. �

Remark 5.7. Provided condition (4.1) is satisfied, Corollary 5.6 generalizes Propo-

sition 5.1 in [Fri05], where it is shown that in the scalar nonextreme case we cannot

have bases of reproducing kernels for H(b).

The next corollary discusses the connection between different conditions that are

related to our original problem.
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Corollary 5.8. Consider the assertions

(i) the operator Id− TbT
∗
b : KΘ → H(b) is invertible;

(ii) dist(Θ∗b, H∞(E, F )) < 1 and Tb∗Θ is left invertible;

(iii) dist(Θ∗b, H∞(E, F )) < 1 and dist(b∗Θ, H∞(E, F )) < 1.

Then we have (i) ⇒ (ii) ⇒ (iii).

If b is inner (b∗b = Id), then (ii) ⇒ (i), while, if b is ∗-inner, then (iii) ⇒ (ii).

Proof. For f ∈ H2(F ) we have

(5.1) ‖Γb(f ⊕ 0)‖2 = ‖Tb∗Θf‖2

and (i) ⇒ (ii) follows immediately from Theorem 5.3. If b is inner, then Γb = Tb∗Θ

and we use again Theorem 5.3 to conclude that (ii) ⇒ (i).

Since we have, by (2.1),

‖f‖2 ≥ ‖b∗Θf‖2
2 = ‖Tb∗Θf‖2

2 + ‖Hb∗Θf‖2
2,

the vector valued Nehari Theorem yields (ii) ⇒ (iii). If b is ∗-inner, the first in-

equality becomes an equality, giving the converse. �

In general, none of the implications in Corollary 5.8 can be reversed; examples

will be given in the Section 7.

Theorem 5.3 may be compared to a basic result in the scalar case, namely the

Theorem on Close Subspaces in [Nik86, page 201] (and its complement on page 204),

where conditions are given for the projection from Kθ to Kθ′ to be an isomorphism

(θ, θ′ scalar inner functions). For instance, an equivalent condition therein is the

invertibility of the scalar Toeplitz operator Tθθ̄′ .

As noted above, the theorem is not very convenient to apply directly, and our main

use of it is to obtain necessary conditions on b for the invertibility of the distortion

operator, as in Corollaries 5.4, 5.5, or 5.6. In the general case, it does not seem

however that the invertibility of the distortion operator can be reduced to the cases

when b is inner or those that can be trivially obtained from it; see Examples 7.3

and 7.4 below.
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6. A different characterization

In the scalar case, another equivalent condition for the projection from Kθ to Kθ′

to be an isomorphism is given by the two relations dist(θθ̄′, H∞) < 1, dist(θ̄θ̄′, H∞) =

1. A similar condition for scalar de Branges spaces appears in [Fri05, Theorem

4.1]. We will obtain below an alternate answer along that line to Problem (P2′);

however, the formulation in the case of vector-valued de Branges–Rovnyak spaces is

less elegant.

Some notations are needed: for any x ∈ F , let Px be the orthogonal projection

onto the subspace generated by x and define θx ∈ H∞(F → F ) by θx(z) := zPx +

(Id−Px). It is immediate that θx is an inner function in H∞(F → F ) and we have

Kθx = Cx (the subspace of constant functions equal to a multiple of x).

Proposition 6.1. Let b ∈ H∞(E → E∗), ‖b‖∞ ≤ 1 and let Θ ∈ H∞(F → E∗) be an

inner function. Assume that the operator Id− TbT
∗
b : KΘ → H(b) is left invertible.

Then the following assertions are equivalent:

(i) Id− TbT
∗
b : KΘ → H(b) is an isomorphism;

(ii) for all x ∈ F , we have dist(θ∗xΘ
∗b, H∞(E → F )) = 1.

Proof. Once more, we will use an AFE Π = (π, π∗) : L2(E)⊕L2(E∗) → K such that

π∗∗π = b. By Lemma 3.2 and Proposition 3.3, the assertion (i) is equivalent to the

invertibility of PH′π∗|KΘ : KΘ → H′, while from Theorem 5.2 it follows that

(ii) ⇐⇒ for all x ∈ F, PH′π∗|KΘθx : KΘθx → H′ is not left invertible.

We will also use repeatedly the equality

(6.1) KΘθx = KΘ ⊕ΘKθx = KΘ ⊕ CΘx.

(i) =⇒ (ii) Since (6.1) implies KΘ ( KΘθx , it follows that if PH′π∗|KΘ is invert-

ible, then PH′π∗|KΘθx is not one-to-one. Therefore it cannot be left invertible.

(ii) ⇒ (i) We argue by contradiction, assuming that PH′π∗|KΘ is not invertible.

Since this operator is left invertible, that means that PH′π∗KΘ is not dense in H′;

there exists thus χ ∈ H′, χ 6= 0 such that χ ⊥ π∗KΘ.
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Since PH′π∗|KΘ is left invertible and PH′π∗|KΘθx is not, this last operator is not

one-to-one, and we may choose gx ∈ KΘθx \KΘ such that PH′π∗g = 0. Since gx ∈
KΘθx ⊂ H2(E∗), it follows that π∗gx ∈ π∗H

2(E∗) ⊂ (π∗H
2
−(E∗))

⊥ = H ⊕ πH2(E).

However, by definition we have π∗gx ∈ H′⊥, while, using (3.3) and the definition

of H′′, we also have π∗gx ∈ H′′⊥. Therefore π∗gx ∈ H⊥, whence π∗gx ∈ π(H2(E)).

But the space πH2(E) is UΠ-invariant, which implies that Uk
Ππ∗gx ∈ πH2(E). In

particular, we have π∗(z
kgx) = Uk

Π(π∗gx) ⊥ χ (since π(H2(E)) ⊥ H′).

We claim now that

(6.2) span
(
KΘ, zkgx : k ≥ 0, x ∈ F

)
= H2(E∗).

To prove it, let f ∈ H2(E∗) and assume that f ⊥ span
(
KΘ, zkgx : k ≥ 0, x ∈ F

)
.

Since f ⊥ KΘ, there exists f1 ∈ H2(F ) such that f = Θf1. We will show by

induction that for all k ≥ 0, f
(k)
1 (0) = 0, which of course will imply that f1 ≡ 0, and

thus the truth of (6.2).

First, by (6.1) there exists gΘ
x ∈ KΘ and λx ∈ C∗ such that

gx = gΘ
x + λxΘx.

We have then

0 = 〈f, gx〉 = 〈Θf1, g
Θ
x + λxΘx〉2 = λx〈f1, x〉2 = λx〈f1(0), x〉F .

Since λx 6= 0, that implies that 〈f1(0), x〉F = 0 for all x ∈ F , whence f1(0) = 0.

Assume now that f
(k)
1 (0) = 0. That means that there exists fk+2 ∈ H2(F ) such

that f1 = zk+1fk+2. Therefore

0 = 〈f, zk+1gx〉 = 〈Θzk+1f2, z
k+1gx〉2 = 〈Θfk+2, gx〉2.

As before we deduce that fk+2(0) = 0, which implies that f
(k+1)
1 (0) = 0. The

property for f1 follows now by induction, concluding the proof of (6.2).

Since π∗ is an isometry, (6.2) implies that

span
(
π∗KΘ, π∗(z

kgx) : k ≥ 0, x ∈ F
)

= π∗H
2(E∗).
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Recall that by construction χ ⊥ π∗KΘ, while we have shown that χ ⊥ π∗(z
kgx), for

all k ≥ 0 and for all x ∈ F . Consequently χ ⊥ π∗H
2(E∗). On the other hand, since

χ ∈ H′, we also have χ ⊥ π∗H
2
−(E∗), whence χ ⊥ π∗L

2(E∗). Finally, we obtain that

χ ∈ H∩ (π∗L
2(E∗))

⊥ = H′′. Therefore χ ∈ H′ ∩H′′ = {0} which is absurd and ends

the proof of the Proposition.

�

The next result is then a consequence of Theorem 5.2 and Proposition 6.1.

Theorem 6.2. Let b ∈ H∞(E → E∗), ‖b‖∞ ≤ 1 and let Θ ∈ H∞(F → E∗) be an

inner function. Then the operator (Id−TbT
∗
b )|KΘ is an isomorphism from KΘ onto

H(b) if and only if{
dist(Θ∗b, H∞(E → F )) < 1,

dist(θ∗xΘ
∗b, H∞(E → F )) = 1, ∀x ∈ F.

In the scalar case dim E = dim E∗ = dim F = 1, we have θx(z) = z; thus

Theorem 6.2 generalizes part of [Fri05, Theorem 4.1] and of the Theorem on Close

Subspaces in [Nik86].

7. Some examples and remarks

The first two examples show that the two implications in Corollary 5.8 cannot be

reversed even in the scalar case dim E = dim E∗ = dim F = 1.

Example 7.1. Define

f(eiϑ) :=

1 if ϑ ∈ [0, π]

1/2 if ϑ ∈]π, 2π[,

and consider the outer function g, positive at the origin and with modulus equals

to |f | a.e. on T. Set b = Θg, where Θ is any inner function. Since log(1 − |b|) is

not integrable, b is an extreme point of the unit ball of H∞. Since f, f−1 ∈ L∞, it

is immediate that g is invertible in H∞, whence Tb̄Θ = Tg = T ∗
g is invertible. Also,

Θ̄b = g ∈ H∞, so dist(Θ̄b, H∞) = 0 < 1.
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On the other hand, Corollary 5.6 shows that the distortion operator Id− TbT
∗
b :

KΘ −→ H(b) cannot be invertible. Consequently, the implication (i) ⇒ (ii) in

Corollary 5.8 cannot be reversed.

Example 7.2. Let h : D → D be the conformal transform of the disk D onto the

simply connected domain

Ω =
{

z ∈ C : |z| < 1, −1

4
< <ez < 0

}
.

If we regard h as an element of H∞, then |h(eit)| = 1 on an arc of positive measure,

while 0 is in the essential range of h; also, |<eh| ≤ 1
4

everywhere.

Let Θ be an arbitrary inner function, and define b = Θh; b is then an extreme

function. Since Θ̄b = h ∈ H∞, dist(Θ̄b, H∞) = 0 < 1. Also, b̄Θ = h̄; since

|h̄ + h| = 2|<eh| ≤ 1/2 everywhere, it follows that dist(b̄Θ, H∞) ≤ 1/2 < 1. Thus

condition (iii) of Corollary 5.8 is satisfied.

On the other hand, 0 is in the essential range of b̄Θ = h; it is then known (see, for

instance, [Nik02a, B.4.2]) that Tb̄Θ cannot be left invertible. Thus the implication

(ii) ⇒ (iii) in Corollary 5.8 cannot be reversed.

The next example is an application of Theorem 5.3.

Example 7.3. Suppose b ∈ H∞(C2 → C2), b(z) =
(

α(z) γ(z)
β(z) δ(z)

)
, with |α|2 + |β|2 ≡ 1;

Θ ∈ H∞(C, C2), Θ(z) =
(

θ1(z)
θ2(z)

)
. Then ∆ = ( 0 0

0 ∆′ ), with ∆′ = (1 − |γ|2 − |δ|2)1/2,

and b∗Θ =
(

ᾱθ1+β̄θ2

γ̄θ1+δ̄θ2

)
. Obviously Γb bounded below implies ∆′ invertible; we may

then identify clos(∆H2(C2)) with ∆′H2. With this last identification, we obtain

Γb =

(
Tᾱθ1+β̄θ2

0

Tγ̄θ1+δ̄θ2
P+∆′

)
=

(
Tᾱθ1+β̄θ2

0

Tγ̄θ1+δ̄θ2
T∆′2

)(
I 0

0 ∆′−1

)
:

H2

⊕
∆′H2

→ H2(C2)

The second operator in the product above is invertible, so the boundedness below

condition is transferred to the first operator, which acts on H2(C2). Moreover, the

Hartmann–Wintner Theorem implies that T∆′2 is invertible. Thus Γb is bounded
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below if and only if
(

Tᾱθ1+β̄θ2
0

Tγ̄θ1+δ̄θ2
I

)
is bounded below. This last condition is easily seen

to be equivalent to Tᾱθ1+β̄θ2
bounded below.

Summing up, the distortion operator is invertible if and only if the following three

conditions are satisfied:

(1) dist((θ̄1α + θ̄2β θ̄1γ + θ̄2δ), H
∞(C2 → C)) < 1;

(2) the function (1− |γ|2 − |δ|2)1/2 is bounded below;

(3) the Toeplitz operator Tᾱθ1+β̄θ2
is bounded below.

One can easily find concrete examples that satisfy conditions (1)–(3).

The following example presents some other interesting cases of de Branges spaces

for which one can obtain the invertibility of the distortion operator.

Example 7.4. Consider a ∗-inner function b = (α β) ∈ H∞(C2 → C); that is,

|α|2 + |β|2 = 1. Then

(I − TbT
∗
b )f = αP−(ᾱf) + βP−(β̄f).

Therefore the image of (I−TbT
∗
b ) as well as the image of (I−TbT

∗
b )1/2 are contained

in the invariant subspace for T ∗
z generated by T ∗

z α and T ∗
z β. In particular, if α and

β are rational, then H(b) is finite dimensional, and thus equal as a set to KΘ for

some Blaschke product Θ. But in general the norm on H(b) is different from the

usual H2 norm on KΘ, and the distortion operator corresponding to Θ is invertible,

but not equal to the identity.

On the other hand, if we take b = (1/
√

2 1/
√

2B) ∈ H∞(C2 → C) with B an

infinite Blaschke product, then (I − TbT
∗
b )1/2 = 1/

√
2PKB

. Thus H(b) is just KB

with the norm divided by
√

2, and the corresponding distortion operator is again

invertible.

One can combine the two previous cases. Consider α, β, Θ, B as above, and take

b = (αB β). Applying [Sar95, I-10], it follows that, as a linear space, H(b) =

KΘ +αKB. We leave to the reader the task of showing that one can choose α and B
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such that the reproducing kernels in H(b) corresponding to zeros of B and Θ form

a Riesz basis in H(b).

One might expect that if b and Θ are sufficiently close, in the sense that

‖b−Θ‖∞ < 1,(7.1)

then the distortion operator should be invertible. In the scalar case, if b is inner,

then it was pointed in [Nik86, p. 202] that this condition is indeed sufficient. If b

is a vector-valued inner function, then condition (7.1) remains sufficient to ensure

the invertibility of the distortion operator. Indeed, it follows from (7.1) that ‖1 −
Θ∗b‖∞ < 1, whence TΘ∗b = Id + T1−Θ∗b is invertible. In particular, Tb∗Θ = (TΘ∗b)

∗

is left invertible; therefore, condition (ii) of Corollary 5.8 is satisfied, which implies

that the distortion operator is invertible.

However, even in the general case of an arbitrary extreme point b in the unit ball of

H∞, condition (7.1) is no longer sufficient to ensure the invertibility of the distortion

operator. Actually, it seems improbable that a condition expressed only in terms of

functions might be found. The next example shows that indeed no condition similar

to (7.1) is sufficient.

Example 7.5. For ε > 0, let h be the conformal transform of the disk D onto the

simply connected domain

Ω =
{

z ∈ C : |z| < 1, <ez > 1− ε

2

}
.

If we regard h as an element of H∞, then |h| = 1 on an arc of positive measure but

h is not inner. Moreover, on T, we have

|1− h|2 = 1 + |h|2 − 2<eh ≤ 2(1−<eh) < ε.

Now take b = Θh with Θ is an arbitrary inner function. We have ‖Θ − b‖∞ =

‖1 − h‖∞ ≤ ε, while Corollary 5.6 implies that the distortion operator Id − TbT
∗
b :

KΘ → H(b) is not invertible. Consequently, no condition of closeness in the H∞

norm can ensure the invertibility of the distortion operator.



ON CERTAIN RIESZ FAMILIES IN VECTOR-VALUED DE BRANGES–ROVNYAK SPACES 25

8. Completeness of the difference quotients

Recall that the difference quotients are the elements k̂b
λ,e of H(b) defined by (2.4).

For dim E = dim E∗ = 1 and b an extreme point in the unit ball of H∞, the

set {k̂b
λ : λ ∈ D} (which does not depend on e in this case) has been shown to

be complete in H(b) in [Fri05]; this completeness is further used therein to obtain

results about properties of reproducing kernels. If, moreover, b is inner, then the

completeness of the difference quotients can easily be obtained by noting that the

mapping f 7→ z̄bf̄ is an antilinear surjective isometry which maps kb
λ onto k̂b

λ.

The study of the completeness of the family of the difference quotients in the gen-

eral case may present independent interest. Together with the kernels, the difference

quotients represent the main examples of “concrete” elements of the de Branges

space H(b); they also appear in the study of model spaces and related questions

(see, for instance, [BK87, Gar06]). We devote this section to the investigation of

their completeness.

We start with an equivalent condition.

Lemma 8.1. Let b ∈ H∞(E → E∗). Then the following two conditions are equiva-

lent:

(1) span{k̂b
λ,e : λ ∈ D, e ∈ E} = H(b).

(2) span{S∗n+1be : n ≥ 0, e ∈ E} = H(b).

Proof. As in the scalar case [Sar95, II-8] it is easily seen that, for λ ∈ D and f ∈
H2(E), we have

f(z)− f(λ)

z − λ
= (Id− λS∗)−1S∗f.

In particular, applying this formula to f(z) := b(z)e, we obtain

(8.1)
b(z)− b(λ)

z − λ
e = (Id− λS∗)−1S∗be =

∞∑
n=0

λnS∗n+1be.
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Now according to (8.1), we have f ∈ H(b)	 span{k̂b
λ,e : λ ∈ D, e ∈ E} if and only

∞∑
n=0

λn〈S∗n+1be, f〉b = 0, (λ ∈ D, e ∈ E),

and, since the function λ 7−→
∞∑

n=0

λn〈S∗n+1be, f〉b is analytic in a neighbourhood of

0, this is equivalent to

〈S∗n+1be, f〉b = 0, (n ≥ 0, e ∈ E),

which gives the result. �

The scalar case has been discussed in [Fri05]; we give a different proof of Lemma

4.2 therein, which seems to us of independent interest. Note that in Corollary 8.6

below we will obtain a more general result.

Theorem 8.2 (Lemma 4.2, [Fri05]). Let b be an extreme point of the unit ball of

H∞. Then

span{k̂b
λ : λ ∈ D} = H(b).

Proof. As in the case of b inner, we will construct an antilinear surjective isometry

from H(b) onto H(b) which maps kb
λ onto k̂b

λ. Consider the transcription of Sz.-

Nagy–Foiaş of the AFE associated to b (see Section 3), and let W : K −→ K be the

operator defined (on a dense set) by

W (πf + π∗g) = πJg + π∗Jf,

with J : L2 −→ L2 the antilinear map defined by Jf = z̄f̄ . Then standard argu-

ments show that W is an antilinear surjective isometry and we have WH = H. Now,

for f ∈ H, set

Ω(π∗∗f) = π∗∗(Wf).

Since b is an extreme point of the unit ball of H∞, it follows from Proposition 3.3

that π∗∗ is an isometry from H onto H(b), and then we can easily verify that Ω is
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an antilinear surjective isometry from H(b) onto H(b). For λ ∈ D, recall that kλ

denotes the reproducing kernel of H2 and consider the function gλ ∈ K defined by

gλ = kb
λ ⊕

(
−b(λ)∆kλ

)
.

An easy computation using (3.7) shows that gλ ∈ H and we obviously have π∗∗(gλ) =

kb
λ. Therefore we obtain that

Ω(kb
λ) = Ω(π∗∗gλ) = π∗∗Wgλ.

Note that gλ = π∗(kλ) + π(−b(λ)kλ), whence

Wgλ =W (π∗(kλ) + π(−b(λ)kλ))

=πJkλ + π∗J(−b(λ)kλ)

= π

(
1

z − λ

)
− π∗

(
b(λ)

z − λ

)
=k̂b

λ ⊕
∆

z − λ
.

Finally we obtain Ω(kb
λ) = k̂b

λ and the proof is complete. �

For the nonextreme scalar case, we have to recall that a function f in the Nevan-

linna class of the unit disc D is said to be pseudocontinuable (across T) if there exist

g, h ∈
⋃

p>0 Hp such that

f = h/g

a.e. on T. The function f̃ := h/g is the (nontangential) boundary function of

the meromorphic function f̃(z) := h(1
z
)/g(1

z
) defined for |z| > 1, which is called

a pseudocontinuation of f . R. Douglas, H. Shapiro and A. Shields have obtained

[DSS70] the following characterization: a function f ∈ H2 is pseudocontinuable if

and only if it is not S∗-cyclic, that is span(S∗nf : n ≥ 0) 6= H2.

Theorem 8.3. Suppose b is not an extreme point in the unit ball of H∞. Then

span{k̂b
λ : λ ∈ D} = H(b) ⇐⇒ b is not pseudocontinuable.
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Proof. Assume that span{k̂b
λ : λ ∈ D} = H(b) but b is pseudocontinuable. Then

there exists a nonconstant inner function u such that b ∈ H(u). Since H(u) is S∗-

invariant, S∗n+1b ∈ H(u) for all n ≥ 0. As H(b) is contained continuously in H2,

we deduce that

spanH(b)

(
S∗n+1b : n ≥ 0

)
⊂ closH(b)H(u) ⊂ H(u),

and it follows from Lemma 8.1 that H(b) ⊂ H(u). Now since b is not an extreme

point in the unit ball of H∞, we know that the polynomials belong to H(b) [Sar95,

Chap. IV] and consequently to H(u). Hence H2 ⊂ H(u), which is absurd. Thus, if

the difference quotients are complete in H(b), then b is not pseudocontinuable.

Conversely, assume b is not pseudocontinuable. Note that spanH(b)

(
S∗n+1b : n ≥ 0

)
is a closed S∗-invariant subspace of H(b). But we know from [Sar86] the description

of these subspaces when b is not an extreme point: they are just the intersection of

H(b) with the invariant subspaces of S∗. Hence there is an inner function u such

that

spanH(b)

(
S∗n+1b : n ≥ 0

)
= H(b) ∩H(u).

But S∗b ∈ H(u) implies that b ∈ H(uz), which is impossible unless u ≡ 0 (because

b is not pseudocontinuable). Hence

spanH(b)

(
S∗n+1b : n ≥ 0

)
= H(b),

and applying once more Lemma 8.1, we obtain that the difference quotients are

complete in H(b). �

Example 8.4. As a consequence of Theorem 8.3, it is simple to give two examples

of de Branges–Rovnyak spaces (both corresponding to nonextreme functions b),

with the completeness of the difference quotients false for the first and true for the

second. Note first that, if supz∈T |b(z)| < 1, then log(1− |b|) is integrable, and thus

b is not extreme. This condition is satisfied by both functions b1(z) := 1/(z − 3)

and b2(z) := exp((z − 2)−1). The first is pseudocontinuable, and thus the difference
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quotients are not complete in H(b1), while the second is not, whence the difference

quotients are complete in H(b2).

To go beyond the scalar case, we will use the transcription of the Sz.-Nagy–Foiaş

of the (abstract) model introduced in Subsection 3. We have then the following

general result.

Theorem 8.5. Suppose b ∈ H∞(E → E∗), ‖b‖∞ ≤ 1. The following assertions are

equivalent:

(1) span{k̂b
λ,e : λ ∈ D, e ∈ E} = H(b).

(2) H′ ∩H′′
∗ = {0}.

(3) H′′ ∨H′
∗ = H.

Proof. (1) ⇔ (2) Denote ξn = S∗n+1be ⊕ ∆z̄n+1e ∈ K; obviously π∗∗ξn = S∗n+1be.

Moreover, using (3.5), one can easily check that PHπ(zn+1e) = ξn, whence ξn ∈ H
and

(8.2) span(ξn) = clos(PHπH2
−(E)).

We know from Proposition 3.3 that π∗∗ is a coisometry from H onto H(b) with kernel

H′′ = H	H′. Denoting ηn = PH′ξn, we have

π∗∗ηn = π∗∗(PH′ + PH	H′)ξn = π∗∗PHξn = π∗∗ξn = S∗n+1be.

It follows that π∗∗ is a unitary from span(ηn) onto span(S∗n+1be : n ≥ 0, e ∈ E).

Then, according to Lemma 8.1, the difference quotients are not complete iff there

exists a non-null vector χ in H′ that is orthogonal to all ηn; or equivalently, that is

orthogonal to all ξn. By (8.2), this is equivalent to being orthogonal to π(H2
−(E)),

which is the same as saying that χ ∈ H′′
∗. The equivalence is thus proved.

(2) ⇔ (3) follows easily from the definition. �

Corollary 8.6. Let b ∈ H∞(E → E∗), ‖b‖∞ ≤ 1. If clos(∆∗H
2
−(E∗)) = clos(∆∗L

2(E∗)),

then

span{k̂b
λ,e : λ ∈ D, e ∈ E} = H(b).
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In particular, if b is ∗-inner, then the difference quotients are complete.

Proof. According to Lemma 3.1, the hypothesis implies that H′′
∗ = {0} and the

conclusion follows from Theorem 8.5. �

Corollary 8.7. Let b be an extreme point of the unit ball of H∞(E → E∗). Then

the two following conditions are equivalent:

(i) span{k̂b
λ,e : λ ∈ D, e ∈ E} = H(b).

(ii) clos(∆∗H
2
−(E∗)) = clos(∆∗L

2(E∗)).

Proof. (ii) ⇒ (i) follows from Corollary 8.6. As for (i) ⇒ (ii), we know from [Tre86]

(see Remark 3.4) that b is an extreme point of the unit ball of H∞(E → E) if

and only if H = H′ or H = H′
∗. Assume that (ii) is not satisfied, which means by

Lemma 3.1 that H 6= H′
∗. Then we necessarily have H = H′, whence H′′ = {0}. But

if the difference quotients are complete, then by Theorem 8.5, we obtain H = H′
∗—a

contradiction. �

We see from Example 8.4 that extremality is not a necessary condition for the

completeness of the difference quotients.
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1. Introduction

For 0 < p ≤ ∞, let Hp(D) denote the classical Hardy space of analytic functions
on the unit disc D := {z ∈ C : |z| < 1}. As usual, we also treat Hp(D) as a closed
subspace of Lp(T, m), where T := ∂D and m is the normalized arc length measure
on T. Let b be in the unit ball of H∞(D). Then the canonical factorization of b is
b = BF , where

B(z) = γ
∏

n

|an|
an

an − z

1− anz
, (z ∈ D) ,

is the Blaschke product with zeros an in the unit disc D satisfying the Blaschke
condition

∑
n(1−|an|) <+∞, γ is a constant of modulus one, and F is of the form

F (z) = exp
(
−

∫

T

ζ + z

ζ − z
dσ(ζ)

)
, (z ∈ D) ,

This work was supported by NSERC (Canada) and FQRNT (Québec). A part of this work was
done while the first author was visiting McGill University. He would like to thank this institution
for its warm hospitality.
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where dσ = − log |b| dm + dμ and dμ is a positive singular measure on T. In the
definition of B, we assume that |an|/an = 1 whenever an = 0. In this paper, we
study some aspects of the de Branges–Rovnyak spaces

H(b) := (Id− TbTb)
1/2H2 .

Here Tϕ denotes the Toeplitz operator defined on H2 by Tϕ(f) = P+(ϕf), where
P+ is the (Riesz) orthogonal projection of L2(T) onto H2. In general, H(b) is not
closed with respect to the norm of H2(D). However, it is a Hilbert space when
equipped with the inner product

〈
(Id− TbTb)

1/2f, (Id− TbTb)
1/2g

〉
b

= 〈f, g〉2 ,

where f and g are chosen so that

f, g⊥ ker (Id− TbTb)
1/2 .

As a very special case, if |b| = 1 a.e. on T, or equivalently when b is an inner
function for the unit disc, then Id−TbTb is an orthogonal projection and the H(b)
norm coincides with the H2 norm. In this case, H(b) becomes a closed (ordinary)
subspace of H2(D), which coincides with the shift-coinvariant subspace Kb :=
H2 � bH2.

This paper treats two questions related to the boundary behavior of func-
tions in H(b). The first of these concerns the existence of radial limits for the
derivatives of functions in the de Branges–Rovnyak spaces. More precisely, given
a non-negative integer N , we are interested in finding a characterization of points
ζ0 ∈ T such that every function f in H(b) and its derivatives up to order N
have radial limits at ζ0. Ahern and Clark [1] studied this question when b is an
inner function and they got a characterization in terms of the zeros sets (an)
and the measure μ. In Section 3, we show that their methods in [1, 2] can be
extended in order to obtain similar results for the general de Branges–Rovnyak
spaces H(b), where b is an arbitrary element of the unit ball of H∞. Let us also
mention that Sarason [11, page 58] has obtained another criterion in terms of the
measure whose Poisson integral is the real part of λ+b

λ−b , with λ ∈ T. Recently,
Bolotnikov and Kheifets [3] gave a result, in some sense more algebraic, in terms
of the Schwarz-Pick matrix.

Our second theme is related to the analytic continuation of functions in H(b)
through a given open arc of T. In [7], in the case where b is an inner function,
Helson proved that every function in Kb has an analytic continuation through an
open arc I of T if and only if b has an analytic continuation through I. Then,
in [11, page 42], Sarason extended this result to the de Branges–Rovnyak spaces
H(b), when b is an extreme point of the unit ball of H∞. In the last section,
we study the question of continuity on the open arc I for functions in H(b). In
particular, we show that the continuity on some open arc of the boundary of all
functions in H(b) implies the analyticity on this arc. We apply this remarkable
property to discuss a possible generalization of the Bernstein’s inequality obtained
by Dyakonov [5] in the model space Kb.
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2. Preliminaries

We first recall some basic well-known facts concerning the reproducing kernel in
H(b). For any λ ∈ D, the linear functional f 	−→ f(λ) is bounded on H2(D) and
thus, by Riesz’ theorem, it is induced by a unique element kλ of H2(D). On the
other hand, by Cauchy’s formula, we have

f(λ) =
1
2π

∫ 2π

0

f(eiϑ)
1− λe−iϑ

dϑ , (f ∈ H2(D) , λ ∈ D) ,

and thus

kλ(z) =
1

1− λz
, (z ∈ D) .

Now, since H(b) is contained contractively in H2(D), the restriction to H(D) of
the evaluation functional at λ ∈ D is a bounded linear functional on H(D). Hence,
relative to the inner product in H(b), it is induced by a vector kb

λ in H(b). In other
words, for all f ∈ H(b), we have

f(λ) = 〈f, kb
λ〉b .

But if f = (Id− TbTb)
1/2f1 ∈ H(b), we have

〈
f, (Id− TbTb)kλ

〉
b

=
〈
f1, (Id− TbTb)

1/2kλ

〉
2

= 〈f, kλ〉2 = f(λ) ,

which implies that

kb
λ = (Id− TbTb)kλ .

Finally, using the well known result Tbkw = b(w)kw, we obtain

kb
λ(z) =

1− b(λ)b(z)
1− λz

, (z ∈ D) .

We know (see [11, page 11]) that H(b) is invariant under the backward shift
operator S∗ and, in the following, we use extensively the contraction X := S∗|H(b).
Its adjoint satisfies the important formula

X∗h = Sh− 〈h, S∗b〉b b , (2.1)

for all h ∈ H(b) (see [11, page 12]).
We end this section by recalling the definition of the spectrum of a function b

in the unit ball of H∞(D) (see [9, page 103]). A point λ ∈ D is said to be regular
(for b) if either λ ∈ D and b(λ) �= 0, or λ ∈ T and b admits an analytic continuation
across a neighbourhood Vλ = {z : |z − λ| < ε} of λ with |b| = 1 on Vλ ∩ T. The
spectrum of b, denoted by σ(b), is then defined as the complement in D of all
regular points of b.
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3. Existence of derivatives for functions of de Branges–Rovnyak
spaces

We first begin with a lemma which is essentially due to Ahern–Clark [1, Lem-
ma 2.1].

Lemma 3.1. Let S1, . . . , Sp be bounded commuting operators of norm less or equal
to 1 on a Hilbert space X. Let (λ1, . . . , λp) ∈ T

p such that Id − λjSj is one to
one. Furthermore, let (λ(n)

1 , . . . , λ
(n)
p ) ∈ D

p tend nontangentially to (λ1, . . . , λp) as
n → +∞. Then, for any y ∈ X, the sequence wn := (Id − λ

(n)
1 S1)−1 . . . (Id −

λ
(n)
p Sp)−1y is uniformly bounded if and only if y belongs to the range of the

operator (Id − λ1S1) . . . (Id − λpSp), in which case, wn tends weakly to w0 :=
(Id− λ1S1)−1 . . . (Id− λpSp)−1y.

Proof. If ‖Sj‖ < 1, then the operator Id− λjSj is invertible and (Id− λ
(n)
j Sj)−1

tends to (Id − λjSj)−1 in operator norm, as n → +∞. Therefore, we see that we
can assume that all operators Sj are of norm equal to 1. This case is precisely the
result of Ahern–Clark. �

The following result gives several criterions for the existence of derivatives of
functions in H(b) and it generalizes the Ahern–Clark result.

Theorem 3.2. Let b be a point in the unit ball of H∞(D) and let

b(z) = γ
∏

n

( |an|
an

an − z

1− anz

)
exp

(
−

∫

T

ζ + z

ζ − z
dμ(ζ)

)
exp

(∫

T

ζ + z

ζ − z
log |b(ζ)| dm(ζ)

)

(3.1)
be its canonical factorization. Let ζ0 ∈ T and let N be a non-negative integer. Then
the following are equivalent.

(i) for every function f ∈ H(b), f(z), f ′(z), . . . , f (N)(z) have finite limits as z
tends radially to ζ0;

(ii) for every function f ∈ H(b), |f (N)(z)| remains bounded as z tends radi-
ally to ζ0;

(iii)
∥∥∂Nkb

z/∂zN
∥∥

b
is bounded as z tends radially to ζ0;

(iv) X∗Nkb
0 belongs to the range of (Id− ζ0X

∗)N+1;
(v) we have
∑

n

1− |an|2
|ζ0 − an|2N+2

+
∫ 2π

0

dμ(eit)
|ζ0 − eit|2N+2

+
∫ 2π

0

∣∣ log |b(eit)|∣∣
|ζ0 − eit|2N+2

dm(eit) < +∞ .

Proof. (i) =⇒ (ii): it is obvious.

(ii) =⇒ (iii): for a point z in D, the function ∂N kb
z

∂zN is easily seen to be the
kernel function in H(b) for the functional of evaluation of the Nth derivative at z:

f (N)(z) =
〈

f,
∂Nkb

z

∂zN

〉

b

, ∀f ∈ H(b) . (3.2)
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Therefore, the implication (ii) =⇒ (iii) follows from the principle of uniform bound-
edness.

The equivalence of (i) and (iii) is not new and can be found in [11, page 58].
(iii) =⇒ (iv): using the fact that kb

z = (Id− zX∗)−1kb
0 (see [11, page 42]), we

easily get

∂Nkb
z

∂zN
= N !(Id− zX∗)−(N+1)X∗Nkb

0 . (3.3)

We know from [6, Lemma 2.2] that σp(X∗) ⊂ D and thus the operator Id− ζ0X
∗

is one-to-one. By assumption, (Id− znX∗)−(N+1)X∗Nkb
0 is uniformly bounded for

any sequence zn ∈ D tending radially to ζ0. Hence, by Lemma 3.1, X∗Nkb
0 belongs

to the range of (Id− ζ0X
∗)N+1.

