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Chapter 1

Hilbert space operators

1.1 Douglas’ factorization theorem

Let A: HH — H and B : H, — H be bounded operators between Hilbert
spaces. In certain applications, we need to know when there is a contraction
C : Hi — Hs such that A = BC holds.

Figure 1.1: The factorization A = BC
If such a contraction exists, then
BB*— AA* =BB*—- BCC*B*=B(I-CC*)B* > 0.

Douglas showed that the condition AA* < BB* is also sufficient for the existence
of C.

Theorem 1.1 (Douglas). Let H, Hy and Hy be Hilbert spaces and let A : Hy —
H and B : Hy — H be bounded operators. Then there is a contraction C :
H, — Hs such that A = BC if and only if AA* < BB*.

Proof. The necessity was shown above. The other direction is a bit more deli-
cate. Suppose that AA* < BB*. Hence

A 2| gy, < ||B* x| mys (x € H). (1.1)

This inequality enables us to define an operator from the range of B* to the
range of A*. Let
D:R(B*) — R(AY)
B*x —  A*z.
If an element in R(B*) has two representations, i.e. z = B*x = B*y, then
B*(x—y) = 0. Hence, by (1.1), A*(x—y) = 0. In other words, Dz = A*x = A*y
is well defined. Moreover,

ID(B* )|, < B |, (z € H).

1



Therefore, by continuity, D extends to a contraction from the closure of R(B*)
in Hs into Hy. In the last step of extension, we extend D to a contraction from
H, to Hy by defining

D(z) =0, (z € R(B*)™h).
According to our primary definition, the contraction D satisfies DB* = A*.
Hence A = BD*. Take C' = D*. O
Exercises

Exercise 1.1.1. Let Hy, Hy and H3 be Hilbert spaces, let C : Hy — H5 be
a contraction, and let A : Hy — Hj3 be a bounded operator. Show that

A(I —CC*) A" >0,

where I : Hy — Hs is the identity operator.

1.2 The square root of a positive operator

If B € L(H) and we define A = BB*, then certainly A is a positive operator.
Our goal is to show that every positive operator is obtained that way. First we
need two preliminary lemmas.

Lemma 1.2. Let A, B € L(H) be positive and AB = BA. Then AB is positive.

Proof. If TS = ST, T and S positive, it is clear that T'S? is positive. Without
loss of generality assume that ||B|| < 1. Let By = B, and let

Bny1 =B, — B2, (n >0).
Then the relations

By = BL(I - Bn) + Bu(I — By)?

and

I-B,,1=(I-B,)+B
imply that

0< B, <I, (n>0).
Thus,

S B} =B- B, <B, (n>0). (1.2)
k=0



Therefore, for each x € H and n > 0,

> lIBral? > (Bix,Bex) =Y (Bix,z)
k=0 k=0 k=0

Zka z) < (Bz,x).

Thus > p | Bez|* < co. In particular, lim,_,o B,z = 0 and, by (1.2),
. 2 .
HILII;O < kZ_OBk>x = Buz.

Since AY ), B2 is positive, we conclude that AB is also positive.

O
Lemma 1.3. Let Ay, Ag,--- ,B € L(H) be self adjoint. Suppose that
AnAp = AnAy, A, B = BA,, (m,n > 1),

and that

A, < Apiy < B, (n>1).
Then there is A € L(H), A self adjoint, such that

Az = nll)rr;o Apz, (x € H).
Proof. Let C,, = B— A,, n > 1. Hence

0 < Chp1 <O, (n>1). (1.3)
Then, by Lemma 1.2,

0<Cr<CCpn <C2, (m < n).

In the first place, for each = € H,

[Cn|| < [|Crnz]), (m <mn). (1.4)

Since (||Cpz|)n>1 is a decreasing sequence of positive numbers, we conclude
that

lim [|Cp x|
n—oo
exists. Secondly,
[Cma — Cpz||* < [|Cm||* — [|Cnzl, (m < n),

and thus (Cy,z),>1 is a Cauchy sequence. Let

Czr = lim Cy,z, (x € H).

n—oo



Clearly C is linear. Moreover, by (1.4), we have
ICz|| = lim ||Cphz| <|Ciz|, reH,.
n—-+oo

which proves that C' € £L(H) and ||C]| < ||Cy]|. Since C,, is self adjoint, C is
also self adjoint. Put A =B — C. O

Theorem 1.4. Let A € L(H) be positive. Then there is a unique positive
operator B € L(H) such that A = B2.

Proof. Without loss of generality assume that [|A|| < 1. Put By = A and

A-B?

2 )
Clearly 0 < By < I. Moreover, by Lemma 1.2, the relations
(I — Bn)2 + (I B A)

Bn+1 =B, +

(n >0).

I_Bn—i-l =

2
and
Bui1 — By = (By — By_1) (I — By) +2(I — Bu-1)
imply that
0< By < Bny1 < I, (n > 0).
Hence, by Lemma 1.3, there is B € L(H), B positive, with
Bx = nhﬁn;(} B, =, (x € H).
Bue B%x — Az
Bpiix = By + —+—— (n>0),

2 b
which immediately gives B%x = Ax.

It remains to show that B is unique. Suppose that there is C € L(H),
C positive, such that C? = A. Then AC = C?C = CC? = CA. Therefore,
p(A)C = Cp(A), where p is any polynomial. In particular, B,,C = CB,,, n > 0,
and thus BC = CB. Fix v € H, and let y = (B — C)z. Then

(B+C)y.y) = ((B* ~ C*)z,y) = 0.
Since B and C' are positive operators, we thus have
(By,y) = (Cy,y) =0.

But these assumptions imply By = C'y = 0. For example, to verify that By = 0,
based on the first paragraph, we know that B'/2 exists. Hence

IBY2y|* = (B"/?y, B'?y) = (By,y) = 0.
Thus B'/?y = 0 which implies By = 0. Finally,
I(B - C)all? = (B - C)a, (B - C)) = (B — C)a,x) = (B - C)y,a) = 0.
Therefore, B = C. O



The operator B whose unique existence was guaranteed by the preceding the-
orem is called the square root of A and is denoted by A'/2. The following two
results were also implicitly obtained in the proof of Theorem 1.4.

Corollary 1.5. Let A € L(H) be positive. Then there is a there is a sequence
of real polynomial (pp)n>1 with p,(0) =0 such that

AY25 = lim p,(A)z, (x € H).

n—oo

Corollary 1.6. Let A € L(H) be positive, and let x € H. Suppose that
(Az,z) = 0.
Then Az = 0.

Exercises

Exercise 1.2.1. In Lemma 1.3, can we conclude that
lim ||A4, — A] =07
n—oo

Hint: Let (z,,)n>1 be an orthonormal basis for an infinite dimensional separable
Hilbert space H. Let A, be the orthogonal projection onto the closed space
generated by {z1,x2, -+ ,2,}. Then A,z — z, but |4, — I|| = 1.

Exercise 1.2.2. Let H be a real Hilbert space, and let A € L(H) be positive.
Suppose that (Az,z) =0 for all x € H. Show that A = 0.
Hint: Corollaries 1.5 and 1.6 are also valid for real Hilbert spaces.

1.3 Partial isometries and the polar decomposi-
tion

An operator A € L(H;, H) is called a partial isometry if ||Az|| g, = ||z| g, for
all z € (ker A)L. In other words, if

Az, = | Peray-ll s (z € Hy). (1.5)

A partial isometry is clearly a contraction. The subspace (ker A)* is called the
initial space of A. Note that the range R(A) of A is a closed subspace of Hy
and it is called the final space of the partial isometry A.

If ker A = {0}, then we have

1Az ([, = [l (x € Hy),



and in this case A is called an isometry. If H is finite dimensional and A € £(H)
is an isometry, then A is necessarily a unitary operator. This is no longer true
for infinite dimensional Hilbert spaces. For example, by (??), the forward shift
operator S € L(£?) is an isometry which is not surjective, and thus it is not a
unitary operator.

Theorem 1.7. Let A : Hy — Hy be an operator between Hilbert spaces Hy
and Hs. Then the following are equivalent.

(i) A is a partial isometry;
(ii) A* is a partial isometry;
(ii) AA* is an orthogonal projection;
(iv) A*A is an orthogonal projection.
Proof. (i) = (iv) : Since A is a contraction, for all x € Hy,

(1= A" M)y, = (2)m, — (A Az, 2,
= <(E,£C>H1 - <A£E,A.’E>H2
)%, — |4z, > 0.

Hence, I — A* A is a positive self adjoint operator on H;. Moreover,
(I -—A"A)z,z)p, =0, (z € (ker A)™h). (1.6)

Then, by Corollary 1.6, (1.6) implies

(I—A"A)x =0, (z € (ker A)1).
Since
A*Ax =z, (z € (ker A)*),
and
A*Ax =0, (x € ker A),

then A*A is the orthogonal projection on (ker A)+.

(tv) = (7) : Let us remind that ker A*A = ker A. Since A*A is an orthog-
onal projection, A*Ax = z for all z € (ker A)*. Hence (A*Az,x) g, = (v, 2)q,
which is equivalent to

[Ax)m, = ] ( € (ker A)T).

Hence A is a partial isometry.
Reversing the roles of A and A*, we see that (i7) <= (ii7).
(iv) = (i4i) : If A*A is an orthogonal projection, then

A*A = Peraayr = Plreray--



Thus
(AA*)? = A(A"A)A™ = AP a0 AT = AA™.

Therefore, AA* is also an orthogonal projection. The proof of (iii) = (iv) is
similar.

O

For each T' € L(H), clearly T*T > 0, and thus by Theorem 1.4, (T*T)'/2 is
a well defined self adjoint positive operator which is the unique positive square
root of T*T. We denote this operator by

7| = (1)
For each x € H, we have
1T )a ||* = (T°T)" 2, (T*T)"/z) = (T*Tw,x) = (Ta, Tx) = ||Ta||*.

Therefore
Tz || = 1 T]], (z € H). (1.7)
In particular, this identity implies ker |T| = ker T and || |T| || = |7
If 2z is a complex number and we put r = (z 2)1/2, then r > 0 and there is a
complex number of modulus one ¢ such that we have the polar decomposition
z = (r. We show that a similar decomposition exists for each T € L(H).
However, since L(H) is not commutative, certain technical difficulties will arise.