(iv) =⇒ (i): using once more Lemma 3.1 with p = N + 1, S1 = · · · =
Sp = X∗, λ1 = · · · = λp = ζ0 and y = X∗Nkb

0, we see that (iv) implies that
(Id − znX∗)−(N+1)X∗Nkb

0 tends weakly to (Id − ζ0X
∗)−(N+1)X∗Nkb

0, for any
sequence zn ∈ D tending radially to ζ. Hence (3.2) and (3.3) imply that, for every
function f in H(b), f (N)(z) has a finite limit as z tends radially to ζ0. Now of
course, for every 0 ≤ j ≤ N , (iv) ensures that X∗jkb

0 belongs to the range of
(Id − ζ0X

∗)j+1 and similar arguments show that, for every function f in H(b),
f (j)(z) has a finite limit as z tends radially to ζ0.

(v) =⇒ (iii): without loss of generality we assume that ζ0 = 1. Using Leibnitz’
rule, by straightforward computations we obtain

kb
ω,N (z) :=

∂Nkb
ω

∂ωN
(z) =

hb
ω,N(z)

(1 − ωz)N+1
, (3.4)

with

hb
ω,N (z) = N !zN − b(z)

N∑

j=0

(
N

j

)
b(j)(ω)(N − j)!zN−j(1 − ωz)j . (3.5)

Hence, by (3.2), we have
∥∥∥∥

∂Nkb
ω

∂ωN

∥∥∥∥
2

b

= (kb
ω,N )(N)(ω) ,

and thus, we need to prove that (kb
r,N )(N)(r) is bounded as r → 1−.

But the condition (v) clearly implies that

∑

n

1− |an|2
|ζ0 − an|j +

∫ 2π

0

dμ(eit)
|ζ0 − eit|j +

∫ 2π

0

∣∣ log |b(eit)|∣∣
|ζ0 − eit|j dm(eit) < +∞ ,

for 0 ≤ j ≤ 2N + 2 and then it follows from [2, Lemma 4] that

lim
r→1−

b(j)(r) and lim
R→1+

b(j)(R)
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exist and are equal. Here we extend the function b outside the unit disk by the
formula (3.1), which represents an analytic function for |z| > 1, z �= 1/an. We
denote this function also by b and it is easily verified that it satisfies

b(z) =
1

b(1/z)
, ∀z ∈ C . (3.6)

Therefore, there exists R0 > 1 such that b has 2N + 1 continuous derivatives on
[0, R0]. Now take R−1

0 < r < 1. Noting that b can have only a finite number of real
zeros, we can assume that the interval (R−1

0 , 1) is free of zeros. Then straightfor-
ward computations using (3.5) and (3.6) show that hb

r,N and its first N derivatives
must vanish at z = 1/r. Therefore we can write, for s ∈ (0, 1),

hb
r,N(s) =

∫ 1

0

d

dt
hb

r,N

(
1
r

+ t

(
s− 1

r

))
dt

=
(

s− 1
r

) ∫ 1

0

(hb
r,N)′

(
1
r

+ t

(
s− 1

r

))
dt

=
(

s− 1
r

)2 ∫ 1

0

∫ 1

0

(
hb

r,N

)′′
(

1
r

+ tu

(
s− 1

r

))
t du dt .

Continuing this procedure, we get

hb
r,N(s) =

(
s− 1

r

)N+1∫ 1

0

∫ 1

0

. . .

∫ 1

0

(hb
r,N )(N+1)

(
1
r

+ t1t2 . . . tN+1

(
s− 1

r

))

m(t) dt1 . . . dtN+1 ,

where m(t) is a monomial in t1, . . . , tN+1. Hence, using (3.4), we obtain

kb
r,N (s) =

1
rN+1

∫ 1

0

∫ 1

0

. . .

∫ 1

0

(
hb

r,N

)(N+1)

(
1
r

+ t1t2 . . . tN+1

(
s− 1

r

))

m(t) dt1 . . . dtN+1 .

But, thanks to properties of b, we can differentiate under the integral sign to get

(
kb

r,N

)(N)(s) =
1

rN+1

∫ 1

0

∫ 1

0

. . .

∫ 1

0

(
hb

r,N

)(2N+1)

(
1
r

+ t1t2 . . . tN+1

(
s− 1

r

))

v(t) dt1 . . . dtN+1 ,

where v(t) is a monomial in t1, . . . , tN+1. Since (hb
r,N )(2N+1) is bounded on (0, R0),

we deduce that |(kb
r,N )(N)(r)| ≤ 1

rN+1 ‖(hb
r,N)(2N+1)‖∞, which is bounded as

r → 1−.
(iii) =⇒ (v): here we also assume that ζ0 = 1. According to [1, Lemma 4.2]

we can take a sequence (Bj)j≥1 of Blaschke products converging uniformly to b
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on compact subsets of D and such that
∑

k

1− |aj,k|2
|1− raj,k|2N+2

−→
j→+∞

∑

k

1− |ak|2
|1− rak|2N+2

+
∫ 2π

0

dμ(eit)
|eit − r|2N+2

+
∫ 2π

0

| log |b(eit)||
|eit − r|2N+2

dm(eit) ,

where (aj,k)k≥1 is the sequence of zeros of Bj. As before, let kb
ω,N := ∂Nkb

ω/∂ωN

and let k
Bj

ω,N := ∂Nk
Bj
ω /∂ωN . Hence, we have

k
Bj

ω,N (z) =

N !zN −Bj(z)
N∑

p=0

(
N

p

)
B

(p)
j (ω)(N − p)!zN−p(1− ωz)p

(1− ωz)N+1
(3.7)

and thus k
Bj

ω,N tends to kb
ω,N uniformly on compact subsets of D. Therefore,

lim
j→+∞

(
k

Bj

ω,N

)(N)

(ω) =
(
kb

ω,N

)(N)

(ω) .

But,
∥∥∥∥

∂Nkb
ω

∂ωN

∥∥∥∥
2

b

=
(
kb

ω,N

)(N)

(ω) , and

∥∥∥∥∥
∂Nk

Bj
ω

∂ωN

∥∥∥∥∥

2

2

=
(
k

Bj

ω,N

)(N)

(ω) ,

and condition (iii) implies that there exists C1 > 0 such that, for all 0 < r < 1,
we have |(kb

r,N )(N)(r)| ≤ C1. Therefore, for all 0 < r < 1, there exists jr ∈ N, such
that for j ≥ jr, we have

∥∥∥∥∥
∂Nk

Bj
r

∂rN

∥∥∥∥∥

2

2

=
∣∣∣
(
k

Bj

r,N

)(N)

(r)
∣∣∣ ≤ C1 + 1 .

Moreover, using (3.7), we see that

(1− rz)N+1 ∂Nk
Bj
r

∂rN
(z) = N !zN −Bj(z)gj(z) ,

where gj ∈ H2. Hence, it follows from [1, Theorem 3.1] that there is a constant K
(independent of r) such that

∑

k

1− |aj,k|2
|1− raj,k|2N+2

≤ K , (j ≥ jr) ,

Letting j → +∞, we obtain
∑

k

1− |ak|2
|1− rak|2N+2

+
∫ 2π

0

dμ(eit)
|eit − r|2N+2

+
∫ 2π

0

∣∣ log |b(eit)|∣∣
|eit − r|2N+2

dm(eit) ≤ K

for all r ∈ (0, 1). Now we let r → 1−, we get the desired condition (v). �
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4. Continuity and analytic continuation for functions of the
de Branges–Rovnyak spaces

In this section, we study the continuity and analyticity of functions in the
de Branges–Rovnyak spaces H(b) on an open arc of T. As we will see the the-
ory bifurcates into two opposite cases depending whether b is an extreme point of
the unit ball of H∞(D) or not. Let us recall that if X is a linear space and S is a
convex subset of X , then an element x ∈ S is called an extreme point of S if it is
not a proper convex combination of any two distinct points in S. Then, it is well
known (see [4, page 125]) that a function f is an extreme point of the unit ball of
H∞(D) if and only if ∫

T

log
(
1− |f(ζ)|) dζ = −∞ .

The following result is a generalization of results of Helson [7] and Sara-
son [11]. The equivalence of (i), (ii) and (iii) were proved in [11, page 42] under
the assumption that b is an extreme point. Our contribution is the last two parts.
The mere assumption of continuity implies analyticity and this observation has
interesting applications.

Theorem 4.1. Let b be in the unit ball of H∞(D) and let I be an open arc of T.
Then the following are equivalent:

(i) b has an analytic continuation across I and |b| = 1 on I;
(ii) I is contained in the resolvent set of X∗;
(iii) any function f in H(b) has an analytic continuation across I;
(iv) any function f in H(b) has a continuous extension to D ∪ I;
(v) b has a continuous extension to D ∪ I and |b| = 1 on I.

Proof. (i) =⇒ (ii): since |b| = 1 on an open interval, it is clear that b is an extreme
point of the unit ball of H∞(D). In that case, we know that the characteristic
function of the operator X∗ (in the theory of Sz-Nagy and Foias) is b (see [10]).
But then this theory tells us that σ(X∗) = σ(b) (see [9, Theorem 2.3.4., page 102]).
Therefore, if b has an analytic continuation across I and |b| = 1 on I, then I is
contained in the complement of σ(b) and thus I is contained in the resolvent set
of X∗.

(ii) =⇒ (iii): for f ∈ H(b), we have

f(ω) =
〈
f, kb

ω

〉

b
=

〈
f, (Id− ωX∗)−1kb

0

〉

b
.

Now if I is contained in the resolvent set of X∗, then the vector valued function
ω 	−→ (Id − ωX∗)−1kb

0, thought of as an H(b)-valued function, can be continued
analytically across I and thus the condition (iii) follows.

(iii) =⇒ (iv): is clear.

(iv) =⇒ (v): let ω0 ∈ D such that b(ω0) �= 0. Since 1−b(ω0)b(z)
1−ω0z belongs to

H(b), it has a continuous extension to D ∪ I. Therefore b also has a continuous
extension to D ∪ I. Now let ζ0 be a point of I. An application of the principle
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of uniform boundedness shows that the functional on H(b) of evaluation at ζ0 is
bounded. Let kb

ζ0
denote the corresponding kernel function. The family kb

ω tends
weakly to kb

ζ0
as ω tends to ζ0 from D. Thus, for any z ∈ D, we also have

kb
ζ0

(z) =
〈
kb

ζ0
, kb

z

〉

b
= lim

ω→ζ0

〈
kb

ω, kb
z

〉

b
= lim

ω→ζ0

1− b(ω)b(z)
1− ωz

=
1− b(ζ0)b(z)

1− ζ0z
.

In particular, the function 1−b(ζ0)b(z)
z−ζ0

is in H2(C+), which is possible only if
|b(ζ0)| = 1. Hence we get that |b| = 1 on I.

(v) =⇒ (i): follows from standard facts based on the Schwarz’s reflection
principle. �

As we have seen in the proof of Theorem 4.1, any of the conditions (i)− (v)
implies that b is an extreme point of the unit ball of H∞(D). Thus, the continuity
(or equivalently, the analytic continuation) of b or of the elements of H(b) on the
boundary completely depend on b being an extreme point or not. If b is not an
extreme point of the unit ball of H∞(D) and if I is an open arc of T, then there
exists necessarily a function f ∈ H(b) such that f has not a continuous extension
to D∪ I. On the opposite case, if b is an extreme point such that b has continuous
extension to D∪I with |b| = 1 on I, then all the functions f ∈ H(b) are continuous
on I (and even can be continued analytically across I).

Theorem 4.1 shows that the de Branges–Rovnyak spaces H(b) have a re-
markable property, i.e., continuity on an open arc of T of all functions of H(b) is
enough to imply the analyticity of these functions. This property enables us to
show that the result of Dyakonov [5] concerning the Bernstein’s inequality in the
model spaces is sharp in the sense that we cannot extend it to all de Branges–
Rovnyak spaces. The definition of de Branges–Rovnyak spaces of the upper half
plane is similar to its counterpart for the unit disc. First, we make precise a little
more the transfer of the unit disc to the upper half plane C+. We consider γ the
conformal map from C+ onto D defined by

γ(z) =
z − i

z + i
, z ∈ C+ ,

and we denote by U the (unitary) map from L2(T) onto L2(R) defined by

(Uf)(x) :=
1√
π

1
x + i

f

(
x− i

x + i

)
, x ∈ R, f ∈ L2(T) . (4.1)

Then it is well known (see [8, pages 247-248]) that U maps H2(D) onto H2(C+).
Moreover, if ϕ ∈ L∞(T), then

UTϕ = Tϕ◦γU . (4.2)

Now let b be in the unit ball of H∞(D) and let b1 = b ◦ γ. Then, using (4.2),
basic arguments show that U maps unitarily H(b) onto H(b1). Using this unitary
transform, we can obviously state the analogue of Theorem 3.2 and Theorem 4.1
in the upper half plane C+.
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Corollary 4.2. Let b1 be a point of the unit ball of H∞(C+). Then the following
are equivalent:

(i) the operator f −→ f ′ is a bounded operator from H(b1) into H2(C+);
(ii) b1 is an inner function and b′1 ∈ H∞(C+).

Proof. Using [5, Theorem 1], the only thing to prove is that if (i) holds, then b1 is
inner. But, if for any function f in H(b1), we have f ′ ∈ H2(C+), then in particular,
f has a continuous extension to C+ ∪R. Thus, using the analogue of Theorem 4.1
in the upper half plane, we see that b1 has a continuous extension to C+ ∪ R and
|b1| = 1 on R, which means b1 is an inner function. �
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[8] S.V. Hruščev, N.K. Nikolski, and B. S. Pavlov, Unconditional bases of exponentials
and of reproducing kernels. In Complex Analysis and Spectral Theory, V.P. Havin
and N.K. Nikolski, Eds., Lectures Notes in Mathematics. Springer-Verlag, Berlin,
Heidelberg, New-York, 1981, pp. 214–335.

[9] N.K. Nikolski, Operators, Functions, and Systems: An Easy Reading, Vol. 2: Model
Operators and Systems. Mathematical Surveys and Monographs, Vol. 93, A.M.S.,
2002.

[10] D. Sarason, Shift-invariant spaces from the Brangesian point of view. In The Bieber-
bach Conjecture-Proceedings of the Symposium on the Occasion of the Proof. Amer.
Math. Soc., Providence, 1986, pp. 153–166.

[11] D. Sarason, Sub-Hardy Hilbert Spaces in the Unit Disk. University of Arkansas Lec-
ture Notes in the Mathematical Sciences 10, John Wiley & Sons Inc., New York,
1994.



Vol. 2 (2008) Boundary Behavior of Functions 97

Emmanuel Fricain
Institut Camille Jordan
Université de Lyon
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INTEGRAL REPRESENTATION OF THE n-TH DERIVATIVE IN DE

BRANGES-ROVNYAK SPACES AND THE NORM CONVERGENCE

OF ITS REPRODUCING KERNEL

EMMANUEL FRICAIN, JAVAD MASHREGHI

Abstract. In this paper, we give an integral representation for the boundary values

of derivatives of functions of the de Branges–Rovnyak spaces H(b), where b is in the

unit ball of H
∞(C+). In particular, we generalize a result of Ahern–Clark obtained for

functions of the model spaces Kb, where b is an inner function. Using hypergeometric

series, we obtain a nontrivial formula of combinatorics for sums of binomial coefficients.

Then we apply this formula to show the norm convergence of reproducing kernel k
b
ω,n of

the evaluation of n-th derivative of elements of H(b) at the point ω as it tends radially

to a point of the real axis.

1. Introduction

Let C+ denote the upper half plane in the complex plane and let H2(C+) denote the

usual Hardy space consisting of analytic functions f on C+ which satisfy

‖f‖2 := sup
y>0

(∫

R

|f(x + iy)|2 dx

)1/2

< +∞.

P. Fatou [12] proved that, for any function f in H2(C+) and for almost all x0 in R,

f∗(x0) := lim
t→0+

f(x0 + it)

exists. Moreover, we have f∗ ∈ L2(R), Ff∗ = 0 on (−∞, 0), where F is the Fourier–

Plancherel transformation, and ‖f∗‖2 = ‖f‖2. Of course the boundary points where

the radial limit exists depend on the function f . However we cannot say more about the

2000 Mathematics Subject Classification. Primary: 46E22, Secondary: 47A15, 33C05, 05A19.

Key words and phrases. de Branges-Rovnyak spaces, model subspaces of H
2, integral representation,

hypergeometric functions.
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boundary behavior of a typical element of H2(C+). Then many authors, e.g. [16, 1, 2, 14],

have studied this question by restricting the class of functions. A particularly interesting

class of subspaces of H2(C+) consists of de Branges–Rovnyak spaces.

For ϕ ∈ L∞(R), let Tϕ stand for the Toeplitz operator defined on H2(C+) by

Tϕ(f) := P+(ϕf), (f ∈ H2(C+)),

where P+ denotes the orthogonal projection of L2(R) onto H2(C+). Then, for ϕ ∈ L∞(R),

‖ϕ‖∞ ≤ 1, the de Branges–Rovnyak space H(ϕ), associated with ϕ, consists of those

H2(C+) functions which are in the range of the operator (Id − TϕTϕ)1/2. It is a Hilbert

space when equipped with the inner product

〈(Id− TϕTϕ)1/2f, (Id− TϕTϕ)1/2g〉ϕ = 〈f, g〉2,

where f, g ∈ H2(C+)⊖ ker (Id− TϕTϕ)1/2.

These spaces (and more precisely their general vector-valued version) appeared first in L.

de Branges and J. Rovnyak [7, 8] as universal model spaces for Hilbert space contractions.

As a special case, when b is an inner function (that is |b| = 1 a.e. on R), the operator

(Id − TbTb) is an orthogonal projection and H(b) becomes a closed (ordinary) subspace

of H2(C+) which coincides with the so-called model spaces Kb = H2(C+) ⊖ bH2(C+).

Thanks to the pioneer works of Sarason, e.g. [18], we know that de Branges-Rovnyak

spaces have an important role to be played in numerous questions of complex analysis and

operator theory. We mention a recent paper of A. Hartmann, D. Sarason and K. Seip [15]

who give a nice characterization of surjectivity of Toeplitz operator and the proof involves

the de Branges-Rovnyak spaces. We also refer to works of J. Shapiro [19, 20] concerning

the notion of angular derivative for holomorphic self-maps of the unit disk. See also a

paper of J. Anderson and J. Rovnyak [3], where generalized Schwarz-Pick estimates are

given and a paper of M. Jury [17], where composition operators are studied by methods

based on H(b) spaces.

In the case where b is an inner function, H. Helson [16] studied the problem of analytic

continuation across the boundary for functions in Kb. Then, still when b is an inner

function, P. Ahern and D. Clark [1] characterized those points x0 of R where every function
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f of Kb and all its derivatives up to order n have a radial limit. More precisely, if b = BIµ

is the canonical factorization of the inner function b into Blaschke product B associated

with the sequence (zk)k and singular inner part Iµ associated with the singular measure

µ, then every function f ∈ Kb and its derivatives up to order n have finite radial limits at

x0 if and only if

∑

k

ℑm(zk)

|x0 − zk|2n+2
+

∫

R

dµ(t)

|t− x0|2n+2
< +∞.(1.1)

Recently, we [14] gave an extension of the preceding results of Helson and of Ahern–Clark.

See also the paper of E. Fricain [13] where the orthogonal and Riesz basis of H(b) spaces,

which consist of reproducing kernels, are studied.

Now, using Cauchy formula, it is easy to see that if b is inner, ω ∈ C+, n is a non-negative

integer and f ∈ Kb, then we have

f (n)(ω) =

∫

R

f(t) kb
ω,n(t) dt,(1.2)

where

kb
ω,n(z)

n!
:=

i

2π

1− b(z)

n
∑

p=0

b(p)(ω)

p!
(z − ω)p

(z − ω)n+1
, (z ∈ C+).(1.3)

A natural question is to ask if one can extend the formula (1.2) at boundary points x0.

If x0 is a real point which does not belong to the boundary spectrum of b, then b and

all functions of Kb are analytic through a neighborhood of x0 and then it is obvious that

the formula (1.2) is valid at the point x0. On the other hand, if x0 satisfies the condition

(1.1), then Ahern–Clark [1] showed that the formula (1.2) is still valid at the point x0 ∈ R.

Recently, K. Dyakonov [10, 11] and then A. Baranov [5] used this formula to get some

Bernstein type inequalities in the model spaces Kb.

In this paper, our first goal is to obtain an analogue of formula (1.2) for the de Branges–

Rovnyak spaces H(b), where b is an arbitrary function in the unit ball of H∞(C+) (not

necessarily inner). We will provide an integral representation for f (n)(ω), ω ∈ C+, and

also show that under certain conditions the formula remains valid if ω = x0 ∈ R. However,

if one tries to generalize techniques used in the model spaces Kb in order to obtain such
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a representation for the derivative of functions in H(b), some difficulties appear mainly

due to the fact that the evaluation functional in H(b) (contrary to the model spaces Kb)

is not a usual integral operator. Nevertheless, we will overcome this difficulty and provide

an integral formula similar to (1.2) for functions in H(b).

Our second goal is to prove the norm convergence of reproducing kernels of evaluation

functional of the n-th derivative as we approach a boundary point. If n = 0, for de

Branges–Rovnyak spaces of the unit disc, Sarason [18, page 48] showed that

‖kb
z0
‖2b = z0b(z0)b

′(z0), (z0 ∈ T).

We first obtain

‖kb
x0,n‖

2
b =

n!2

2iπ

n
∑

p=0

b(p)(x0)

p!

b(2n+1−p)(x0)

(2n + 1− p)!
, (x0 ∈ R),

which is an analogue (and generalization) of Sarason’s formula for the reproducing kernel

of the n-th derivative for de Branges–Rovnyak spaces of the upper half plane. Then we

apply this identity to show that ‖kb
ω,n − kb

x0,n‖b → 0 as ω tends radially to x0. Again if

n = 0, this result is due to Sarason. In establishing the norm convergence we naturally

face with the (nontrivial) finite sum

(−1)r+1
n
∑

p=0

n
∑

ℓ=0

(−2)p−ℓ

(

r

n− ℓ

)(

2n + 1− r

p

)(

n− p + ℓ

ℓ

)

,(1.4)

with n, r ∈ N, 0 ≤ r ≤ 2n+1. Using hypergeometric series we show that this sum is equal

to ±2n, where the choice of sign depends on r.

We mention a recent and very interesting work of V. Bolotnikov and A. Kheifets [6] who

obtained an analogue of the classical Carathéodory–Julia theorem on boundary derivatives.

Using different techniques, the authors also obtained a condition which guarantees that

we can write an analogue of formula (1.2) for the de Branges–Rovnyak spaces H(b). More

precisely, this condition is

lim inf
ω→x0

∂2n

∂ωn∂ωn

(

1− |b(ω)|2

ℑm ω

)

< +∞(1.5)
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and it is stated that this is equivalent to the existence of the boundary Schwarz-Pick matrix

at point x0. They also got the norm convergence (under their condition). Comparing

condition (1.5) with our condition (2.2) is under further investigation.

The plan of the paper is the following. In the next section, we give some preliminaries

concerning the de Branges-Rovnyak spaces. In the third section, we establish some integral

formulas for the n-th derivatives of functions in H(b). The fourth section contains the part

of combinatorics of this paper. In particular, we show how we can compute the sum (1.4)

and get an interesting and quite surprising formula. Finally, in the last section, we apply

this formula of combinatorics to solve an important problem of norm convergence for the

kernels kb
ω,n corresponding to the n-th derivative at points ω for functions in H(b). More

precisely, we prove that kb
ω,n tends in norm to kb

x0,n as ω tends radially to x0. We also get

some interesting relations between the derivatives of the function b at point x0.

2. preliminaries

We first recall two general facts about the de Branges-Rovnyak spaces. As a matter

of fact, in [18], these results are formulated for the unit disc. However, the same results

with similar proofs also work for the upper half plane. The first one concerns the relation

between H(b) and H(b). For f ∈ H2(C+), we have [18, page 10]

f ∈ H(b) ⇐⇒ Tbf ∈ H(b).

Moreover, if f1, f2 ∈ H(b), then

〈f1, f2〉b = 〈f1, f2〉2 + 〈Tbf1, Tbf2〉b.(2.1)

We also mention an integral representation for functions in H(b) [18, page 16]. Let ρ(t) :=

1− |b(t)|2, t ∈ R, and let L2(ρ) stand for the usual Hilbert space of measurable functions

f : R → C with ‖f‖ρ < ∞, where

‖f‖2ρ :=

∫

R

|f(t)|2ρ(t) dt.

For each w ∈ C+, the Cauchy kernel kw belongs to L2(ρ). Hence, we define H2(ρ) to be

the span in L2(ρ) of the functions kw (w ∈ C+). If q is a function in L2(ρ), then qρ is
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in L2(R), being the product of qρ1/2 ∈ L2(R) and the bounded function ρ1/2. Finally, we

define the operator Cρ : L2(ρ) −→ H2(C+) by

Cρ(q) := P+(qρ).

Then Cρ is a partial isometry from L2(ρ) onto H(b) whose initial space equals to H2(ρ)

and it is an isometry if and only if b is an extreme point of the unit ball of H∞(C+).

In [14], we have studied the boundary behavior of functions of the de Branges–Rovnyak

spaces and we mention some parts of [14, Theorem 3.1] that we need here.

Theorem 2.1. Let b be in the unit ball of H∞(C+) and let

b(z) =
∏

k

eiαk
z − zk

z − zk
exp

(

−
1

iπ

∫

R

tz + 1

(t− z)(t2 + 1)
dµ(t)

)

exp

(

1

iπ

∫

R

tz + 1

t− z

log |b(t)|

t2 + 1
dt

)

be its canonical factorization. Then, for x0 ∈ R and for a non-negative integer n, the

following are equivalent:

(i) for every function f ∈ H(b), f(x0+it), f ′(x0+it), . . . f (n)(x0+it) have finite limits

as t → 0+;

(ii) we have

∑

k

ℑm(zk)

|x0 − zk|2n+2
+

∫

R

dµ(t)

|x0 − t|2n+2
+

∫

R

| log |b(t)||

|x0 − t|2n+2
dt < +∞.(2.2)

For f ∈ H(b), x0 ∈ R and for a non-negative integer n, if f (n)(x0 + it) has a finite limit

as t → 0+, then we define

f (n)(x0) := lim
t→0+

f (n)(x0 + it).

Moreover, under the condition (2.2), we know that for 0 ≤ j ≤ 2n + 1,

lim
t→0+

b(j)(x0 + it)(2.3)

exists (see [2, Lemma 4]) and we denote this limit by b(j)(x0).

Remark 2.2. Let x0 ∈ R and suppose that x0 does not belong to the spectrum σ(b) of

b, which means (by definition) that, for some η > 0, b is analytic on B(x0, η) := {z ∈ C :
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|z − x0| < η} and |b(x)| = 1 on (x0 − η, x0 + η). Denote by ap := b(p)(x0)
p! , p ≥ 0. Since

b(x) =
∞
∑

p=0

ap(x− x0)
p, x ∈ (x0 − η, x0 + η),

we get

1 = |b(x)|2 = b(x)b(x) =

∞
∑

r=0

cr(x− x0)
r,

where cr =

r
∑

p=0

ap ar−p. Hence

c0 = |a0|
2 = 1 and

r
∑

p=0

ap ar−p = 0, (∀r ≥ 1).

As we will see in the proof of Theorem 3.3, the condition (2.2) implies that

|a0|
2 = 1 and

r
∑

p=0

ap ar−p = 0, (1 ≤ r ≤ n).

Therefore, the condition (2.2) is somehow a weaker version of the assumption x0 /∈ σ(b).

The next result gives a (standard) Taylor formula at a point on the boundary.

Lemma 2.3. Let h be a holomorphic function in the upper-half plane C+, let n be a

non-negative integer and let x0 ∈ R. Assume that h(n) has a radial limit at x0. Then

h, h′, . . . , h(n−1) have radial limits at x0 and

h(ω) =

n
∑

p=0

h(p)(x0)

p!
(ω − x0)

p + (ω − x0)
nε(ω), (ω ∈ C+),

with lim
t→0+

ε(x0 + it) = 0.

Proof: The case n = 1 is contained in [18, Chap. VI]. To establish the general case

one assumes as the induction hypothesis that the property is true for n− 1. Applying the

induction hypothesis to h′, we see that h′, h(2), . . . , h(n) have a radial limit at x0 and

h′(ω) =
n−1
∑

p=0

h(p+1)(x0)

p!
(ω − x0)

p + (ω − x0)
n−1ε1(ω),
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with lim
t→0+

ε1(x0 + it) = 0. Since h′ has a radial limit at x0, by the case n = 1, h(x0) =

lim
t→0

h(x0 + it) exists and an application of Cauchy’s theorem shows that

h(ω) = h(x0) +

∫

[x0,ω]
h′(u) du,

for all ω = x0 + it, t > 0. Hence we have

h(ω) = h(x0) +

∫

[x0,ω]





n−1
∑

p=0

h(p+1)(x0)

p!
(u− x0)

p + (u− x0)
n−1ε1(u)



 du

=

n
∑

p=0

h(p)(x0)

p!
(ω − x0)

p +

∫

[x0,ω]
(u− x0)

n−1ε1(u) du.

Finally, let

ε(ω) =
1

(ω − x0)n

∫

[x0,ω]
(u− x0)

n−1ε1(u) du.

It is clear that lim
t→0+

ε(x0 + it) = 0.

�

3. Integral representations

We first begin by proving an integral representation for the derivatives of elements

of H(b) at points ω in the upper half plane. Since ω is away from the boundary, the

representation is easy to establish. Let b be a point in the unit ball of H∞(C+). Recall

that for ω ∈ C+, the function

kb
ω(z) =

i

2π

1− b(ω)b(z)

z − ω
, (z ∈ C+),

is the reproducing kernel of H(b), that is

(3.1) f(ω) = 〈f, kb
ω〉b, (f ∈ H(b)).
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Now let ω ∈ C+ and let n be a non-negative integer. In order to get an integral

representation for the nth derivative of f at point ω for functions in the de-Branges-

Rovnyak spaces, we need to introduce the following kernels

(3.2)
kb

ω,n(z)

n!
:=

i

2π

1− b(z)

n
∑

p=0

b(p)(ω)

p!
(z − ω)p

(z − ω)n+1
, (z ∈ C+),

and

(3.3)
kρ

ω,n(t)

n!
:=

i

2π

n
∑

p=0

b(p)(ω)

p!
(t− ω)p

(t− ω)n+1
, (t ∈ R).

For n = 0, we see that kb
ω,0 = kb

ω and kρ
ω,0 = b(ω)kω. Moreover, we also see that the kernel

kb
ω,n coincides with those of the inner case defined by formula (1.3).

Proposition 3.1. Let b be a point in the unit ball of H∞(C+), let f ∈ H(b) and let

g ∈ H2(ρ) be such that Tbf = Cρ(g). Then, for all ω ∈ C+ and for any non-negative

integer n, we have kb
ω,n ∈ H(b) and kρ

ω,n ∈ H2(ρ) and

f (n)(ω) = 〈f, kb
ω,n〉b =

∫

R

f(t)kb
ω,n(t) dt +

∫

R

g(t)ρ(t)kρ
ω,n(t) dt.(3.4)

Proof: According to (3.1) and (2.1), we have

f(ω) = 〈f, kb
ω〉b = 〈f, kb

ω〉2 + 〈Tbf, Tbk
b
ω〉b.

But using the fact that kb
ω = kω − b(ω)bkω and that Tbkω = b(ω)kω, we obtain

Tbk
b
ω = b(ω)

(

kω − P+(|b|2kω)
)

= b(ω)P+

(

(1− |b|2)kω

)

= b(ω)Cρ(kω),

which implies that

f(ω) = 〈f, kb
ω〉2 + b(ω)〈Cρ(g), Cρ(kω)〉b.

Since Cρ is a partial isometry from L2(ρ) onto H(b), with initial space equals to H2(ρ),

we conclude that

f(ω) = 〈f, kb
ω〉2 + b(ω)〈g, kω〉ρ = 〈f, kb

ω,0〉2 + 〈ρg, kρ
ω,0〉2,

which gives the representation (3.4) for n = 0.
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Now straightforward computations show that

∂nkb
ω,0

∂ωn = kb
ω,n and

∂nkρ
ω,0

∂ωn = kρ
ω,n.

Since kb
ω,0 ∈ H(b) and kρ

ω,0 ∈ H2(ρ), we thus have kb
ω,n ∈ H(b) and kρ

ω,n ∈ H2(ρ), n ≥ 0.

The representation (3.4) follows now by induction and by differentiating under the integral

sign, which is justified by the dominated convergence theorem. �

In the following, we show that (3.4) is still valid at the boundary points x0 which satisfy

(2.2). We will need the boundary analogues of the kernels (3.2) and (3.3), i.e.

(3.5)
kb

x0,n(z)

n!
:=

i

2π

1− b(z)
n
∑

p=0

b(p)(x0)

p!
(z − x0)

p

(z − x0)n+1
, (z ∈ C+),

and

(3.6)
kρ

x0,n(t)

n!
:=

i

2π

n
∑

p=0

b(p)(x0)

p!
(t− x0)

p

(t− x0)n+1
, (t ∈ R \ {x0}).

The following result shows that, under condition (2.2), kb
x0,n is the kernel function in

H(b) for the functional of the n-th derivative at x0.

Lemma 3.2. Let b be a point in the unit ball of H∞(C+), let n be a non-negative integer

and let x0 ∈ R. Assume that x0 satisfies the condition (2.2). Then kb
x0,n ∈ H(b) and, for

every function f ∈ H(b), we have

(3.7) f (n)(x0) = 〈f, kb
x0,n〉b.

Proof: According to Theorem 2.1, the condition (2.2) guarantees that, for every func-

tion f ∈ H(b), f (n)(ω) tends to f (n)(x0), as ω tends radially to x0. Therefore, an appli-

cation of the uniform boundedness principle shows that the functional f 7−→ f (n)(x0) is

bounded on H(b). Hence, by Riesz’ theorem, there exists ϕx0,n ∈ H(b) such that

f (n)(x0) = 〈f, ϕx0,n〉b, (f ∈ H(b)).
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Since

f (n)(ω) = 〈f,
∂nkb

ω,0

∂ωn 〉b = 〈f, kb
ω,n〉b, (f ∈ H(b)),

we see that kb
ω,n tends weakly to ϕx0,n, as ω tends radially to x0. Thus, for z ∈ C+, we

can write

ϕx0,n(z) = 〈ϕx0,n, kb
z〉b = lim

t→0+
〈kb

x0+it,n, kb
z〉b = lim

t→0+
kb

x0+it,n(z)

= lim
t→0+

n!
i

2π

1− b(z)

n
∑

p=0

b(p)(x0 + it)

p!
(z − x0 + it)p

(z − x0 + it)n+1

= n!
i

2π

1− b(z)
n
∑

p=0

b(p)(x0)

p!
(z − x0)

p

(z − x0)n+1
,

which implies that ϕx0,n = kb
x0,n. Hence kb

x0,n ∈ H(b) and for every function f ∈ H(b) we

have

f (n)(x0) = 〈f, kb
x0,n〉b.