Theorem 1.8 (Polar Decomposition Theorem). Let T € L(H). Then there is
a partial isometry U € L(H) such that

T=U|T|

Proof. The proof has the same flavor as the proof of Douglas’ factorization
theorem (Theorem 1.1). According to the identity (1.7), the mapping

V:R(T|) — R@T)
|T|x — Tz

is well defined. Since, if y = |T|z = |T|2’, then |T|(z — 2’) = 0, and thus, by
(1.7), T(x — 2') = 0, which implies Vy = Tz = T2’. Moreover,

Vyll = IV(T|2)[| = ITx] = | [T]2 ]| = [lyll (y € R(IT))-

Hence V is actually an isometry on R(|T'|) onto R(T'). By continuity, we extend
V to the unitary operator V : R(|T|) — R(T). Let

U=V PfR(ITI)'

Hence R(U) = R(V) = R(T) and

UV = Prey V'V Priry = Praay Iy Prazn = Prary



Theorem 1.7 ensures that U is a partial isometry. Moreover, for each x € H,

UlT|z =V Pggzpy |[Tlz = VI|T|x = V|T|z = Tx.

Exercises

Exercise 1.3.1. Let M and N be respectively closed subspaces of the Hilbert
spaces Hy and Hsy. Suppose that dim M = dim N. Show that there is a partial
isometry A € L(Hy, Hs) with the initial space M and range N.

Hint: Let (x,),cr and (y,),er be respectively orthonormal bases for M and N.
Each x € H; has the unique representation z = 2’ + >, a, x,, where 2’ L M.
Define Az =3, a, y,.

Exercise 1.3.2. Show that if B is a partial isometry, then the range of B is
a closed subspace.

Exercise 1.3.3. Let B be a partial isometry. Show that the orthogonal com-
plement of ker B is exactly the range of B*.

Exercise 1.3.4. Let T' € L(H). Show that there is a partial isometry V €
L(H) such that

(i) T=[T*|V;
(11) ViV = P(kerT)i;
(iii) VV* = Py

Hint: Apply the polar decomposition theorem to 7™ gives the following result.
Exercise 1.3.5. Let T € L(H). Show that there is a sequence of real poly-
nomial (py,)n>1 With p,(0) = 0 such that

pa(|T1?) == |T).
Hint: Use Corollary 1.5.

Exercise 1.3.6. Let T € L(H), and let T' = U |T| be its polar decomposition.

Show that U*U = PW and UU* = PW'



Exercise 1.3.7. Let T € L(H), and let T'= U |T| be its polar decomposition.
Show that
kerU =ker |T| = kerT

and
|Uz| = |||, (z € (ker T)*).

Hint: Use (1.7) and Exercise 1.3.6.

Exercise 1.3.8. Let A € L(Hy,H) and B € L(Hz, H). Show that the follow-
ing are equivalent:

(i) there is a partial isometry C' € L(H;, Hy), with ker(A)* as initial space
and R(B*) as final space, such that A = BC.

(i) AA* = BB".

1.4 Reproducing kernel Hilbert spaces

We say that a Hilbert space H of functions on some set €2 is a reproducing
kernel Hilbert space on € if it satisfies the following properties:

(i) for each z € Q, the mapping

A,: H — C
fo— £z

is a continuous linear functional on H.
(ii) for each z € Q, there is f, € H such that f,(z) # 0.

According to the Riesz representation theorem (Theorem ??) and the first
assumption, for each z € §2, there is a unique k, € H, called the reproducing
kernel of H, such that

f(z) = ([, k2), (f € H). (1.8)

This relation yields several elementary properties of k.. First of all, with f = k.,

we obtain
”sz2 = kz(z)’ (Z € Q) (19)

This identity implies that k,(z) # 0 which is equivalent to
k. #0, (in H). (1.10)

Since otherwise we will have f(z) = 0 for all f € H and this is not true by
assumption (i7). By Riesz theorem, the norm of the evaluation functional (1.8)
is equal to ||k||. Then, for each z,w € Q, by (1.8), we have

kyw(z) = (kw, k) and k. (w) = (ky, k).



Hence

k. (w) = ky(2), (z,w € Q). (1.11)
Here is another consequence of (1.8).

Lemma 1.9. Let H be a reproducing kernel Hilbert space on Q. Then
{k.:2eQ}* ={0}.

In other words, the linear manifold of all finite linear combinations of k., z € 1,
is dense in H.

Proof. If f € {k,:z € Q}*, then, by (1.8), we immediately have f(z) = 0 for
all z € Q. O

A function ¢ on  is called a multiplier for H if o f € H for all f € H. The
space of all multipliers of H is denoted by M (H).
Let ¢ € M(H) and define

M,:H — H

f —  f.
This mapping is well defined and linear. Moreover, by the closed graph theorem,
it is continuous. As a matter of fact, let f, — f and M, f, — g. Since the
evaluation functional are continuous, for each z € Q, we have f,(z) — f(z)

and ¢(z) fn(2) — g(2). Hence g(2) = ¢(2) f(2), z € 2, which means M, f = g.
Therefore, in short, the mapping

M(H) — L(H)
© — M,
is well defined.

The next result says that the reproducing kernel k., is the eigenvector of the

conjugate of each multiplication operator. Despite its simple proof, this result
has many applications.

Theorem 1.10. Let H be a reproducing kernel Hilbert space on ), and let
p € M(H). Then
M; k., = ¢(2) k., (z € Q).

Proof. Let f € H. By definition
(f, MZks) = (Myf. k2) = (pf, kz).
Moreover, by (1.8),
p(2)f(2) = (of  k2) and f(z) = (f k).
Hence, for each f € H,

(f,MZk.) = o(2)f(2) = p(2){f, k2) = (f, p(2)k:).
Therefore, Mg k, = @k‘z. O



Corollary 1.11. Let H be a reproducing kernel Hilbert space on €, and let
w0 € M(H). Then ¢ is bounded on 2 and

sup |o(2)| < [[My|l2(ay-
z€Q

Proof. Fix z € Q. By Theorem 1.10,

() kel = lo(2) kel = Mg kel < [IMZ 2ay [[Rlar-

By (1.10), ||k2||z # 0, and thus we can divide both sides by | k.|| z. Moreover,
by Theorem ??(v), Mz zca) = [[Myll (- O

By Theorem 1.10, each k., z € (2, is an eigenvector of the conjugate of every
multiplication operator. It is rather amazing that no other operator in L£(H)
has this property.

Theorem 1.12. Let H be a reproducing kernel Hilbert space on ), and let
A € L(H). Suppose that, for each z € Q, k. is an eigenvector of A*. Then
there is ¢ € M(H) such that

A= M,.

Proof. Let the function ¢ on 2 be defined by
A%k, = p(2) ks, (z € Q).

For each f € H, we have

(Af)(2) = (Af k=) = (f, Akz) = (f, 0(2) kz) = 9(2) (f k=) = 0(2) f(2)

for all z € 2. Therefore

Qof = Afa (f € H)a
which ensures that ¢ € M(H) and that A = M,. O

We get immediately from Theorem 1.10 and Theorem 1.12 the following
caracterization of multipliers.

Corollary 1.13. Let H be a reproducing kernel Hilbert space on £ and let ¢
be a function on Q. Then ¢ € M(H) if and only if the map

kw — p(w)kw
extends to a continuous linear map on H.

Frequently, the set 2 will be a domain, i.e. an open and connected set, in
the complex plane and the functions in H will be holomorphic; in this case,
we shall speak of a holomorphic reproducing kernel Hilbert space. We note by
H(Q) the family of all analytic functions on 2, and let H>°(€2) be the subclass
consisting of all bounded functions in H ().



Corollary 1.14. Let H be a holomorphic reproducing kernel Hilbert space on a
domain Q). Assume that there is a function fo € H such that fo(z) # 0, Vz € Q.
Then

M(H) C H*(Q).

Proof. Let ¢ € M(H). First note that

_ My fo)(2)

p(z) = T(Z) (2 €Q),

and since H C H(Q), the function ¢ is analytic on Q. So it remains to apply
Corollary 1.11 to get that ¢ € H>®(Q).
O

Exercises

Exercise 1.4.1. Let H be a reproducing kernel Hilbert space on 2 and let
(e;)icr be any orthonormal basis for H. Show that

kw(z) = ZMei(z), z,w €

el

Exercise 1.4.2. Let H C H(f2) be a reproducing kernel Hilbert space. Sup-
pose that M(H) = H*> (). Show that

o(My) =R(p), (p € M(H)),

where R(¢p) is the range of ¢, i.e.

R(p) ={p(z) : z€Q}

and R(y) represents the closure of R(p).

Hint: By Theorem 1.10, ¢(2) € o (M), which, by Theorem ??(x), gives ¢(z) €

o(M,). f X &€ R(p), consider ¢ =1/(¢ — X) € H*(Q).

Exercise 1.4.3. Let H be a reproducing kernel Hilbert space on €. If ¢ €
M(H), we denote by

lellamcey = 1Myl 2oy -
a) Show that (M(H), || - [|amm)) is a Banach algebra.

b) Let 2 be a set and let k& : Q@ x @ — C be a function. We say that k is a
kernel if the following hold:



(bi) k(z,w) = k(w,z), z,w € Q.

(bii) k is positive semi-definite, i.e.

N
> Gajk(Ni, Aj) >0,

i,j=1
for any finite set {A1,..., An} of distincts points in £ and any com-
plex numbers ai,as,...,aN.

(biii) k(z,2) #0, z € Q.

A weak kernel on € is a function k : Q x Q — C which satisfies (bi) and
(bii).

Show that if k, is the reproducing kernel of H, then k(z,w) := ky(2)
(z,w € Q) is a kernel on €.

¢) Let H be a reproducing kernel Hilbert space on Q and let p > 0. Show
that the following are equivalent:

(1) ¢ € M(H) with ||l mca) < p-
(ii) The function

K(z,w) = (p° = p(2)p(w)k(z,w) (2w € Q),

is a weak kernel on .

1.5 Fredholm theory

Let X and Y be Banach spaces. An operator T € L(X,Y) is called Fredholm if
R(T) is a closed subspace of Y, and dimker T' < 400, dimker T* < 4o00. The
difference

ind T = dimker T — dim ker T"*

is called the index of T.
We will use in this text the following property of Fredholm operators.

Lemma 1.15. Let T € L(X) and assume that T = V + K where V is an
invertible operator and K is a compact operator. Then T is Fredholm and

ind T'=0.

Proof. Recall that Fredholm alternative asserts that if S is a compact operator
then I'd + S has closed range and

dimker(Id + S) = dimker(Id + S)* < +o0

(see [] for a proof of this result). Therefore, Id+ S is a Fredholm operator with
ind (Id+S) =0. Now V1T =Id+ V'K and V71K is a compact operator;
thus we get that V1T is a Fredholm operator and ind (V~'T) = 0. Then we
easily obtain that T = V'V 1T is also a Fredholm operator with ind T = 0.

O



Let Hy, Hs be Hilbert spaces and « € Hy, y € Hs. We denote by z ® y the
rank one operator in £L(H;, Hs) defined by

(z®y)(h) = (h,y)m,2, h € Hs.
Lemma 1.16. Let T € L(H1,H2) and x € Hq, y € Hy. We have
Teey)=Tz®y, and (zy)T=zT"y.
Proof. Let h € Hy. Then
T(w @ y)(h) = T((h, ) m2) = (hyy) i, T = (T @ y)(h),
which proves the first relation. For the second, let w € H;. Then
(z@y)T)(w) = (Tw,y) m,x = (w, T*y)m,z = (x @ T"y)(w),

which proves the second relation.
O

1.6 The operator of multiplication by the inde-
pendant variable on L?(u).

Let i1 be a finite and positive Borel measure on T and let Z,, be the operator of
multiplication by the independant variable on L?(u),

(ZuP)(e?) = (), feL?(n)

We recall that the support of the measure p, denoted by supp p, is the
largest closed set C' C T (with respect to the inclusion) such that

U open subset of T, UNC # 0 = p(UNC) >0,

i.e. every open subset of T that has a non-trivial intersection with the support
has a positive measure. It is easy to prove that

supp = {¢ € T : ¢ € V; open subset of T = p(V;) > 0}.

Moreover, if A € Bor (T) such that A C T \ supp p, then u(A4) = 0.
Lemma 1.17. We have

U(Zu) = Ua(Z,u) = supp K.

Proof. First note that since Z,, is a unitary operator, then o(Z,) C T. Now
take A € T \ supp p and let us show that A ¢ o(Z,). On one hand, if f €
ker(Z, — Md), then (z — X)f(z) = 0, a.e. z € T. That is f(z) = 0, a.e.
z € T\ {A}. But since p({\}) = 0, that implies that f = 0, a.e. with respect



to w. In others words, ker(Z,, — AId) = {0}. On the other hand, let g € L?(u)
and define

f(z):= %, a.e. z € T.

Then f is well defined a.e. with respect to u (again because pu({\}) = 0). Let
us check that f € L?(u). Since A € T \ supp u, we have

d := dist(\, supp p) > 0.

Hence

o 9P
JALCIRIORY B 70
1
< 12 du(z
< Q/Supp#m )2 dp(z)

2
g
_"dL;w<+oo

Thus f € L%(y) and
((Zy = Md)f)(2) = (= = A f(2) = g(2),
for a.e. z € T, which proves that
(Z, = Md)f =g.

Therefore Z,, — A d is onto and then invertible. That proves that T \ supp p is
contained in the complement of o(Z,) or

o(Z,) C supp f.

Now we will prove that supp p C 04(Z,). Take A € supp p and define for
n>1
L ifze B(A\1/n)NT

0 otherwise

Then we have
1 1
/ )P duz) = / Ldu(z) = Su(BO ) NT),  (112)
T B(A,1/n)nT T n

which proves that f,, € L?(u) and since pu (B(X\,1/n) NT) > 0, f,, # 0 in L?(u).
So let us define
fn

gn ‘= .
| fall2 ()



Then g, € L?(p), llgnllL2(uy =1 and

1(Z — M) g2y = / 12— ARlga ()P du(z)

1
- — M2 u(2)P d
2 / |2 = AL fu(2) P dpa(2)

1 / 9
= |z = A" du(2)
”2||fn||%2(#) B(A,1/n)NT
1

PO
_n4||fn||%2(u)

u(B(A,1/n)NT),

and by (1.12), we get

1
1(Z - )‘Id)gnH?ﬂ(u) < o

That implies
lim H(ZH - /\Id)gn”L?(u) =0.

n—-+oo

In others words, we have A € 0,(Z,). Therefore, we have proved that
0(Z,) Csupp p C 04(Z,), (1.13)

and since we always have o,(T") C o(T), we get the conclusion that the three
sets in (1.13) coincide.
O



Chapter 2

Analytic functions on the
open unit disc

2.1 The Poisson integral

Let © be a complex Borel measure on T and let p = p, + ps, where p, is
absolutely continuous with respect to the Lebesgue measure m and p is singular
with respect to m. The Poisson integral of the measure p is defined on D by

|Z|2
\ ¢ |2 )
In this section, we briefly recall the principal and well-known properties of this

function (we refer the reader to [] for the proof of the results).
First we have

(z € D).

. 1—r? _ dita , 40
iy [ e () = ), (21)

r—1

for almost all e? on T, with respect to the Lebesgue measure m. If the measure
w is assumed to be positive, then we also have
1—7r?

}LI ‘rele <|2 (C) +OO7 (22)

for almost all e? on T, with respect to the measure /.
It is clear that if p is a complex Borel measure on T, then its Poisson integral
h = P[dp] is an harmonic function on . Moreover using Fubini’s theorem and
the following trivial equality
1 [% 1— |z
— ——df =1 2.3
21 o |z — €2 ’ (23)

we have

o [ neean < [ (o [7 ) €)= el
27T —T o T 271— 7T|T€79 <|2 ’u B /1”

17



where |||l is the total variation of the measure p on T. In particular, we get

sup /|h(rei‘9)|d9 < +00. (2.4)
T

0<r<1
Now if p is assumed to be positive, then h is positive and |h| = h. Thus by the

mean value property for harmonic functions. we have

/ |h(re?®)| df = / h(re?) do = 27h(0), 0<r<Ll

—T —T

So the condition (2.4) is automatically satisfied by any positive harmonic func-
tion. In fact, Herglotz proved a converse to the preceeding observation.

Theorem 2.1 (Herglotz). Let h be a function defined on D.
a) The following assertions are equivalent:

(i) h is an harmonic function on D which satisfies the condition (2.4);

(i) there exists a unique complex Borel measure u on T such that h =
Pldy].

b) The following assertions are equivalent:

(i) h is a positive harmonic function on D.

(i) there exists a positive Borel measure 1 on T such that h = Pldu).

Proof. we refer the reader to [] for a proof of this classical result. 0

2.2 Classical Hardy spaces H?

Let f be an analytic function on the open unit disc D. Let

1 2 . P
170 = sop 1= s (5o [ istrenpan)”,
0<r<1 0<r<1 ™ Jo

if p € (0,00), and
| f lloc = sup| f(2)].
z€D

Then the Hardy space H?(D) is the family of all analytic functions f where
|l fll, < co. We are mainly concerned with H!, H? and H*. A simple applica-
tion of Holder’s inequality shows that

H>(D) c H'(D) C H”(D)

if 0 < p < g < 0o. In particular, we have H* Cc H? c H'.
According to a celebrated theorem of Fatou, for each f € HP(D), 0 < p < oo,

f(Q) = lim f(z)

z—>C
<



exists for almost all ¢ € T. Moreover, flr € LP(T) and ||f||Le(ry = || fllme ),
0 < p<oo,and

lim [If, — fll, =0, (0<p<oo) (2.5)

This result establishes a norm preserving correspondence between H?(D) and a
closed subspaces of LP(T) which we denote by H?(T). In particular, if 1 < p <
o0, we also have the equivalent characterization

HP(T) = {f € LP(T) : f(n) =0, n < -1}

where )

. 1 T .

f=g [ seheta ez,
is nth Fourier coefficient of f. A special role is played by L?(T) and its close
subspace H?(T) which are Hilbert spaces endowed with the inner product

2m
o) =50 [ K dt= 3D fmim.

n—=—oo

Let f € H?(D), 1 < p < co. Let z € D, and let |2] < R < 1. Then, by
Cauchy’s integral formula,

_ 1 flw) R [* f(Re")
f(Z)QWi/CR Zdw -2 dt.

w— 27 Jo R—e iz

Let R — 1. Then, by (2.5), we obtain

2m %
f(z) = % /0 % dt, (z € D). (2.6)
Using similar argument, we also have
27
f(z)= % /0 é:'zt;f(e“) dt, (z € D). (2.7)
Now if f € H?(D), the relation (2.6) can be rewritten as
f(z) = (f k), (z € D), (2.8)
where )
k.(w) = T 50’ (z,w € D). (2.9)

In particular the Hardy space H?(D) is an example of analytic reproducing
kernel Hilbert space and the function k. defined by (2.9) is the reproducing
kernel of H?2.



Lemma 2.2. Let p > 1 and let f € HP. Assume that fir C R. Then f is
constant.

Here in this lemma, the assumption fir C R means that f(¢) is real for
almost all ( on T.

Proof. According to (2.7), we get from hypothesis that f(ID) C R. But now it is
well-known that the only real-valued function which are analytic on a domain are

the constants (it is for instance an easy consequence of the Riemann equations).
O

If f € H?(D), p > 0, and if (\,,),>1 is the zero sequence of f in D (each zero
is repeated according to its multiplicity), then we know that

> (1= |A]) < +oc. (2.10)

n>1

This condition (2.10) is called the Blaschke condition. Then we can consider
the infinite product defined by

[An] An — 2

This product converges uniformly on compact subsets of . Moreover |B| < 1
in D and |B| =1 a.e. on T. Now if we consider g := f/B, then g € H?(D) and

1gllo = [[flp-
Lemma 2.3. Let f € H', f #0. The following hold:

(a) log|f| is integrable on T.
(b) f # 0 almost everywhere on T.