�

For n = 0, Lemma 3.2 appears in [18, Chap. V], in the context of the unit disc. The

problem with the representation (3.7) is that the inner product in H(b) is not an explicit

integral formula and thus it is not convenient to use it. That is why we prefer to have an

integral formula of type (3.4).

If x0 satisfies the condition (2.2) we also have kρ
x0,n ∈ L2(ρ). Indeed, according to (3.6),

it suffices to prove that (t− x0)
−j ∈ L2(ρ), for 1 ≤ j ≤ n + 1. Since ρ ≤ 1, it is enough to

verify this fact in a neighborhood of x0, say Ix0 = [x0 − 1, x0 + 1]. But according to the

condition (2.2), we have

∫

Ix0

1− |b(t)|2

|t− x0|2j
dt ≤ 2

∫

Ix0

| log |b(t)||

|t− x0|2j
dt ≤ 2

∫

Ix0

| log |b(t)||

|t− x0|2(n+1)
dt < +∞.

Theorem 3.3. Let b be a point in the unit ball of H∞(C+), let n be a non-negative integer,

let f ∈ H(b) and let g ∈ H2(ρ) be such that Tbf = Cρ(g). Then, for every point x0 ∈ R
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satisfying the condition (2.2), we have

(3.8) f (n)(x0) =

∫

R

f(t)kb
x0,n(t) dt +

∫

R

g(t)ρ(t)kρ
x0 ,n(t) dt.

Proof: Recall that according to (2.3), the condition (2.2) guarantees that b(j)(x0) exists

for 0 ≤ j ≤ 2n + 1. Moreover, Lemma 3.2 implies that kb
x0,p ∈ H(b), for 0 ≤ p ≤ n. First

of all, we prove that

hx0,n(z) :=

b(z) −
n
∑

p=0

b(p)(x0)

p!
(z − x0)

p

(z − x0)n+1
, (z ∈ C+),

satisfies

(3.9) hx0,n = 2iπ

n
∑

p=0

b(n−p)(x0)

(n− p)!p!
kb

x0,p.

To simplify a little bit the next computations, we put ap := b(p)(x0)
p! , 0 ≤ p ≤ n. According

to (3.2), we have

2iπ

n
∑

p=0

an−p

kb
x0,p(z)

p!
=

n
∑

p=0

an−p















p
∑

j=0

aj(z − x0)
jb(z) − 1

(z − x0)p+1















=

n
∑

p=0

an−p(z − x0)
n−p



b(z)

p
∑

j=0

aj(z − x0)
j − 1





(z − x0)n+1

=

b(z)





n
∑

p=0

p
∑

j=0

an−paj(z − x0)
n−p+j



−

n
∑

k=0

ak(z − x0)
k

(z − x0)n+1
.

Therefore, we see that (3.9) is equivalent to

(3.10)
n
∑

p=0

p
∑

j=0

an−paj(z − x0)
n−p+j = 1.
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But, putting j = ℓ− n + p, we obtain

n
∑

p=0

p
∑

j=0

an−paj(z − x0)
n−p+j =

n
∑

ℓ=0





n
∑

p=n−ℓ

an−paℓ−n+p



 (z − x0)
ℓ

=

n
∑

ℓ=0





ℓ
∑

q=0

aℓ−qaq



 (z − x0)
ℓ.

Consequently, (3.10) is equivalent to

(3.11) |b(x0)|
2 = 1 and

ℓ
∑

q=0

aℓ−qaq = 0, (1 ≤ ℓ ≤ n).

Now if we define

ϕ(z) := 1− b(z)
n
∑

p=0

ap(z − x0)
p, (z ∈ C+),

then ϕ is holomorphic in C+ and according to (2.3), ϕ and its derivatives up to 2n + 1

have radial limits at x0. An application of Lemma 2.3 shows that we can write

ϕ(z) =
n
∑

p=0

ϕ(p)(x0)

p!
(z − x0)

p + o((z − x0)
n),

as z tends radially to x0. Assume that there exists k ∈ {0, . . . , n} such that ϕ(k)(x0) 6= 0

and let

j0 := min{0 ≤ p ≤ n : ϕ(p)(x0) 6= 0}.

Hence, as t → 0+,

|kb
x0,n(x0 + it)| ∼

1

2π

|ϕ(j0)(x0)|

j0!
tj0−(n+1),

which implies that lim
t→0+

|kb
x0,n(x0 + it)| = +∞. This is a contradiction with the fact that

kb
x0,n belongs to H(b) and has a finite radial limit at x0. Therefore we necessarily have

ϕ(ℓ)(x0) = 0, 0 ≤ ℓ ≤ n. But ϕ(x0) = 1 − b(x0)b(x0) = 1 − |b(x0)|
2 and if we use the

Leibniz’ rule to compute the derivative of ϕ, for 1 ≤ ℓ ≤ n, we get

ϕ(ℓ)(x0) = −
ℓ
∑

p=0

ap

(

ℓ

p

)

p!b(ℓ−p)(x0) = −ℓ!
ℓ
∑

p=0

apaℓ−p,
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which gives (3.11). Hence (3.9) is proved. According to Lemma 3.2, (3.9) implies hx0,n ∈

H(b). Now for almost all t ∈ R, we have

b(t)
kb

x0,n(t)

n!
=

i

2π

b(t)− |b(t)|2
n
∑

p=0

ap(t− x0)
p

(t− x0)n+1

=
i

2π
(1− |b(t)|2)

n
∑

p=0

ap(t− x0)
p

(t− x0)n+1
+

i

2π

b(t)−

n
∑

p=0

ap(t− x0)
p

(t− x0)n+1

= ρ(t)
kρ

x0,n

n!
+

i

2π
hx0,n(t).

Since hx0,n ∈ H(b) ⊂ H2(C+), we get that P+(bkb
x0,n) = P+(ρkρ

x0,n), which can be written

as Tbk
b
x0,n = Cρk

ρ
x0,n. It follows from (2.1) and Lemma 3.2 that

f (n)(x0) = 〈f, kb
x0,n〉b

= 〈f, kb
x0,n〉2 + 〈Tbf, Tbk

b
x0,n〉b

= 〈f, kb
x0,n〉2 + 〈g, kρ

x0,n〉ρ

=

∫

R

f(t)kb
x0,n(t) dt +

∫

R

g(t)ρ(t)kρ
x0 ,n(t) dt,

which proves the relation (3.8).

�

If b is inner, then it is clear that the second integral in (3.8) is zero and we obtain the

formula of Ahern–Clark (1.2).

4. A formula of combinatorics

We first recall some well-known facts concerning hypergeometric series (see [4, 21]).

The 2F1 hypergeometric series is a power series in z defined by

(4.1) 2F1

[

a, b

c
; z

]

=
+∞
∑

p=0

(a)p(b)p
p!(c)p

zp,
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where a, b, c ∈ C, c 6= 0,−1,−2, . . . , and

(t)p :=











1, if p = 0,

t(t + 1) . . . (t + p− 1), if p ≥ 1.

We see that the hypergeometric series reduces to a polynomial of degree n in z when a

or b is equal to −n, (n = 0, 1, 2, . . . ). It is clear that the radius of convergence of the 2F1

series is equal to 1. One can show that when ℜe(c − a − b) ≤ −1 this series is divergent

on the entire unit circle, when −1 < ℜe(c − a − b) ≤ 0 this series converges on the unit

circle except for z = 1 and when 0 < ℜe(c − a − b) this series is (absolutely) convergent

on the entire unit circle (see [4, Theorem 2.1.2]).

We note that a power series
∑

p αpz
p (α0 = 1) can be written as a hypergeometric series

2F1

[

a, b

c
; z

]

if and only if

αp+1

αp
=

(p + a)(p + b)

(p + 1)(p + c)
.(4.2)

Finally we recall two useful well-known formulas [4, page 68] for the hypergeometric

series:

(4.3) 2F1

[

a, b

c
; z

]

= (1− z)c−a−b
2F1

[

c− a, c − b

c
; z

]

(Euler’s formula),

and

(4.4) 2F1

[

a, b

c
; 1

2

]

= 2a
2F1

[

a, c− b

c
;−1

]

, ℜe(b− a) > −1, (Pfaff’s formula).

Now we state the result which we use in the last section.

Proposition 4.1. Let n, r ∈ N, 0 ≤ r ≤ 2n + 1 and define

(4.5) An,r := (−1)r+1
n
∑

p=0

n
∑

ℓ=0

(−2)p−ℓ

(

r

n− ℓ

)(

2n + 1− r

p

)(

n− p + ℓ

ℓ

)

.

Then

An,r =











−2n, 0 ≤ r ≤ n

2n, n + 1 ≤ r ≤ 2n + 1.
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For the proof of this result, we need the following lemma.

Lemma 4.2. For m ∈ N, we have

(4.6)

m
∑

k=0

(

m

k

)

(z − 1)−k
2F1

[

a, b− k

c
; z

]

=
(c− a)m

(c)m

(

z

z − 1

)m

2F1

[

a, b

c + m
; z

]

.

Proof: First note that (4.6) is equivalent to

(4.7)

m
∑

k=0

(

m

k

)

(1− z)−k(−1)m−k
2F1

[

a, b− k

c
; z

]

=
(c− a)m

(c)m

(

z

1− z

)m

2F1

[

a, b

c + m
; z

]

,

and denote by LH the left hand side of the inequality (4.7). Applying transformation

(4.3), we obtain

LH =

m
∑

k=0

(

m

k

)

(−1)m−k(1− z)c−a−b
2F1

[

c− a, c− b + k

c
; z

]

.

Now we introduce the operator of difference ∆ defined by ∆f(x) = f(x+ 1)− f(x). Then

it is well-known and easy to verify that

∆mf(x) =
m
∑

k=0

(

m

k

)

(−1)m−kf(x + k).

Using this formula, we see that LH = (1− z)c−a−b∆mf(c− b), with

f(x) := 2F1

[

c− a, x

c
; z

]

.

But now we can compute ∆mf(x). Indeed, we have

∆f(x) =

+∞
∑

k=0

(c− a)k
(c)k

((x + 1)k − (x)k)
zk

k!

=

+∞
∑

k=1

(c− a)k
(c)k

(x + 1)k−1
zk

(k − 1)!

=
(c− a)

c
z 2F1

[

c− a + 1, x + 1

c + 1
; z

]

,

and by induction, it follows that

∆mf(x) =
(c− a)m

(c)m
zm

2F1

[

c− a + m, x + m

c + m
; z

]

.
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Therefore, we get

LH = (1− z)c−a−b (c− a)m
(c)m

zm
2F1

[

c− a + m, c− b + m

c + m
; z

]

.

Applying once more Euler’s formula, we obtain (4.7).

�

Proof of Proposition 4.1: Changing ℓ into n− ℓ in the second sum of (4.5), we see

that

(4.8) An,r = (−1)r+1
n
∑

p=0

n
∑

ℓ=0

(−2)p+ℓ−n

(

r

ℓ

)(

2n + 1− r

p

)(

2n− p− ℓ

n− ℓ

)

.

Hence

An,2n+1−r = (−1)2n+1−r+1
n
∑

p=0

n
∑

ℓ=0

(−2)p+ℓ−n

(

2n + 1− r

ℓ

)(

r

p

)(

2n − p− ℓ

n− ℓ

)

= −(−1)r+1
n
∑

p=0

n
∑

ℓ=0

(−2)p+ℓ−n

(

2n + 1− r

ℓ

)(

r

p

)(

2n− p− ℓ

n− p

)

= −An,r.

Therefore, it is sufficient to show An,r = −2n for 0 ≤ r ≤ n and then the result for

n + 1 ≤ r ≤ 2n + 1 will follow immediately.

We will now assume that 0 ≤ r ≤ n. Changing p to n− p in the first sum of (4.8) and

permuting the two sums, we get

An,r = (−1)r+1
n
∑

ℓ=0

(−2)l
(

r

ℓ

) n
∑

p=0

(−2)−p

(

2n + 1− r

n− p

)(

n + p− ℓ

n− ℓ

)

.

According to (4.1) and (4.2), we see that

n
∑

p=0

(−2)−p

(

2n + 1− r

n− p

)(

n + p− ℓ

n− ℓ

)

=

(

2n + 1− r

n

)

2F1

[

n− ℓ + 1,−n

n + 2− r
; 1

2

]

,

which implies

An,r = (−1)r+1

(

2n + 1− r

n

) n
∑

ℓ=0

(−2)ℓ
(

r

ℓ

)

2F1

[

n− ℓ + 1,−n

n + 2− r
; 1

2

]

.
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Since r ≤ n and since
(r
ℓ

)

= 0 if r < ℓ, the sum (in the last equation) ends at ℓ = r and we

can apply Lemma 4.2 with m = r, a = −n, b = n + 1, c = n + 2− r and z = 1
2 . Therefore

An,r =(−1)r+1

(

2n + 1− r

n

)

(2n + 2− r)r
(n + 2− r)r

(−1)r2F1

[

−n, n + 1

n + 2
; 1

2

]

=−
(2n + 1)!

(n + 1)!n!
2F1

[

−n, n + 1

n + 2
; 1

2

]

.

We now use formula (4.4) which gives

2F1

[

−n, n + 1

n + 2
; 1

2

]

= 2−n
2F1

[

−n, 1

n + 2
;−1

]

= 2−n
∞
∑

i=0

(−n)i(1)i
(n + 2)i

(−1)i

i!

= 2−n
n
∑

i=0

(

n

i

)

i!(n + 1)!

(n + i + 1)!
,

where we have used (1)i = i!,
(−n)i(−1)i

i!
=

(

n

i

)

and (n + 2)i =
(n + i + 1)!

(n + 1)!
. Hence

2F1

[

−n, n + 1

n + 2
; 1

2

]

= 2−n(n + 1)!n!

n
∑

i=0

1

(n + i + 1)!(n − i)!

which implies

An,r = −2−n
n
∑

i=0

(

2n + 1

i

)

.

But

n
∑

i=0

(

2n + 1

i

)

=
1

2

2n+1
∑

i=0

(

2n + 1

i

)

= 22n

which ends the proof.

�
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5. Norm convergence for the reproducing kernels.

In Section 3, we saw that if x0 ∈ R satisfies (2.2), then kb
ω,n tends weakly to kb

x0,n in

H(b) as ω approaches radially to x0. It is natural to ask if this weak convergence can be

replaced by norm convergence. In other words, is it true that ‖kb
ω,n − kb

x0,n‖b → 0 as ω

tends radially to x0?

In [1], Ahern and Clark said that they can prove this result for the case where b is inner

and n = 0. For general functions b in the unit ball of H∞, Sarason [18, Chap. V] got this

norm convergence for the case n = 0. In this section, we prove the general case.

Since we already have weak convergence, to prove the norm convergence, it is sufficient

to prove that ‖kb
ω,n‖b → ‖kb

x0,n‖b as ω tends radially to x0. Therefore we need to compute

‖kb
x0,n‖b. For n = 0, in the context of the unit disc, Sarason [18, Chap. V] proved that

‖kb
z0
‖2b = z0b(z0)b

′(z0), z0 ∈ T. We can give an analogue of this formula showing that the

norm of kb
x0,n can be expressed in terms of the derivatives of b at x0.

Proposition 5.1. Let b be a point in the unit ball of H∞(C+), let n be a non-negative

integer and let x0 ∈ R satisfying the condition (2.2). Then

‖kb
x0,n‖

2
b =

n!2

2iπ

n
∑

p=0

b(p)(x0)

p!

b(2n+1−p)(x0)

(2n + 1− p)!
.

Proof: Following the notations of Section 3, we define

ϕ(z) = 1− b(z)

n
∑

p=0

b(p)(x0)

p!
(z − x0)

p.

Then, by (2.3) and Lemma 2.3, as z tends radially to x0, we have

kb
x0,n(z) =

in!

2π
(z − x0)

−n−1





2n+1
∑

p=0

ϕ(p)(x0)

p!
(z − x0)

p + o((z − x0)
2n+1)



 .

As we have shown in the proof of Theorem 3.3, ϕ(k)(x0) = 0 if 0 ≤ k ≤ n. Hence

kb
x0,n(z) =

in!

2π

n
∑

p=0

ϕ(p+n+1)(x0)

(p + n + 1)!
(z − x0)

p + o((z − x0)
n).
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Using once more Lemma 2.3, we can also write

kb
x0,n(z) =

n
∑

p=0

(kb
x0,n)

(p)
(x0)

p!
(z − x0)

p + o((z − x0)
n),

which implies

(kb
x0,n)

(p)
(x0) =

in!

2π

p!

(p + 1 + n)!
ϕ(p+n+1)(x0).

But, according to Lemma 3.2, we have ‖kb
x0,n‖

2
b = (kb

x0,n)(n)(x0) and we get

‖kb
x0,n‖

2
b =

in!2

2π

ϕ(2n+1)(x0)

(2n + 1)!
.

Finally, the result follows by Leibniz’ rule.

�

The next result provides an affirmative answer to the question of norm convergence.

Theorem 5.2. Let b be a point in the unit ball of H∞(C+), let n be a non-negative integer

and let x0 ∈ R satisfying the condition (2.2). Then

∥

∥

∥kb
ω,n − kb

x0,n

∥

∥

∥

b
−→ 0, as ω tends radially to x0.

Proof: We denote by ap(ω) := b(p)(ω)
p! and ap := ap(x0). We recall that

kb
ω,n(z) =

in!

2π





1

(z − ω)n+1
−

n
∑

p=0

ap(ω)(z − ω)p−n−1b(z)



 .

We have
∂n

∂zn

(

1

(z − ω)n+1

)

= (−1)n
(2n)!

n!

1

(z − ω)2n+1
,

and by Leibniz’ rule

∂n

∂zn

(

(z − ω)p−n−1b(z)
)

=

n
∑

ℓ=0

(

n

ℓ

)

(−1)ℓ
(n− p + ℓ)!

(n− p)!
(z − ω)p−n−ℓ−1b(n−ℓ)(z).

According to Proposition 3.4, we have ‖kb
ω,n‖

2
b = (kb

ω,n)(n)(ω), which implies

(5.1)

‖kb
ω,n‖

2
b =

in!

2π

(−1)n
(2n)!

n!
−

n
∑

p=0

n
∑

ℓ=0

(

n

ℓ

)

(−1)ℓ
(n− p− ℓ)!

(n− p)!
(ω − ω)n+p−ℓap(ω)b(n−ℓ)(ω)

(ω − ω)2n+1
.
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For 0 ≤ s ≤ n, the function b(s) is analytic in the upper-half plane and its derivative of

order 2n + 1 − s, which coincides with b(2n+1), has a radial limit at x0. According to

Lemma 2.3, as ω tends radially to x0, we have

b(s)(ω) =

2n+1
∑

r=s

ar
r!

(r − s)!
(ω − x0)

r−s + o((ω − x0)
2n+1−s).

Hence if we put ω = x0 + it, we get

(ω − ω)sb(s)(ω) = 2s
2n+1
∑

r=s

ar
r!

(r − s)!
irtr + o(t2n+1),

and thus

(ω − ω)n+p−ℓap(ω)b(n−ℓ)(ω) =
(−1)p

p!
2n+p−ℓ

(

2n+1
∑

r=n−ℓ

ar
r!

(r − n + ℓ)!
irtr + o(t2n+1)

)

×





2n+1
∑

j=p

aj
j!

(j − p)!
(−i)jtj + o(t2n+1)



 .

We deduce from (5.1) that

‖kb
ω,n‖

2
b =

(−1)nn!

22n+2π
t−2n−1

[

(−1)n
(2n)!

n!
− n!

n
∑

p=0

n
∑

ℓ=0

(−1)p+ℓ2n+p−ℓ

(

n− p + ℓ

ℓ

)

×

(

2n+1
∑

r=n−ℓ

ar

(

r

n− ℓ

)

irtr

)





2n+1
∑

j=p

aj

(

j

p

)

(−i)jtj



+ o(t2n+1)

]

,

and denoting by cn =
(−1)nn!

22n+2π
, we can write

‖kb
ω,n‖

2
b = cnt−2n−1

[

(−1)n
(2n)!

n!
− n!

2n+1
∑

s=0

λs,nts + o(t2n+1)

]

,

with

λs,n := is
n
∑

p=0

n
∑

ℓ=0

(−1)p+ℓ2n+p−ℓ

(

n− p + ℓ

ℓ

) s
∑

r=0

(

r

n− ℓ

)(

s− r

p

)

(−1)s−raras−r,

where we assumed that
(a

b

)

= 0 if a < b or b < 0.
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Now we recall that kb
ω,n is weakly convergent as ω tends radially to x0 and thus ‖kb

ω,n‖b

remains bounded. Therefore we necessarily have

(5.2) (−1)n
(2n)!

n!
− n!λ0,n = 0 and λs,n = 0, (1 ≤ s ≤ 2n),

which implies that

(5.3) ‖kb
ω,n‖

2
b = −n!cnλ2n+1,n + o(1),

as ω tends radially to x0. But

λ2n+1,n = (−1)ni

2n+1
∑

r=0

(−1)r+1ara2n+1−r

n
∑

p=0

n
∑

ℓ=0

(−1)p+ℓ2n+p−ℓ

(

n− p + ℓ

ℓ

)(

r

n− ℓ

)(

2n + 1− r

p

)

= (−1)ni2n
2n+1
∑

r=0

An,rara2n+1−r.

According to Proposition 4.1, we have An,r = −2n if 0 ≤ r ≤ n and An,r = 2n if

n + 1 ≤ r ≤ 2n + 1. Then we obtain

λ2n+1,n = (−1)ni22n

(

2n+1
∑

r=n+1

ara2n+1−r −

n
∑

r=0

ara2n+1−r

)

.

Now note that
2n+1
∑

r=n+1

ara2n+1−r =

n
∑

r=0

ara2n+1−r,

which means

λ2n+1,n = (−1)n+122n+1ℑm

(

n
∑

r=0

ara2n+1−r

)

.

But Proposition 5.1 implies that

λ2n+1,n = (−1)n+122n+2 π

n!2
‖kb

x0,n‖
2
b ,

and finally using (5.3) and the definition of cn, we obtain

‖kb
ω,n‖

2
b = ‖kb

x0,n‖
2
b + o(1),

which proves that ‖kb
ω,n‖b −→ ‖kb

x0,n‖b as ω tends radially to x0. Since kb
ω,n tends also

weakly to kb
x0,n in H(b) as ω tends radially to x0, we get the desired conclusion.

�



INTEGRAL REPRESENTATION 23

Remark 5.3. We have already seen in the proof of Theorem 3.3 that if x0 satisfies the

condition (2.2), then |a0| = 1 and

(5.4)

k
∑

p=0

apak−p = 0, (1 ≤ k ≤ n),

where ap := b(p)(x0)
p! . In fact, we can prove that the relation (5.4) is also valid for n + 1 ≤

k ≤ 2n, k even. Indeed, according to (5.2), for n + 1 ≤ s ≤ 2n, we have

0 = λs,n :=is
n
∑

p=0

n
∑

ℓ=0

(−1)p+ℓ2n+p−ℓ

(

n− p + ℓ

ℓ

) s
∑

r=0

(

r

n− ℓ

)(

s− r

p

)

(−1)s−raras−r

= (−i)s2n
s
∑

r=0

(−1)raras−r

n
∑

p=0

n
∑

ℓ=0

(−1)p+ℓ2p−ℓ

(

n− p + ℓ

ℓ

)(

r

n− ℓ

)(

s− r

p

)

= (−i)s2n
s
∑

r=0

aras−rAn,r,s,(5.5)

with

(5.6) An,r,s := (−1)r
n
∑

p=0

n
∑

ℓ=0

(−1)p+ℓ2p−ℓ

(

n− p + ℓ

ℓ

)(

r

n− ℓ

)(

s− r

p

)

.

Using similar arguments as in the proof of Proposition 4.1, we show that for every 0 ≤

r ≤ n < s, we have

(5.7) An,r,s =

(

s

n

)

Γ
(

s−n+1
2

)

Γ(s−n+2
2 )

Γ
(

s−2n+1
2

)

Γ
(

s+2
2

) .

In the proof of this identity, we use Bayley’s Theorem [4] which says that

2F1

[

a, 1− a

b
; 1

2

]

=
Γ
(

b
2

)

Γ(1+b
2 )

Γ
(

a+b
2

)

Γ
(

1−a+b
2

) .

Now using (5.6) it is easy to see that An,s−r,s = (−1)sAn,r,s, and with (5.5) and (5.7), we

obtain
(

s

n

)

Γ
(

s−n+1
2

)

Γ(s−n+2
2 )

Γ
(

s−2n+1
2

)

Γ
(

s+2
2

)

(

n
∑

r=0

aras−r + (−1)s
s
∑

r=n+1

aras−r

)

= 0.

Now recall that the Gamma function is a meromorphic function in the complex plane

without zeros and with poles at zero and the negative integers . Therefore we see that if
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s is even (n + 1 ≤ s ≤ 2n), then
s
∑

r=0

aras−r = 0.

But if s is odd (n + 1 ≤ s ≤ 2n), then s−2n+1
2 is zero or a negative integer and, using this

argument, we are not able to conclude that

s
∑

r=0

aras−r = 0. This still remains as an open

question.
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WEIGHTED NORM INEQUALITIES FOR

DE BRANGES–ROVNYAK SPACES AND THEIR APPLICATIONS

ANTON BARANOV, EMMANUEL FRICAIN, JAVAD MASHREGHI

Abstract. Let H(b) denote the de Branges–Rovnyak space associated with a function

b in the unit ball of H∞(C+). We study the boundary behavior of the derivatives

of functions in H(b) and obtain weighted norm estimates of the form ‖f (n)‖L2(µ) ≤
C‖f‖H(b), where f ∈ H(b) and µ is a Carleson-type measure on C+ ∪ R. We provide

several applications of these inequalities. We apply them to obtain embedding theorems

for H(b) spaces. These results extend Cohn and Volberg–Treil embedding theorems for

the model (star-invariant) subspaces which are special classes of de Branges–Rovnyak

spaces. We also exploit the inequalities for the derivatives to study stability of Riesz

bases of reproducing kernels {kb
λn

} in H(b) under small perturbations of the points λn.

1. Introduction

Let C+ denote the upper half-plane in the complex plane and let H2(C+) denote the

usual Hardy space on C+. For ϕ ∈ L∞(R), let Tϕ stand for the Toeplitz operator defined

on H2(C+) by

Tϕf := P+(ϕf), f ∈ H2(C+),

where P+ denotes the orthogonal projection of L2(R) onto H2(C+). Then, for ϕ ∈ L∞(R),

‖ϕ‖∞ ≤ 1, the de Branges–Rovnyak spaceH(ϕ) associated to ϕ consists of those functions

in H2(C+) which are in the range of the operator (Id − TϕTϕ)1/2. It is a Hilbert space

2000 Mathematics Subject Classification. Primary: 46E15, 46E22, Secondary: 30D55, 47A15.

Key words and phrases. Bernstein’s inequality, de Branges–Rovnyak space, model subspace, reproduc-

ing kernel, embedding theorem, Riesz basis.

This work was supported by funds from NSERC (Canada), Jacques Cartier Center (France) and RFBR

(Russia).
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when equipped with the inner product

〈 (Id− TϕTϕ)1/2f, (Id− TϕTϕ)1/2g 〉ϕ = 〈f, g〉2,

where f, g ∈ H2(C+)⊖ ker (Id− TϕTϕ)1/2. In what follows we always assume that ϕ = b

is an analytic function in the unit ball of H∞(C+). In this case, if

kb
ω(z) :=

1− b(ω)b(z)

z − ω
, ω ∈ C+,(1.1)

then we have 〈f, kb
ω〉b = 2πif(ω) for all f ∈ H(b). In other words, H(b) is a reproducing

kernel Hilbert space.

These spaces (and, more precisely, their general vector-valued version) were introduced

by de Branges and Rovnyak [14, 15] as universal model spaces for Hilbert space contrac-

tions. Thanks to the pioneer works of Sarason, we know that de Branges–Rovnyak spaces

play an important role in numerous questions of complex analysis and operator theory

(e.g. see [4, 23, 37, 38, 39]). For the general theory of H(b) spaces we refer to [37].

In the special case where b = Θ is an inner function (that is, |Θ| = 1 a.e. on R), the

operator (Id−TΘTΘ)1/2 is an orthogonal projection andH(Θ) becomes a closed (ordinary)

subspace of H2(C+) which coincides with the so-called model subspace

K2
Θ = H2(C+)⊖ΘH2(C+) = H2(C+) ∩ΘH2(C+)

(for the model space theory see [29]). We mention one important particular class of model

spaces. If Θ(z) = exp(iaz), a > 0, thenH(Θ) = K2
Θ = H2(C+)∩PW 2

a , where PW 2
a stands

for the Paley–Wiener space of all entire functions of exponential type at most a, whose

restrictions to R belong to L2(R). Then the famous Bernstein’s inequality asserts that

‖f ′‖2 ≤ a‖f‖2, f ∈ PW 2
a .

This classical and important inequality was extended by many authors in many different

directions. It is impossible to give an exhaustive list of references, but we would like to

mention [9, 22, 32, 34, 35, 40] and [26, Lecture 28].
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Notably, one natural direction is to extend Bernstein’s inequality to general model

subspaces. In [27], Levin showed that if Θ is an inner function and |Θ′(x)| < ∞, x ∈ R,

then for each function f ∈ K∞
Θ = H∞(C+)∩ΘH∞(C+), the derivative f ′(x) exists in the

sense of nontangential boundary values and

|f ′(x)/Θ′(x)| ≤ ‖f‖∞.

Differentiation in the model spaces Kp
Θ := Hp(C+) ∩ ΘHp(C+), 1 < p < ∞, was stud-

ied extensively by Dyakonov [16, 17], who showed that the Bernstein-type inequality

‖f ′‖p ≤ C‖f‖p, f ∈ Kp
Θ, holds if and only if Θ′ ∈ L∞(R). Recently, Baranov [5, 6, 8]

has obtained weighted Bernstein-type inequalities for the model subspaces Kp
Θ, which

generalized previous results of Levin and Dyakonov. More precisely, for a general inner

function Θ, he proved estimates of the form

(1.2) ‖f (n)wp,n‖Lp(µ) ≤ C ‖f‖p, f ∈ Kp
Θ,

where n ≥ 1, µ is a Carleson measure in the closed upper half-plane and wp,n is some

weight related to the norm of reproducing kernels of the space K2
Θ which compensates

possible growth of the derivative near the boundary.

One of the main ingredients in the results of Dyakonov and Baranov was an integral

formula for the derivatives of functions in Kp
Θ. Using Cauchy formula, it is easy to see

that if Θ is inner, ω ∈ C+, n is a non-negative integer and f ∈ Kp
Θ, then we have

f (n)(ω) =
1

2πi

∫

R

f(t) kΘ
ω,n(t) dt,(1.3)

where

kΘ
ω,n(z)

n!
:=

1−Θ(z)

n∑

p=0

Θ(p)(ω)

p!
(z − ω)p

(z − ω)n+1
, z ∈ C+.(1.4)

A natural question is whether one can extend the formula (1.3) to boundary points x0. If

x0 ∈ R does not belong to the boundary spectrum σ(Θ) of Θ (see the definition in Section
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5), then Θ and all functions of Kp
Θ are analytic through a neighborhood of x0 and then it

is obvious that (1.3) is valid for z = x0. More generally, if x0 satisfies

∑

k

Im zk

|x0 − zk|(n+1)q
+

∫

R

dµ(t)

|t− x0|(n+1)q
< +∞,(1.5)

then, by the results of Ahern and Clark [1] (for p = 2) and Cohn [12] (for p > 1),

the formula (1.3) is still valid at the point x0 ∈ R for any f ∈ Kp
Θ (here {zk} is the

sequence of zeros of Θ and µ is the singular measure associated to Θ). Recently Fricain

and Mashreghi studied the boundary behavior of functions in de Branges–Rovnyak spaces

H(b) and obtained a generalization of representation (1.3) [20, 21].

In the present paper de Branges–Rovnyak spaces are studied from the point of view

of function theory. Namely, we are interested in boundary properties of the elements

of H(b) and of their derivatives, and we establish a number of weighted Bernstein-type

inequalities. Our first goal is to exploit the generalization of representation (1.3) and

obtain an analogue of Bernstein-type inequality (1.2) for the de Branges–Rovnyak spaces

H(b), where b is an arbitrary function in the unit ball of H∞(C+) (not necessarily inner).

It should be noted that the inner product in H(b) is not given by a usual integral formula.

This fact causes certain difficulties. For example, we will see that one has to add one

more term to formula (1.3) in the general case. In what follows we try to emphasize the

points where there is a difference with the inner case, and suggest a few open questions.

Our second goal is to provide several applications of these Bernstein-type inequalities.

The classical Carleson embedding theorem gives a simple geometrical condition on a

measure µ in the closed upper half-plane such that the embedding Hp(C+) ⊂ Lp(µ)

holds. A similar question for model subspaces Kp
Θ was studied by Cohn [11] and then by

Volberg and Treil [42]. An approach based on the (weighted norm) Bernstein inequalities

for model subspaces Kp
Θ was suggested in [6]. Given b in the unit ball of H∞(C+), we

describe a class of Borel measures µ in C+ ∪ R such that H(b) ⊂ L2(µ). We obtain
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a geometric condition on µ sufficient for such embedding. This result generalizes the

previous results of Cohn and Volberg–Treil.

Another application concerns the problem of stability of Riesz bases consisting of re-

producing kernels of H(b). This problem is connected with the famous problem of bases

of exponentials in L2 on an interval which goes back to Paley and Wiener [30]. Exponen-

tial bases were described by Pavlov [31] and by Hruschev, Nikolski and Pavlov in [24],

where functional model methods have been used. This approach has been proved fruitful;

it has allowed both to recapture all the classical results and to extend them to general

model spaces (for a detailed presentation of the subject see [29]). Fricain has pursued this

investigation with respect to bases of reproducing kernels in vector-valued model spaces

[18] and in de Branges–Rovnyak spaces [19] where some criteria for a family of repro-

ducing kernels to be a Riesz basis were obtained. However, the criteria mentioned above

involve some properties of a given family of reproducing kernel that are rather difficult

to verify. On the other hand, in many cases, the given family is a slight perturbation of

another family of reproducing kernels that is known to be a basis. This gives rise to the

following stability problem: Given a Riesz basis of reproducing kernels (kb
λn

)n≥1 of H(b),

characterize perturbations of frequencies (λn)n≥1 which preserve the property to be a Riesz

basis.

This problem was also studied by many authors in the context of exponential bases

(see e.g. [25, 36]) and of model subspaces K2
Θ [7, 13, 18]. In the present paper, using the

weighted norm inequalities (1.2) we extend the results about stability in pseudohyperbolic

metrics from [7, 18] to de Branges-Rovnyak spaces.

The paper is organized as follows. Sections 2 and 3 contain some preliminaries concern-

ing integral representations for the n-th derivative of functions in de Branges–Rovnyak

spaces. In Section 4 we prove our first main result, a Bernstein-type inequality for H(b).

Section 5 contains some estimates relating the weight wp,n involved in Bernstein inequal-

ities to the distances to the level sets of |b|. Section 6 is devoted to embedding theorems.
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Finally, in Section 7 we apply the Bernstein inequality to the problem of stability of Riesz

basis of reproducing kernels in H(b).