Proof. (a): if B is the Blaschke product formed on the zeros of f and if g = f/B,
then we have g € H! and |g| = |f| a.e. on T. Hence it is sufficient to prove
the result assuming that f has no zeros in D and f(0) = 1. Let us define now
log™t(x) = max(0,log(x)) and log™ (z) = log™ (z) — log(x), = > 0. Since log|f|
is harmonic on D, with log|f(0)] = 0, the mean value property of harmonic
functions implies that

o odo 0\, dO
1 + 6 _ / log™ 0
1ot 7150 = [ 108 1505

for 0 <r < 1. But log+(x) < x, whence
e dO e dO
Jrostiseenlg) < [1feen15E <16l
T iy T 2T
Then we get from Fatou’s lemma that log™ | f| and log™ | f| belongs to L'. Hence

log | f| is also in L1.
(b): it is an immediate consequence of (a).



Lemma 2.4. Let p,q,r > 1 and let f € HP, g € H?. Assume that f is outer
and g/f € L"(T). Then we have g/f € H".

Proof. Let g = A1 BS[g] be the canonical factorization of g. Then we get that

g _MBS[g] M [9}

9 _ el _Mpg |9

f Alf] A f

Now since g/f € L" and log|g/f| € L', we know that [g/f] € H" and thus

g/feH".
O

Lemma 2.5. Let f1, fo € HP. Then the product fifo is an outer function if
and only if each function f1, fo is an outer function.

Proof. Assume that f; f> is an outer function and let f; = A1 B1.S1[f1] and fo =
A2B2.Sa f2] be the canonical factorization of f1, fo. Then fi fo = A\ A2 B1B2S1.52]f1f2].
According to the uniqueness of the Riesz—Smirnov factorization, we get By B2.5152 =
1 and thus By = By = 51 = S3 = 1. Finally we have f1 = A{[f1] and fo = A\a[f2],
which exactely means that f; and f; are outer functions.
The reverse implication is obvious because [f1][f2] = [f1f2]-
O

Lemma 2.6. Let f be an analytic function in D and assume that Rf(z) > 0,
for all zeD. Then fe€ H?, 0 <p <1, and f is an outer function.

Proof. Let 0 < p < 1 and let logz be the determination of the logarithmic
defined by log z = log |2| +iarg)_, .(2), which is holomorphic on C\R_. Then
z —> f(2)? = exp(plog f(z)) is analytic on D. Since 0 < p < 1 and since
Rf(z) >0, for all z € D, then there is a constant ¢, > 0 such that

[F(2)F < e (£(2)7).

Then if we apply the mean value theorem to the harmonic function R(f(z)?),
we get

2m 2m
| et < [ Re (s 5 = e e,

for 0 < r < 1, which proves that f € HP. Moreover since 1/ f is also an analytic

function on D and
1\ Ref(z)
w(si) = e >0 F<P

we also have 1/f € HP, for 0 < p < 1. It remains now to apply Lemma 2.5 to
conclude that f is outer.

O



2.3 The shift operator on H?

The mapping
U 02 — H?(D)
(ag,a1,-++) +—= > Lganz"

is a unitary operator between ¢2 and H2. As a consequence, the shift operator
that was defined in section ?? on ¢? corresponds to an operator on H? which

we also denote by S. It is not difficult to see that S is indeed given by

S: H? — H?
o — xf

where x(z) = x,(2) = z, z € D. For obvious reason, S is called the forward
shift operator on H2. The adjoint of S can be obtained using the adjoint of its
cousin on ¢2 and the preceding unitary operator. However, we adopt a direct

method. First note that
<Xa 1>H2 =0.

Hence, for each f,g € H?, we have

<Sf?g>H2 = <Xfag>H2
= (xf,(9—9(0)))n=
= (f,(g—9(0)x) L2

However, (g — g(0))y is an element of H2. That is indeed why we replaced g by

g — g(0). Otherwise the identity

<Sf7 g>H2 = <f7 )Zg>L2

is also perfectly fine. Hence we can write

<Sf7g>H2 :<f»(9—9(0))X>H2» (fvg€H2)'
Therefore,
5% = (9—9(0)x-
If g(z) = > 07 an 2", then a more explicit formula for S* is

9(2) —9(0)

(5°9)(z) = LI _S"g,02m, (zeD).
n=0

Lemma 2.7. We have
op(S)=0 and o,(S*) =D.

Moreover,
a(S) =o(S*) =D.

(2.11)



Proof. To avoid confusion, in the proof of this lemma, we will denote by Sy2 the
shift operator on £? and by Sg2 the shift operator on H2. Then using the unitary
operator U, defined in the beginning of this section, we have Sp2 = USpU™!
and Sy, = US;pU™!. Thus it immediately follows that o,(Sg2) = 0p,(Se2),
0p(St2) = 0p(S)) and o(Sp2) = 0(Se2), 0(S}2) = 0(Sj). Therefore the
conclusion is a consequence of Theorem ?77.

O

If w € D, then 1 — wS* is invertible in £(H?). Hence we have
Quw = (1 —wS*)™1S* € L(H?).

This family of operators will enter our discussion many times. Here we study
some of their elementary properties.

Theorem 2.8. Fiz w € D, and let Q, = (1 — wS*)~*S*. Then, for each

feH?,
(Quf) (z) = 1D =1 oy,

zZ—w
Proof. Let

f(z) = Zamzm, (z e D).
m=0

Then, for each n > 1,

S*f(z) = Z Amin 2™, (z € D).

m=0
Since
oo
Qw _ an—l S*n7
n=1
we obtain

wa(z) _ an—l S*"f(z)
n=1

00 00
_ E wn—l < E Umtn Zm)
n=1 m=0
00

— E a < E Zm wnfl )
k=1 m+n=k
0

Zk — ’U)k
= ag
Z—w
k=1

Ziil arz" — ZZL agpw”

£)— Fw)

zZ—w




Corollary 2.9. Let f,g € H2. Then

Qu(fg) = f Qug + g(w) Quf.

In particular,

S*(fg) = fS"g+49(0)S*f.
Proof. By Theorem 2.8, for each z € D,

f(2)9(2) — fw)g(w)

Z—Ww

Qu(f9)(z) =

Hence

Qulfo)(2) = f(z) LR Z900) oy F(2) = F(w)

zZ—w zZ—w

Again by Theorem 2.8, this is exactly the first identity. Since Qo = S*, the
second identity is a special case of the first one. O

2.4 The F. M. Riesz Theorem

Theorem 2.10 (F.&M. Riesz). Let v be a complex Borel measure on'T. Assume
that

/ei"Q dv(e?)y =0, n>1. (2.12)
T

Then v is absolutely continuous with respect to the Lebesgue measure.

[
ORI

Proof. For z € D, define

It is clear that f is analytic on I. Let us prove that f € H'. If z = re'?, we

have
1 =

1 i Z remomn,
— ze

n=0

and since

_ 2 it 60
l—r — Re e’ +re E ,,,\n| in(0— t)
‘eit _ Tei9|2 6 7'610

n=—oo

it follows from (2.12) that

fre®) =



—-Tr

2m 2
oo df 1
/ [f(re) 5 < / / it 0|2
0 27 r \Jo et —re?|? 2r

Hence by Fubini’s theorem, we get
2 df ,
) de) =

which proves that f € H'. But by (2.7), we have
. 1 2m 1 _ ‘,r.|2 . .
0N\ __ it 10
fre )—%/0 mf(@)dta (re” e D),
which gives
—VP — P,
z e D).
NIEEEA MO el
P[dv]. Now using the unicity of the Herglotz-
f(¢) dm(¢), which gives the

In other words, we have P[f dm]
O

representation (Theorem 2.1), we get that dv(¢)

conclusion.
Corollary 2.11. Let A and pu be complex Borel measures on T such that
(2.13)

—i0 _ 5

—1i0 —1i6
/ CUEE e = / U (),
TeE Te "W —z
for all z € D. Then A\ — p is absolutely continuous with respect to the Lebesque

measure.
Proof. For z € D and ¢ € T, we have
C+z _ 2z 1y 22¢
1—22¢

+oo
=142 2"¢C",
n=1

and the serie is uniformly convergent with respect to ( € T. Therefore using

(2.13), we get
) — M(T) + 22271/61719 du(ew ,
n=1 T

+oo
T)+2 Z z" / e dx(e™
- JT

n
for every z € D. But both functions of z in the preceeding equality are analytic
in the unit disc. Thus the Taylor coefficient must be the same and we get that

/eme d)\(ew) _ / ema du(619)7 n>1.
T T

The conclusion now follows from Theorem 2.10




2.5 Generalized Hardy spaces H?(v)

The Hardy space H?(T) is the closure of analytic polynomials in L?(m). This in-
terpretation gives us the motivation to define H?(v), where v is a Borel measure
on T. Since each v € M(T) has a finite total variation, analytic polynomials are
in L?(v). Then H?(v) is defined to be the the closure of analytic polynomials
in L?(v).

Each kernel function k. is bounded. Thus at least k, € L?(v). We naturally
expect to have k, € H?(v). As a matter of fact we can say more. To treat this
case, we consider a slightly more generalized concept. Each analytic polynomial
is in C(T), and we remind that C(T) is endowed with the uniform norm. The
closure of analytic polynomials in C(T) is called the disc algebra and is denoted
by A.

Lemma 2.12. Let

Then, the following hold:
(a) for each z€D, k, € A.

(b) The linear manifold of finite linear combinations of k., z € D, is uniformly
dense in A.

Proof. (a): fix z € D. Then we have

|Z‘N+1

Tl

for all w € T. In other words, k, is the uniform limit of analytic polynomials.
Thus &, € A.

(b): to show that the linear manifold of finite linear combinations of repro-
ducing kernel functions is uniformly dense in A, it is enough to verify that each
monomial y, (w) = w™, n > 0, can be uniformly approximated by a sequence
in the manifold. For n = 0, just note that kg = 1. For n > 1, let { = 27/,
Then we have

1_~_<£+422+_._+<(n—1)£ 0 if TLJ[&

" 1 if  nlt

Therefore, for each 0 < r < 1,

k;r(w) + er(w) +F krg‘”*l (w) i kn  kn
= T w .

n
k=0



From this formula we obtain

n

kr(w) + kpe(w) 4+ -+ + kpen—1(w) — nko(w) T
¢ ¢ =X, ()| <
nr 1—r
for all w € T. Hence
k, —‘r—k,«g + "'+kTCn—l — nky
- — X,

nrt

uniformly on T, as » — 0.
O

The following result immediately follows from Lemma 2.12 and the fact that
each element of M(T) has a finite total variation. In the proof of Lemma 2.12,
we hesitated to use the notation || - ||, and instead we wrote for all w € T
wherever it was necessary. This was to emphasize that those relations are valid
at all points of T with no exception. This fact is implicitly used in the following
Theorem.

Theorem 2.13. Let v € M(T). Then, for each z € D, k, € H*(v). Moreover,
the linear manifold of finite linear combinations of k., z € D, is dense in H*(v).

Knowing that the family of reproducing kernel functions also generates the
Hardy space H?(v) in L?(v), we can give another characterization for the or-
thogonal complement of H?(v). Of course, the original definition says that

1
(#20)) =7 €20 i) =0, 020}

Corollary 2.14. Let v € M(T). Then
1
(#20)) =7 e 22005 sk =0, z€ D),

2.6 The Cauchy integral
Let v € M(T). For each f € L'(v), the formula

w0 = [ L avic) (214

gives a well defined analytic function at least over C\ T.

Lemma 2.15. The linear map K, : L' (v) — Hol(C\ T) is continuous.

Proof. Let f € L'(v) and let K be a compact subset of C\ T. For z € K, we
have

@)l =| [ 1w < e

1 T = fall



Since K C C\T, ¢ :=inf,cx |1 — |z|| > 0 and we get that

sup |(K, £)(2)| < 12w,

up 5 (2.15)

Now let (f,)n>1 be a sequence in L!(v) which converges to f. It follows from
(2.15) that (K, fy,)n>1 converges uniformly to K, f on compact subset K, which
exactely means that K, is continuous from L!(v) into the topological space
Hol(C\ T).

O

If f € L%(v), over the open unit disc, we can write

(va)(z) - <f7 kz>u7 (Z € ]D))7 (216)

where k, is the reproducing kernel for the Hardy space H?. The range of K,
when f ranges over L?(v) is denoted by K?2(v). Hence, for the time being, K2(v)
is simply an aggregate of analytic functions on C\ T. In short, we defined the
map
K,: L*v) — K2*v)
[ — Kf.

Theorem 2.16. Let v € M(T), and let f € L*(v). Then

1
K, fl,=0+<= f¢ <H2(y)) .

Proof. This follows directly from (2.16) and Corollary 2.14. O

We denote the function K,1 € K?(v) by Kv. Hence Kv has the represen-
tation

Ku(z) = / dv(¢) (z € C\T). (2.17)

T1-2(’
This is called the Cauchy integral of v.

Theorem 2.17. Let v € M(T). Then

Kv(z) = Z v(n)z", (z € D),
n=0
and -
Kv(z)=-Y ”(;n"), (z € C\ D),
n=1
where



Proof. If z € D, then

1 oo
_ — Enzn7
1—2¢ nZ:o

and if z € C\ D, then

TR It
1—2¢ ="
Moreover, for a fixed z, both series are uniformly convergent on T. Hence we

can change the order of summation and integration and the result follows. [

Lemma 2.18. Let v be a complex Borel measure on T. Then

/ C__ du(():w, z€ C\T,z#0.
Tl—C(z z

Proof. For z € C\ T, z # 0, we have

1—Cz 21—Cz =2z\1-¢(z '

Hence it follows from (2.17) that
< R (S N I W B
/qu—g“zdy(o_z</1rl—<z /Td(c)>_Z(K() Kv(0)).

Let v be a Borel measure on T and let Z, denote the operator on H?(v) of
multiplication by the independant variable,

(ZoP)(e?) =P f(e?),  feH(v).

O

We have the following connection between K, and Z,.

Lemma 2.19. Let v be a complex Borel measure on T and let g € H*(v). Then

(K, Z:g)(z) = (Kv9)(2) ; ([(ug)(o)7 2eD,z#0.

Proof. Let g € H?(v), 2 € D, z # 0. Then according to (2.16), we have

g(e®)e=*
1— ze—%0

(KVZ:Q)(Z) = <Z:gakz>u = <gaZsz>V = /'[[‘ dl/(ew).

Applying Lemma 2.18 to g(e*?) dv(e™), we get the result, because K, g = K (vg).
O






Chapter 3

Toeplitz operators

3.1 The multiplication operator M,

Let ¢ € L>(T), and let

M, : L3(T) —s L2(T)

f —  pf.

Since ||¢fll2 < [l¢llos|lfll2, M, is a bounded operator and we have ||M,| <
lolloo- As a matter of fact, we show that || M, || = ||¢]|-

Theorem 3.1. Let ¢ € L*>°(T). Then

Myl cezzcry) = llellLee(r)-
Proof. Fix € > 0, and let

E={e":]p(e")] = ll¢llo —€}-

Consider f = xp, the characteristic function of E. The set E has a positive
Lebesgue measure, and thus f € L?(T) with || f|2 # 0. We use the inequality

1M fll2 < [[M|[ [1£12

to obtain a lower bound for ||M,||. First note that
1 i
IMA = 5 [ 060 P
1 ity |2 it |2
- = i 2 at
o N COITC]
— o [ letenpa
27T E
2

(el —€)
= (lelo =) I£115.

31



Since || f|l2 # 0, we get ||My|| > ||¢]loc — €. Let € = 0 to obtain || Myl > [|¢]|co-
O

It is easy to determine the adjoint of M,,. Indeed, for any f,g € L*(T), we
have

2m
Mgl = 5o [ LD gl
LS e o oY
= 3 | e senaEna
1 [ =
= 5 ), el glen)dt
1 2 L
= 5 [ DT
= <faMg7)g>2
Therefore, for each ¢ € L>(T),
M = M, (3.1)

3.2 The norm of T,

Let ¢ € L*(T). Then the Toeplitz operator associate with ¢ is defined by

T,: HXT) — H2(T)
f — Pi(ef).
In other words,
T, =Py oM,oi,

where P, is the Riesz projection, M, : L?(T) — L?(T) denotes the multiplica-
tion operator introduced in Section 3.1 and i : H*(T) < L*(T) is the inclusion
map. We mention here an easy property of Py we will use several times in this
course.

Lemma 3.2. P, is a bounded operator on L*(T) and for every f,g € L?, we
have

(Pyf,Prg)a = (P f,9)2.

Proof. Tt is an easy exercice! O
Hence, T, is a bounded operator and, by Theorem 3.1,
1Tl < 1PNl [ M| NIl = lleplloo-

However, we indeed will see that ||T,]| = ||¢|loc. Throughout this chapter we
use the notation ‘ }
X, (€)= e, (meZ).



Lemma 3.3. Let ¢ € L>°(T), and let f € L*(T). Then
im || x_, To(Pr(x,. f)) —ef|, =

Jlm
Proof. Let
Fnle) = (Pl D) E) = 32 Fm)e™,  (me)
By Parseval’s identity, o
o — FI3 = _mZ )P,

Therefore, for each f € L(T),
lim | fm = fll2 = 0.

m——+oo
Since
XowTo(Pr(X, ) = X0 Te(X fm)

= X_.Pr(ex,, fm)

= X_nPr(0x, (fm = ) + X Pr(x,.0f )

= X_.Pr(ox. fm — 1))+ (@f)m;
and

X P (02X (frn = ) )2 < N19lloc [1fim = fll2,
and ||(¢f)m — @flla — 0, the result follows. O
We are now ready to show that ||7,| = [/¢]/c-

Theorem 3.4. Let ¢ € L*>°(T). Then
| Tpll ez (ry) = llellLoe(r)-
Proof. We already saw that ||T,|| < ||¢|lcc. Lemma 3.3 and the inequality
ITogll2 < Tl Mlgll2; (9 € HX(T)),

to obtain a lower bound for ||T,|. Let f € L?(T) and put ¢ = Py(x,.[),
m € Z. Since x, is unimodular, the last inequality implies

m

X To (P (X ) | S NN 112, (f € L*(T)).
By Lemma 3.3, we let m — +00 to obtain
lefllz < NToll 112, (f € L*(T)).

In other words,

1M fllz < Tl 11 £ 125 (f € L*(T)),

where M, is the multiplication operator introduced in Section 3.1. The last
inequality is equivalent to ||| < [|T,||. But, by Theorem 3.1, we know that
[|My|| = ||¢]loc- Hence we also have || Myl|loo < ||T4]l- O



3.3 The adjoint of T,

It is not difficult to find the adjoint of Ti,. As a matter of fact, by Lemma 3.2,
for each f,g € H?(T), we have

(Tof, 9)m2(T) (P+(of), 9) 2 (m)
= (¢f,9)r2(m)
= (f,99)r2(T)
= (f, PL(#9)) m2(m)
= ([, Te9) n2(m)-
Therefore, for each ¢ € L>(T),

In the following result, ¢ being real means that ¢(e®) € R for almost all
e’ € T. Other statements should be interpreted similarly.

Theorem 3.5. Let ¢ € L>=(T). Then the following hold.
(i) Ty is self adjoint if and only if ¢ is a real function.
(it) T, is positive if and only if ¢ is a positive function.

(i11) T, is an orthogonal projection if and only if either ¢ =1 or ¢ = 0. In
this case, Ty, is the identity operator I or the zero operator 0.

Proof. (i) This is an immediate consequence of (3.2).
(ii) By Lemma 3.2, for each f € H*(T),

1 2m ) )
(Tod sy = (S Py = 5 [ ol @) ar

If ¢ is positive, the last identity shows that T, is a positive operator.
Now suppose that T, is positive. This means that

1 2m

5 | eI dt =0, (f € H(T)).