In what follows, the letter C will denote a positive constant and we assume that its

value may change. We write f ≍ g if C1g ≤ f ≤ C2g for some positive constants C1, C2.

The set of integers 1, 2, · · · will be denoted by N.

2. Preliminaries

Let b be in the unit ball of H∞(C+) and let b = BIµOb be its canonical factorization,

where

B(z) =
∏

r

eiαr
z − zr

z − zr

is a Blaschke product, the singular inner function Iµ is given by

Iµ(z) = exp

(
iaz − i

π

∫

R

(
1

z − t
+

t

t2 + 1

)
dµ(t)

)

with a positive singular measure µ and a ≥ 0, and Ob is the outer function

Ob(z) = exp

(
i

π

∫

R

(
1

z − t
+

t

t2 + 1

)
log |b(t)| dt

)
.

Then the modulus of the angular derivative of b at a point x ∈ R is given by

(2.1) |b′(x)| = a +
∑

r

2 Im zr

|x− zr|2
+

1

π

∫

R

dµ(t)

|x− t|2 +
1

π

∫

R

∣∣ log |b(t)|
∣∣

|x− t|2 dt.

Hence, we are motivated to define

Sn(x) :=

+∞∑

r=1

Im zr

|x− zr|n
+

∫

R

dµ(t)

|x− t|n +

∫

R

∣∣ log |b(t)|
∣∣

|x− t|n dt,(2.2)

and

En(b) := {x ∈ R : Sn(x) < +∞}.

The formula (2.1) explains why the quantity S2 is of special interest.

We will need the following simple estimate.

Lemma 2.1. For any x ∈ R, y > 0, we have |b′(x+ iy)| ≤ |b′(x)|.
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Proof. Let z = x+ iy, y > 0, and assume that b is outer,

b(z) = exp

(
i

π

∫

R

(
1

z − t
+

t

t2 + 1

)
log |b(t)| dt

)
.

Then

b′(z) = −b(z) i
π

∫

R

log |b(t)|
(t− z)2

dt,

and clearly

|b′(z)| ≤ 1

π

∫

R

| log |b(t)||
|t− z|2 dt ≤ 1

π

∫

R

| log |b(t)||
|t− x|2 dt = |b′(x)|,

by (2.1). The estimates for inner factors are analogous and left to the reader (recall that

|b′(x)| = |O′
b(x)|+ |I ′µ(x)|+ |B′(x)|, x ∈ R).

�

Ahern and Clark [2] showed that if x0 ∈ En(b), then b and all its derivatives up to order

n−1 have (finite) nontangential limits at x0. In [20], we showed that if x0 ∈ E2n+2(b) where

n ∈ Z+ = N ∪ {0}, then, for each f ∈ H(b) and for each 0 ≤ j ≤ n, the nontangential

limit

f (j)(x0) := lim
z−→x0

∢

f (j)(z)

exists. This is a generalization of the Ahern–Clark theorem [1] for the elements of model

subspaces K2
Θ, i.e. for the case when b = Θ is an inner function. Moreover, for every

z0 ∈ C+ ∪ E2n+2(b) and for every function f ∈ H(b), we obtained in [21] the following

integral representation for f (n)(z0). Let ρ(t) = 1 − |b(t)|2 and let H2(ρ) be the span of

the Cauchy kernels kz, z ∈ C+, in L2(ρ) (recall that kz(ω) = (ω − z)−1). Consider the

operator

T̃ρ : L2(ρ) −→ H2(C+)

q 7−→ P+(qρ).

We know from [37, II-3, III-2] that if f ∈ H(b) then there exists a (unique) function g in

H2(ρ) such that Tbf = T̃ρg. It was shown in [21] that, for z0 ∈ C+ ∪ E2n+2(b), n ∈ Z+,
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we have

f (n)(z0) =
n!

2πi

(∫

R

f(t)kb
z0,n(t) dt+

∫

R

g(t)ρ(t)kρ
z0,n(t) dt

)
,(2.3)

where kb
z0,n is the function in H(b) defined by

(2.4) kb
z0,n(z) :=

1− b(z)

n∑

j=0

b(j)(z0)

j!
(z − z0)

j

(z − z0)n+1
, z ∈ C+,

and kρ
z0,n is the function in L2(ρ) defined by

(2.5) kρ
z0,n(t) :=

n∑

j=0

b(j)(z0)

j!
(t− z0)

j

(t− z0)n+1
, t ∈ R.

Note that if b is inner, then ρ ≡ 0 and thus (2.3) reduces to (1.3) which was the key

representation formula used in [5, 6, 16, 17] to obtain Bernstein-type inequalities for model

subspaces Kp
Θ. If n = 0 then kb

z0,0 corresponds to the reproducing kernel of H(b) defined

in (1.1).

3. A new representation formula for the derivatives

We start with a slight modification of the representation (2.3) for n ∈ N.

Proposition 3.1. Let b be in the unit ball of H∞(C+). Let z0 ∈ C+ ∪ E2n+2(b), n ∈ N,

and let

(3.1) K
ρ
z0,n(t) := b(z0)

∑n
j=0

(
n+1
j+1

)
(−1)j bj(z0) b

j(t)

(t− z0)n+1
, t ∈ R.

Then (kb
z0

)
n+1 ∈ H2(C+) and K

ρ
z0,n ∈ L2(ρ). Moreover, for every function f ∈ H(b), we

have

f (n)(z0) =
n!

2πi

(∫

R

f(t)(kb
z0

)n+1(t) dt+

∫

R

g(t)ρ(t)Kρ
z0,n(t) dt

)
,(3.2)

where g ∈ H2(ρ) is such that Tbf = T̃ρg.
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Proof. Let aj = b(j)(z0)/j!. Then

kb
z0,ℓ(z) =

1− b(z0)b(z)− b(z)

ℓ∑

j=1

aj(z − z0)
j

(z − z0)ℓ+1

=
1− b(z0)b(z)

(z − z0)ℓ+1
− b(z)

ℓ∑

j=1

aj

(z − z0)ℓ+1−j
.

Hence, multiplying by (1− b(z0)b(z))
ℓ, we obtain

(3.3) (kb
z0

)ℓ+1(z) = (1− b(z0)b(z))
ℓ kb

z0,ℓ(z) + b(z)

ℓ∑

j=1

aj(1− b(z0)b(z))
j−1(kb

z0
)ℓ+1−j(z).

Since z0 ∈ C+∪E2n+2(b), according to [21, Proposition 3.1 and Lemma 3.2], the functions

kb
z0

and kb
z0,ℓ (1 ≤ ℓ ≤ n) belong to H(b). Hence, using the recurrence relation (3.3) and

that 1− b(z0)b(z) ∈ H∞(C+), we see immediately by induction that (kb
z0

)n+1 ∈ H2(C+).

We prove now that K
ρ
z0,n ∈ L2(ρ). Write K

ρ
z0,n(t) = (t− z0)

−(n+1)ϕ(t), with

ϕ(t) = b(z0)
n∑

j=0

(
n+ 1

j + 1

)
(−1)jbj(z0)b

j(t).

Since ϕ ∈ L∞(R), it is sufficient to prove that (t− z0)−(n+1) ∈ L2(ρ). If z0 ∈ C+, this fact

is trivial and if z0 ∈ E2n+2(b), the inequality 1− x 6 | log x|, x ∈ (0, 1], implies

∫

R

1− |b(t)|2
|t− z0|2n+2

dt 6 2

∫

R

∣∣ log |b(t)|
∣∣

|t− z0|2n+2
dt < +∞

which is the required result.

It remains to prove (3.2). Let ψ be any element of H2(C+). According to (2.3), we

have

2πi

n!
f (n)(z0) =〈f, kb

z0,n〉2 + 〈ρg, kρ
z0,n〉2

=〈f, kb
z0,n − bψ〉2 + 〈b̄f, ψ〉2 + 〈ρg, kρ

z0,n〉2.
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But we have Tbf = T̃ρg, which means that bf − ρg ⊥ H2(C+). Since ψ ∈ H2(C+), it

follows that 〈bf, ψ〉2 = 〈ρg, ψ〉2. Hence the identity

(3.4)
2πi

n!
f (n)(z0) = 〈f, kb

z0,n − bψ〉2 + 〈ρg, kρ
z0,n + ψ〉2

holds for each ψ ∈ H2(C+). A very specific ψ gives us the required representation. To

find ψ note that, on one hand, we have

kb
z0,n(t)− (kb

z0
)n+1(t) =

1− b(t)
∑n

j=0 aj(t− z0)
j − (1− b(z0)b(t))

n+1

(t− z0)n+1

=
1− (1− b(z0)b(t))

n+1

(t− z0)n+1
− b(t)

∑n
j=0 aj(t− z0)

j

(t− z0)n+1
= b(t)ψ(t),

where

ψ(t) =

∑n+1
j=1 (−1)j+1

(
n+1

j

)
(b(z0))

j(b(t))j−1

(t− z0)n+1
−

∑n
j=0 aj(t− z0)

j

(t− z0)n+1
.

On the other hand, we easily see that

kρ
z0,n(t) + ψ(t) =

∑n+1
j=1 (−1)j+1

(
n+1

j

)
(b(z0))

j(b(t))j−1

(t− z0)n+1

= b(z0)

∑n
j=0(−1)j

(
n+1
j+1

)
(b(z0))

j(b(t))j

(t− z0)n+1
= K

ρ
z0,n(t).

Therefore, (3.2) follows immediately from (3.4).

�

We now introduce the weight involved in our Bernstein-type inequalities. Let 1 < p ≤ 2

and let q be its conjugate exponent. Let n ∈ N. Then, for z ∈ C+, we define

wp,n(z) := min
{
‖(kb

z)
n+1‖−pn/(pn+1)

q , ‖ρ1/q
K

ρ
z,n‖−pn/(pn+1)

q

}
;

we assume wp,n(x) = 0, whenever x ∈ R and at least one of the functions (kb
x)

n+1 or

ρ1/q
K

ρ
x,n is not in Lq(R). In what follows we will write wp for wp,1.

The choice of the weight is motivated by representation (3.2) which shows that the

quantity max
{
‖(kb

z)
n+1‖2, ‖ρ1/2

K
ρ
z,n‖2

}
is related to the norm of the functional f 7→ f ′(z)

on H(b). Moreover, we strongly believe that the norms of reproducing kernels are an
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important characteristic of the space H(b) which captures many geometric properties of

b (see Section 5 for certain estimates confirming this point).

Using similar arguments as in the proof of Proposition 3.1, it is easy to see that

ρ1/q
K

ρ
x,n ∈ Lq(R) if x ∈ Eq(n+1)(b). It is also natural to expect that (kb

x)
n+1 ∈ Lq(R)

for x ∈ Eq(n+1)(b). This is true when b is an inner function, by a result of Cohn [12], and

for a general function b with q = 2 by (3.3) and [20, Lemma 3.2]. However, it seems that

the methods of [12] and [20] do not apply in the general case.

Question 3.2. Is it true that for x ∈ R, (kb
x)

n+1 ∈ Lq(R) if x ∈ Eq(n+1)(b)?

Remark 3.3. If f ∈ H(b) and 1 < p ≤ 2, then (f (n)wp,n)(x) is well-defined on R. It

follows from the [20] that f (n)(x) and wp,n(x) are finite if S2n+2(x) < +∞. If S2n+2(x) =

+∞, then ‖(kb
x)

n+1‖2 = +∞. Hence, ‖(kb
x)

n+1‖q = +∞ which, by definition, implies

wp,n(x) = 0, and thus we may assume (f (n)wp,n)(x) = 0.

Remark 3.4. In the inner case, we have ρ(t) ≡ 0 and the second term in the definition

of the weight wp,n disappears. It should be emphasized that in the general case both

terms are essential: below we show (Example 4.2) that the norm ‖ρ1/q
K

ρ
z,n‖q can not be

majorized uniformly by the norm ‖(kb
z)

n+1‖q.

Lemma 3.5. For 1 < p ≤ 2, n ∈ N, there is a constant A = A(p, n) > 0 such that

wp,n(z) ≥ A
(Im z)n

(1− |b(z)|)
pn

q(pn+1)

, z ∈ C+.

Proof. On one hand, note that

‖(kb
z)

n+1‖q
q =

∫

R

∣∣∣∣∣
1− b(z)b(t)

t− z

∣∣∣∣∣

(n+1)q

dt ≤ C

(Im z)(n+1)q−2

∫

R

∣∣∣∣∣
1− b(z)b(t)

t− z

∣∣∣∣∣

2

dt

=
C

(Im z)(n+1)q−2
‖kb

z‖2
b ≤ C

1− |b(z)|
(Im z)(n+1)q−1

.
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On the other hand, we have

‖ρ1/q
K

ρ
z,n‖q

q =

∫

R

∣∣∣∣
b(z)

∑n
j=0

(
n+1
j+1

)
(−1)jb(z)

j
bj(t)

(t− z)n+1

∣∣∣∣
q

(1− |b(t)|2) dt

≤ C

(Im z)(n+1)q−2

∫

R

1− |b(t)|
|t− z|2 dt.

If |b(z)| < 1/2, then we obviously have

∫

R

1− |b(t)|
|t− z|2 dt ≤ C

1− |b(z)|
Im z

,

and if |b(z)| ≥ 1/2, using 1− |b(t)| ≤
∣∣ log |b(t)|

∣∣, we get

Im z

∫

R

1− |b(t)|
|t− z|2 dt ≤ Im z

∫

R

∣∣ log |b(t)|
∣∣

|t− z|2 dt = π log
1

|Ob(z)|
≍ 1− |Ob(z)|,

since |Ob(z)| ≥ |b(z)| ≥ 1/2. We recall that Ob is the outer part of b. Therefore, in any

case we have ∫

R

1− |b(t)|
|t− z|2 dt ≤ C

1− |b(z)|
Im z

,

and we get

‖ρ1/q
K

ρ
z,n‖q

q ≤ C
1− |b(z)|

(Im z)(n+1)q−1
.

To complete the proof, it suffices to note that (n+1)q−1
q

= n+ 1
p

= np+1
p

.

�

Representation formulae discussed above reduce the study of differentiation in de

Branges–Rovnyak spaces H(b) to the study of certain integral operators.

4. Bernstein-type inequalities

A Borel measure µ in the closed upper half-plane C+ is said to be a Carleson measure

if there is a constant Cµ > 0 such that

(4.1) µ(S(x, h) ) ≤ Cµ h,
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for all squares S(x, h) = [x, x + h] × [0, h], x ∈ R, h > 0, with the lower side on the real

axis. We denote the class of Carleson measures by C. Recall that, according to a classical

theorem of Carleson, µ ∈ C if and only if Hp(C+) ⊂ Lp(µ) for some (all) p > 0.

One of our main results in this paper is the following Bernstein-type inequality.

Theorem 4.1. Let µ ∈ C, let n ∈ N, let 1 < p ≤ 2, and let

(Tp,nf)(z) = f (n)(z)wp,n(z), f ∈ H(b).

If 1 < p < 2, then Tp,n is a bounded operator from H(b) to L2(µ), that is, there is a

constant C = C(µ, p, n) > 0 such that

(4.2) ‖f (n)wp,n‖L2(µ) ≤ C‖f‖b, f ∈ H(b).

If p = 2, then T2,n is of weak type (2, 2) as an operator from H(b) to L2(µ).

Proof. According to Proposition 3.1, for all z ∈ C+ and any function f ∈ H(b), we have

(4.3)
2πi

n!
f (n)(z)wp,n(z) = wp,n(z)

∫

R

f(t)(kb
z0

)n+1(t) dt+ wp,n(z)

∫

R

g(t)ρ(t)Kρ
z,n(t) dt.

Let

w(1)
p,n(z) := ‖(kb

z)
n+1‖−pn/(pn+1)

q , w(2)
p,n(z) := ‖ρ1/q

K
ρ
z,n‖−pn/(pn+1)

q ,

where we assume that w
(i)
p,n(z) = 0 if the corresponding integrand is not in Lq(R), and put

hi(z) = (w
(i)
p,n(z))1/n, i = 1, 2. We remind that

wp,n(z) = min{w(1)
p,n(z), w

(2)
p,n(z)}.

We split each of the two integrals in (4.3) into two parts, i.e.

2πi

n!
f (n)(z)wp,n(z) = I1f(z) + I2f(z) + I3g(z) + I4g(z),

where

I1f(z) = wp,n(z)

∫

|t−z|≥h1(z)

f(t)(kb
z)

n+1(t) dt,

I2f(z) = wp,n(z)

∫

|t−z|<h1(z)

f(t)(kb
z)

n+1(t) dt,
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I3g(z) = wp,n(z)

∫

|t−z|≥h2(z)

g(t)ρ(t)Kρ
z,n(t) dt,

I4g(z) = wp,n(z)

∫

|t−z|<h2(z)

g(t)ρ(t)Kρ
z,n(t) dt.

Note that by Lemma 3.5, hi(z) ≥ A Im z, z ∈ C+, i = 1, 2. Hence,

|I1f(z)| ≤Chn
1 (z)

∫

|t−z|≥h1(z)

|f(t)|
|t− z|n+1

dt

≤Ch1(z)

∫

|t−z|≥h1(z)

|f(t)|
|t− z|2 dt,

and

|I3g(z)| ≤Chn
2 (z)

∫

|t−z|≥h2(z)

|g(t)|ρ1/2(t)

|t− z|n+1
dt

≤Ch2(z)

∫

|t−z|≥h2(z)

|g(t)|ρ1/2(t)

|t− z|2 dt.

Using [6, Theorem 3.1], we see that I1 : L2(R) −→ L2(µ) and I3 : L2(ρ) −→ L2(µ) are

bounded operators. To estimate the integral I2f , put

K(z, t) := hn
1 (z)|(kb

z)
n+1(t)|.

Then

‖K(z, ·)‖−p
q =(h1(z))

−pn‖(kb
z)

n+1‖−p
q

=(h1(z))
−pn(w(1)

p,n(z))
(pn+1)/n = h1(z).

Thus

|I2f(z)| ≤ hn
1 (z)

∫

|t−z|<h1(z)

|f(t)||(kb
z)

n+1
(t)| dt =

∫

|t−z|<‖K(z,·)‖−p
q

|f(t)|K(z, t) dt.

Since ‖K(z, ·)‖−p
q = h1(z) ≥ A Im z, we may apply [6, Theorem 3.2]. Therefore, the

operator I2 is of weak type (2, 2) as an operator from L2(R) to L2(µ) if p = 2 and it is a
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bounded operator from L2(R) to L2(µ) if 1 < p < 2. To estimate the integral I4g, we use

the same technique and put

κ(z, t) :=
ρ1/q(t)|Kρ

z,n(t)|
‖ρ1/qK

ρ
z,n‖pn/(pn+1)

q

.

In other words, κ(z, t) = w
(2)
p,n(z)ρ1/q(t)|Kρ

z,n(t)|. Thus

|I4g(z)| ≤ w(2)
p,n(z)

∫

|t−z|<h2(z)

|g(t)|ρ(t)|Kρ
z,n(t)| dt

=

∫

|t−z|<h2(z)

|g(t)|ρ1/p(t)κ(z, t) dt.

But ‖κ(z, ·)‖−p
q = (w

(2)
p,n(z))−p‖ρ1/q

K
ρ
z,n‖−p

q = h2(z). Hence, we get

|I4g(z)| ≤
∫

|t−z|<‖κ(z,·)‖−p
q

|g(t)|ρ1/p(t)κ(z, t) dt.

Since p ≤ 2 and ρ(t) ≤ 1, we have

|I4g(z)| ≤
∫

|t−z|<‖κ(z,·)‖−p
q

|g(t)|ρ1/2(t)κ(z, t) dt,

and since ‖κ(z, ·)‖−p
q = h2(z) ≥ A Im z, we may apply again [6, Theorem 3.2]. Therefore,

the operator I4 is of weak type (2, 2) as an operator from L2(ρ) to L2(µ) if p = 2 and it

is a bounded operator from L2(ρ) to L2(µ) if 1 < p < 2.

To conclude it remains to note that

‖f‖2
b = ‖f‖2

2 + ‖g‖2
ρ,

which implies that the operators f 7→ f from H(b) to H2(C+) and f 7→ g from H(b) to

L2(ρ) are contractions.

�

Example 4.2. We show that for a general function b both terms in the definition of

the weight wp,n are important. Obviously, for an inner b the norm ‖ρ1/q
K

ρ
z,n‖q vanishes.

However, for some outer functions b it may be essentially larger than ‖(kb
z)

n+1‖q.
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Let ε ∈ (0, 1) and let b be an outer function such that |b(t)| = ε for |t| < 1 and |b(t)| = 1

for |t| > 1. Note that b(z) = exp
(
− i

π
log ε log z−1

z+1

)
, where log is the main branch of the

logarithm in C \ (−∞, 0]. We show that

(4.4) sup
y>0

‖ρ1/q
K

ρ
iy,1‖q

‖(kb
iy)

2‖q

−→∞ as ε −→ 1−,

and so, the second term in the weight wp,1 can be dominating. Note that b(iy) → ε and

b(t) → ε, as y → 0+ and |t| ≤ √
y. Hence, for a fixed ε and sufficiently small y > 0 we

have

∫

|t|≤√y

|kb
iy(t)|2qdt =

∫

|t|≤√y

∣∣∣∣∣
1− b(iy)b(t)

t+ iy

∣∣∣∣∣

2q

dt ≤ C(1− ε)2q

∫

|t|≤√y

dt

|t+ iy|2q
.

Thus

(4.5)

∫

|t|≤√y

∣∣∣∣∣
1− b(iy)b(t)

t+ iy

∣∣∣∣∣

2q

dt ≤ C
(1− ε)2q

y2q−1
,

whereas

(4.6)

∫

|t|>√y

∣∣∣∣∣
1− b(iy)b(t)

t+ iy

∣∣∣∣∣

2q

dt ≤ Cy−q+1/2.

On the other hand,

K
ρ
iy,1(t) = b(iy)

2− b(iy)b(t)

(t+ iy)2
,

and so

‖ρ1/q
K

ρ
iy,1‖q

q ≍ |b(iy)|q
∫

R

1− |b(t)|
|t+ iy|2q

≍ 1− ε

y2q−1
.

Combining the last estimate with (4.5) and (4.6), we obtain (4.4).

Remark 4.3. It should be emphasized that the constants in the Bernstein-type inequal-

ities corresponding to Theorem 4.1 depend only on p, n and the Carleson constant Cµ of

the measure µ, but not on b (the properties of b are contained in the weight wp,n in the

left-hand side of (4.2)).
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Remark 4.4. All the results stated above have their natural analogues for the spaces

H(b) in the unit disc. In particular, Theorem 4.1 remains true when we replace the

kernels for the half-plane by the kernels for the disc. The case of inner functions in the

disc is considered in detail in [8].

Remark 4.5. An important feature of the de Branges–Rovnyak spaces theory is the

difference between the extreme (i.e. b is an extreme point of the unit ball of H∞(C+))

and the non-extreme cases. Our Bernstein inequality applies to both cases. However, in

the extreme case one can expect more regularity near the boundary and this situation is

more interesting for us.

5. Distances to the level sets

To apply Theorem 4.1, one should have effective estimates for the weight wp,n, that

is, for the norms of the reproducing kernels. In this section we relate the weight wp,n to

the distances to the level sets of |b|. We start with some notations. Denote by σ(b) the

boundary spectrum of b, i.e.

σ(b) :=
{
x ∈ R : lim inf

z−→x
z∈C+

|b(z)| < 1
}
.

Then, for b = BIµOb, Clos σ(b) is the smallest closed subset of R containing the limit

points of the zeros of the Blaschke product B and the supports of the measures µ and

log |b(t)| dt. It is well known and easy to see that b and any element of H(b) has an

analytic extension through any interval from the open set R \ Closσ(b).

For ε ∈ (0, 1), we put

Ω(b, ε) := {z ∈ C+ : |b(z)| < ε},

and

Ω̃(b, ε) := σ(b) ∪ Ω(b, ε),
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where σ(b) is the boundary spectrum of b. Finally, for x ∈ R, we introduce the following

three distances

d0(x) := dist (x, σ(b)),

dε(x) := dist (x,Ω(b, ε)),

d̃ε(x) := dist (x, Ω̃(b, ε)).

Note that whenever b = Θ is an inner function, for all x ∈ σ(Θ), we have

lim inf
z−→x
z∈C+

|Θ(z)| = 0,

and thus dε(t) = d̃ε(t), t ∈ R. However, for an arbitrary function b in the unit ball of

H∞(C+), we have to distinguish between the distance functions dε and d̃ε.

Lemma 5.1. There exists a positive constant C = C(ε) such that, for all x ∈ R \ σ(b),

|b′(x)| ≤ C
(
d̃ε(x)

)−1
.

Proof. For the case of an inner function the inequality is proved in [6, Theorem 4.9].

For the general case, let b = IbOb be the inner-outer factorization of b. Since |b′(x)| =

|I ′b(x)|+ |O′
b(x)|, x ∈ R \ σ(b), we may assume, without loss of generality, that b is outer.

Recall that in this case

|b′(x)| = 1

π

∫

R

∣∣ log |b(t)|
∣∣

|t− x|2 dt.

Fix x ∈ R \ σ(b) and suppose 0 < y < d0(x). Let z = x+ iy. Then

log
1

|b(z)| =
y

π

∫

R

∣∣ log |b(t)|
∣∣

|t− z|2 dt =
y

π

∫

|t−x|≥d0(x)

∣∣ log |b(t)|
∣∣

|t− z|2 dt.

Since |t− z| ≤ |t− x|+ y ≤ 2|t− x| whenever |t− x| ≥ d0(x), we have

log
1

|b(z)| ≥
y

4π

∫

|t−x|≥d0(x)

∣∣ log |b(t)|
∣∣

|t− x|2 dt =
y|b′(x)|

4
.

Hence

(5.1) |b(x+ iy)| ≤ exp
(
− y|b′(x)|/4

)
,
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provided that 0 < y < d0(x).

Let C = 4 log ε−1. If |b′(x)| ≤ C/|d0(x)|, then the statement is valid since d̃ε(x) ≤ d0(x).

On the other hand, if |b′(x)| > C/|d0(x)|, then we consider the point z = x+ iC/|b′(x)| for

which Im z = C/|b′(x)| < d0(x). Hence, by (5.1), we have |b(z)| ≤ ε which immediately

implies d̃ε(x) ≤ C/|b′(x)|.
�

Lemma 5.2. For each p > 1, n ≥ 1 and ε ∈ (0, 1), there exists C = C(ε, p, n) > 0 such

that

(5.2)
(
d̃ε(x)

)n ≤ C wp,n(x+ iy),

for all x ∈ R and y ≥ 0.

Proof. Let z = x+ iy, y ≥ 0. Assume that x ∈ R \ σ(b) (otherwise d̃ε(x) = 0 and (5.2) is

trivial). Since −(n + 1)q + 1 = −q np+1
p

, the estimate (5.2) is equivalent to

∫

R

∣∣∣∣
1− b(z)b(t)

t− z

∣∣∣∣
(n+1)q

dt ≤ C(d̃ε(x))
−(n+1)q+1,(5.3)

and

∫

R

∣∣∣∣∣∣

b(z)
∑n

j=0

(
n+1
j+1

)
(−1)jb(z)

j
bj(t)

(t− z)n+1

∣∣∣∣∣∣

q

ρ(t) dt ≤ C(d̃ε(x))
−(n+1)q+1.(5.4)

Inequality (5.4) is obvious, since ρ(t) = 0 if |t − x| < d̃ε(x). To prove (5.3), we estimate

separately the integrals over {t : |t−x| ≤ d̃ε(x)/2} and {t : |t−x| > d̃ε(x)/2}. Obviously,

∫

|t−x|>d̃ε(x)/2

∣∣∣∣
1− b(z)b(t)

t− z

∣∣∣∣
(n+1)q

dt ≤ C(d̃ε(x))
−(n+1)q+1.

Since |b(t)| = 1 if |t− x| ≤ d̃ε(x)/2, for the second integral we have

∫

|t−x|≤d̃ε(x)/2

∣∣∣∣
1− b(z)b(t)

t− z

∣∣∣∣
(n+1)q

dt =

∫

|t−x|≤d̃ε(x)/2

∣∣∣∣
b(t)− b(z)

t− z

∣∣∣∣
(n+1)q

dt

≤ d̃ε(x) max |b′(u)|(n+1)q,
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where the maximum is taken over u ∈ [t, z] with |t − x| ≤ d̃ε(x)/2 (by [t, z] we denote

the straight line segment with the endpoints t and z). Note that for such u we have

|Reu− x| ≤ d̃ε(x)/2. By Lemma 5.2, |b′(u)| ≤ |b′(Reu)|, and hence,

∫

|t−x|≤d̃ε(x)/2

∣∣∣∣
1− b(z)b(t)

t− z

∣∣∣∣
(n+1)q

dt ≤ d̃ε(x) max
|t−x|≤d̃ε(x)/2

|b′(t)|(n+1)q.

According to Lemma 5.1, |b′(t)| ≤ C1(d̃ε(t))
−1 ≤ C2(d̃ε(x))

−1 whenever |t− x| < d̃ε(x)/2

which leads to the required estimate.

�

Corollary 5.3. For each ε ∈ (0, 1) and n ∈ N, there exists C = C(ε, n) such that

‖f (n)d̃n
ε‖2 ≤ C‖f‖b, f ∈ H(b).

Proof. The statement follows immediately from Lemma 5.2 and Theorem 4.1.

�

We conclude this section with a a corollary of our Bernstein inequalities, concerning

the regularity on the boundary for functions in H(b). This technical result will be used

later.

Corollary 5.4. Let I = [x0, x0 + y0] be a bounded interval on R, 1 < p < 2. Assume that
∫

I

wp(x)
−2dx < +∞.(5.5)

Then we have

a) ]x0, x0 + y0[∩σ(b) = ∅. In particular, each function f in H(b) is differentiable on

]x0, x0 + y0[.

b) b is continuous on the Carleson square S(I) = [x0, x0 + y0]× [0, y0].

Proof. a) According to Theorem 4.1, there is a constant C > 0 such that
∫

R

|f ′(x)wp(x)|2 dx ≤ C‖f‖2
b , f ∈ H(b).
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Then, using (5.5) and the Cauchy–Schwartz inequality, we get f ′ ∈ L1(I) for any f ∈ H(b).

Now choose z ∈ C+ such that b(z) 6= 0 and take f = kb
z. We have

f ′(x) = −b(z) b
′(x)

x− z
− kb

z(x)

x− z

and, since kb
z ∈ L1(I), we conclude that

∫ x0+y0

x0

|b′(x)| dx < +∞.(5.6)

Now it follows immediately from the formula (2.1) for |b′(x)| that (5.6) implies ]x0, x0 +

y0[∩σ(b) = ∅. As a matter of fact, this is obvious for the outer and the singular inner

factors since
∫

I
(x − t)−2dt = ∞ for any x ∈ I; and if b is a Blaschke product with zeros

zr tending to x ∈]x0, x0 + y0[, then, for sufficiently large r,

∫ x0+y0

x0

2 Im zr

|x− zr|2
dx ≥ π,

and so the integral in (5.6) diverges.

b) By statement a), b is continuous on S(I) except possibly at the points x0 and x0+y0.

It remains to show that b is continuous at x0 and x0 + y0. Fix x1 ∈]x0, x0 + y0[ and define

b(x0) := b(x1)−
∫ x1

x0

b′(x) dx.

(Note that this definition of b(x0) does not seem to correspond to the classical one with

non-tangential limits but, in fact, as we will see at the end, they coincide). Since b is

differentiable on ]x0, x0 + y0[, this definition does not depend on the choice of x1 and we

see from (5.6) that b(x) tends to b(x0) as x→ x0 along I. Now let z = x+ iy ∈ S(I), with

x ∈ [x0, x0 +y0/2[, y ∈]0, y0/2[. Write b(z)−b(x0) = b(x+ iy)−b(x+y)+b(x+y)−b(x0).

Using the continuity of b at x0 along I, we have b(x + y) − b(x0) → 0, as x → x0 and

y → 0. Moreover, since b is analytic on C+∪ ]x0, x0 + y0[, we can write

b(x+ y)− b(x+ iy) = (1− i)y

∫ 1

0

b′(t(x+ y) + (1− t)(x+ iy)) dt.
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Applying Lemma 2.1, we get

|b(x+ y)− b(x+ iy)| ≤
√

2

∫ x+y

x

|b′(u)| du.

According to (5.6), we deduce that b(x + y) − b(x + iy) → 0, as x → x0 and y → 0.

Therefore, b(z) → b(x0), as z → x0, z ∈ S(I). �

6. Carleson-type embedding theorems

Weighted Bernstein-type inequalities of the form (1.2) turned out to be an efficient tool

for the study of the so-called Carleson-type embedding theorems for the shift-coinvariant

subspaces Kp
Θ. More precisely, given an inner function Θ, we want to describe the class of

Borel measure µ in the closed upper half-plane C+ such that the embedding Kp
Θ ⊂ Lp(µ)

takes place. In other words, we are interested in the class of Borel measure µ in C+ such

that there is a constant C satisfying

‖f‖Lp(µ) ≤ C‖f‖p,

for all f ∈ Kp
Θ. This problem was posed by Cohn in [11]. In spite of a number of

beautiful results (see, e.g., [11, 12, 28, 42]), the question still remains open in the general

case. Compactness of the embedding operator is also of interest and is considered in

[10, 13, 41].

Methods based on the Bernstein-type inequalities allow to give unified proofs and es-

sentially generalize almost all known results concerning these problems (see [6, 8]). Here

we obtain an embedding theorem for de Branges–Rovnyak spaces. In the case of an inner

function the first statement coincides with a well-known theorem due to Volberg and Treil

[42].

A Carleson measure for the closed upper half-plane is called a vanishing Carleson mea-

sure if µ(S(x, h))/h → 0 whenever h → 0 or dist (S(x, h), 0) → ∞. Vanishing Carleson

measures in the closed unit disc are discussed, e.g., in [33]. An equivalent definition for a



WEIGHTED NORM INEQUALITIES 23

vanishing Carleson measure ν in the disc is that
∫

D

1− |z|2
|1− zζ |2dν(ζ) −→ 0, as |z| → 1.

Changing the variables to the upper half-plane with |w + i|−2dµ(w) = dν(ζ), we obtain
∫

C+

Im z

|w − z|2dµ(w) −→ 0,

whenever either Im z → 0 or |z| → +∞. It is easily seen that this condition is equivalent to

the above definition of a vanishing Carleson measure. It is well known that an embedding

Hp(C+) ⊂ Lp(µ) is compact if and only if µ is a vanishing Carleson measure.

Theorem 6.1. Let µ be a Borel measure in C+, and let ε ∈ (0, 1).

(a) Assume that µ(S(x, h)) ≤ Kh for all Carleson squares S(x, h) satisfying

S(x, h) ∩ Ω̃(b, ε) 6= ∅.

Then H(b) ⊂ L2(µ), that is, there is a constant C > 0 such that

‖f‖L2(µ) ≤ C‖f‖b, f ∈ H(b).

(b) Assume that µ is a vanishing Carleson measure for H(b), that is, µ(S(x, h))/h→ 0

whenever S(x, h) ∩ Ω̃(b, ε) 6= ∅ and h → 0 or dist(S(x, h), 0) → +∞. Then the

embedding H(b) ⊂ L2(µ) is compact.

In Theorem 6.1 we need to verify the Carleson condition only on a special subclass

of squares. Geometrically this means that when we are far from the spectrum σ(b), the

measure µ in Theorem 6.1 can be essentially larger than standard Carleson measures. The

reason is that functions in H(b) have much more regularity at the points x ∈ R\Closσ(b)

where |b(x)| = 1. On the other hand, if |b(x)| ≤ δ < 1, almost everywhere on some

interval I ⊂ R, then the functions in H(b) behave on I essentially the same as a general

element of H2(C+) on that interval, and for any Carleson measure for H(b) its restriction

to the square S(I) is a standard Carleson measure.
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We will see that, for a class of functions b, the sufficient condition of Theorem 6.1 is

also necessary. However, it may be far from being necessary for certain functions b even

in the model space setting.

By a closed square in C+, we mean a set of the form

(6.1) S(x0, y0, h) := {x+ iy : x0 ≤ x ≤ x0 + h, y0 ≤ y ≤ y0 + h},

where x0 ∈ R, y0 ≥ 0 and h > 0; by the lower side of the closed square S(x0, y0, h) we

mean the interval {x+ iy0 : x0 ≤ x ≤ x0 + h}.
We deduce Theorem 6.1 from the following more general result. Recall that

wp(z) = wp,1(z) = min(‖(kb
z)

2‖−p/(p+1)
q , ‖ρ1/q

K
ρ
z,1‖−p/(p+1)

q ).

Theorem 6.2. Let {Sk}k≥1 be a sequence of closed squares in C+, let Ik denote the lower

side of the square Sk, and let δIk
be the Lebesgue measure on Ik. Assume that the squares

Sk satisfy the following two conditions:

(6.2)
∑

k

δIk
∈ C,

and, for some p, 1 < p < 2,

(6.3) sup
k≥1, y≥0

|Ik|
∫

Sk∩{Im z=y}
w−2

p (u)|du| <∞.

Let µ be a Borel measure with supp µ ⊂ ⋃
k

Sk. Then

(a) if µ(Sk) ≤ C|Ik|, then H(b) ⊂ L2(µ).

(b) if, moreover, Ik ∩ Closσ(b) = ∅, k ≥ 1, and µ(Sk) = o(|Ik|), k → ∞, then the

embedding H(b) ⊂ L2(µ) is compact.

For the model subspaces a result, analogous to Theorem 6.2, was obtained in [6, The-

orem 2.2]. For the sake of completeness, we include the proof.



WEIGHTED NORM INEQUALITIES 25

Proof. (a) The idea of the proof is to replace the measure µ with some Carleson measure

ν, and to estimate the difference between the norms ‖f‖L2(µ) and ‖f‖L2(ν) using the

Bernstein-type inequality of Section 4.

It follows from Corollary 5.4 (b) that the set of functions f ∈ H(b) which are continuous

on each of Sk is dense in H(b) (take the reproducing kernels kb
z, z ∈ C+). Thus it is

sufficient to prove the estimate ‖f‖L2(µ) ≤ C‖f‖b only for f ∈ H(b) continuous on
⋃
k

Sk.

Now let f ∈ H(b) be continuous on each of Sk. Then there exist wk ∈ Sk such that

(6.4) ‖f‖2
L2(µ) ≤

∑

k

|f(wk)|2µ(Sk) ≤ sup
k

µ(Sk)

|Ik|
·
∑

k

|f(wk)|2|Ik|.

Statement (a) will be proved as soon as we show that

(6.5)
∑

k

|f(wk)|2|Ik| ≤ C‖f‖2
b

where the constant C does not depend on f and on the choice of wk ∈ Sk.

Consider the intervals Jk = Sk ∩ {Im z = Imwk}. Let ν =
∑

k δJk
. Then it follows

from (6.2) that ν ∈ C (and the Carleson constants Cν of such measures ν are uniformly

bounded). We have

(6.6)

( ∑

k

|f(wk)|2|Ik|
)1/2

≤ ‖f‖L2(ν) +

( ∑

k

∫

Jk

|f(z)− f(wk)|2|dz|
)1/2

,

and ‖f‖L2(ν) ≤ C1‖f‖2 ≤ C1‖f‖b.

We estimate the last term in (6.6). For z ∈ Jk denote by [z, wk] the straight line interval

with the endpoints z and wk. Then f(z) − f(wk) =
∫
[z,wk]

f ′(u)du (in the case Jk ⊂ R

note that, by Corollary 5.4 (a), any f ∈ H(b) is differentiable on Jk except, may be, at

the endpoints). So, by the Cauchy–Schwartz inequality,

∑

k

∫

Jk

|f(z)− f(wk)|2|dz| ≤
∑

k

∫

Jk

∣∣∣∣
∫

Jk

|f ′(u)||du|
∣∣∣∣
2

|dz|

≤
∑

k

|Jk|
( ∫

Jk

w−2
p (u)|du|

)( ∫

Jk

|f ′(u)|2w2
p(u)|du|

)
.
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By (6.3), we obtain

∑

k

∫

Jk

|f(z)− f(wk)|2|dz| ≤ C2

∑

k

∫

Jk

|f ′(u)|2w2
p(u)|du|

= C2‖f ′wp‖2
L2(ν) ≤ C3‖f‖2

b ,

where the last inequality follows from Theorem 4.1.

(b) For a Borel set E ⊂ C+ define the operator IE : H(b) → L2(µ) by IEf = χEf where

χE is the characteristic function of E. For N ∈ N put FN =
N⋃

k=1

Sk and F̂N = C+ \ FN .

As above we assume that f ∈ H(b) is continuous on
⋃
k

Sk. Then it follows from (6.4) and

(6.5) that
∫

bFN

|f |2dµ ≤ C sup
k>N

µ(Sk)

|Ik|
‖f‖2

b ,

and so ‖I bFN
‖ → 0, N → ∞. Statement (b) will be proved as soon as we show that

IFN
is a compact operator for any N (thus, our embedding operator IFN

+ I bFN
may be

approximated in the operator norm by compact operators IFN
). Clearly, it suffices to

prove the compactness of ISk
for each fixed k.

We approximate ISk
by finite rank operators. For a given ǫ > 0, partition the square

Sk into finite union of squares {S̃l}L
l=1 with pairwise disjoint interiors so that

(6.7)

( ∫

[ζ,z]

w−2
p (u)|du|

)
< ǫ

for any l, 1 ≤ l ≤ L, and any ζ, z ∈ S̃l. Such a partition exists since Ik ∩ Closσ(b) = ∅,
k ≥ 1. Indeed, b is analytic in a neighborhood of Sk, and the norms involved in the

definition of wp(z) are continuous on Sk.

Now fix ζl ∈ S̃l and consider the finite rank operator T : H(b) → L2(µ), (Tf)(z) =
∑L

l=1 f(ζl)χS̃l
(z). We show that ‖ISk

− T‖2 ≤ Cǫ. As in the proof of (a), we have

‖(ISK
− T )f‖2

L2(µ) =

L∑

l=1

∫

S̃l

|f(z)− f(ζl)|2dµ(z)
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≤
L∑

l=1

∫

S̃l

( ∫

[ζl,z]

|f ′(u)|2w2
p(u)|du|

)
·
( ∫

[ζl,z]

w−2
p (u)|du|

)
dµ(z).

By Theorem 4.1, ∫

[ζl,z]

|f ′(u)|2w2
p(u)|du| ≤ C1‖f‖2

b

where C1 does not depend on f ∈ H(b), 1 ≤ l ≤ L and z ∈ S̃l. Hence, by (6.7),

‖(ISK
− T )f‖2

L2(µ) ≤ C1ǫ‖f‖2
b

L∑

l=1

µ(S̃l) = C1ǫµ(Sk)‖f‖2
b .

We conclude that ISK
may be approximated by finite rank operators and is, therefore,

compact. �

We comment now on a couple of details of the proof where the situation differs from

the inner case.

Remark 6.3. In the inner case b = Θ one can prove the estimate ‖f‖L2(µ) ≤ C‖f‖2 for

functions f in K2
Θ which are continuous on the closed upper half-plane C+ and then use

a result of Aleksandrov [3] which says that such functions are dense in K2
Θ. We do not

know if this result is still valid in H(b). To avoid this difficulty, in the proof of Theorem

6.2, we used the density in H(b) of the functions continuous on all squares Sk.

Question 6.4. Let b be in the unit ball of H∞(C+). Is it true that the set of functions

f in H(b), continuous on C+, is dense in H(b)?

Remark 6.5. In the inner case, in Theorem 6.2, the assumption (6.3) can be replaced

by the weaker assumption (only for the lower side of the square)

sup
k≥1

|Ik|
∫

Ik

w−2
p (u)|du| <∞.(6.8)

It was noticed in [6, Corollary 4.7] that in the inner case, for q > 1, there exists C =

C(q) > 0 such that, for any x ∈ R and 0 ≤ y2 ≤ y1, we have

‖kb
x+iy1

‖q ≤ C(q)‖kb
x+iy2

‖q.(6.9)
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Thus, it follows from (6.9) that if the sequence {Sk} satisfies (6.8), then it also satisfies

(6.3).

Question 6.6. Does the monotonicity property (6.9) of the norms of the reproducing

kernels along the rays parallel to imaginary axis remains true for a general b? (It is true

for q = 2, but this is not the interesting case for us.)

Proof. of Theorem 6.1. (a) Consider the open set E = R \ Clos Ω̃(b, ε). If E = ∅, then µ

is a Carleson measure and H(b) ⊂ H2(C+) ⊂ L2(µ). So we may assume that E 6= ∅ and

we can write it as a union of disjoint intervals ∆l. Note that
∫
∆l

(d̃ε(t))
−1dt = ∞. Hence,

partitioning the intervals ∆l, we may represent E as a union of intervals Ik with mutually

disjoint interiors such that
∫

Ik

[
d̃ε(t)

]−1
dt =

1

2
.

It follows that there exists xk ∈ Ik such that d̃ε(xk) = 2|Ik|. Hence, for any x ∈ Ik,

d̃ε(x) ≥ d̃ε(xk)− |Ik| = |Ik| and d̃ε(x) ≤ 3|Ik|. This implies

|Ik|
∫

Ik

[
d̃ε(t)

]−2
dt ≤ 1,

and using Lemma 5.2, we conclude that the intervals Ik satisfy (6.3). Condition (6.2) is

obvious.

Let Sk = S(Ik) be the Carleson square with the lower side Ik, let F =
⋃

k Sk, and let

G = C+ \ F . Put µ1 = µ|F and µ2 = µ|G. We show that the measure µ1 satisfies the

conditions of Theorem 6.2 whereas µ2 is a usual Carleson measure (and, thus, H(b) ⊂
H2(C+) ⊂ L2(µ2)).

Let us show that µ1(Sk) ≤ C2|Ik|. Indeed, it follows from the estimate |Ik| ≤ d̃ε(x) ≤
3|Ik|, x ∈ Ik, that S(6Ik) ∩ Ω̃(b, ε) 6= ∅ (by 6Ik we denote the 6 times larger interval

with the same center as Ik). By the hypothesis, µ1(Sk) ≤ µ(S(6Ik)) ≤ C|Ik|. Hence, µ1

satisfies the conditions of Theorem 6.2 (a), and so H(b) ⊂ L2(µ1).
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Now we show that µ2 ∈ C. Assume that S(I) ∩G 6= ∅ for some interval I ⊂ R, and let

z = x+ iy ∈ S(I) ∩G. If x ∈ Clos Ω̃(b, ε), then S(2I) ∩ Ω̃(b, ε) 6= ∅. Otherwise, if x ∈ Ik
for some k, then d̃ε(x) ≤ 3|Ik| ≤ 3|I| since z ∈ S(I) \ S(Ik). Thus

S(6I) ∩ Ω̃(b, ε) 6= ∅.(6.10)

By the hypothesis, µ2(S(I)) ≤ µ(S(6I)) ≤ C|I|, and so µ2 is a Carleson measure.

(b) Let F,G, µ1 and µ2 be the same as above. We show that µ1 satisfies the conditions

of Theorem 6.2 (b), whereas µ2 is a vanishing Carleson measure. Indeed, we can split the

family {Sk} into two families {Sk}k∈K1 and {Sk}k∈K2 such that |Ik| → 0, k →∞, k ∈ K1,

whereas dist (Ik, 0) → ∞ when k → ∞, k ∈ K2. Since S(6Ik) ∩ Ω̃(b, ε) 6= ∅ we conclude

that Theorem 6.2 (b) applies to µ1 and the embedding H(b) ⊂ L2(µ1) is compact. Finally,

any Carleson square S(I) with S(I) ∩G 6= ∅ satisfies (6.10), and so, by the assumptions

of Theorem 6.1 (b), µ2 is a vanishing Carleson measure.

�

We state an analogous result for the spaces in the unit disc (for the case of inner

functions statement (b) is proved in [8]; it answers a question posed in [10]).

Theorem 6.7. Let µ be a Borel measure in the closed unit disc D, and let ε ∈ (0, 1).

(a) Assume that µ(S(x, h) ≤ Ch for all Carleson squares S(x, h) such that S(x, h) ∩
Ω̃(b, ε) 6= ∅. Then H(b) ⊂ L2(µ).

(b) If, moreover, µ(S(x, h))/h → 0 when h → 0 and S(x, h) ∩ Ω̃(b, ε) 6= ∅, then the

embedding H(b) ⊂ L2(µ) is compact.

For a class of functions b the converse to Theorem 6.1 is also true. We say that b

satisfies the connected level set condition if the set Ω(b, ε) is connected for some ε ∈ (0, 1).

Our next result is analogous to certain results from [11] and to [42, Theorem 3].
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Theorem 6.8. Let b satisfy the connected level set condition for some ε ∈ (0, 1). Assume

that Ω(b, ε) is unbounded and σ(b) ⊂ Clos Ω(b, ε). Let µ be a Borel measure on C+. Then

the following statements are equivalent:

(a) H(b) ⊂ L2(µ).

(b) There exists C > 0 such that µ(S(x, h)) ≤ Ch for all Carleson squares S(x, h)

such that S(x, h) ∩ Ω̃(b, ε) 6= ∅.
(c) There exists C > 0 such that

(6.11)

∫

C+

Im z

|ζ − z|2dµ(ζ) ≤ C

1− |b(z)| , z ∈ C+.

Proof. The implication (b) =⇒ (a) holds for any b by Theorem 6.1, and the implication

(a) =⇒ (c) is trivial (apply the inequality ‖f‖L2(µ) ≤ C‖f‖b to f = kb
z). To prove that

(c) =⇒ (b), we use an argument from [42]. Let S(x, h) be a Carleson square such that

S(x, h) ∩ Ω̃(b, ε) 6= ∅. Since σ(b) ⊂ Clos Ω(b, ε) it follows that S(x, 2h) ∩ Ω(b, ε) 6= ∅.
Choose z1 ∈ S(x, 2h) ∩ C+ with |b(z1)| < ε. Now consider S(x, 3h). Since Ω(b, ε) is

connected and unbounded, there exists a point z2 on the boundary of S(x, 3h) such that

|b(z2)| < ε. Hence, there exists a continuous curve γ connecting z1 and z2 and such that

|b| < ε on γ. Now let z = x+ ih. Applying the theorem on two constants to the domain

IntS(x, 3h) \ γ we conclude that |b(z)| ≤ δ where δ ∈ (0, 1) depends only on ε. Then

inequality (6.11) implies

h

∫

S(x,h)

dµ(ζ)

|ζ − z|2 ≤ C(1− δ)−1.

It remains to note that |ζ − z| ≤ C1h, ζ ∈ S(x, h) to obtain µ(S(x, h)) ≤ C2h.

�

Example 6.9. Examples are known of inner functions satisfying the connected level set

condition. We would like to emphasize that there are also many outer functions satisfying

the conditions of Theorem 6.8. For example, let b(z) = exp( i
π

log z), where log z is the

main branch of the logarithm in C \ (−∞, 0].
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Remark 6.10. We see that if b satisfies the conditions of Theorem 6.8, then it suffices

to verify the inequality ‖f‖L2(µ) ≤ C‖f‖b for the reproducing kernels of the space H(b)

to get it for all functions f in H(b). Recently, Nazarov and Volberg [28] showed that it is

no longer true in the general case.

7. Stability of bases of reproducing kernels

Another application of Bernstein inequalities for model subspaces Kp
Θ is considered

in [7]; it is connected with stability of Riesz bases and frames of reproducing kernels

(kΘ
λn

) under small perturbations of the points λn. Riesz bases of reproducing kernels in

de Branges–Rovnyak spaces H(b) were studied in [19]. Making use of Theorem 4.1 we

extend the results of [7] to the spaces H(b).

For λ ∈ C+ ∪ E2(b), we denote by κb
λ the normalized reproducing kernel at the point

λ, that is, κb
λ = kb

λ/(2πi ‖kb
λ‖b). Let (κb

λn
)n≥1 be a Riesz basis in H(b), let λn ∈ Gn and

let G =
⋃

nGn ⊂ C+ satisfy the following properties.

(i) There exist positive constants c and C such that

c ≤ ‖kb
zn
‖b

‖kb
λn
‖b

≤ C, zn ∈ Gn.

(ii) For any zn ∈ Gn, the measure ν =
∑

n δ[λn,zn] is a Carleson measure and, moreover,

the Carleson constants Cν of such measures (see (4.1)) are uniformly bounded with

respect to zn. Here [λn, zn] is the straight line interval with the endpoints λn and

zn, and δ[λn,zn] is the Lebesgue measure on the interval.

Remark 7.1. As in the inner case, it should be noted that for λn ∈ C+, there always

exist non-trivial sets Gn satisfying (i) and (ii). More precisely, we can take

Gn := {z ∈ C+ : |z − λn| < r Im λn},
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for sufficiently small r > 0. Indeed, we know [19] that if (κb
λn

)n≥1 is a Riesz basis in H(b),

then (λn)n>1 is a Carleson sequence, that is,

inf
k>1

∏

n 6=k

∣∣∣∣
λn − λk

λn − λk

∣∣∣∣ > 0.

In particular, the measure ν :=
∑

n Imλn δλn
is a Carleson measure. Therefore, we see

that Gn satisfy (ii). Moreover, using Lemma 7.3 below, we see that Gn satisfy also the

condition (i).

Recall that wp(z) = min(‖(kb
z)

2‖−p/(p+1)
q , ‖ρ1/q

K
ρ
z,1‖−p/(p+1)

q ).

Theorem 7.2. Let (λn)n≥1 ⊂ C+ ∪ E2(b) be such that (κb
λn

)n≥1 is a Riesz basis in H(b)

and let p ∈ [1, 2). Then for any set G =
⋃

nGn satisfying (i) and (ii), there is ε > 0 such

that the system of reproducing kernels (κb
µn

)n≥1 is a Riesz basis whenever µn ∈ Gn and

sup
n≥1

1

‖kb
λn
‖2

b

∫

[λn,µn]

wp(z)
−2|dz| < ε.(7.1)

Proof. Since µn ∈ Gn, the condition (i) implies that ‖kb
µn
‖b ≍ ‖kb

λn
‖b and thus (κb

µn
)n≥1

is a Riesz basis if and only if (κ̃b
µn

)n≥1 is a Riesz basis where

κ̃b
µn

=
kb

µn

2πi ‖kb
λn
‖b

.

In view of [7, Lemma 2.3], it suffices to check the estimate

∞∑

n=1

|〈f, κb
λn
− κ̃b

µn
〉b|2 ≤ ε‖f‖2

b , f ∈ H(b),(7.2)

for sufficiently small ε > 0. Now it follows from (7.1) and Corollary 5.4 (a) that any

f in H(b) is differentiable in ]λn, µn[. Moreover, the set of functions in H(b) which are

continuous on [λn, µn] is dense in H(b) (take the set of reproducing kernels). Therefore,

we can prove (7.2) only for functions f ∈ H(b) continuous on [λn, µn]. Then

|〈f, κb
λn
− κ̃b

µn
〉b|2 =

|f(λn)− f(µn)|2
‖kb

λn
‖2

b

=
1

‖kb
λn
‖2

b

∣∣∣∣
∫

[λn,µn]

f ′(z) dz

∣∣∣∣
2

.
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By the Cauchy–Schwartz inequality and (7.1), we get

|〈f, κb
λn
− κ̃b

µn
〉b|2 ≤ ε

∫

[λn,µn]

|f ′(z)wp(z)|2|dz|.

It follows from assumption (ii) that ν :=
∑

n δ[λn,µn] is a Carleson measure with a constant

Cν which does not exceed some absolute constant depending only on G. Hence, according

to Theorem 4.1, we have

∞∑

n=1

|〈f, κb
λn
− κ̃b

µn
〉b|2 ≤ ε

∞∑

n=1

∫

[λn,µn]

|f ′(z)wp(z)|2|dz|

= ε‖f ′wp‖2
L2(ν) ≤ C ε ‖f‖2

b,

for a constant C which depends on G, (λn) and p. Then Lemma 2.3 of [7] implies that

we can choose a sufficiently small ε > 0 such that (κ̃b
µn

)n≥1 is a Riesz basis in H(b).

�

Denote by ρ(z, ω) the pseudohyperbolic distance between z and ω,

ρ(z, ω) :=

∣∣∣∣
z − ω

z − ω

∣∣∣∣ .

For the proof of the next corollary we need the following well-known property.

Lemma 7.3. Let b ∈ H∞(C+) with ‖b‖∞ ≤ 1 and ε0 ∈ (0, 1). Then there exist constants

C1, C2 > 0 (depending only on ε0) such that for any z, ω ∈ C+ satisfying ρ(z, ω) < ε0, we

have

C1 ≤
1− |b(z)|
1− |b(ω)| ≤ C2.(7.3)

Proof. For the case of an inner function, the proof can be found, e.g., in [7, Lemma 4.1].

Since for 0 ≤ t1, t2, s1, s2 < 1, we have

1− t1t2
1− s1s2

≤ 1− t1
1− s1

+
1− t2
1− s2

,
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the inner and outer factors of b can be treated separately and we can assume that b is

outer. It follows easily from ρ(z, ω) < ε0 that

(7.4) |z − ω| < 2ε0

1− ε0

Imω

and
1− ε0

1 + ε0

<
Im z

Imω
<

1 + ε0

1− ε0

.

Hence
Im z

π

∫

R

∣∣ log |b(t)|
∣∣

|t− z|2 dt ≍ Imω

π

∫

R

∣∣ log |b(t)|
∣∣

|t− ω|2 dt.

Since b is outer, we have

log |b(z)| = −Im z

π

∫

R

∣∣ log |b(t)|
∣∣

|t− z|2 dt ≍ log |b(ω)|,(7.5)

which implies 1− |b(z)| ≍ 1− |b(ω)|.
�

Corollary 7.4. Let (λn) ⊂ C+, let (κb
λn

)n≥1 be a Riesz basis in H(b), and let γ > 1/3.

Then there is ε > 0 such that the system (κb
µn

)n≥1 is a Riesz basis whenever
∣∣∣∣
λn − µn

λn − µn

∣∣∣∣ ≤ ε(1− |b(λn)|)γ.(7.6)

Proof. By Remark 7.1, for sufficiently small r > 0, the sets Gn = {z : |z − λn| ≤ r Imλn}
satisfy the conditions (i) and (ii). Let (µn)n≥1 satisfy (7.6). Then, by (7.4), we have

|λn − µn| ≤
2ε

1− ε
(1− |b(λn)|)γ Imλn.(7.7)

Therefore, if ε is sufficiently small, then µn ∈ Gn. Without loss of generality, we can

assume that γ < 1 and since γ > 1/3, there exists 1 < p < 2 such that 2p−1
p+1

= 1− γ. Let

q be the conjugate exponent of p and note that 2p
q(p+1)

= 1− γ.

Then it follows from Lemma 3.5 that there is a constant C = C(p) > 0 such that

wp(z) ≥ C
Im z

(1− |b(z)|)
p

q(p+1)

, z ∈ C+.
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Therefore, by Lemma 7.3, we have

w−2
p (z) ≤ C1

(1− |b(λn)|)1−γ

(Imλn)2

for z ∈ [λn, µn]. Hence,

1

‖kb
λn
‖2

b

∫

[λn,µn]

wp(z)
−2|dz| ≤ C2

Imλn

1− |b(λn)| |λn − µn|
(1− |b(λn)|)1−γ

(Imλn)2

and using (7.7), we obtain

1

‖kb
λn
‖2

b

∫

[λn,µn]

wp(z)
−2|dz| ≤ C3ε.

To complete the proof, take a sufficiently small ε and apply Theorem 7.2.

�

Remark 7.5. It should be noted that all the statements remain valid if we are interested

in the stability of Riesz sequences of reproducing kernels, that is, of systems of reproducing

kernels which constitute Riesz bases in their closed linear spans.

Remark 7.6. In the case where

sup
n≥1

|b(λn)| < 1,(7.8)

the stability condition (7.6) is equivalent to

∣∣∣∣
λn − µn

λn − µn

∣∣∣∣ ≤ ε,

and we essentially get the result of stability obtained in the inner case in [18]. Moreover, if

b is an extreme point of the unit ball of H∞(C+) and if (7.8) is satisfied, then a criterion

for (κn
λn

) to be a Riesz basis of H(b) is given in [19]. On the other hand, in the non-

extreme case, there are no Riesz bases of H(b) and the previous results (Theorem 7.2 and

Corollary 7.4) apply only for Riesz sequences.
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INTEGRAL MEANS OF THE DERIVATIVES OF BLASCHKE

PRODUCTS

EMMANUEL FRICAIN, JAVAD MASHREGHI

Abstract. We study the rate of growth of some integral means of the derivatives

of a Blaschke product and we generalize several classical results. Moreover, we

obtain the rate of growth of integral means of the derivative of functions in the

model subspace KB generated by the Blaschke product B.

1. Introduction

Let (zn)n≥1 be a sequence in the unit disc satisfying the Blaschke condition

(1.1)
∞
∑

n=1

(1− |zn|) < ∞.

Then, the product

B(z) =

∞
∏

n=1

|zn|

zn

zn − z

1− z̄n z

is a bounded analytic function on the unit disc D with zeros only at the points zn,

n ≥ 1, [5, page 20]. Since the product converges uniformly on compact subsets of

D, the logarithmic derivative of B is given by

B′(z)

B(z)
=

∞
∑

n=1

1− |zn|
2

(1− z̄n z)(z − zn)
, (z ∈ D).

2000 Mathematics Subject Classification. Primary: 30D50, Secondary: 32A70.

Key words and phrases. Blaschke products, model space.
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2 EMMANUEL FRICAIN, JAVAD MASHREGHI

Therefore,

(1.2) |B′(reiθ)| ≤
∞
∑

n=1

1− |zn|
2

| 1− z̄n reiθ |2
, (reiθ ∈ D).

If (1.1) is the only restriction we put on the zeros of B, we can only say that

∫ 2π

0

|B′(reiθ)| dθ ≤

∞
∑

n=1

(1− |zn|
2)

∫ 2π

0

dθ

| 1− z̄n reiθ |2

=

∞
∑

n=1

(1− |zn|
2)

2π

(1− |zn|2r2)

≤
4π
∑∞

n=1(1− |zn|)

(1− r)
,

which implies

(1.3)

∫ 2π

0

|B′(reiθ)| dθ =
o(1)

1− r
, (r → 1).

However, assuming stronger restrictions on the rate of increase of the zeros of B

give us more precise estimates about the rate of increase of integral means of B′
r as

r → 1. The most common restriction is

(1.4)

∞
∑

n=1

(1− |zn|)
α < ∞

for some α ∈ (0, 1). Protas [15] took the first step in this direction by proving the

following results.

Let us mention that Hp, 0 < p < ∞, stands for the classical Hardy space equipped

with the norm

‖f‖p = lim
r→1

(
∫ 2π

0

|f(reiθ)|p
dθ

2π

)
1

p

,

and its cousin Ap
γ , 0 < p < ∞ and γ > −1, stands for the (weighted) Bergman space

equipped with the norm

‖f‖p,γ =

(
∫ 1

0

∫ 2π

0

|f(reiθ)|p
r(1− r2)γdr dθ

π/(1 + γ)

)
1

p

.
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Theorem 1.1 (Protas). If 0 < α < 1
2

and the Blaschke sequence (zn)n≥1 satisfies

(1.4), then B′ ∈ H1−α.

Theorem 1.2 (Protas). If 0 < α < 1 and the Blaschke sequence (zn)n≥1 satisfies

(1.4), then B′ ∈ A1
α−1.

Then, Ahern and Clark [1] showed that Theorem 1.1 is sharp in the sense that B′

need not lie in any Hp with p > 1−α. Later on, they also showed that the condition
∑∞

n=1(1−|zn|)
1/2 < ∞ is not enough to imply that B′ ∈ H1/2 [2]. At the same time,

Linden [12] generalized Theorem 1.1 for higher derivatives of B. In the converse

direction, Ahern and Clark [1] also obtained the following result.

Theorem 1.3 (Ahern–Clark). If 1
2

< p < 1, then there is a Blaschke product B

with B′ ∈ Hp, and such that its zeros satisfies

∞
∑

n=1

(1− |zn|)
α = ∞

for all α with 0 < α < (1− p).

However, Cohn [3] proved that for interpolating sequences the two conditions are

equivalent.

Theorem 1.4 (Cohn). Let 0 < α < 1
2
, and let (zn)n≥1 be an interpolating Blaschke

sequence. Then, B′ ∈ H1−α if and only if (zn)n≥1 satisfies (1.4).

Recently, Kutbi [11] showed that under the hypothesis of Theorem 1.1,

(1.5)

∫ 2π

0

|B′(reiθ)|p dθ =
o(1)

(1− r)p+α−1
, (r → 1),

for any p > 1− α. In particular, for p = 1, we have

∫ 2π

0

|B′(reiθ)| dθ =
o(1)

(1− r)α
, (r → 1),

which is a refinement of (1.3).
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Then, Protas [16] proved that the estimate (1.5) is still valid if 1/2 < α ≤ 1,

p ≥ α and the Blaschke sequence (zn)n≥1 satisfies (1.4). Finally, Gotoh [7] got an

extension of Protas’s results for higher derivatives of B.

A Blaschke sequence which satisfies the Carleson condition is called an interpola-

tion, or Carleson, Blaschke sequence [10, page 200]. Let I be an inner function for

the unit disc. In particular, I could be any Blaschke product. Then,

KI := H2 ⊖ IH2

is called the model subspace of H2 generated by the inner function I [6, 8]. Cohn

[3] obtained the following result about the derivative of functions in KB.

Theorem 1.5 (Cohn). Let (zn)n≥1 be an interpolating Blaschke sequence, and let

p ∈ (2/3, 1). Then, B′ ∈ Hp if and only if f ′ ∈ H2p/(p+2) for all f ∈ KB.

In this paper, we replace the condition (1.4) by a more general assumption

(1.6)

∞
∑

n=1

h(1− |zn|) < ∞,

where h is a positive continuous function satisfying certain smoothness conditions,

and then we generalize all the preceding results. Since our sequence already satisfies

the Blaschke condition, (1.6) will provide further information about the rate of

increase of the zeros only if h(t) ≥ t as t → 0.

In particular, we are interested in

(1.7) h(t) = tα (log 1/t)α1 (log2 1/t)α2 · · · (logn 1/t)αn,

where α ∈ (0, 1), α1, α2, · · · , αn ∈ R, and logn = log log · · · log (n times) [13].

In the following, we will use the estimates

∫ 2π

0

dθ

|1− reiθ|ν
≍

1

(1− r)ν−1
, (ν > 1),

∫ 1

0

∫ 2π

0

(1− ρ2)γ

|1− rρeiθ|ν
ρdρdθ ≍

1

(1− r)ν−γ−2
, (ν − 2 > γ > −1),
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as r → 1−. See [9, page 7]. Both relations can be proved using the fact that

|1− reiθ| ≍ (1− r) + |θ| as r → 1−.

2. An estimation lemma

In the following we assume that h is a continuous positive function defined on the

interval (0, 1) with

lim
t→0+

h(t) = 0.

Our prototype is the one given in (1.7). The following lemma has simple assumptions

and also a very simple proof. However, it has many interesting applications in the

rest of the paper.

Lemma 2.1. Let (rn)n≥1 be a sequence in the interval (0, 1) such that

∞
∑

n=1

h(1− rn) < ∞.

Let p, q > 0 be such that h(t)/tp is decreasing and h(t)/tp−q is increasing on (0, 1).

Then,
∞
∑

n=1

(1− rn)p

(1− rrn)q
=

O(1)

(1− r)q−p h(1− r)

as r → 1−. Moreover, if

lim
t→0+

h(t)

tp−q
= 0,

then
∞
∑

n=1

(1− rn)p

(1− rrn)q
=

o(1)

(1− r)q−p h(1− r)
.

Proof. We have

(1− rn)p

(1− rrn)q
=

(

(1− rn)p

h(1− rn)

h(1− rrn)

(1− rrn)p

) (

h(1− rn)

(1− rrn)q−p h(1− rrn)

)

.

By assumption
h(1− rrn)

(1− rrn)p
≤

h(1− rn)

(1− rn)p
,

and

(1− rrn)q−p h(1− rrn) ≥ (1− r)q−p h(1− r).
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Thus, for any n ≥ 1,

(2.1)
(1− rn)p

(1− rrn)q
≤

h(1− rn)

(1− r)q−p h(1− r)
.

Given ε > 0, fix N such that

∞
∑

n=N+1

h(1− rn) < ε.

Hence, by (2.1),

∞
∑

n=1

(1− rn)p

(1− rrn)q
=

N
∑

n=1

(1− rn)p

(1− rrn)q
+

∞
∑

n=N+1

(1− rn)p

(1− rrn)q

≤

N
∑

n=1

(1− rn)p−q +

∑∞

n=N+1 h(1− rn)

(1− r)q−p h(1− r)

≤ CN +
ε

(1− r)q−p h(1− r)
,

where CN is independent of r. This inequality implies both assertions of the Lemma.

�

The Lemma is still valid if instead of “decreasing” and “increasing”, we assume that

our functions are respectively “boundedly decreasing” and “boundedly increasing”.

We say that ϕ is boundedly increasing if there is a constant C > 0 such that

ϕ(x) ≤ Cϕ(y) whenever x ≤ y. Similarly, ϕ is boundedly decreasing if there is a

constant C > 0 such that ϕ(x) ≥ Cϕ(y) whenever x ≤ y.

3. Hp means of the first derivative

In this section we apply Lemma 2.1 to obtain a general estimate for the integral

means of the first derivative of a Blaschke product. Special cases of the following

theorem generalize Protas and Kutbi’s results.

Theorem 3.1. Let B be the Blaschke product formed with zeros zn = rneiθn, n ≥ 1,

satisfying
∞
∑

n=1

h(1− rn) < ∞
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for a positive continuous function h. Suppose that there is q ∈ (1/2, 1] such that

h(t)/tq is decreasing and h(t)/t1−q is increasing on (0, 1). Then, for any p ≥ q,
∫ 2π

0

|B′(reiθ)|p dθ =
O(1)

(1− r)p−1 h(1− r)
, (r → 1).

Moreover, if limt→0 h(t)/t1−q = 0, then O(1) can be replaced by o(1).