But we show that this inequality in fact holds for any f € L*(T). Fix f € L*(T),
and let m > 1. Then Py (xm f) € H?(T) and thus

1 2w ) )
5 [ @) Py () dt > 0.
Since |x_,,| = 1, we have

1 27

2r [, PN () Paloom (I dt 2 0.



But, by Lemma 3.3, x__ P, (xm f) — f in L?(T) norm. Hence, for each
fe LX),

1 2w

1 it Y12 gt > 0.
sl B CRIFCOIR Y

Therefore, by taking f to be the characteristic function of an arbitrary measur-
able set, we deduce that ¢ > 0.

(iii) It is trivial that T3 = I and Ty = 0 are orthogonal projections. Now
suppose that T, is an orthogonal projection. By (ii) and Theorem 3.4, we
necessarily have 0 < ¢ < 1. In the light of Lemma 3.2, the property

<T¢faT<pf>H2(']I‘) = <Ttpf7f>H2(T)a (feHz(T))a
is written as
(of, Tof)r2cry = (@f, f)r2(m), (f € H*(T)).
Hence, for all f € H*(T),
1 27

P ) PR di= - [ ple) ()Pt

2r Jo
In particular, for f =x,,m>1,
1 27 1 27

— it it it — it
o /. p(e”) x_,. (e") Py(px,,)(e™) dt o7 /. p(e")dt.

But, by Lemma 3.3, x_, Py (Xm ¢) — ¢ in L?*(T) norm. Thus

1 °n 2( it) dt 1 /2ﬂ— ( it) dt
— e = — e .
271' 0 SD 27T 0 90
Since 0 < ¢ < 1, the identity
1 " w(e™) (1 - gp(eit)) dt =0
271— 0

holds if and only if either ¢ = 1 or ¢ = 0, or equivalently, when ¢ is the
characteristic function of a measurable set. Therefore, for each f € H?(T) , we
have

1 2m ) ) 1 2 ) )
Tof Py = 5= [ ol IR dt = o [ loleyrie ar

and this quantity is equal to

1 27 )
Tl Tl = 3= [ 1Pson(e)P

In short
lofllrz = 1P+ )]l L2, (f € H*(T)).

But this happens if and only if pf € H?(T), for all f € H*(T). In particular,
we must have ¢ € H2(T). The only real functions in H?(T) are real constant
functions. Hence either ¢ =1 or ¢ = 0. O



3.4 Toeplitz operators with (anti-)analytic sym-
bols
If o € H>(T), then
Tof =f

for each f € H%(T). In other words, ¢ is a multipliers of the reproducing kernel
Hilbert space H?(T) and T, is indeed the multiplier operator M, introduced in
Section 1.4. However, it should not be mixed up with the multiplier operator
of Section 3.1 on L?(T). Therefore, as a special case of Theorem 1.10 and by
(3.2), we have

Tek. = ¢(2) ks, (z €D), (3.3)

where k., is the kernel of H2.

Theorem 3.6. Let ¢ € H*®(T), ¢ £ 0. Then the following are equivalent.
(i) @ is inner.

(ii) T, is an isometry.

(1ii) T, is a partial isometry.

Proof. (i) = (ii) If ¢ is inner, then T,(f) = ¢f, f € H?, and since ¢ is
unimodular on T,
1T (PN #r2 = 1 f Nl 222

(#4) = (#it) Obvious.

(44i) == (i) If T}, is a partial isometry, then, by Theorem 1.7, T,z = T;;T,
is an orthogonal projection. By Theorem 3.5, we must have either |p| = 1 or
|| = 0. The second possibility is rolled out by assumption. The first one means
that ¢ is inner. O

Generally speaking, a Toeplitz operator is far away from being one to one.
The following result provides a sufficient condition for injectivity.

Theorem 3.7. Let ¢ be a function in H*, ¢ £ 0. Then the following hold:
(a) Ty, is injective.
(b) If ¢ is assumed to be outer, then Ty is also injective.

Proof. (a) follows immediately from Lemma 2.3. To prove (b), let f be in the
kernel of Tiz. That means that

Pi(ef)=0.

Hence we ¢f € F§7 or equivalently, pf € HZ. Using Lemma 2.4, we deduce
that f € HZ. Therefore f € H2 N HZ = {0} and that concludes the proof. [




3.5 Composition of Toeplitz operators

We saw that the multiplication operators on L?(T) commute, i.e., for each ¢, €
L>(T), MyMy = MyM, = Myy. However, the class of Toeplitz operators is
not commutative. The following theorem reveals a special result of this type.

Theorem 3.8. Let v, € L>(T). Suppose that at least one of them is in
H>(T). Then
TT, = Tj,.

Proof. If ¢ € H*®(T), then, for each f € H?(T),

TiTof = TyPy(of) = Ty(ef) = Pr(dof) = Ty, f
Hence TT, = Ty,,. If 1 € H>*(T), then, by what we just proved,
Therefore, by (3.2),

TyT, = TiT; = (ToTy )" =T5, = T,

O

In the preceding theorem, it is important to note that T;;T, # T,T;;. Ne-
glecting this fact is a common source of mistake. However, if ¢, € H>(T), we
do have

The first relation is trivial. The second is obtained by taking the conjugate of
all sides of the first one.

Theorem 3.9. Let ¢ € H>®(T). Then
T,T; < TsT,.
Proof. For each f € H%(T), by (??), we have
(T Tof, fyue = (Taf, To N uz = [P (@) 72 < 1911172
But, |ofllz2 = llfllL> = l[¢f] 2 and
lef e = I Te iz = (Tof. Tof) 2 = (TeTof, fue.

Thus
<T¢T¢f7f>H2 < <T@Tcpf7f>H27 (f€H2(T))7
which means T, T, < T;T,. O



3.6 The compactness

It is clear that Ty = 0 is compact. In this section we show that this is the only
compact Toeplitz operator.
The Fourier coefficients of an function ) € L*(T) was defined by

27
P(n) = % ; (e e dt, (n€7).

By the Riemann-Lebesgue lemma,

lim (n) = 0.

n—=+oo

In particular, if f,g € L?*(T), then fg € L*(T), and the Riemann-Lebesgue
lemma says

1 2m P — )
: i 7 it —int —
ngrzrl:loo 5 /0 fe™)glet)e dt = 0.
Using the inner product of L?(T), this fact is rewritten as
ng?tloo<ana g9)=0. (3.5)

In technical language, this means that, for each fixed f € L?(T), the sequence
(Xn f)nez weakly converges to zero.

Theorem 3.10. Let ¢ € L>(T). Then the Toeplitz operator T, is compact if
and only if ¢ = 0.

Proof. Clearly Ty = 0 is compact. Now suppose that K is any compact operator
on H?(T). By the triangle inequality,

IMofllz < llof = X To( Pr(x,. f))ll2
+ T (Pi(x, f)) = K(Pi(x,. ))ll2
+ K (Pr(x,. f) )2

for each f € L*(T) and m € Z. By Lemma 3.3,

lim Ix_,,To(Py(x,. [)) — ¢fll2 = 0.

m——00

For the second term, we have

ITe(Py(x,. f)) = K(Pr 0, )2 < 1T = K 1P+ O, DI < 1T = K-

Since, by (3.5), x,, f weakly converges to 0 and K is compact, then

lim_ KP4, f))ll2 = 0.

m

Therefore, we obtain the estimation

1M fll2 < 1T = K1 £1]; (f € L*(T)).



By Theorem 3.1, we conclude that
[elloe < 11T, — K|

for any compact operator K on H?(T). Hence if T, is compact we must have
p=0.
O

Corollary 3.11. Let ¢ € L>®(T), and suppose that ¢ £ 0. Then the linear
manifold R(T,) of H?*(T) is infinite dimensional.

3.7 The operator K,

The notion of K,,, v € M(T), as a mapping on L'(v), was introduced in Section
2.6. In this section, we will be interested by absolutely continuous measures
(with respect to the Lebesgue measure), dv(¢) = ¢(¢)dm(¢), ¢ € LY(T). In
this case, we also write K, for K,, K¢ for Kv and L'(¢) for L'(v). So for
¢ € LY(T) and f € L*(¢), we have

(.01 = [ B2 o),

and K, is a continuous operator from L' () into Hol(C \ T).

In this section, we see that under the slightly stronger condition ¢ € L>(T),
K, is in fact a bounded operator from L?(¢) into H?. We also find its adjoint
and explore the connection between K, and Toeplitz operator T,,.

If ¢ € L?(T), the first formula in Theorem 2.17 is written as

Kp(z) =) ¢(n)z", (z € D), (3.6)

n=0

and thus, by Parseval’s identity,

1 27 : oo R .
3 | K= S pmE e, 0 <r<).
n=0
Hence
Ko € H*(D) (3.7)
and
[EKellz < [lell2- (3.8)

As usual we also use K¢ to denote the corresponding boundary value function
on T which is an element of H?(T). With this convention, (3.6) shows that we
have

Ko =Pio, (3.9)

where P, is the Riesz projection.



If p € L>(T) and ¢ € L%(p), then ¢y € L*(T) and also
Kot = K(p¥) = Py(o9). (3.10)
Hence, by (3.7) and (3.9), K, € H%. Moreover, by (3.8),

1K ll2 = 1K (p9)ll2 < llptllz < el 191l 2(,)-

Therefore,
K,: L*(p) —  H?
v = K(ey)

is a well defined operator whose norm is at most ||ga||éé2 We clearly have

(3.11)

H*(T) c L*(T) C L*(y).

Thus the injection mapping i : H> — L?(y) is well defined. For further refer-
ence, we denote this operator by J,, i.e.

Jo: H? — L3(yp)
o= I

Theorem 3.12. Let ¢ € L>®°(T). Then

(3.12)

K;=J,.
Proof. For each ¢ € L%(p) and f € H?, by (3.9) and (3.10),

<K<p¢7f>H2 = <wa»f>H2 = (Py(p¥), f)uz-

Hence, by Lemma 3.2,
<K<p¢7 f>H2 = <<P¢a f)LQ'
But, directly from the definition,

<<P1/}, f>L2 = <§07 f>L2(gp)-

Hence, we can write
<Ktpw7 f>H2 = <90, Jgaf)Lz(ga)'
This identity shows that K7 = J,. O

Corollary 3.13. Let ¢ € L>°(T). Then
K, J,=1T,.
Proof. Let f,g € H2. Then, by Theorem 3.12,
<K<pJ<pf7 9>H2 = <J<pfv Jcpg>L2(<,p)-

But, right from the definition,

<Js0fa Jgag>L2(go) = <90f7 g>L2-



By Lemma 3.2, we have
(ef,9)e> = (Pr(ef), 9) >
Therefore, for each f,g € H?,
(Kodof,9)m2 = (T f, 9) -
Hence K,J, = T,. O

3.8 Toeplitz operators on generalized Hardy spaces

H(v)

Recall that for ¢ € L*°, the Toeplitz operator Ty, with symbol ¢, is defined
on H? by the formula Ty f = Py(¢f), where Py is the Riesz projection. We
could try to generalize Toeplitz operators to generalized Hardy spaces H?(v),
v € M(T), by using the same formula as in the classical case. In general,
however, P, is not bounded from L?(v) onto H?(v) so this is not possible.
More precisely, the Helson—-Szegbé Theorem gives the following criterion:

Theorem 3.14 (Helson-Szegd, see []). Let v € M(T). The following assertions
are equivalent:

(i) The Riesz projection Py is bounded on L*(v).

ii) v is absolutely continuous with respect to the Lebesgue measure and dv =
ii s absolutel ti ith t to the Leb 7 dd
|h|? dm, where h € H? is an outer function such that dist(h/h, H®) < 1.

(iil) v is absolutely continuous with respect to the Lebesgue measure and dv =
wdm, where w = ", and u,v are real bounded functions, ||v|e < 7/2
and v is the Hilbert transform of v.

(iv) The family (2™)nez is a basis of L?(v).

A different possibily to generalize Toeplitz operators to H?(v) stems from
the observation that when m is in H°°, then T, maps analytic polynomials
to analytic polynomials. Hence we regard T} as a densily defined operator on
H?(v) and ask the question: when is T}, bounded on H?(v)?

Lemma 3.15. Let ¢ € H*® and w € D. Then

(p(w)kw = Z @nTcﬁXnv

n>0
where the series converges in H?(v) and xn(2) = 2", n >0 and z € D.

Proof. 1t is easy to see that

(Toxa)(z) = S 80— )+
j=0

J



and we get

n

D" Toxn(2)] < Y [0 — = ol < nllelloer™,
=0

for all z € T and |w| < r < 1. Since r < 1, the series ) nr™ is convergent qnd
we obtain that the series
—
Z LPXn

n>0

is absolutely and uniformly convergent for z € T and |w| < r < 1. Now using
Fubini’s Theorem, we can write

S @ Toxa(x) = 303 @0 — e

n>0 n>0 j=0

=2 [ Do et e |+

>0 \n>j

—Zoﬂzﬂ Zg& n—jw

j=0 n>j

_E (JJJZJ

>0 n>0

S @)

Jj=0

So we get that the series

Z o™ @Xn(z)

n>0

converges to ¢(w)k,(z) uniformly for z € T and |w| < r < 1. Therefore the
convergence is also in H?(v) for each fixed w € D.
O

Theorem 3.16. Suppose that m belongs to H*°. The operator Ty, is bounded
on H%(v) if and only if the map

kw — m(w)ky,

extends to a continuous linear operator on H?*(v).



Note that this theorem is not a tautology because we define a priori the
Toeplitz operator Ty on the set of analytic polynomials and not on the dense
set of ky, w € D.

Proof. Suppose first that T}, is bounded on H?(v) and fix w € D. Since

1 =
n=0

converges uniformly on T, the series converges also in H?(v). Hence
+oo
kaw = E wnTmZn
n=0

with the series converging in H?(v). By Lemma 3.15, we know that this series
converges to m(w)k,, in H?(v), for each fixed w € D. Hence Ty, ky = m(w)ky,
and using Theorem 2.13, we conclude that Ty is itself the continuous linear
extension to H2(v) of the map k,, — m(w

Vw
Now suppose conversely that the map k,, — m(w)k, extends to a con-
+oo

tinuous linear operator T on H2(v). Since ky,(z) = w"2" in H?(v), we
0

n=

have

+oo
Tk, = Z WX p-
n=0

But Tk,, = m(w)k, and by Lemma 3.15, we also have

+oo

n=0

Therefore we get
—+oo —+oo
> 0" Taxn = Y 0" Txn-
n=0 n=0

Remark now that these two power series in w represent two conjugate analytic
functions in I and thus their coeflicients must be the same. So

TXTL = LmXn, n Z Oa

which proves that T is the continuous linear extension to H?(v) of Ty,.






Chapter 4

The spaces M(A) and H(A)

4.1 The space M(A)

Suppose that H; is a Hilbert space, Hs a set and A : H; — Hs a set bijection
between Hi and Hs. Then the map A can be used to transfer the Hilbert space
structure of H; to Hy. It is enough to define

(Az, Ay) u, = (,9) (4.1)

for each z,y € Hy. The algebraic operations on Hs are defined similarly. If
Hj is a linear space and A is an algebraic isomorphism between H; and Hs the
latter requirement is already fulfilled.

The notation R(A) was used to denote the range of an operator. This
notation remains valid whenever we look at R(A) as a set. In the following we
are going to define a Hilbert structure on R(A) which is imposed by A. Hence we
will use M(A) to denote the range of A endowed with that structure. Therefore,
the equality R(A) = R(B) means that the ranges of A and B as linear manifolds
are equal, while M(A) = M(B) says that not only R(A) = R(B) holds, but
also they have the same Hilbert space structure, i.e.

Hw”M(A) = ”w”M(B)

for all possible w.

Suppose that H; and Hs are Hilbert spaces and that A € £L(Hq, Hy). By the
first homomorphism theorem, the operator A induces an isomorphism between
the quotient space Hy/ker A and M(A). Hence, by (4.1), the identity

(Az, Ay) pm(a) = (x + ker A,y + ker A) g, jier A, (x,y € Hy), (4.2)

defines a Hilbert space structure on R(A). The norm of  + ker A in Hy/ker A
is originally defined by

||{E + ker AHHl/kerA = zeiknefrA Hil' + Z”Hl

45



But, we easily see that
|z + ker Allg, jker 4 = |1 Pierayr |, (z € Hy).
Hence, by the polarization identity, we have
(x +ker A,y +ker A) g, jker A = (Plierayt T, PlierayL Y) iy » (v,y € Hy).
Moreover, it is also easy to verify that
(Pkerayr T, Pirer ayrY) iy = (%5 Perayr )y = (Plrera)t T, Y) i, -
Therefore, the definition (4.2) reduces to
(Az, Ay may = (Plrerayr @ Plrerayry) o,

<£L’, P(kerA)J-y>H1
- <P(kerA)lxv y>H1 (43)

for each x,y € Hy. In particular, for each x € Hy,
[Az|| mcay = 1 Pgerayr @l o, (4.4)
Moreover, if at least one of = or y is orthogonal to ker A, then, by (4.3),
The rather trivial inequality
[Az[| pmay < [zl (z € Hy), (4.6)

will also be frequently used.

On M(A) we now have two structures. The old structure inherited from Hj
and the new one imposed by A. In the following, we always assume that M(A)
is endowed with the latter structure. If this is not the case, we will explicitly
mention that. To explore the relation between these two structure, note that A
is a bounded operator, and thus

1Az 11, = | APeray- @l y < AN Pkeray e llm,, ( € Hy).
Therefore, by (4.4),
Az m, <[[A[AZ] r1(a), (z € Hy). (4.7)
This inequality means that the inclusion map

w — w

is continuous. That is why we say that M(A) is boundedly contained in Hs.
If A is a contraction, i.e. ||A]| < 1, then we say that M(A) is contractively
contained in Hy. If

lwllpmcay = llwll e, (w e M(4)),



we naturally say that M(A) is isometrically contained in Hs.

Let M be a linear manifold in a Hilbert space H. We do not assume that M is
closed in H. Suppose that M equipped with an inner product, not necessarily
the same inner product as in H, is a Hilbert space. Then we say that M is
boundedly contained in H if the inclusion map

i: M — H
w o o— w

is continuous. If 7 is a contraction, we say that M is contractively contained in
H, and finally if ¢ is an isometry we say that M is isometrically contained in
H. Note that M = M(i) and the definitions given in this paragraph for M are
consistent with those in the preceding one for M(i).

Our first result shows that if A € L(H) is an orthogonal projection, then in
fact we do not obtain a new structure on M(A). The Hilbert space structure
of M(A) is exactly the one it has in the first place a closed subspace of H.

Lemma 4.1. Let M be a closed subspace of H, and let Py; denote the orthogonal
projection on M. Then M(Pyr) = M and

lwllmcpay = llwlla, (w e M).

Proof. The set identity M(Py;) = M is an immediate consequence of the def-
inition of an orthogonal projection. Since M is closed, (M*)* = M. Also
remember that ker Py; = M~+. Hence, by (4.4),

| Prrl amcpar) = 1 Pkerpary- lle = 1Pyl m, (z € Hy).

Exercises

Exercise 4.1.1. Let H be a set endowed with two inner products whose
corresponding norms are complete and equivalent, i.e.

cllzlly < flzflz < ], (z € H),

where ¢, C' are positive constants. Show that (H, (-,-)1) is boundedly contained
in (H,{-,-)2), and vice versa.

Exercise 4.1.2. Let (X,.A) be a measurable space, and let p and v be two
positive measures on the o-algebra A. Suppose that

H(E) < v(E) (4.8)



for all E € A. Show that L?(v) is contractively contained in L?(1).
Hint: The assumption (4.8) can be rewritten as

/XEdMS/XEdV7
X X

where y g is the characteristic function of E. Take positive linear combinations,
and then apply the monotone convergence theorem to obtain

/wduﬁ/sodv
X X

for all positive measurable functions ¢. Hence || f||z2(u) < [fllL20)-

Exercise 4.1.3. Let ¢ € L°°(T), and consider the multiplication operator
M, : L*(T) — L*(T)
I — ef
which was studied in Section 3.1. Show that

1 : 2
etlaon = (o [ era)’, erm

and that
1

(e fpghmn,) = 5 /T\E F(e) g(e®) dt, (f,g € L*(T)),

where E = {( € T : ¢(¢) = 0}.
The first identity implies that M(M,,) = ¢ L?(T) is contractively contained
in L?(T). Under what condition M (M,,) is isometrically contained in L?(T)?