Proof. Since q ≤ 1, (1.2) implies

|B′(reiθ)|q ≤
∞
∑

n=1

(1− r2
n)q

| 1− rrnei(θ−θn) |2q
.

Hence

(3.1)

∫ 2π

0

|B′(reiθ)|q dθ ≤ C
∞
∑

n=1

(1− rn)q

(1− rrn)2q−1
.

(Here we used 2q > 1.) Therefore, by Lemma 2.1,
∫ 2π

0

|B′(reiθ)|q dθ ≤
C

(1− r)q−1 h(1− r)
.

Now recall that any function f in H∞ is in the Bloch space B [4, page 44], that is

sup
z∈D

(1− |z|2)|f ′(z)| < +∞ .

Hence, for any p ≥ q,
∫ 2π

0

|B′(reiθ)|p dθ ≤
1

(1− r)p−q

∫ 2π

0

|B′(reiθ)|q dθ ≤
C

(1− r)p−1 h(1− r)
.

Finally, as r → 1, Lemma 2.1 also assures that C can be replaced by any small

positive constant if limt→0 h(t)/t1−q = 0. �

Now, we can apply Theorem 3.1 for the special function defined in (1.7).

Case I: If
∞
∑

n=1

(1− rn)α(log
1

1− rn

)α1 · · · (logm

1

1− rn

)αm < ∞,

then, for any

p > max{α, 1− α}
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we have
∫ 2π

0

|B′(reiθ)|p dθ =
o(1)

(1− r)α+p−1(log 1
1−r

)α1 · · · (logm
1

1−r
)αm

, (r → 1).

In particular, if
∞
∑

n=1

(1− rn)α < ∞,

with α ∈ (0, 1/2), then, for any p > 1− α,
∫ 2π

0

|B′(reiθ)|p dθ =
o(1)

(1− r)p+α−1
, (r → 1),

which is Kutbi’s result. Moreover, if α ∈ [1/2, 1), the last estimate still holds for

any p > α, which is Protas’s result [16].

Case II: If
∞
∑

n=1

(1− rn)α(logk

1

1− rn

)αk · · · (logm

1

1− rn

)αm < ∞,

with α ∈ (0, 1/2), αk < 0 and αk+1, · · · , αm ∈ R, then,
∫ 2π

0

|B′(reiθ)|1−α dθ =
o(1)

(logk
1

1−r
)αk · · · (logm

1
1−r

)αm
, (r → 1).

But, if
∞
∑

n=1

(1− rn)α < ∞,

with α ∈ (0, 1/2), then
∫ 2π

0

|B′(reiθ)|1−α dθ = O(1), (r → 1),

i.e. B′ ∈ H1−α, which is Protas’ result [15].

Case III: If
∞
∑

n=1

(1− rn)α(logk

1

1− rn

)αk · · · (logm

1

1− rn

)αm < ∞,

with α ∈ (1/2, 1), αk > 0 and αk+1, · · · , αn ∈ R, then,
∫ 2π

0

|B′(reiθ)|α dθ =
o(1)

(1− r)2α−1(log 1
1−r

)α1 · · · (logm
1

1−r
)αm

, (r → 1).
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However, if
∞
∑

n=1

(1− rn)α < ∞,

with α ∈ (1/2, 1), then we still have
∫ 2π

0

|B′(reiθ)|α dθ =
o(1)

(1− r)2α−1
, (r → 1).

4. Hp means of higher derivatives

Straightforward calculation leads to

(4.1)

∫ 2π

0

|B(ℓ)(reiθ)|p dθ ≤ C(p, ℓ)

∞
∑

n=1

(1− rn)p

(1− rrn)(ℓ+1)p−1
, (

1

ℓ + 1
< p ≤

1

ℓ
),

which is a generalization of (3.1). This observation along with Lemma 2.1 enable us

to generalize the results of the preceding section for higher derivatives of a Blaschke

product. The proof is similar to that of Theorem 3.1.

Theorem 4.1. Let B be the Blaschke product formed with zeros zn = rne
iθn, n ≥ 1,

satisfying
∞
∑

n=1

h(1− rn) < ∞

for a positive continuous function h. Suppose that there is q ∈ (1/(ℓ + 1), 1/ℓ] such

that h(t)/tq is decreasing and h(t)/t1−ℓq is increasing on (0, 1). Then, for any p ≥ q,
∫ 2π

0

|B(ℓ)(reiθ)|p dθ =
O(1)

(1− r)ℓp−1 h(1− r)
, (r → 1).

Moreover, if limt→0 h(t)/t1−ℓq = 0, then O(1) can be replaced by o(1).

Now, we can apply Theorem 4.1 for the special function defined in (1.7).

Case I: If
∞
∑

n=1

(1− rn)α(log
1

1− rn
)α1 · · · (logm

1

1− rn
)αm < ∞,

then, for any

p > max{α, (1− α)/ℓ}
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we have
∫ 2π

0

|B(ℓ)(reiθ)|p dθ =
o(1)

(1− r)α+ℓp−1(log 1
1−r

)α1 · · · (logm
1

1−r
)αm

, (r → 1).

In particular, if
∞
∑

n=1

(1− rn)α < ∞,

with α ∈ (0, 1/(ℓ + 1)), then, for any p > (1− α)/ℓ,
∫ 2π

0

|B(ℓ)(reiθ)|p dθ =
o(1)

(1− r)ℓp+α−1
, (r → 1),

which is Kutbi’s result. Moreover, if α ∈ [1/(ℓ + 1), 1), the last estimate still holds

for any p > α, which is Gotoh’s result [7] .

Case II: If
∞
∑

n=1

(1− rn)α(logk

1

1− rn

)αk · · · (logm

1

1− rn

)αm < ∞,

with α ∈ (0, 1/(1 + ℓ)), αk < 0 and αk+1, · · · , αn ∈ R, then,
∫ 2π

0

|B(ℓ)(reiθ)|(1−α)/ℓ dθ =
o(1)

(logk
1

1−r
)αk · · · (logm

1
1−r

)αm
, (r → 1).

But, if
∞
∑

n=1

(1− rn)α < +∞,

with α ∈ (0, 1/(1 + ℓ)), then
∫ 2π

0

|B(ℓ)(reiθ)|(1−α)/ℓ dθ = O(1), (r → 1),

i.e. B(ℓ) ∈ H(1−α)/ℓ which is Linden’s result [12].

Case III: If
∞
∑

n=1

(1− rn)α(logk

1

1− rn
)αk · · · (logm

1

1− rn
)αm < ∞,

with α ∈ (1/(1 + ℓ), 1), αk > 0 and αk+1, · · · , αn ∈ R, then,
∫ 2π

0

|B(ℓ)(reiθ)|α dθ =
o(1)

(1− r)(ℓ+1)α−1(logk
1

1−r
)αk · · · (logm

1
1−r

)αm
, (r → 1).
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However, if
∞
∑

n=1

(1− rn)α < ∞,

with α ∈ (1/(ℓ + 1), 1), then we still have
∫ 2π

0

|B(ℓ)(reiθ)|α dθ =
o(1)

(1− r)(ℓ+1)α−1
, (r → 1).

5. Ap
γ means of the first derivative

In this section we apply Lemma 2.1 to obtain a general estimate for the integral

means of the first derivative of a Blaschke product. Special cases of the following

theorem generalize Protas’s results [15].

Theorem 5.1. Let B be the Blaschke product formed with zeros zn = rneiθn satis-

fying
∞
∑

n=1

h(1− rn) < ∞

for a positive continuous function h. Let γ ∈ (−1, 0). Suppose that there is q ∈

(1 + γ/2, 1] such that h(t)/tq is decreasing and h(t)/t2+γ−q is increasing on (0, 1).

Then, for any p ≥ q,
∫ 1

0

∫ 2π

0

|B′(rρeiθ)|p ρ(1− ρ2)γdρ dθ =
O(1)

(1− r)p−γ−2 h(1− r)
, (r → 1).

Moreover, if limt→0 h(t)/t2+γ−q = 0, then O(1) can be replaced by o(1).

Proof. We saw that

|B′(rρeiθ)|q ≤
∞
∑

n=1

(1− r2
n)q

| 1− rrnρei(θ−θn) |2q
.

Hence

(5.1)

∫ 1

0

∫ 2π

0

|B′(rρeiθ)|q ρ(1− ρ2)γdρ dθ ≤ C
∞
∑

n=1

(1− rn)q

(1− rrn)2q−γ−2
.

(Here we used 2q − γ − 2 > 0.) Therefore, by Lemma 2.1,
∫ 1

0

∫ 2π

0

|B′(rρeiθ)|q ρ(1− ρ2)γdρ dθ ≤
C

(1− r)q−γ−2 h(1− r)
.
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Hence, for any p ≥ q,
∫ 1

0

∫ 2π

0

|B′(rρeiθ)|p ρ(1− ρ2)γdρ dθ ≤
1

(1− r)p−q

∫ 1

0

∫ 2π

0

|B′(rρeiθ)|q ρ(1− ρ2)γdρ dθ

≤
C

(1− r)p−γ−2 h(1− r)
.

Finally, as r → 1, Lemma 2.1 also assures that C can be replaced by any small

positive constant if limt→0 h(t)/t2+γ−q = 0. �

Now, we can apply Theorem 5.1 for the special function defined in (1.7).

Case I: If

∞
∑

n=1

(1− rn)α(log
1

1− rn

)α1 · · · (logm

1

1− rn

)αm < ∞,

and if γ ∈ (−1, α− 1), then, for any

p > max{α, 2 + γ − α, 1 + γ/2 },

we have
∫ 1

0

∫ 2π

0

|B′(rρeiθ)|p ρ(1− ρ2)γdρ dθ =
o(1)

(1− r)α+p−γ−2 (log 1
1−r

)α1 · · · (logm
1

1−r
)αm

,

as (r → 1). In particular, if
∞
∑

n=1

(1− rn)α < ∞,

then
∫ 1

0

∫ 2π

0

|B′(rρeiθ)|p ρ(1− ρ2)γdρ dθ =
o(1)

(1− r)p+α−γ−2
.

Case II: If

∞
∑

n=1

(1− rn)α(logk

1

1− rn

)αk · · · (logm

1

1− rn

)αm < ∞,

with αk < 0, then, for any p ≥ 1,
∫ 1

0

∫ 2π

0

|B′(rρeiθ)|p ρ(1−ρ2)α−1dρ dθ =
o(1)

(1− r)p−1 (logk
1

1−r
)αk · · · (logm

1
1−r

)αm
, (r → 1).
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Case III: If
∞
∑

n=1

(1− rn)α < ∞,

then, for any p ≥ 1,
∫ 1

0

∫ 2π

0

|B′(rρeiθ)|p ρ(1− ρ2)α−1dρ dθ =
O(1)

(1− r)p−1
, (r → 1).

In particular, for p = 1,
∫ 1

0

∫ 2π

0

|B′(rρeiθ)| ρ(1− ρ2)α−1dρ dθ = O(1), (r → 1).

which is the Protas’ result [15].

Some other cases can also be considered here. But, since they are immediate

consequence of Theorem 5.1, we do not proceed further. Moreover, using similar

techniques, one can obtain estimates for the Ap
γ means of the higher derivatives for

a Blaschke product satisfying the hypothesis of Theorem 5.1.

6. Interpolating Blaschke products

Cohn’s theorems 1.4 and 1.5 imply that if zn = rneiθn, n ≥ 1, is a Carleson

sequence satisfying
∞
∑

n=1

(1− rn)1−p < ∞

for some p ∈ (2/3, 1), then f ′ ∈ H2p/(p+2) for all f ∈ KB. The following result

generalizes this fact.

Theorem 6.1. Let zn = rne
iθn, n ≥ 1, be a Carleson sequence satisfying

∞
∑

n=1

h(1− rn) < ∞

for a positive continuous function h. Let B be the Blaschke product formed with

zeros zn, n ≥ 1. Suppose that there is p ∈ (2/3, 1) such that h(t)/tp/2 is decreasing

and h(t)/t1−p is increasing on (0, 1). Then, for all f ∈ KB, we have

(
∫ 2π

0

∣

∣f ′(reiθ)
∣

∣

σ
dθ

)1/σ

≤
C ‖f‖2

( (1− r)p−1h(1− r) )1/p
, (r → 1),
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with σ = 2p/(p + 2) and C an absolute constant.

Proof. Since (zn)n≥1 is a Carleson sequence, we know that the functions

fn(z) :=
(1− rn)1/2

1− zn z
, (n ≥ 1),

form a Riesz basis of KB (see [14] for instance). Now, let f =

N
∑

n=1

βnfn, βn ∈ C.

Then

f ′(z) =

N
∑

n=1

zn βn(1− rn)1/2

(1− zn z)2
,

and thus we get

|f ′(z)| ≤

N
∑

n=1

|βn|(1− rn)1/2

|1− zn z|2
.

Since p ∈ (2/3, 1), we have σ ∈ (1/2, 1) and we can write

|f ′(z)|σ ≤
N
∑

n=1

|βn|
σ(1− rn)

σ/2

|1− zn z|2σ
.

Therefore,

∫ 2π

0

∣

∣f ′(reiθ)
∣

∣

σ
dθ ≤

N
∑

n=1

|βn|
σ(1− rn)σ/2

∫ 2π

0

dθ

|1− znreiθ|2σ

≤ c
N
∑

n=1

|βn|
σ (1− rn)σ/2

(1− rrn)2σ−1
.

Let p′ = 2/σ and let q′ be its conjugate exponent. Then Hölder’s inequality implies

that
∫ 2π

0

∣

∣f ′(reiθ)
∣

∣

σ
dθ ≤ c

(

N
∑

n=1

|βn|
2

)1/p′
(

N
∑

n=1

(1− rn)σq′/2

(1− rrn)(2σ−1)q′

)1/q′

.

But since (fn)n≥1 forms a Riesz basis of KB, there exists a constant c1 > 0 such that

N
∑

n=1

|βn|
2 ≤ c1‖f‖

2
2,
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whence
∫ 2π

0

∣

∣f ′(reiθ)
∣

∣

σ
dθ ≤ c2‖f‖

σ
2

(

N
∑

n=1

(1− rn)σq′/2

(1− rrn)(2σ−1)q′

)1/q′

.

Now easy computations show that q′ = p+2
2

, σq′ = p, (2σ − 1)q′ = 3p/2 − 1 and

therefore, by Lemma 2.1, we have

N
∑

n=1

(1− rn)σq′/2

(1− rrn)(2σ−1)q′
≤

C

(1− r)p−1h(1− r)
,

where C is a constant independent of N . We deduce that

∫ 2π

0

∣

∣f ′(reiθ)
∣

∣

σ
dθ ≤

c3‖f‖
σ
2

((1− r)p−1h(1− r))1/q′
.

Since 1/σq′ = 1/p, and using a density argument, we get that for all f ∈ KB,

(
∫ 2π

0

∣

∣f ′(reiθ)
∣

∣

σ
dθ

)1/σ

≤
c
1/σ
3 ‖f‖2

((1− r)p−1h(1− r))1/p
.

�

Now, we can apply Theorem 6.1 for the special function defined in (1.7).

Case I: If zn = rne
iθn , n ≥ 1, is a Carleson sequence satisfying

∞
∑

n=1

(1− rn)α(log
1

1− rn

)α1 · · · (logm

1

1− rn

)αm < ∞,

with p ∈ (2/3, 1), 1 − p < α < p/2, and α1, . . . , αm ∈ R, then, for all f ∈ KB, we

have

(
∫ 2π

0

∣

∣f ′(reiθ)
∣

∣

σ
dθ

)1/σ

≤
C ‖f‖2

(

(1− r)α+p−1(log 1
1−r

)α1 · · · (logm
1

1−r
)αm

)1/p
,

with σ = 2p/(p + 2) and C an absolute constant.

Case II: If zn = rneiθn , n ≥ 1, is a Carleson sequence satisfying

∞
∑

n=1

(1− rn)1−p(logk

1

1− rn
)αk · · · (logm

1

1− rn
)αm < ∞,
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with p ∈ (2/3, 1), k ≥ 1, αk, αk+1, . . . , αm ∈ R, and αk < 0, then, for all f ∈ KB, we

have

(
∫ 2π

0

∣

∣f ′(reiθ)
∣

∣

σ
dθ

)1/σ

≤
C ‖f‖2

(

(logk
1

1−r
)αk · · · (logm

1
1−r

)αm

)1/p
, (r → 1),

with σ = 2p/(p + 2) and C an absolute constant. However, if

∞
∑

n=1

(1− rn)1−p < ∞,

then we still have

(
∫ 2π

0

∣

∣f ′(reiθ)
∣

∣

σ
dθ

)1/σ

≤ C ‖f‖2, (r → 1),

i.e. f ′ ∈ H2p/(p+2), for any f ∈ KB, which is Cohn’s result.

Case III: If zn = rne
iθn , n ≥ 1, is a Carleson sequence satisfying

∞
∑

n=1

(1− rn)p/2(logk

1

1− rn

)αk · · · (logm

1

1− rn

)αm < ∞,

with p ∈ (2/3, 1), k ≥ 1, αk, αk+1, . . . , αm ∈ R, and αk > 0, then, for all f ∈ KB, we

have

(
∫ 2π

0

∣

∣f ′(reiθ)
∣

∣

σ
dθ

)1/σ

≤
C ‖f‖2

(

(1− r)3p/2−1 (logk
1

1−r
)αk · · · (logm

1
1−r

)αm

)1/p
,

with σ = 2p/(p + 2) and C an absolute constant. However, if

∞
∑

n=1

(1− rn)p/2 < ∞,

then we still have

(
∫ 2π

0

∣

∣f ′(reiθ)
∣

∣

σ
dθ

)1/σ

≤
C ‖f‖2

(1− r)(3p−2)/2p
.

Using similar techniques we can obtain some results about the Ap
γ means of the

derivatives of function in the model subspaces of H2.
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Theorem 6.2. Let zn = rne
iθn, n ≥ 1, be a Carleson sequence satisfying

∞
∑

n=1

h(1− rn) < ∞

for a positive continuous function h, and let B be the Blaschke product formed with

zeros zn, n ≥ 1. Let p ∈ (2/3, 1), σ = 2p/(p + 2) and −1 < γ < 2σ − 2 such that

h(t)/tp/2 is decreasing and h(t)/t(1−p)+(1+γ)(1+p/2) is increasing on (0, 1). Then, for

all f ∈ KB, we have

(
∫ 1

0

∫ 2π

0

∣

∣f ′(r ρeiθ)
∣

∣

σ
ρ(1− ρ2)γdρ dθ

)1/σ

≤
C ‖f‖2

(

(1− r)−(1−p)−(1+γ)(1+p/2) h(1− r)
)1/p

as r → 1−.

Proof. The beginning of the proof is as of Theorem 6.1 until

|f ′(z)|σ ≤

N
∑

n=1

|βn|
σ(1− rn)σ/2

|1− zn z|2σ
.

Therefore, by Hölder’s inequality (with p′ = 2/σ and q′ its conjugate exponent) and

by Lemma 2.1, we have

∫ 1

0

∫ 2π

0

∣

∣f ′(r ρeiθ)
∣

∣

σ
ρ(1− ρ2)γdρ dθ ≤

N
∑

n=1

|βn|
σ(1− rn)σ/2

∫ 1

0

∫ 2π

0

ρ(1− ρ2)γdρ dθ

|1− znrρeiθ|2σ

≤ c

N
∑

n=1

|βn|
σ (1− rn)σ/2

(1− rrn)2σ−γ−2

≤ c

(

N
∑

n=1

|βn|
2

)1/p′
(

N
∑

n=1

(1− rn)σq′/2

(1− rrn)(2σ−γ−2)q′

)1/q′

≤ c′ ‖f‖σ
2

(

N
∑

n=1

(1− rn)σq′/2

(1− rrn)(2σ−γ−2)q′

)1/q′

≤
c′′ ‖f‖σ

2
(

(1− r)−(1−p)−(1+γ)(1+p/2) h(1− r)
)1/q′

.

�
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Now, we can apply Theorem 6.2 for the special function defined in (1.7).

Case I: If zn = rne
iθn , n ≥ 1, is a Carleson sequence satisfying

∞
∑

n=1

(1− rn)α (log
1

1− rn

)α1 · · · (logm

1

1− rn

)αm < ∞,

with p ∈ (2/3, 1), σ = 2p/(p+2), −1 < γ < 2σ−2, and (1−p)+ (1+γ)(1+ p/2) <

α < p/2, then, for all f ∈ KB, we have

(
∫ 1

0

∫ 2π

0

∣

∣f ′(r ρeiθ)
∣

∣

σ
ρ(1− ρ2)γdρ dθ

)1/σ

≤
C ‖f‖2

(

(1− r)α−(1−p)−(1+γ)(1+p/2) (log 1
1−r

)α1 · · · (logm
1

1−r
)αm

)1/p

as r → 1−.

Case II: If zn = rne
iθn, n ≥ 1, is a Carleson sequence satisfying

∞
∑

n=1

(1− rn)(1−p)+(1+γ)(1+p/2) (logk

1

1− rn

)αk · · · (logm

1

1− rn

)αm < ∞,

with p ∈ (2/3, 1), σ = 2p/(p + 2), −1 < γ < 2σ − 2, αk, αk+1, . . . , αm ∈ R, and

αk < 0, then, for all f ∈ KB, we have

(
∫ 1

0

∫ 2π

0

∣

∣f ′(r ρeiθ)
∣

∣

σ
ρ(1− ρ2)γdρ dθ

)1/σ

≤
C ‖f‖2

(

(logk
1

1−r
)αk · · · (logm

1
1−r

)αm

)1/p

as r → 1−. However, if

∞
∑

n=1

(1− rn)(1−p)+(1+γ)(1+p/2) < ∞,

then, we still have

(
∫ 1

0

∫ 2π

0

∣

∣f ′(r ρeiθ)
∣

∣

σ
ρ(1− ρ2)γdρ dθ

)1/σ

≤ C ‖f‖2,

which means that

f ′ ∈ A2p/(p+2)
γ ,
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and the differential operator

KB −→ A
2p/(p+2)
γ ,

f 7−→ f ′,

is bounded.

Case III: If zn = rneiθn , n ≥ 1, is a Carleson sequence satisfying

∞
∑

n=1

(1− rn)p/2 (logk

1

1− rn
)αk · · · (logm

1

1− rn
)αm < ∞,

with p ∈ (2/3, 1), σ = 2p/(p + 2), −1 < γ < 2σ − 2, αk, αk+1, . . . , αm ∈ R and

αk > 0, then, for all f ∈ KB, we have
(
∫ 1

0

∫ 2π

0

∣

∣f ′(r ρeiθ)
∣

∣

σ
ρ(1− ρ2)γdρ dθ

)1/σ

≤
C ‖f‖2

(

(1− r)(3p/2−1)−(1+γ)(1+p/2) (logk
1

1−r
)αk · · · (logm

1
1−r

)αm

)1/p

as r → 1−. However, if
∞
∑

n=1

(1− rn)p/2 < ∞,

then, we still have
(
∫ 1

0

∫ 2π

0

∣

∣f ′(r ρeiθ)
∣

∣

σ
ρ(1− ρ2)γdρ dθ

)1/σ

≤
C ‖f‖2

(1− r)

(

(3p/2−1)−(1+γ)(1+p/2)
)

/p

as r → 1−.
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EXCEPTIONAL SETS FOR THE DERIVATIVES OF BLASCHKE
PRODUCTS

EMMANUEL FRICAIN, JAVAD MASHREGHI

Abstract. We obtain growth estimates for the logarithmic derivative B′(z)/B(z)

of a Blaschke product as |z| → 1 and z avoids some exceptional sets.

1. Introduction

Let f be a meromorphic function in the unit disc D. Then its order is defined by

σ = lim sup
r→1−

log+ T (r)

log 1/(1− r)
,

where

T (r) =
1

π

∫

{|z|<r}

|f ′(z)|2
(1 + |f(z)|2)2

log(
r

|z| ) dx dy

is the Nevanlinna characteristic of f [13]. Meromorphic functions of finite order

have been extensively studied and they have numerous applications in pure and

applied mathematics, e.g. in linear differential equations. In many applications a

major role is played by the logarithmic derivative of meromorphic functions and

we need to obtain sharp estimates for the logarithmic derivative as we approach to

the boundary [7, 8]. In particular, the following result for the rate of growth of

meromorphic functions of finite order in the unit disc has application in the study

of linear differential equations [10, Theorem 5.1].

2000 Mathematics Subject Classification. Primary: 30D50, Secondary: 26A12.

Key words and phrases. Blaschke products, Nevanlinna class, logarithmic derivative.
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Theorem 1.1. Let f be a meromorphic function in the unit disc D of finite order

σ and let ε > 0. Then the following two statements hold.

(a) There exists a set E1 ⊂ (0, 1) which satisfies
∫

E1

dr

1− r
<∞,

such that, for all z ∈ D with |z| 6∈ E1, we have

(1.1)

∣∣∣∣
f ′(z)
f(z)

∣∣∣∣ ≤
1

(1− |z|)3σ+4+ε
.

(b) There exists a set E2 ⊂ [0, 2π) whose Lebesgue measure is zero and a function

R(θ) : [0, 2π) \ E2 −→ (0, 1) such that for all z = reiθ with θ ∈ [0, 2π) \ E2 and

R(θ) < r < 1 the inequality (1.1) holds.

Clearly, the relation (1.1) can also be written as
∣∣∣∣
f ′(z)
f(z)

∣∣∣∣ =
O(1)

(1− |z|)3σ+4+ε

as |z| → 1. But we should note that in case (b) it does not hold uniformly with

respect to |z|.
Let (zn)n≥1 be a sequence in the unit disc satisfying the Blaschke condition

(1.2)
∞∑

n=1

(1− |zn|) <∞.

Then the Blaschke product

B(z) =
∞∏

n=1

|zn|
zn

zn − z

1− z̄n z

is an analytic function in the unit disc with order σ = 0 and

(1.3)
B′(z)
B(z)

=
∞∑

n=1

1− |zn|2
(1− z̄n z)(z − zn)

.

Thus Theorem 1.1 implies that, for any ε > 0,
∣∣∣∣

∞∑
n=1

1− |zn|2
(1− z̄n z)(z − zn)

∣∣∣∣ =
O(1)

(1− |z|)4+ε
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as |z| → 1− in any of the two manners explained above. In this paper, instead of

(1.2), we pose more restrictive conditions on the rate of convergence of zeros zn and

instead we improve the exponent 4 + ε. The most common condition is

(1.4)
∞∑

n=1

(1− |zn|)α <∞,

for some α ∈ (0, 1]. However, we consider a more general assumption

(1.5)
∞∑

n=1

h(1− |zn|) <∞,

where h is a positive continuous function satisfying certain smoothness conditions

which will be described below. Our main prototype for h is

(1.6) h(t) = tα (log 1/t)α1 (log2 1/t)α2 · · · (logn 1/t)αn ,

where logn = log log · · · log (n times), α ∈ (0, 1] and α1, α2, · · · , αn ∈ R. If α = 1

the first nonzero exponent among α1, α2, · · · , αn is positive [12].

The function h is usually defined in an open interval (0, ε). Of course, by extending

its domain of definition, we may assume that h is defined on the interval (0, 1), or

if required, on the entire positive real axis. Moreover, since a Blaschke sequence

satisfies (1.2), the condition (1.5) will provide further information about the rate of

increase of the zeros provided that h(t) ≥ C t as t→ 0.

The condition (1.4) has been extensively studied by many authors [1, 2, 3, 9, 11, 14]

to obtain estimates for the integral means of the derivative of Blaschke products.

We [6] have recently shown that many of these estimates can be generalized for

Blaschke products satisfying (1.5).

2. Circular Exceptional Sets

The function h given in (1.6) satisfies the following conditions:

a) h is continuous, positive and increasing with h(0+) = 0;

b) h(t)/t is decreasing;
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In the following, we just need these conditions. Hence, we state our results for a

general function h satisfying a) and b).

Theorem 2.1. Let (zn)n≥1 be a sequence in the unit disc satisfying

∞∑
n=1

h(1− |zn|) <∞

and let B be the Blaschke product formed with zeros zn, n ≥ 1. Let β ≥ 1. Then

there is an exceptional set E ⊂ (0, 1) such that
∫

E

dt

(1− t)β
<∞

and that ∣∣∣∣
B′(z)
B(z)

∣∣∣∣ =
o(1)

(1− |z|)β h2(1− |z|)
as |z| → 1− with |z| 6∈ E.

Proof. Without loss of generality, assume that h(t) < 1 for t ∈ (0, 1). Let

E =
∞⋃

n=1

(
|zn| − (1− |zn|)βh(1− |zn|), |zn|+ (1− |zn|)βh(1− |zn|)

)
.

In the definition of E we implicitly assume that |zn| − (1− |zn|)βh(1− |zn|) > 0 in

order to have E ⊂ (0, 1). Certainly this condition holds for large values of n. If it

does not hold for some small values of n, we simply remove those intervals from the

definition of E.

Let z ∈ D with |z| 6∈ E and fix 0 < δ ≤ (1− |z|)/2. By (1.3), we have

B′(z)
B(z)

=

( ∑
∣∣ |z|−|zn|

∣∣≥δ

+
∑

∣∣ |z|−|zn|
∣∣<δ

)
1− |zn|2

(1− z̄n z)(z − zn)
.

We use different techniques to estimate each sum. For the first sum we have

∑
∣∣ |z|−|zn|

∣∣≥δ

1− |zn|2
|1− z̄n z| |z − zn| ≤ 2

δ

∑
∣∣ |z|−|zn|

∣∣≥δ

1− |zn|
1− |zn| |z| .
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But

1− |zn|
1− |z| |zn| =

(
1− |zn|

h(1− |zn|)
h(1− |z| |zn|)

1− |z| |zn|
) (

h(1− |zn|)
h(1− |z| |zn|)

)
.

Since h(t) is increasing and h(t)/t is decreasing, we get

1− |zn|
1− |z| |zn| ≤

h(1− |zn|)
h(1− |z|)

and thus

∑
∣∣ |z|−|zn|

∣∣≥δ

1− |zn|2
|1− z̄n z| |z − zn| ≤

2
∑∣∣ |z|−|zn|

∣∣≥δ
h(1− |zn|)

δ h(1− |z|) ≤ C

δ h(1− |z|) .

A generalized version of this estimation technique has been used in [6, Lemma 2.1].

To estimate the second sum, we see that
∣∣∣∣

1− |zn|2
(1− z̄n z)(z − zn)

∣∣∣∣ ≤ 2

|z − zn| ≤
2

(1− |zn|)β h(1− |zn|)

≤ C

(1− |z|)β h(1− |z|) ,

and thus
∣∣∣∣

∑
∣∣ |z|−|zn|

∣∣<δ

1− |zn|2
(1− z̄n z)(z − zn)

∣∣∣∣ ≤ C
n(|z|+ δ)− n(|z| − δ)

(1− |z|)β h(1− |z|) ,

where n(t) is the number of points zn lying in the disc { z : |z| ≤ t }. Therefore

(2.1)

∣∣∣∣
B′(z)
B(z)

∣∣∣∣ ≤
C

h(1− |z|)
(

1

δ
+
n(|z|+ δ)− n(|z| − δ)

(1− |z|)β

)

provided that z ∈ D with |z| 6∈ E. The best choice of δ depends on the counting

function n(t). We make a choice for the most general case.

Assume that δ = (1−|z|)/2. Our assumption (1.5) on the rate of increase of zeros

zn is equivalent to ∫ 1

0

h(1− t) dn(t) <∞,
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and it is well known that this condition implies

(2.2) n(t) =
o(1)

h(1− t)

as t→ 1−. Therefore,

(2.3) n(|z|+ δ)− n(|z| − δ) ≤ o(1)

h(1− |z|) .

Hence, by (2.1) and (2.3), we get the promised growth for B′/B. To verify the size

of E, note that

∫

E

dt

(1− t)β
=

∞∑
n=1

∫ |zn|+(1−|zn|)βh(1−|zn|)

|zn|−(1−|zn|)βh(1−|zn|)

dt

(1− t)β

=
∞∑

n=1

∫ (1−|zn|)+(1−|zn|)βh(1−|zn|)

(1−|zn|)−(1−|zn|)βh(1−|zn|)

dτ

τβ

≤
∞∑

n=1

2(1− |zn|)βh(1− |zn|)
( (1− |zn|)− (1− |zn|)βh(1− |zn|) )β

≤ C

∞∑
n=1

h(1− |zn|) <∞.

¤

Remark 1: As the counting function n(t) = 1/(1− t)α suggests, the assumption

(2.4) n(|z|+ δ)− n(|z| − δ) ≤ C
δ n(|z|)
1− |z|

is fulfilled by a wide class of distribution of zeros. If (2.4) holds, by (2.3) and (2.1)

with

δ = (1− |z|) 1+β
2 h

1
2 (1− |z|),

we obtain ∣∣∣∣
B′(z)
B(z)

∣∣∣∣ =
O(1)

(1− |z|) 1+β
2 h

3
2 (1− |z|)

as |z| → 1− with |z| 6∈ E.
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Remark 2: Let us call ϕ almost increasing if ϕ(x) ≤ Constϕ(y) provided that

x ≤ y. Almost decreasing functions are defined similarly. As it can be easily

verified, Theorem 2.1 (and also Theorem 3.1) is still true if we assume that h(t) is

almost increasing and h(t)/t is almost decreasing.

Corollary 2.2. Let α ∈ (0, 1], and α1, α2, · · · , αn ∈ R. Let (zn)n≥1 be a sequence

in the unit disc with
∞∑

n=1

(1− |zn|)α (log 1/(1− |zn|))α1 · · · (logn 1/(1− |zn|))αn <∞

and let B be the Blaschke product formed with zeros zn, n ≥ 1. Let β ≥ 1. Then

there is an exceptional set E ⊂ (0, 1) such that
∫

E

dt

(1− t)β
<∞

and that

(2.5)

∣∣∣∣
B′(z)
B(z)

∣∣∣∣ =
o(1)

(1− |z|)β+2α (log 1/(1− |z|))2α1 · · · (logn 1/(1− |z|))2αn

as |z| → 1− with |z| 6∈ E.

In particular, if

(2.6)
∞∑

n=1

(1− |zn|)α <∞,

then, for any β ≥ 1, there is an exceptional set E ⊂ (0, 1) such that

(2.7)

∫

E

dt

(1− t)β
<∞

and that ∣∣∣∣
B′(z)
B(z)

∣∣∣∣ =
o(1)

(1− |z|)β+2α

as |z| → 1− with |z| 6∈ E. If (|zn|)n≥1 is an interpolating sequence then

1− |zn+1| ≤ c (1− |zn|)
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for a constant c < 1 [4, Theorem 9.2]. Hence, (2.6) is satisfied for any α > 0 and

thus, for any β ≥ 1 and for any ε > 0, there is an exceptional set E satisfying (2.7)

such that

(2.8)

∣∣∣∣
B′(z)
B(z)

∣∣∣∣ =
o(1)

(1− |z|)β+ε

as |z| → 1− with |z| 6∈ E. It is interesting to know if in (2.8) we are able to replace

ε by zero.

3. Radial Exceptional Sets

Contrary to the preceding section, we now study the behavior of
∣∣∣∣
B′(reiθ)

B(reiθ)

∣∣∣∣
as r → 1 for a fixed θ. We obtain an upper bound for the quotient B′/B as long as

eiθ ∈ T \ E where E is an exceptional set of Lebesgue measure zero.

Theorem 3.1. Let B be the Blaschke product formed with zeros zn = rne
iθn, n ≥ 1,

satisfying
∞∑

n=1

h(1− rn) <∞.

Then there is an exceptional set E ⊂ T whose Lebesgue measure |E| is zero such

that for all z = reiθ with eiθ ∈ T \ E
∣∣∣∣
B′(z)
B(z)

∣∣∣∣ =
o(1)

(1− |z|) h(1− |z|)
as |z| → 1−.

Proof. Let us consider the open set

Un = { z ∈ D : (1− |z|) > C|z − zn| }

with C > 1, and we define

In = { ζ ∈ T : ∃z ∈ Un & ζ = z/|z| }.
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In other words, In is the radial projection of Un on the unit circle T. Then we know

that

(3.1) |In| ≤ C ′(1− rn),

where C ′ is a constant just depending on C. Let

E =
∞⋂

n=1

∞⋃

k=n

Ik.

By (3.1), we see that |E| = 0.

Fix z ∈ D with z/|z| 6∈ E. Hence, there is N such that z/|z| 6∈ Ik for all k ≥ N .

Let R = (1 + |z|)/2. Now, we write

B′(z)
B(z)

=

( ∑

|zn|≥R

+
∑

|zn|<R, n≥N

+
N−1∑
n=1

)
1− |zn|2

(1− z̄n z)(z − zn)
,

and as in the preceding case

(3.2)
∑

|zn|≥R

1− |zn|2
|1− z̄n z| |z − zn| ≤

o(1)

(1− |z|) h(1− |z|) .

To estimate the second sum, we see that

∣∣∣∣
1− |zn|2

(1− z̄n z)(z − zn)

∣∣∣∣ ≤
2

|z − zn| ≤
2C

1− |z| , (|z| 6∈ E),

and thus, by (2.2),

(3.3)

∣∣∣∣
∑

|zn|<R, n≥N

1− |zn|2
(1− z̄n z)(z − zn)

∣∣∣∣ ≤
2C n(R)

1− |z| ≤
o(1)

(1− |z|)h(1− |z|) .

Since the last sum is uniformly bounded (θ is fixed), (3.2) and (3.3) give the required

result. ¤

Corollary 3.2. Let α ∈ (0, 1], and α1, α2, · · · , αn ∈ R. If α = 1 the first nonzero

number among α1, α2, · · · , αn is positive. Let B be the Blaschke product formed with
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zeros zn = rne
iθn, n ≥ 1, satisfying

∞∑
n=1

(1− rn)α (log 1/(1− rn))α1 · · · (logn 1/(1− rn))αn <∞.

Then there is an exceptional set E ⊂ T whose Lebesgue measure |E| is zero such

that for all z = reiθ with eiθ ∈ T \ E

(3.4)

∣∣∣∣
B′(z)
B(z)

∣∣∣∣ =
o(1)

(1− |z|)1+α (log 1/(1− |z|))α1 · · · (logn 1/(1− |z|))αn

as |z| → 1−.

In particular, if
∞∑

n=1

(1− rn)α <∞,

then there is an exceptional set E ⊂ T whose Lebesgue measure |E| is zero such

that for all z = reiθ with eiθ ∈ T \ E

(3.5)

∣∣∣∣
B′(z)
B(z)

∣∣∣∣ =
o(1)

(1− |z|)1+α

as |z| → 1−.

Remark: Theorems 2.1 and 3.1 can be easily generalized to obtain estimates for

B(k)(z)

B(j)(z)

as |z| → 1−. This is a standard technique which can been find for example in [9, 11].
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Abstract. It is shown that a contraction on a Hilbert space is complex sym-
metric if and only if the values of its characteristic function are all symmetric
with respect to a fixed conjugation. Applications are given to the description
of complex symmetric contractions with defect indices equal to 2.

1. Introduction

Complex symmetric operators on a complex Hilbert space are characterized by
the existence of an orthonormal basis with respect to which their matrix is sym-
metric. Their theory is therefore connected with the theory of symmetric matrices,
which is a classical topic in linear algebra. A more intrinsic definition implies the
introduction of a conjugation in the Hilbert space, that is, a conjugate-linear, iso-
metric and involutive map, with respect to which the symmetry is defined. Such
operators or matrices appear naturally in many different areas of mathematics and
physics; we refer to [5] for more about the history of the subject and its connections
to other domains, as well as for an extended list of references.

The interest in complex symmetric operators has been recently revived by the
work of Garcia and Putinar [3, 4, 5]. In their papers a general framework is estab-
lished for such operators, and it is shown that large classes of operators on a Hilbert
space can be studied in this framework. The examples are rather diverse: normal
operators are complex symmetric, for instance, but also certain types of Volterra
and Toeplitz operators, as well as the so-called compressed shift on the functional
model spaces H2 � φH2, where φ denotes a nonconstant inner function.

The purpose of this paper is to explore further the generalizations of this last
example. The natural context is the model theory of completely nonunitary con-
tractions developed by Sz. Nagy and Foias [6]. The main result is a criterion for a
contraction to be complex symmetric in terms of its characteristic function. In the
sequel some applications of this result are given.

The plan of the paper is the following. The next section presents preliminary
material. Section 3 contains the announced criterion. In Section 4 one discusses
2×2 inner characteristic functions, and the results are applied in the last section in
order to obtain a series of examples of complex symmetric contractions with defect
indices 2.
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2. Preliminaries

2.1. Complex symmetric operators. We first recall some basic facts from [3,
4, 5]. Let H be a complex Hilbert space, and L(H) the algebra of all bounded
linear operators on H. A conjugation C on H is a conjugate-linear, isometric and
involutive map; thus C2 = I, and 〈Cf, Cg〉 = 〈g, f〉 for all f, g ∈ H.

For a fixed conjugation operator C on H, we say that a linear operator T on
H is C-symmetric if T = CT ∗C. One sees immediately that if T is C-symmetric,
then T ∗ is C-symmetric. Then T ∈ L(H) is called complex symmetric if there
exists a conjugation C on H such that T is C-symmetric. Among various examples
of complex symmetric operators [5], we mention the class of normal operators; in
particular, unitary operators are complex symmetric. Also, direct sums of complex
symmetric operators are complex symmetric.

Complex symmetric operators can also be characterized in terms of certain ma-
trix representations, as shown by the following result from [5].

Lemma 2.1. Let C be a conjugation on H. Then:
(i) There exists an orthonormal basis (en)dimH

n=1 of H such that Cen = en for
all n; such a basis is called a C-real orthonormal basis for H.

(ii) T ∈ L(H) is C-symmetric if and only if there exists a C-real orthonormal
basis (en)dimH

n=1 for H such that

〈Ten, em〉 = 〈Tem, en〉, ∀n, m ≥ 1.

2.2. Characteristic functions and model operators. The characteristic func-
tion for a contraction and the construction of the basic functional model is developed
by B. Sz.-Nagy and C. Foias [6], which is the main source for this subsection. In
the sequel D and T denote the unit disc and the unit circle in the complex plane.

Suppose T ∈ L(H), ‖T‖ ≤ 1. There is a unique decomposition H = H0 ⊕ Hu

such that TH0 ⊂ H0, THu ⊂ Hu and T|Hu
is unitary, whereas T|H0 is completely

nonunitary (c.n.u.), that is, T|H0 is not unitary on any of its invariant subspaces.
The operator DT = (I − T ∗T )1/2 is called the defect operator of T . The defect

spaces of T are DT = DTH, DT∗ = DT∗H, and the defect indices ∂T = dimDT ,
∂T∗ = dimDT∗ . Since DT = DT0 ⊕ 0, DT∗ = DT∗

0
⊕ 0, we have DT = DT0 and

DT∗ = DT∗
0
.

We say that T ∈ C0· if Tn → 0 strongly, and T ∈ C·0 if T ∗ ∈ C0·; also,
C00 = C0· ∩ C·0.

Suppose E , E ′ are Hilbert spaces, and Θ : D → L(E , E ′) is a contraction-valued
analytic function. One can decompose E = Ep ⊕ Eu, E ′ = E ′p ⊕ E ′u, such that:

— for all z ∈ D, Θ(z)Ep ⊂ E ′p, Θ(z)Eu ⊂ E ′u;
— if Θ = Θp ⊕Θu is the corresponding decomposition of Θ, then Θp is pure,

that is, ‖Θp(0)h‖ < ‖h‖ for all h ∈ Ep, h = 0, while Θu is a unitary
constant.

Θp is then called the pure part of Θ.
One says [6] that two contractive analytic functions Θ : D → L(E , E∗), Θ′ :

D → L(E ′, E ′∗) coincide if there are unitaries U : E → E ′, U∗ : E∗ → E ′∗, such that
Θ(z) = U∗

∗Θ′(z)U for all z ∈ D.
The characteristic function of T is an operator valued function ΘT (λ) : DT →

DT∗ defined for λ ∈ D by

(2.1) ΘT (λ) := −T + λDT∗(I − λT ∗)−1DT |DT .
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ΘT is a pure contraction-valued analytic function on D, and one easily sees that
ΘT = ΘT0 .

For E a Hilbert space, we denote by L2(E) the Lebesgue space of measurable
functions f : T → E of square integrable norm, and by H2(E) ⊂ L2(E) the Hardy
space of functions whose negative Fourier coefficients vanish. P+ is the orthogonal
projection onto H2(E), and P− = I − P+.

If we are given an arbitrary contraction-valued analytic function Θ : D →
L(E , E ′) (E , E∗ Hilbert spaces), one defines the model space associated to Θ by

(2.2) KΘ =
(
H2(E∗)⊕ (I −Θ∗Θ)1/2L2(E)

)
�{ΘT f⊕(I−Θ∗Θ)1/2f : f ∈ H2(E)},

and the model operator TΘ ∈ L(KΘ) by

(2.3) TΘ(f ⊕ g) = PKΘ(zf ⊕ zg)

(PKΘ is the orthogonal projection onto KΘ). Then TΘ is a c.n.u. contraction, and
its characteristic function coincides with the pure part of Θ.

If we start with a contraction T , and apply the previous constructions to ΘT , the
resulting operator TΘT

is unitarily equivalent to T0 (the completely non-unitary
part of T ).

A contractive analytic function Θ is called inner if its boundary values Θ(eit)
are isometries a.e. on T. If T is c.n.u., then T ∈ C·0 if and only if ΘT is inner.

3. The main theorem

Our main result gives a criterion for complex symmetric contractions.

Theorem 3.1. Let T be a contraction on the Hilbert space H. Then the following
are equivalent:

(i) T is complex symmetric.
(ii) There exists a conjugate-linear map J : DT → DT∗ which is isometric, onto

and satisfies

(3.1) ΘT (z) = JΘT (z)∗J, ∀z ∈ D.

(iii) There exists a Hilbert space E , a conjugation J ′ on E , and a pure contractive
analytic function Θ : D → L(E), whose values are J ′-symmetric operators,
such that ΘT coincides with Θ.

Proof. (i)⇒(ii) If T is complex symmetric, there exists a conjugation C on H
such that T = CT ∗C. Since C is involutive, we get CT ∗ = TC, CT = T ∗C, and
C(I − T ∗T ) = (I − TT ∗)C. Thus CD2

T = D2
T∗C, and therefore CD2n

T = D2n
T∗C,

n ≥ 0. If (pn)n≥1 is a sequence of polynomials tending uniformly to
√

x on [0, 1],
then Cpn(D2

T ) = pn(D2
T∗)C, whence CDT = DT∗C. In particular, CDT ⊂ DT∗ ;

since T ∗ is also C-symmetric, we actually have equality. Moreover, CTn = T ∗nC
for all n ≥ 1 implies C(I − zT )−1 = (I − zT ∗)−1C.

Now define J := C|DT . Then J is a conjugate-linear map from DT onto DT∗

which is isometric, and the equalities above imply that JΘT (z)∗J = ΘT (z) for all
z ∈ D.

(ii)⇒(i) Assume first that T is completely nonunitary. We will prove that the
model operator TΘT

∈ L(KΘT
), as defined by (2.2) and (2.3), is complex symmetric.

For simplicity, we will write in the sequel of the proof T and K instead of TΘT
and

KΘT
.
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Let us introduce some supplementary notation. Define

H := L2(DT∗)⊕ (I −Θ∗
T ΘT )1/2L2(DT )

and π : L2(DT ) → H, π∗ : L2(DT∗) → H by

π(f) = ΘT f ⊕ (I −Θ∗
T ΘT )1/2f, π∗(g) = g ⊕ 0,

for f ∈ L2(DT ) and g ∈ L2(DT∗). Then π and π∗ are isometries, H is spanned by
πL2(DT ) and π∗L

2(DT∗), π∗∗π = ΘT , and K = H� (πH2(DT )⊕ π∗H
2
−(DT∗)). If P

denotes the orthogonal projection (in H) onto K, then P = IH − πP+π∗ − π∗P−π∗∗ .
Let Z ∈ L(H) be the unitary operator which acts as multiplication by z on

both coordinates. Then π(zf) = Zπf , π∗(zg) = Zπ∗g, and, according to (2.3),
T = PZ|K.

If J̃ : L2(DT ) → L2(DT∗) is defined by (J̃f)(z) = zJ(f(z)), then J̃ is conjugate-
linear, isometric and onto; moreover

(3.2) J̃P+ = P−J̃ , J̃H2(DT ) = H2
−(DT∗),

and J̃−1g(z) = z̄J−1g(z) for g ∈ L2(DT∗).
We define the conjugate-linear map C : H → H by the formula

C (πf + π∗g) := π∗(J̃f) + π(J̃−1g), f ∈ L2(DT ), g ∈ L2(DT∗).

We prove first that C is a conjugation on H and that Z is C-symmetric. Since
π, π∗, J̃ , J̃−1 are (linear or conjugate-linear) isometries, it follows that for all f, h ∈
L2(DT ) and all g, k ∈ L2(DT∗),

〈C(πf + π∗g), C(πh + π∗k)〉 = 〈π(J̃−1g), π(J̃−1k)〉+ 〈π∗(J̃f), π∗(J̃h)〉
+ 〈π(J̃−1g), π∗(J̃h)〉+ 〈π∗(J̃f), π(J̃−1k)〉

= 〈k, g〉+ 〈h, f〉+ 〈ΘT J̃−1g, J̃h〉+ 〈J̃f, ΘT J̃−1k〉.

But JΘT (z)∗J = ΘT (z) implies ΘT J̃−1 = J̃Θ∗
T , and therefore

〈C(πf + π∗g), C(πh + π∗k)〉 =〈k, g〉+ 〈h, f〉+ 〈J̃Θ∗
T g, J̃h〉+ 〈J̃f, J̃Θ∗

T k〉
=〈k, g〉+ 〈h, f〉+ 〈h, Θ∗

T g〉+ 〈Θ∗
T k, f〉

=〈k, g〉+ 〈h, f〉+ 〈h, π∗π∗g〉+ 〈π∗π∗k, f〉
=〈πh + π∗k, πf + π∗g〉.

Thus C is a well-defined isometric conjugate-linear map. It follows immediately
from the definition that C2 = IH and thus C is a conjugation on H.

If f ∈ L2(DT ), then

CZC(π(f)) = CZπ∗(J̃f) = Cπ∗(zJ̃f) = Cπ∗(Jf)

= π(J̃−1Jf) = π(z̄J−1Jf) = π(z̄f) = Z∗π(f).

Similarly one proves that CZC(π∗(g)) = Z∗π∗(g) for g ∈ L2(DT∗), and therefore
CZC = Z∗; that is, Z is C-symmetric.

By (3.2), C(πH2(DT )) = π∗J̃H2(DT ) = π∗H
2
−(DT∗) and C(π∗H2

−(DT∗)) =
πH2(DT ). Since C is isometric, we have

CK = CH� C
(
πH2(DT )⊕ π∗H

2
−(DT∗)

)
= H�

(
πH2(DT )⊕ π∗H

2
−(DT∗)

)
= K.
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Therefore the restriction C ′ of C to K is a conjugation on K. Since C leaves K and
its orthogonal invariant, we have C|K = PCP |K and PC(IH − P ) = 0. Therefore

T = PZ|K = PCZ∗C|K = PCPZ∗PCP |K = C ′T∗C ′.

Thus T is C ′-symmetric. Since T is completely nonunitary, T is unitarily equivalent
to T and is therefore also complex symmetric.

Now, let T ∈ L(H) be a general contraction satisfying condition (ii) in the
statement of the theorem. If we decompose T = T0 ⊕ Tu, with T0 c.n.u. and Tu

unitary, then T0 also satisfies (ii), and it is therefore complex symmetric by the
above argument. Since Tu is unitary, it is complex symmetric. Therefore T , being
the direct sum of two complex symmetric operators, is also complex symmetric.

(ii)⇒(iii) If (3.1) is satisfied, and C ′ is some conjugation on DT , then U =
JC ′ : DT → DT∗ is unitary and C ′ = U∗J . If Θ : D → L(DT ) is defined by
Θ(z) = U∗ΘT (z), then

Θ(z) = U∗JΘT (z)∗J = U∗J(U∗ΘT (z))∗U∗J = C ′Θ(z)∗C ′.

(iii)⇒(ii) If U : E → DT , U∗ : E → DT∗ are unitary operators satisfying
ΘT (z) = U∗Θ(z)U∗ for all z ∈ D, then J = U∗J

′U∗ satisfies all requirements
in (ii). �

Corollary 3.2. A contraction T with ∂T = ∂T∗ = 1 is complex symmetric.

Proof. If ∂T = ∂T∗ = 1, then ΘT is scalar-valued, and we may identify DT and
DT∗ with C. The natural conjugation J on C defined by J(z) = z then satisfies
condition (iii) in Theorem 3.1, whence T is complex symmetric. �

For the case T ∈ C00, Corollary 3.2 is proved in [5] and [4], where more of its
consequences are developed. Also in [5] one can find the next result, for which we
give a different proof.

Corollary 3.3. Any operator on a 2-dimensional space is complex symmetric.

Proof. Since the complex symmetry is preserved by multiplication with nonzero
scalars, it is enough to assume ‖T‖ = 1. But then either T is unitary, or ∂T =
∂T∗ = 1, in which case we may apply Corollary 3.2. �

It follows from Theorem 3.1 that if a contraction T is complex symmetric, then
∂T = ∂T∗ . However, this is also a consequence of a more general result from [5],
namely that if a (not necessarily contractive) operator T is complex symmetric,
then dim kerT = dimker T ∗.

4. 2× 2 inner functions

As shown in Corollary 3.2, contractions with defect indices 1 are always complex
symmetric. As an application of Theorem 3.1, we will discuss in this section the
case ∂T = ∂T∗ = 2. We assume moreover that the characteristic function ΘT is
inner, which is equivalent to T ∈ C00.

Definition 4.1. Let Θ : D → L(E , E∗) be a contractive analytic function. We say
that Θ is symmetrizable if its matrix with respect to some fixed orthonormal bases
(independent of z) in E and E∗ is symmetric for all z ∈ D.
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According to Lemma 2.1 and Theorem 3.1, (iii), a contraction is complex sym-
metric if and only if its characteristic function is symmetrizable. We are interested
in this section in 2 × 2 matrix-valued characteristic functions Θ(z). Note that
Corollary 3.3 implies that, for all z ∈ D, there exist U1(z), U2(z) unitary such
that U1(z)Θ(z)U2(z) is symmetric. But, in order to find symmetrizable analytic
functions, the matrices U1 and U2 should not depend on z.

We recall the following result in [3] which gives a parametrization of 2× 2 inner
functions.

Proposition 4.2. Suppose φ is a nonconstant inner function in H∞, a, b, c, d ∈
H∞, and

Θ(z) =
(

a(z) −b(z)
c(z) d(z)

)
.

Then Θ is a 2× 2 inner function and det Θ = φ if and only if
(i) a, b, c, d belong to H(zφ) = H2 � zφH2;
(ii) d = C(a) and c = C(b);
(iii) |a|2 + |b|2 = 1 a.e. on T.

Here C denotes the natural conjugation on Hzφ defined by

(4.1) C(f) = fφ (f ∈ Hzφ).

The following result characterizes the symmetrizable 2 × 2 matrix-valued inner
functions.

Theorem 4.3. A 2×2 inner function Θ(z) =
(

a(z) −b(z)

C(b)(z) C(a)(z)

)
is symmetrizable if

and only if there exists (γ, θ) = (0, 0) such that γa + θb is a fixed point of C, where
C is defined by (4.1), φ = det Θ.

Proof. Suppose there exists (γ, θ) = (0, 0) such that C(γa + θb) = γa + θb; we may
assume that |γ|2 + |θ|2 = 1. Define the unitary matrix U by U =

(
θ −γ
γ θ

)
. Then(

−i 0
0 i

)
Θ(z)U =

(
−iθa(z) + iγb(z) i(γa(z) + θb(z))
i(γa(z) + θb(z)) −iγC(b)(z) + iθC(a)(z)

)

since θC(b)(z) + γC(a)(z) = C(γa + θb)(z) = (γa + θb)(z). Therefore Θ is sym-
metrizable.

Reciprocally, assume that Θ is symmetrizable. If a nontrivial linear combination
of a, b is 0, then we are done, since of course 0 is a fixed point of C.

Suppose then that the system {a, b} is linearly independent. By definition, there
exist two unitary matrices U1 and U2 such that U1Θ(z)U2 is symmetric for all z ∈ D.
Write

U1 =
(

µ −λ
λ µ

)
, U2 =

(
θ −γ

γ θ

)
,

with |µ|2 + |λ|2 = 1 and |θ|2 + |γ|2 = 1. Straightforward computations show that

U1Θ(z)U2 =
(
∗ X
Y ∗

)
,

with X = −µ(γa + θb)− λC(−γb + θa) and Y = λ(θa− γb) + µC(θb + γa). Then
the symmetry of the matrix is equivalent to

−(µγ + λθ)a− (µθ − λγ)b = C
(
(µγ + λθ)a + (µθ − λγ)b

)
.
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If we put u := (µγ + λθ)a + (µθ − λγ)b, then it follows that C(u) = −u, that is,
C(iu) = iu, and iu is a fixed point of C. To conclude the proof, we need to show
that (µγ + λθ, µθ − λγ) = (0, 0).

Suppose then that

(4.2) µγ + λθ = µθ − λγ = 0.

If we multiply µγ = −λθ by θ and µθ = λγ by γ, and subtract, we obtain λ(|θ|2 +
|γ|2) = 0. But |θ|2 + |γ|2 = 1, so λ = 0, whence |µ|2 + |λ|2 = 1 yields |µ| = 1.
Then (4.2) implies γ = θ = 0: a contradiction. �

Remark 4.4. Note that the fixed points of a conjugation C can easily be described
by using Lemma 2.1 (i). They form the real vector space of all elements which have
real Fourier coefficients with respect to a C-real orthonormal basis.

Remark 4.5. A closely related question would be to describe all symmetric 2 × 2-
matrix valued analytic contractive inner functions Θ(z). This can be done along the
lines of the solution of the Darlington sythesis problem in [3, Section 5], as follows.
We first fix det Θ, which will be a nonconstant scalar inner function φ ∈ H∞. Then
we take a function b ∈ H2 � zφH2, such that Cb = b (C the conjugation f �→ φf̄
on H2 � zφH2). If b is inner, then b2 = φ, and

Θ(z) =
(

0 ib(z)
ib(z) 0

)
.

If b is not inner, then we take a ∈ H2 � zφH2, such that |a|2 + |b|2 = 1 (such a’s
exist by [3, Proposition 5.2]). Then

Θ(z) =
(

a(z) ib(z)
ib(z) C(a)(z)

)
.

In [5, 8.2] one further discusses the parametrization of all rational solutions of
a Darlington synthesis. Similarly, one could describe all rational symmetric 2× 2-
matrix valued analytic contractive inner functions Θ(z).

However, our interest is in rather complex symmetric contractions, and the char-
acteristic function is only a method of studying them. If we want to parametrize,
up to unitary equivalence, all complex symmetric contractions with defect indices 2,
then we also need to determine when two symmetric characteristic functions coin-
cide. This problem does not seem to have a neat solution.

5. An example

Consider two nonconstant scalar inner functions u, v ∈ H∞, and let Tu,Tv be
the corresponding model operators (the compressed shifts in the terminology of [3]).
The corresponding model spaces are Ku = H2 � uH2 and Kv = H2 � vH2. As
noted above, Tu and Tv are completely nonunitary contractions with characteristic
functions u and v respectively. Their defect spaces are 1-dimensional, and it follows
from Corollary 3.2 that they are both complex symmetric.

We will discuss the contractions of the form

(5.1) T =
(
Tu X
0 Tv

)
;

thus T ∈ L(H), with H = Ku ⊕Kv. The next lemma gathers some facts about this
operator.
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Lemma 5.1. Suppose T ∈ L(Ku ⊕ Kv) is a contraction. Then:
(i) X = DT∗

u
Y DTv

, with Y : DTv
→ DT∗

u
a contraction.

(ii) ∂T = ∂T∗ = 1 if ‖Y ‖ = 1, and ∂T = ∂T∗ = 2 otherwise.
(iii) T ∈ C00.

Note that, since dimDTv
= dimDT∗

u
= 1, Y can actually be identified with a

complex number of modulus not larger than 1.

Proof. The general form of the entries of a 2 × 2 contraction, as described, for
instance, in [1, Theorem 1.3] or [2, IV.3], applied to the case when one of the entries
is null, immediately yields (i), as well as an identification of DT with DT∗

v
⊕ DY ,

and of DT∗ with DTv
⊕DY ∗ , whence (ii) follows.

Finally, (iii) is an instance of a more general fact: if T =
(

T1 X
0 T2

)
is a contraction,

then Ti ∈ C0· implies T ∈ C0·. Indeed, take ε > 0, and a vector x = x1 ⊕ x2. First
choose k such that ‖T k

2 x2‖ < ε. If T k(0 ⊕ x2) = x′1 ⊕ T k
2 x2, take k′ such that

‖T k′

1 (x′1 ⊕ T k
1 x1)‖ < ε. Then

‖T k+k′
x‖ = ‖T k+k′

(x1 ⊕ 0) + T k+k′
(0⊕ x2)‖=‖(T k+k′

1 x1 ⊕ 0) + T k′
(x′1 ⊕ T k

2 x2)‖

≤ ‖(T k′

1 (T k
1 x1 + x′1)⊕ 0)‖+ ‖T k′

(0⊕ T k
2 x2)‖ ≤ ε + ε = 2ε.

Since in our case T1 = Tu and T2 = Tv are both of class C00, the result follows. �

The next theorem determines when is T complex symmetric.

Theorem 5.2. T is complex symmetric precisely in the following cases:
(i) Y = 0;
(ii) ‖Y ‖ = 1;
(iii) 0 < ‖Y ‖ < 1 and there exist λ ∈ D and µ ∈ T such that v = µbλ(u), where

bλ denotes the elementary Blaschke factor defined by

bλ(z) =
λ− z

1− λz
.

Proof. If Y = 0, then T = Tu ⊕Tv, and it is therefore complex symmetric as the
direct sum of two complex symmetric operators. If ‖Y ‖ = 1, then T has defect
indices 1 by Lemma 5.1, and is therefore complex symmetric by Corollary 3.2. (One
can then easily see, using (5.2) below, that ΘT coincides with the scalar function
uv.) We can thus suppose in the sequel that 0 < ‖Y ‖ < 1, and ∂T = ∂T∗ = 2.

Since we intend to apply Theorem 3.1, we have to determine the characteristic
function of T . This can be calculated directly, but in order to avoid some tedious
computations, we prefer to use the theory of invariant subspaces of contractions
and factorizations of the characteristic function, as developed in [6, Chapter VII].

First, note that T ∈ C00 implies ΘT inner. Since Ku is an invariant subspace for
T , it follows from Theorem VII.1.1 and Proposition VII.2.1 from [6] that one can
factorize

(5.2) ΘT (z) = Θ2(z)Θ1(z)

into two analytic inner functions, and that the characteristic functions of Tu and
Tv, that is, u and v, are equal to the pure parts of Θ1 and Θ2. Also, Θ1 and
Θ2 both being inner, the dimensions of their range spaces are both equal to the
dimension of the range of ΘT .
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It then follows that Θ1 and Θ2 must be 2×2 matrix valued inner functions, and
their pure parts are u and v respectively. They coincide therefore with ( 1 0

0 u ) and
( 1 0

0 v ) respectively. According to (5.2), we have 2×2 unitary matrices U1, U2, V1, V2

such that

ΘT = U1

(
1 0
0 v

)
U2V1

(
1 0
0 u

)
V2.

If we write

U2V1 =
(

α −β
β̄ ᾱ

)
with α, β complex numbers satisfying |α|2 + |β|2 = 1, it follows that the character-
istic function ΘT coincides with the inner function

(5.3) Θ(z) =
(

1 0
0 v

) (
α −β
β̄ ᾱ

) (
1 0
0 u

)
=

(
α −βu(z)

β̄v(z) ᾱu(z)v(z)

)
.

Note that condition 0 < ‖Y ‖ < 1 implies both α and β different from 0.
We now apply Theorem 4.3 in order to determine when Θ, as given by (5.3), is

symmetrizable. Since detΘ = uv, this happens if and only if a linear combination
of α and βu, not having both coefficients null, belongs to the fixed points of the
conjugation C on Kzuv given by C(f) = uvf̄ .

If this is the case, and we write the combination as g = s + tu, s, t ∈ C (and s, t
are not both null, which implies also g = 0), then

(5.4) C(g) = g ⇔ v(su + t) = s + tu,

and thus

v =
s + tu

su + t
.

We must have t = 0, since otherwise uv is constant, which is not possible. So we
can write

v =
t

t

s
t + u

1 + s
t
u

.

But now if |s| = |t|, then v = t
s which is impossible. If |s| > |t|, then we see that

v is at the same time analytic and coanalytic; whence v is constant — again a
contradiction. So the only possibility is |s| < |t|. If we put λ = − s

t and µ = − t
t

we
get the desired conclusion that v = µbλ(u).

Conversely, suppose v = µbλ(u) with |λ| < 1 and |µ| = 1. Write µ = − ζ

ζ
, with

ζ = 0. Then

v =
ζu− λζ

ζ − ζλu
,

and if we define s := −λζ and t := ζ, then

v(su + t) = v(−λζu + ζ) = ζu− λζ = s + tu,

which implies by (5.4) that C(g) = g, with g := s + tu. Since t = 0, we may apply
Theorem 4.3 to conclude that Θ is symmetrizable.

We have thus proved that in the case 0 < ‖Y ‖ < 1, ΘT is symmetrizable if and
only if v = µbλ(u) with |λ| < 1 and |µ| = 1. Now applying Theorem 3.1 ends the
proof. �
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Using Theorem 5.2, it is easy to construct examples of complex symmetric as
well as noncomplex symmetric operators with defect indices 2.

It is not surprising that the condition obtained depends on the norm of ‖Y ‖ (or,
rather, its modulus), and not on Y itself. Indeed, with a little effort one can show
that all operators T with u, v and ‖Y ‖ fixed are unitarily equivalent.
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Abstract

The aim of this note is to characterize all the algebraic operators
S and T having the same minimal polynomial and for which many
spectral properties of linear combinations of S and T do not depend
on their coefficients.

1 Introduction

Let X be a Banach space, and T, S two idempotent operators on X. Several
papers [2, 5] have addressed stability properties of the linear combina-
tion c1T + c2S; it has been proved that a large number of properties (e.g.
injectivity, invertibility, Fredholmness) are shared by all such linear com-
binations, provided c1, c2 6= 0 and c1 + c2 6= 0.
An idempotent T is defined by the relation T2 = T; in other words, it is

an algebraic operator, and its minimal polynomial (except in trivial cases)
is p(z) = z2 − z. A natural question is whether the stability results above
can be extended to more general situations. Thus, we may consider two
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Villeurbanne Cedex, France. fricain@math.univ-lyon1.fr
‡Institute of Mathematics of the Romanian Academy, PO Box 1-764, Bucharest 014700,

Romania. Dan.Timotin@imar.ro

1



algebraic operators T, S with the same minimal polynomial p, and look
for similar stability results. We will show below that essentially there is no
such extension; in other words, these properties of idempotents are rather
special. The situation is the same even if we restrict ourselves to matrices
instead of operators.
On the positive side, if we assume that the two operators T, S com-

mute, thenwe can easily obtain stability results of the type discussed, even
if their minimal polynomials are different. This is a consequence of (mul-
tidimensional) spectral theory.

2 Main result

As in [2], instead of c1T+ c2S we will rather consider the operator T− zS,
and thus work with a single parameter z.

Theorem 2.1. Let p be a unital polynomial of degree d ≥ 1. The following
assertions are equivalent:

a) p(z) = z− a or p(z) = z2 − bz where b 6= 0;

b) there exists a finite set F such that for all matrices S, T whose minimal
polynomial is p, z 7→ dimker(T − zS) is constant on C \ F.

Proof : a) ⇒ b): If p(z) = z− a, then T − zS = (1− z)aI and the result
is obvious with F = {1}. If p(z) = (z2 − bz) with b 6= 0, then S/b and T/b
are idempotents. Since dimker(T − zS) = dimker(T/b − zS/b), using
the main result of [2] or [5], we get the result with F = {0, 1}.
b) ⇒ a): We will discuss the several possible cases.
I. Degree of p = 2.
Ia. If p(z) = (z − a)(z − b) with a, b ∈ C \ {0} and a 6= b, take Sa,b =

(

a 0
0 b

)

and Tθ = RθSa,bR
−1
θ where Rθ =

(

cos θ − sin θ
sin θ cos θ

)

. The minimal

polynomial of Sa,b and Tθ is p(z) = (z − a)(z − b) since Sa,b and Tθ are
unitarily equivalent. The determinant of Tθ − zSa,b is equal to

d(z) = abz2 − z(2ab+ (a− b)2 sin2 θ) + ab.

We have dimker(Tθ − zSa,b) = 0 if z is not a root of d(z); since the set
of values of these roots, when θ ∈ [0, 2π), is infinite, there is no set F as
required.

2



Ib. If p(z) = (z − a)2 with a 6= 0, consider Sa =

(

a 1
0 a

)

and Tθ =

RθSR
−1
θ . The minimal polynomial of Sa and Tθ is p(z) = (z − a)2. The

determinant of Tθ − zSa is equal to

d(z) = a2z2 − z(sin θ + 2a2) + a2.

As above, the set of its roots is infinite when θ ∈ [0, 2π).

Ic. If p(z) = z2, take S0 =









0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0









and Tθ = UθS0U
−1
θ where Uθ

is the unitary matrix defined by Uθ =









1 0 0 0
0 cos θ 0 sin θ
0 0 1 0
0 − sin θ 0 cos θ









. Since we

have

Tθ − zS0 =









0 cos θ − z 0 − sin θ
0 0 0 0
0 sin θ 0 cos θ − z
0 0 0 0









,

the dimension of ker(Tθ − zS0) is 2 for all z ∈ C \ {eiθ , e−iθ} and is 3 or 4
(for θ = kπ, k ∈ Z) otherwise. Therefore, in each of the above cases, there
is no finite set F such that for all z ∈ C \ F the dimension of ker(T − zS) is
constant independently of the choice of S and T.
II. Degree of p ≥ 3.
IIa. Suppose that the roots of p are all distinct. Then p has at least two

nonzero distinct roots a, b. Consider S = Sa,b ⊕ A and Tθ = RθSa,bR
−1
θ ⊕

A, where A is a matrix whose minimal polynomial is p. As for the case
p(z) = (z− a)(z− b), considering Tθ − zS, there is no finite set F on which
z 7→ dimker(Tθ − zS) is constant on C \ F.
IIb. If p has a root a of multiplicity at least 2, take A an arbitrary matrix

whose minimal polynomial is p. Consider S = Sa ⊕ A, Tθ = RθSaR
−1
θ ⊕ A

if a 6= 0, and S = S0 ⊕ A, Tθ = UθS0U
−1
θ if a = 0. As above, we obtain that

there exists no finite set F, independent of the choice of S and T, on which
z 7→ dimker(Tθ − zS) is constant on C \ F. �

Remark 2.2. The remarkable property of a pair of idempotents cannot be
extended to more than two. One might hope for instance that if P,Q, R are
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three idempotents, then dimker(P+ zQ+ wR) is constant outside a fixed
algebraic variety (not depending on the idempotents). But this is easily

seen not to be true. Indeed, denote Pt =

(

cos2 t cos t sin t

cos t sin t sin2 t

)

. Then the

determinant of P0 + zPt +wPθ is z sin
2 t+ w sin2 θ + zw sin2(t− θ).

3 Commuting operators

As opposed to the general case, it is rather simple to obtain stability if the
two operators T, S ∈ L(X) commute.
Remember that the left spectrum σl(T, S) is defined as the set of (z,w) ∈

C2 for which T − zI and S − wI generate a proper left ideal of L(X). A
similar definition gives the right spectrum σr(T, S), while the Harte spec-
trum is σH(T, S) = σl(T, S)∪ σr(T, S). We have then the spectral mapping
theorem [3]:

Lemma 3.1. If f : U → C is holomorphic on an open set U ⊂ C2 containing
σH(T, S), then σl( f (T, S)) = f (σl(T, S)), σr( f (T, S)) = f (σr(T, S)), and
σH( f (T, S)) = f (σH(T, S)).

Theorem 3.2. Suppose T, S ∈ L(X) are two commuting algebraic operators,
with corresponding minimal polynomials p, q. Suppose that the roots of p are

λi, i = 1, . . . ,m and those of q are µj, j = 1, . . . , n. Define the set F = {λi
µj
: i =

1, . . . ,m, j = 1, . . . , n, µj 6= 0}. Then, for all z 6∈ F, T − zS is simultaneously
left invertible or not.

Proof : Applying Lemma 3.1 to the function f (λ, µ) = λ− zµ, it follows
that T − zS is left invertible iff λ − zµ 6= 0 for all (λ, µ) ∈ σl(T, S). If
(0, 0) ∈ σl(T, S), then this last condition is not satisfied for any z, and thus
T− zS is not invertible for all z ∈ C.
Suppose now (0, 0) 6∈ σl(T, S). Take (λ, µ) ∈ σl(T, S). If µ = 0, then

λ 6= 0, and thus λ− zµ 6= 0; therefore T − zS is left invertible. If µ 6= 0,
but λ− zµ = 0, then z = λ

µ . Since σl(T, S) ⊂ σl(T)× σl(S), it follows that

z ∈ F. Therefore T − zS is left invertible for any z 6∈ F. �

Remark 3.3. Note that if T, S are commuting algebraic operators, then
T − zS is also algebraic, since the algebras generated by T and S are finite
dimensional, while the algebra generated by T − zS is contained in their
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product. As the spectrum of an algebraic operator is equal to its point
spectrum, injectivity is equivalent to left, right or simple invertibility, or
boundedness below (they are all equivalent to the fact that 0 6∈ σ(T)). One
can therefore reformulate Theorem 3.2 in each of these terms.

An operator T ∈ L(X) is called semi-Fredholm if its range R(T) is
closed and either X/R(T) or ker T have finite dimension, and Fredholm
if both have finite dimension. More precisely, it is upper semi-Fredholm
if dimker T < ∞ and lower semi-Fredholm if dimX/R(T) < ∞. Also, T
upper semi-Fredholm implies T left essentially invertible, T lower semi-
Fredholm implies T right essentially invertible, and T Fredholm implies T
essentially invertible (“essentially” meaning modulo compact operators).
A procedure introduced in [6, 1, 4] allows us to extend the results above to
these classes. Namely, if X is a Banach space, one can define the spaces

ℓ
∞(X) = {x = (xn) : xn ∈ X, sup ‖xn‖ < ∞},

τ(X) = {x ∈ ℓ
∞(X) : {xn : n ∈ N} is totally bounded in X},

X̃ = ℓ
∞(X)/τ(X),

and one has the following result [6, 1, 4]:

Proposition 3.1. If T ∈ L(X), then T is upper semi-Fredholm if and only if T̃
is injective.

If T is algebraic then T̃ is also algebraic (with the same minimal poly-
nomial), and Remark 3.3 applies to T̃, S̃. We obtain thus the following
corollary.

Corollary 3.4. With the above notation, for all z 6∈ F the operator T − zS is
simultaneously lower semi-Fredholm, upper semi-Fredholm, Fredholm, left es-
sentially invertible, right essentially invertible, essentially invertible.

We may compare Theorem 3.2, Remark 3.3 and Corollary 3.4 with the
Main Theorem in [2], or with [5, Theorem 3.1].

ACKNOWLEDGEMENTS. The authors wish to thank Mostafa Mbekhta for
drawing their attention to this problem.
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FINITELY STRICTLY SINGULAR OPERATORS

BETWEEN JAMES SPACES

ISABELLE CHALENDAR, EMMANUEL FRICAIN, ALEXEY I. POPOV, DAN TIMOTIN,
AND VLADIMIR G. TROITSKY

Abstract. An operator T : X → Y between Banach spaces is said to be finitely
strictly singular if for every ε > 0 there exists n such that every subspace E ⊆ X

with dimE > n contains a vector x such that ‖Tx‖ < ε‖x‖. We show that, for
1 6 p < q < ∞, the formal inclusion operator from Jp to Jq is finitely strictly singular.
As a consequence, we obtain that the strictly singular operator with no invariant
subspaces constructed by C. Read is actually finitely strictly singular. These results
are deduced from the following fact: if k 6 n then every k-dimensional subspace of R

n

contains a vector x with ‖x‖ℓ∞ = 1 such that xmi
= (−1)i for some m1 < · · · < mk.

1. Introduction

Recall that an operator T : X → Y between Banach spaces is said to be strictly

singular if for every ε > 0 and every infinite dimensional subspace E ⊆ X there is

a vector x in the unit sphere of E such that ‖Tx‖ < ε. Furthermore, T is said to be

finitely strictly singular if for every ε > 0 there exists n ∈ N such that for every

subspace E ⊆ X with dimE > n there exists a vector x in the unit sphere of E such

that ‖Tx‖ < ε. Finitely strictly singular operators are also known in literature as

superstrictly singular . Note that

compact ⇒ finitely strictly singular ⇒ strictly singular,

and that each of these three properties defines a closed subspace in L(X, Y ). Actually,

each property defines an operator ideal. We refer the reader to [7, 9, 14, 2, 11, 10] for

more information about strictly and finitely strictly singular operators. All the Banach

spaces in this paper are assumed to be over real scalars.

We say that a subspace E ⊆ X is invariant under an operator T : X → X if

{0} 6= E 6= X and T (E) ⊆ E. Every compact operator has invariant subspaces by [1].

On the other hand, Read constructed in [12] an example of a strictly singular operator

without nontrivial closed invariant subspaces (this answered a question of Pe lczyński).

Read’s operator acts on an infinite direct sum which involves James spaces. Recall

that James’ p-space Jp is a sequence space consisting of all sequences x = (xn)∞n=1 in
1
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c0 satisfying ‖x‖Jp
<∞ where

‖x‖Jp
=

(

sup
{

n−1
∑

i=1

|xki+1
− xki

|p : 1 6 k1 < · · · < kn, n ∈ N

})
1

p

is the norm in Jp. For more information on James’ spaces we refer the reader to [6,

13, 7, 3, 8].

It was an open question whether every finitely strictly singular operator has invariant

subspaces. Some partial results in this direction were obtained in [2, 11]. We answer

this question in the negative by showing that the operator in [12] is, in fact, finitely

strictly singular. As an intermediate result, we prove that the formal inclusion operator

from Jp to Jq with 1 6 p < q <∞ is finitely strictly singular. The latter statement in

a certain sense refines the result of Milman [9] that the formal inclusion operator from

ℓp to ℓq with 1 6 p < q <∞ is finitely strictly singular.

Milman’s proof is based on the fact that every k-dimensional subspace E of R
n

contains a vector “with a flat”, namely, a vector x with sup-norm one with (at least)

k coordinates equal in modulus to 1. For such a vector, one has ‖x‖ℓq
≪ ‖x‖ℓp

. The

proofs of our results are based on the following refinement of this observation. We

will show that x can be chosen so that these k coordinates have alternating signs. For

such a “highly oscillating” vector x one has ‖x‖Jq
≪ ‖x‖Jp

. More precisely, a finite or

infinite sequence of real numbers in [−1, 1] will be called a zigzag of order k if it has

a subsequence of form (−1, 1,−1, 1, . . . ) of length k. Our results will be based on the

following theorem; two different proofs of it will be presented in Sections 2 and 3.

Theorem 1. For every k 6 n, every k-dimensional subspace of R
n contains a zigzag

of order k.

Corollary 2. Let k ∈ N, then every k-dimensional subspace of c0 contains a zigzag of

order k.

Proof. Let F be a subspace of c0 with dimF = k. For every n ∈ N, define Pn : c0 → R
n

via Pn : (xi)
∞
i=1 7→ (xi)

n
i=1. Let n1 be such that dimPn1

(F ) = k. There exists n2 such

that every vector in F attains its norm on the first n2 coordinates. Indeed, define

g : F \ {0} → N via g(x) = max
{

i : |xi| = ‖x‖∞
}

. Then g is upper semi-continuous,

hence bounded on the unit sphere of F , so that we put n2 = max
{

g(x) : x ∈ F, ‖x‖ =

1
}

.

Put n = max{n1, n2}. Since Pn(F ) is a k-dimensional subspace of R
n, by Theorem 1

there exists x ∈ F such that Pnx is a zigzag of order k. It follows from our definition

of n that x is a zigzag of order k in F . �
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Suppose that 1 6 p < q. Since ‖x‖Jp
is defined as the supremum of ℓp-norms of

certain sequences, ‖·‖ℓq
6 ‖·‖ℓp

implies ‖·‖Jq
6 ‖·‖Jp

. It follows that Jp ⊆ Jq and the

formal inclusion operator ip,q : Jp → Jq has norm 1. We show next that it is finitely

strictly singular. The proof is analogous to that of Proposition 3.3 in [14]. The main

difference, though, is that we use Corollary 2 instead of the simpler lemma from [9, 14].

Theorem 3. If 1 ≤ p < q < ∞ then the formal inclusion operator ip,q : Jp → Jq is

finitely strictly singular.

Proof. Given any x ∈ Jp, then |xi+1 − xi|
q 6

(

2‖x‖∞
)q−p

|xi+1 − xi|
p for every i ∈ N,

so that ‖x‖Jq
6

(

2‖x‖∞
)1− p

q ‖x‖
p

q

Jp
. Fix an arbitrary ε > 0. Let k ∈ N be such

that (k − 1)
1

p
− 1

q > 1

ε
. Suppose that E is a subspace of Jp with dimE = k. By

Corollary 2, there is a zigzag z ∈ E of order k. By the definition of norm in Jp, we

have ‖z‖Jp
> 2(k − 1)

1

p .

Put y = z
‖z‖Jp

. Then y ∈ E with ‖y‖Jp
= 1. Obviously, ‖y‖∞ 6 1

2
(k − 1)−

1

p , so that

‖ip,q(y)‖Jq
= ‖y‖Jq

6 (k − 1)
1

q
− 1

p‖y‖
p

q

Jp
< ε.

Hence, ip,q is finitely strictly singular. �

We will now use Theorem 3 to show that the strictly singular operator T constructed

by Read in [12] is finitely strictly singular. Let us briefly outline those properties of T

that will be relevant for our investigation. The underlying space X for this operator is

defined as the ℓ2-direct sum of ℓ2 and Y , X = (ℓ2⊕Y )ℓ2 , where Y itself is the ℓ2-direct

sum of an infinite sequence of Jp-spaces Y =
(
⊕∞

i=1
Jpi

)

ℓ2
, with (pi) a certain strictly

increasing sequence in (2,+∞). The operator T is a compact perturbation of 0⊕W1,

where W1 : Y → Y acts as a weighted right shift, that is,

W1(x1, x2, x3, . . . ) = (0, β1x1, β2x2, β3x3, . . . ), xi ∈ Jpi

with βi → 0. Note that one should rather write βiipi,pi+1
xi instead of βixi. Clearly, it

suffices to show that W1 is finitely strictly singular.

For n ∈ N, define Vn : Y → Y via

Vn(x1, x2, x3, . . . ) = (0, β1x1, . . . , βnxn, 0, 0 . . . ), xi ∈ Jpi
.

It follows from βi → 0 that ‖Vn −W1‖ → 0. Since finitely strictly singular operators

from Y to Y form a closed subspace of L(Y ), it suffices to show that Vn is finitely

strictly singular for every n. Given n ∈ N, one can write

Vn =

n
∑

i=1

βiji+1ipi,pi+1
Pi,
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where Pi : Y → Jpi
is the canonical projection and ji : Jpi

→ Y is the canonical inclu-

sion. Thus, Vn is finitely strictly singular because finitely strictly singular operators

form an operator ideal. This yields the following result.

Theorem 4. Read’s operator T is finitely strictly singular.

In the remaining two sections, we present two different proofs of Theorem 1, one

based on combinatorial properties of polytopes and the other based on the geometry

of the set of all zigzags and algebraic topology.

2. Proof of Theorem 1 via combinatorial properties of polytopes

By a polytope in R
k we mean a convex set which is the convex hull of a finite set. A

set is a polytope iff it is bounded and can be constructed as the intersection of finitely

many closed half-spaces. A facet of P is a face of (affine) dimension k − 1. We refer

the reader to [5, 15] for more details on properties of polytopes.

A polytope P is centrally symmetric iff it can be represented as the absolutely

convex hull of its vertices, that is, P = conv{±ū1, . . . ,±ūn} where ±ū1, . . . ,±ūn are

the vertices of P . Clearly, P is centrally symmetric iff it can be represented as the

intersection of finitely many centrally symmetric “bands”. More precisely, there are

vectors ā1, . . . , ām ∈ R
k such that ū ∈ P iff −1 6 〈ū, āi〉 6 1 for all i = 1, . . . , m, and

the facets of P are described by
{

u ∈ P : 〈ū, āi〉 = 1
}

or
{

u ∈ P : 〈ū,−āi〉 = 1
}

as

i = 1, . . . , m.

A simplex in R
k is the convex hull of k + 1 points with non-empty interior. A

polytope P in R
k is simplicial if all its faces are simplexes (equivalently, if all the

facets of P are simplexes). Every polytope can be perturbed into a simplicial polytope

by an iterated “pulling” procedure, see e.g., [5, Section 5.2] for details. We will outline

a slight modification of the procedure such that it preserves the property of being

centrally symmetric. Suppose that P is a centrally symmetric polytope with vertices,

say ±ū1, . . . ,±ūn. Pull ū1 “away from” the origin, but not too far, so that it does

not reach any affine hyperplane spanned by the facets of P not containing ū1; denote

the resulting point ū′1. Let Q = conv{ū′1,−ū1,±ū2, . . . ,±ūn}. By [5, 5.2.2, 5.2.3] this

procedure does not affect the facets of P not containing ū1, while all the facets of Q

containing ū′1 become pyramids having apex at ū′1. Note that no facet of P contains

both ū1 and −ū1. Hence, if we put R = conv{±ū′1,±ū2, . . . ,±ūn}, then, by symmetry,

all the facets of R containing −ū′1 become pyramids with apex at −ū′1, while the rest

of the facets (in particular, the facets containing ū′1) are not affected.
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P Q R

ū1

−ū1 −ū1

ū′1

−ū′1

ū′1

Figure 1. Pulling out the first pair of vertices.

Now iterate this procedure with every other pair of opposite vertices. Let P ′ be the

resulting polytope, P ′ = conv{±ū′1, . . . ,±ū
′
n}. Clearly, P ′ is centrally symmetric and

simplicial as in [5, 5.2.4]. It also follows from the construction that if F is a facet of P ′

then all the vertices of P corresponding to the vertices of F belong to the same facet

of P .

We will call a polytope P marked if the following assumptions are satisfied:

(i) P is simplicial, centrally symmetric, and has a non-empty interior.

(ii) Every vertex is assigned a natural number, called its index , such that two

vertices have the same index iff they are opposite to each other.

(iii) All the vertices of P are painted in two colors, say, black and white, so that

opposite vertices have opposite colors.
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1

2

2

3

3

7

7

1 1

2

2

3

3

Figure 2. Examples of marked polytopes in R
2 and R

3.

See Figure 2 for examples of marked polytopes. A face of a marked polytope is said

to be happy if, when one lists its vertices in the order of increasing indices, the colors
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of the vertices alternate. For example, the front top facet of the marked polytope in

the right hand side of Figure 2 is happy. See Figure 3 for more examples of happy

faces.

1 7

5

2

5

8

7

Figure 3. Examples of happy simplexes in R
2 and R

3.

We will reduce Theorem 1 to the claim that every marked polytope has a happy

facet, which we will prove afterwards. Suppose that k 6 n and E is a subspace of R
n

with dimE = k. Let {b̄1, . . . , b̄k} be a basis of E. We need to find a linear combination

of these vectors x̄ := a1b̄1 + · · · + ak b̄k such that x̄ is a zigzag. Let B be the n × k

matrix with columns b̄1, . . . , b̄k, and let ū1, . . . , ūn be the rows of B. If ā = (a1, . . . , ak),

then xi = 〈ūi, ā〉 as i = 1, . . . , n. Thus, it suffices to find ā ∈ R
k such that the vector

(

〈ūi, ā〉
)n

i=1
is a zigzag of order k.

Let P be the centrally symmetric convex polytope spanned by ū1, . . . , ūn, i.e., P =

conv{±ū1, . . . ,±ūn}. Then some of the ±ūi’s will be the vertices of P , while the others

might end up inside P . Suppose that ±ūm1
, . . . ,±ūmr

are the vertices of P , so that

P = conv{±ūm1
, . . . ,±ūmr

}. Following the “pulling” procedure that was described be-

fore, construct a simplicial centrally symmetric polytope P ′ = conv{±ū′m1
, . . . ,±ū′mr

}.

Every vertex of P ′ is either ū′mi
or −ū′mi

for some i. Paint the vertex white in the

former case and black in the latter case; assign index i to this vertex. This way we

make P ′ into a marked polytope.

We claim that happy facets of P ′ correspond to zigzags. Indeed, suppose that P ′ has

a happy facet. Then this facet (or the facet opposite to it) is spanned by some −ū′mi1
,

ū′mi2
, −ū′mi3

, ū′mi4
, etc, for some 1 6 i1 < · · · < ik 6 r. It follows that −ūmi1

, ūmi2
,

−ūmi3
, ūmi4

, etc, are all contained in the same facet of P . Hence, they are contained in

an affine hyperplane, say L, such that P “sits” between L and −L. Let ā be the vector

defining L, that is, L =
{

ū : 〈ū, ā〉 = 1
}

. Since P is between L and −L, we have

−1 6 〈ū, ā〉 6 1 for every ū in P . In particular, −1 6 xi = 〈ūi, ā〉 6 1 for i = 1, . . . , n.

On the other hand, it follows from −ūmi1
, ūmi2

,−ūmi3
, ūmi4

, · · · ∈ L that xmi1
= −1,

xmi2
= 1, xmi3

= −1, xmi4
= 1, etc. Hence, x̄ is a zigzag of order k.
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Thus, to complete the proof, it suffices to show that every marked polytope has a

happy facet. Throughout the rest of this section, P will be a marked polytope in R
k;

Fj stands for the set of all j-dimensional faces of P for j = 0, . . . , k− 1. In particular,

Fk−1 is the set of all facets of P , while F0 is the set of all vertices of P .

By [5, 3.1.6], every (k−2)-dimensional face E of P is contained in exactly two facets,

say F and G; in this case E = F ∩ G. Suppose that R ⊆ Fk−1. For E ∈ Fk−2, we

say that E is a boundary face of R if E = F ∩ G for some facets F and G such that

F ∈ R and G /∈ R. The set of all boundary faces of R will be referred to as the face

boundary of R and denoted ∂̃R. Clearly, ∂̃R ⊂ Fk−2. If F is a single facet, we put

∂̃F = ∂̃{F}. Clearly, ∂̃F is the set of all the facets of F .

For a face F of P we define its color code to be the list of the colors of its vertices

in the order of increasing indices. For example, the color codes of the simplexes in

Figure 3 are (wbw) and (bwbw). Here b and w correspond to “black” and “white”

respectively. A face in P will be said to be a b-face if its color code starts with b and

a w-face otherwise.

Lemma 5. Suppose that F is a facet of P . The following are equivalent:

(i) F is happy;

(ii) ∂̃F contains exactly one happy b-face;

(iii) ∂̃F contains an odd number of happy b-faces;

Proof. Note that since F is a simplex, every face of F can be obtained by dropping

one vertex of F and taking the convex hull of the remaining vertices. Hence, the color

code of the face is obtained by dropping one symbol from the color code of F .

(i)⇒(ii) Suppose that F is happy, then its color code is either (bwbw. . . ) or (wbwb. . . ).

In the former case, the only happy b-face of F is obtained by dropping the last vertex,

while in the latter case the only happy b-face of F is obtained by dropping the first

vertex.

(ii)⇒(iii) Trivial.

(iii)⇒(i) Suppose that F has an odd number of happy b-faces. Let E be a happy

b-face of F . Then the color code of E is the sequence (bwbw. . . ) of length k− 1. Then

the color code of F is obtained by inserting one extra symbol into this sequence. Note

that inserting the extra symbol should not result in two consecutive b’s or w’s, as in

this case F would have exactly two happy b-faces (corresponding to removing each

of the two consecutive symbols), which would contradict the assumption. Hence, the

color code of F should be an alternating sequence, so that F is happy. �
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Lemma 6. For every R ⊆ Fk−1, the number of happy facets in R and the number of

happy b-faces in ∂̃R have the same parity.

Proof. For R ⊆ Fk−1, define the parity of R to be the parity of the number of happy

b-faces in ∂̃R. Observe that if R and S are two disjoints subsets of Fk−1, then the

parity of R∪S is the sum of the parities of R and S (mod 2). It follows that the parity

of R is the sum of the parities of all of the facets that make up R (mod 2). But this

is exactly the parity of the number of happy facets in R by Lemma 5. �

For every face F of P we write −F for the opposite face. If R is a set of facets, we

write −R = {−F : F ∈ R}. Also, we write
⋃

R for the set theoretic union of all the

facets in R.

Theorem 7. Every marked polytope has a happy facet.

Proof. We will prove a stronger statement: every marked polytope in R
k has an odd

number of happy b-facets. The proof is by induction on k. For k = 1, the statement is

trivial. Let k > 1 and let P be a marked polytope in R
k.

For every facet F , let n̄F be the normal vector of F , directed outwards of P . Fix a

vector v̄ of length one such that v̄ is not parallel to any of the facets of P (equivalently,

not orthogonal to n̄F for any facet F ); it is easy to see that such a vector exists. By

rotating P we may assume without loss of generality that v̄ = (0, . . . , 0, 1). Let T

be the projection from R
k to R

k−1 such that T : (x1, . . . , xk−1, xk) 7→ (x1, . . . , xk−1).

We can think of T as the orthogonal projection onto the “horizontal” hyperplane

{x̄ ∈ R
k : xk = 0} in R

k. Let Q = T (P ). Since T is linear and surjective, Q is again

a centrally symmetric convex polytope in R
k−1 with a non-empty interior.

��

1

12

2

77

Figure 4. The images T (P ) of the polytopes in Figure 2.

It follows from our choice of v̄ that the k-th coordinate of n̄F is non-zero for every

facet F . Let R be the set of all the facets of P that “face upward”, that is,

R =
{

F ∈ Fk−1 : the k-th coordinate of n̄F is positive
}

.
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Clearly, a facet F is in −R iff the k-th coordinate of n̄F is negative. Hence, −R∩R = ∅

and −R ∪ R = Fk−1. Observe that ∂̃R = ∂̃(−R); hence ∂̃R is centrally symmetric.

Clearly, every vertical line (i.e., a line parallel to v̄) that intersects the interior of P

meets the boundary of P at exactly two points and corresponds to a point in the

interior of Q. It follows that the restriction of T to
⋃

R is a bijection between
⋃

R

and Q. The same is also true for −R. Therefore, the restriction of T to ∂̃R is a

face-preserving bijection between ∂̃R and the boundary of Q. Under this bijection, the

faces in ∂̃R correspond to the facets of Q. Hence, this bijection induces a structure of a

marked polytope on the boundary of Q, making Q into a marked polytope. It follows,

by the induction hypothesis, that the boundary of Q has an odd number of happy

b-facets. Hence, ∂̃R has an odd number of happy b-faces. It follows from Lemma 6

that R has an odd number of happy facets.

Let m and ℓ be the numbers of all happy b-facets and w-facets in R, respectively.

Then m + ℓ is odd. Observe that F is a happy b-facet iff −F is a happy w-facet.

It follows that −R contains ℓ happy b-facets and m happy w-facets. Thus, the total

number of happy b-facets of P is m+ ℓ, which we proved to be odd. �

3. Proof of Theorem 1 via algebraic topology

Fix a natural number n and let Bn
∞ and Sn−1

∞ be, respectively, the unit ball and the

unit sphere of ℓn∞, i.e., Bn
∞ = {x ∈ R

n : max|xi| 6 1} and Sn−1
∞ = {x ∈ R

n : max|xi| =

1}. For k > 1 we define

Γk = {x ∈ Bn
∞ : x has at least k alternating coordinates ±1},

A+

k = {x ∈ Bn
∞ : x has at least k alternating coordinates ±1, starting with 1},

A−k = −A+

k .

Note that A−k is exactly the set of all zigzags of order k in R
n. Put also A+

0 = A−0 =

Γ0 = Bn
∞. For k > 1, Γk, A

±
k ⊂ Sn−1

∞ and we have

A+

k ∪ A
−
k = Γk,

A+

k ∩ A
−
k = Γk+1.

Note that the first relation above is true also for k = 0.

We start with a simple lemma.

Lemma 8. Suppose p is a real polynomial of degree m, and there are m+2 real numbers

t1 < t2 < · · · < tm+2, such that p(ti) > 0 for i odd and p(ti) 6 0 for i even. Then

p ≡ 0.



10 I. CHALENDAR, E. FRICAIN, A. I. POPOV, D. TIMOTIN, AND V. G. TROITSKY

Proof. We do induction with respect to m. If m = 0, the result is obvious. If the

lemma has been proved up to m− 1, and p is a polynomial of degree m, then p has at

least one real root s. We write p(t) = (t− s)q(t), and q (or −q) has a similar property,

with respect to at least m− 1 values ti—so we can apply induction. �

Lemma 9. There exists a sequence of subspaces πk ⊂ R
n, πk ⊃ πk+1, dim πk = n− k,

such that, if Pk is the orthogonal projection onto πk, then Pk|A
+

k is injective.

Proof. For 1 6 j 6 n we define the vectors ζj ∈ R
n by the formula ζj

i = ij−1. One

checks easily that the ζj’s are linearly independent. Define π0 = R
n, and, for k > 1,

πk = (span{ζ1, . . . , ζk})⊥.

Suppose that x, y ∈ A+

k , and Pkx = Pky. There exist scalars α1, . . . , αk, such that

x− y =
∑k

j=1
αjζ

j. We have indices 1 6 r1 < · · · < rk 6 n and 1 6 s1 < · · · < sk 6 n,

such that xrl
= ysl

= (−1)l−1. It follows that xrl
− yrl

> 0 for l odd and 6 0 for l even,

while xsl
− ysl

6 0 for l odd and > 0 for l even.

Let the polynomial p of degree k − 1 be given by p(t) =
∑k

j=1
αjt

j−1. If rl = sl for

all l, we obtain
∑

j

αjζ
j
rl

=
∑

j

αjrl
j−1 = 0

for all l = 1, . . . k. Thus p has k distinct zeros; it must be identically 0, whence x = y.

Suppose now that we have rl 6= sl for at least one index l. We claim then that

among the union of the indices rl and sl we can find ι1 < ι2 < · · · < ιk+1, such that

xιl − yιl have alternating signs. This can be achieved by induction with respect to k.

For k = 1 we must have r1 6= s1, so we may take ι1 = min{r1, s1}, ι2 = max{r1, s1}.

For k > 1, there are two cases. If r1 = s1, we take ι1 = r1 = s1 and apply the induction

hypothesis to obtain the rest. If r1 6= s1, we take ι1 as the lesser of the two and ι2 as

the other one, and then we continue “accordingly” to ι2 (that is, taking as ι’s the rest

of r’s if ι2 = r1 and the rest of s’s if ι2 = s1).

Now, the way ιl have been chosen implies that p(t) defined above satisfies the hy-

potheses of Lemma 8: it has degree k − 1 and the values it takes in ι1, . . . , ιk+1 have

alternating signs. It must then be identically 0, which implies x = y. �

Since A−k = −A+

k , it follows that Pk|A
−
k is also injective.

Lemma 10. If πk, Pk are obtained in Lemma 9, then

∆k := Pk(Γk)
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is a balanced, convex subset of πk, with 0 as an interior point (in πk). Moreover,

∆k = Pk(A−k ) = Pk(A+

k ) and ∂∆k = Pk(Γk+1) (the boundary in the relative topology of

πk).

Proof. We will use induction with respect to k. The statement is immediately checked

for k = 0 (note that P0 = IRn and ∂∆0 = Sn−1
∞ = Γ1).

Assume the statement true for k; we will prove its validity for k+1. By the induction

hypothesis, we have

∆k+1 = Pk+1Pk(Γk+1) = Pk+1∂∆k = Pk+1∆k

and is therefore a balanced, convex subset of πk+1, with 0 as an interior point.

Take then y ∈
◦

∆k+1. Suppose P−1

k+1
(y)∩∂∆k contains a single point. Then P−1

k+1
(y)∩

∆k also contains a single point, and therefore P−1

k+1
(y) ∩ πk is a support line for the

convex set ∆k. This line is contained in a support hyperplane (in πk); but then the

whole of ∆k projects onto πk+1 on one side of this hyperplane, and thus y belongs to

the boundary of this projection. Therefore y cannot be in
◦

∆k+1.

The contradiction obtained shows that P−1

k+1
(y) ∩ ∂∆k contains at least two points.

But

∂∆k = Pk(Γk+1) = Pk(A+

k+1
) ∪ Pk(A−k+1

)

whence

Pk+1(∂∆k) = Pk+1(A
+

k+1
) ∪ Pk+1(A

−
k+1

).

Since Pk+1 restricted to each of the two terms in the right hand side is injective by

Lemma 9, there exists a unique z+ ∈ A+

k+1
such that y = Pk+1z+ and a unique z− ∈

A−k+1
such that y = Pk+1z−.

Take x ∈ P−1

k+1
(y) ∩ ∂∆k. Then either x ∈ Pk(A+

k+1
) or x ∈ Pk(A−k+1

). If x ∈

Pk(A+

k+1
) then x = Pkz for some z ∈ A+

k+1
, so that y = Pk+1x = Pk+1z, which yields

z = z+; hence x = Pkz+. Similarly, if x ∈ Pk(A−k+1
) then x = Pkz−. It follows that

P−1

k+1
(y) ∩ ∂∆k ⊆ {Pkz+, Pkz−}. Since P−1

k+1
(y) ∩ ∂∆k contains at least two points,

we conclude that P−1

k+1
(y) ∩ ∂∆k = {Pkz+, Pkz−} and Pkz+ 6= Pkz−. It follows from

y = Pk+1z± that
◦

∆k+1 ⊂ Pk+1(A
±
k+1

). But, ∆k+1 being a closed convex set with a

nonempty interior, it is the closure of its interior
◦

∆k+1; since the two sets on the right

are closed, we have actually ∆k+1 = Pk+1(A
±
k+1

).

We want to show now that ∂∆k+1 = Pk+1(Γk+2). Suppose first that y ∈ Pk+1(Γk+2) =

Pk+1(A
+

k+1
∩ A−k+1

); that is, y = Pk+1z with z ∈ A+

k+1
∩ A−k+1

. Clearly, y ∈ ∆k+1. If
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y ∈
◦

∆k+1, then, defining z+ and z− as before, the injectivity of Pk+1 on A±k+1
implies

z = z− = z+. This contradicts Pkz+ 6= Pkz−; consequently, y ∈ ∂∆k+1.

Conversely, take y ∈ ∂∆k+1 = ∂
(

Pk+1(∆k)
)

. Again, take z+ ∈ A+

k+1
, z− ∈ A−k+1

,

such that Pk+1z+ = Pk+1z− = y. We have then Pkz+ ∈ ∂∆k (if Pkz+ ∈
◦

∆k, then

Pk+1z+ = Pk+1Pkz+ must be in the interior of Pk+1∆k, which is
◦

∆k+1). Similarly,

Pkz− ∈ ∂∆k.

If Pkz+ 6= Pkz−, then Pk+1 applied to the whole segment
[

Pkz+, Pkz−
]

is equal to y.

Therefore the segment belongs to ∂∆k. Since ∂∆k = Pk(A+

k+1
∪A−k+1

), there exist two

values x1, x2 either both in A+

k+1
or both in A−k+1

, such that Pkx1, Pkx2 ∈
[

Pkz+, Pkz−
]

,

and thus Pk+1x1 = Pk+1x2 = y. This contradicts the injectivity of Pk+1 on A±k+1
.

Therefore Pkz+ = Pkz−. But z+ and z− both belong to A+

k , on which Pk is injective.

It follows that z+ = z− ∈ A+

k+1
∩ A−k+1

= Γk+2, and Pk+1z+ = y. This ends the

proof. �

The main consequence of Lemma 10, in combination with Lemma 9, is the fact that

the linear map Pk−1 maps homeomorphically Γk into ∂∆k−1, which is the boundary of

a convex, balanced set, containing 0 in its interior.

Proof of Theorem 1. As noted above, Pk−1 maps homeomorphically Γk onto the bound-

ary of a convex, balanced set, containing 0 in its interior. Composing it with the map

x 7→ x
‖x‖

, we obtain a homeomorphic map φ from Γk to Sn−k, which satisfies the relation

φ(−x) = −φ(x).

Suppose that E is a k-dimensional subspace of R
n with no zigzags. Then E∩Γk = ∅,

so that the projection of Γk onto E⊥ does not contain 0. Composing this projection

with the map x 7→ x
‖x‖

, we obtain a continuous map from ψ : Γk → Sn−k−1, that

satisfies ψ(−x) = −ψ(x). Then the map Φ := ψ ◦ φ−1 : Sn−k → Sn−k−1 is continuous

and satisfies Φ(−x) = −Φ(x). This is however impossible: it is known that such a map

does not exist (see, for instance, [4]). �
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