Exercise 4.1.4. Let O be an inner function for the open unit disc, and let

Mg : H?*(D) — H?*(D)
F — OF.

Show that
1OF | Moy = IFllz2m) = OF || 2(m) (F € H*(D)).

Thus M(Mg) = ©OH? is isometrically contained in H?(D).
Hint: Mg is injective and |O] = 1 almost everywhere on T.
Remark: The subspaces © H?(D) are called Beurling subspaces of H?(D). Ac-
cording to his celebrated theorem, these are the only closed subspaces of H?(DD)
which are invariant under the forward shift operator S = M,, i.e.
S: H?*(D) — H?*D)
F — zF.



4.2 Contractive inclusion of M(A) in M(B)

Let A € L(Hy,H) and B € L(Hy,H). Suppose that there is a contraction
C € L(Hy, Hy) such that A = BC. In the first place, since for each € Hy,
Az = B(Cx), we have the set inclusion
R(A) C R(B).
Secondly, by (4.6) and that ||C| < 1,
| Azl aam) = IBC sy < IC ], < llallin-
By (4.4), replacing x by Pje,a)1 @ gives us
[Az[| pmm) < 1 A%( p(a), (z € Hy).

Hence, M(A) is in fact contractively contained in M(B). We use Douglas’
factorization theorem (Theorem 1.1) to show that the existence of C is also
necessary for the contractive inclusion of M(A4) in M(B).

Theorem 4.2. Let A € L(Hy,H) and B € L(Hy,H). Then R(A) C R(B) and
the inclusion

i: M(A) — M(B)

w — w

is a contraction if and only if AA* < BB*.
Proof. If AA* < BB*, then, by Theorem 1.1, there is a contraction C' €
L(Hy, Hy) such that A = BC. Hence, as we discussed above, M(A) is con-
tractively contained in M(B).

To prove the other direction, suppose that the set inclusion R(A) C R(B)
holds and moreover ||w|arqp) < ||wlaa) for all w € M(A). An element
w € M(A) is of the form w = Az with some x € Hy. Hence for each z € H;
there is y € Hy such that

Az = By. (4.9)
The element y is not necessarily unique. However, if By = By’, with y,y’ € Ho,

then B(y —y') = 0 and thus y — 3" € ker B. In other words, Pye,p)Ly =
Pirerpyry’. Therefore, the map

c: H — H,
r  — Pyerp)ry,
where y € Hs is given by (4.9), is well defined and
BCz = BP(jerp)ry = By = Ax, (x € Hy).
In short, A = BC. Moreover, by (4.4) and (4.6),
1Czll, = |Pkernyryllm,
I Byl| m(m)
= Azl ms)
Az am1(a)

[l -
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Hence C' is a contraction. Thus, by Theorem 1.1, AA* < BB*.
O

We mention two corollaries. The first one follows immediately from the
Theorem 4.2. We remind that M(A) = M(B) means R(A) = R(B) and they
have the same Hilbert space structure.

Corollary 4.3. Let A€ L(Hy,H) and B € L(Ho, H). Then
(i) M(A) = M(B) if and only if AA* = BB*.
(ii) M(A) = M(|A]), where |A| = (AA*)Y/2,

Corollary 4.4. Let A€ L(Hy,H). Then M(A) is a closed subspace of H and
lwl|pmeay = l|lw|le for each w € M(A) if and only if A is a partial isometry. In
this case, we have the set identity

M(A) = R(AA*).

Proof. If A is a partial isometry then, by Theorem 1.7, P = AA* is an orthog-
onal projection and thus |A| = P. Hence, by Corollary 4.3(ii), M(A) = M(P)
and [|w|| a4y = [[w||pmepy for each w € M(A). But, by Lemma 4.1, M(P) is a
closed subspace of H and [|w||(py = [|w||m for each w € M(P).

Now suppose that M = M(A) is a closed subspace of H. Let Py € L(H)
denote the orthogonal projection on M. The set identity M(A) = M(Pyy) is
trivial. Then, by Lemma 4.1 and our assumptions, we have ||w|[ ¢4y = ||w||z =
lw|| APy for each w € M(A). Hence, by Corollary 4.3(i),

AA* = Py P}, = Py

Therefore, again by Theorem 1.7, A is a partial isometry. O

Exercises

Exercise 4.2.1. Let A € L(H,,H) and B € L(H,, H). Show that M(|4]) =
M(|BJ) if and only if |A| = |B|.
Hint: Use Corollary 4.3(i) and Theorem 1.4.

Exercise 4.2.2.
Hint:

Exercise 4.2.3.
Hint:



4.3 Linear functionals on M(A)
Let A € L(H;, Hs). Suppose that
A Hy — C

is a bounded linear functional on Hs. Then, by Riesz’ theorem, there is a unique
w € Hs such that
Az = (z,w)p,, (z € Hy).

According to (4.7), the inclusion map

is continuous. Hence

Aoi: M(A) — C

is a bounded linear functional on M(A). Thus, again by Riesz’ theorem, there
is a unique w’ € M(A) such that

(Aoi)(2) = (z,w') m(a), (z € M(A)).

We want to find the relation between w and w’. Note that Ao is the restriction
of A to M(A) and thus, abusing the notation, we may also use A instead of
Aoi.

Theorem 4.5. Let A € L(H,,Hs). Let w € Hs, and let
Az = (z,w)py,, (z € Hy),
be the corresponding bounded linear functional on Ho. Then its restriction
A:M(A) —C
is a bounded linear functional on M(A) and
A(Ax) = (Az, AA™ W) pm(a), (x € Hy).

Moreover,
Al mcay = [ A"w]| &, -

Remark: By Riesz’ theorem
1Al = lwll,.
Proof. By the definition of adjoint operator,
A(Ax) = (Az,w) g, = (z, A"w) i, (x € Hy).
But, by Theorem ?7(vii),

A*w € R(A*) C (ker A)*.



Hence, by (4.5),
(x, A"w) g, = (Azx, AA"W) pm(a), (x € Hy).
Therefore, A(Ax) = (Az, AA*w) rq(4). This representation shows that
A pcay = [[AA W] pa)-
However, by (4.4), we have

[AA W] pmea) = [ A" w5, -

Exercises

Exercise 4.3.1.
Hint:

Exercise 4.3.2.
Hint:

Exercise 4.3.3.
Hint:

4.4 The complementary space H(A)

If A is a Hilbert space contraction, then
H(A) = M((I — AA")Y?)

is called the complementary space of M(A). The intersection M(A) NH(A) is
called the overlapping space. In the rest of this chapter we study H(A) and its
relation to M(A).

Lemma 4.6. Let A € L(Hy,H) be a contraction. Then H(A) is a closed
subspace of H and ||wl||ya) = |wllg for each w € H(A) if and only if A is a
partial isometry. In this case,

H(A) = R(I — AA*).

Proof. By Corollary 4.4, H(A) is a closed subspace of H and [[w||p(a) = [|w||a
for each w € H(A) if and only if (I — AA*)'/? is a partial isometry. By Theorem
1.7, this happens if and only if I — AA* is an orthogonal projection. Clearly I —
AA* is an orthogonal projection if and only of AA* is an orthogonal projection.
Finally, again by Theorem 1.7, AA* is an orthogonal projection if and only if A
is a partial isometry. O



Lemma 4.7. Let A € L(Hy, H3). Then, with respect to the Hilbert space struc-
ture of M(A), the linear manifold M(AA*) is dense in M(A).

Proof. In the first place, note that
M(AA*) Cc M(A) C Hy

and thus M(AA*) is indeed a linear manifold of M(A).

To show that M(AA*) is dense M(A) we use the standard Hilbert space
technic. If 0 is the only vector in M(A) which is orthogonal to M(AA*), then
this linear manifold is dense in M(A). Thus let w € M(A) be such that

(w, 2) pa) =0

for all z € M(AA*). We need to show that w = 0. By definition, w = Az,
for some z € Hy, and z = AA*y, where y runs through Hs. Without loss of
generality, assume that « L ker A. Hence, by (4.5),

0 (w, 2) m
= (Az, AA y> A)
= (&, AY)u,
= <A$ y>H2
= <’LU y>H2
for all y € Hy. Therefore, w = 0. O

Corollary 4.8. Let A € L(H;, Hs) be a Hilbert space contraction. Then, with
respect to the Hilbert space structure of H(A), the linear manifold M(I — AA*)
is dense in H(A). Moreover, for each z € Hy and w € H(A),

1T~ AA)2lByay = T = AAY P22 )3, = el — [1A4%2]%,

and

(w, (I — AA™)2)3(a) = (W, 2) i, -

Proof. Tt is enough to consider the self adjoint operator (I — AA*)Y/? € L(H>)
and apply Lemma 4.7 to see that M(I — AA*) is dense in H(A).

To prove the first relation, note that (I — AA*)Y2z L ker (I — AA*)Y/2.
Thus

I — AA")z2|30) = I AA22|13,
(I — AA)Y 22 (I — AAY22) y,
= ((I—-AA")z,2)pm,

2 2
121, = 14721,



For the second, we write w = (I — AA*)'/?w’, where w’ L ker (I — AA*)Y/2,
Hence, by (4.5),

(w, (I — AA*)z)qa) = (I —AA")Y20/, (I — AA")z)3a)
w', (I —AA)22)y,
(I — AAY2u' 2) g,

7Z>

(
(
(
{w

Exercises

Exercise 4.4.1. Let A € L(H,, H). Show that

lwllaay < NAllcea,, m) lwllamaas, (w € M(AA™)).

Exercise 4.4.2. Let A € L(H;,H3) be a Hilbert space contraction. Show
that
[wllzcay < lwllma-aa), (we M(I—-AA")).

Hint: Apply Exercise 4.4.1.

4.5 The Halmos intertwining theorem

To further study these spaces the following intertwining relation is needed.

Theorem 4.9 (Halmos). Let A € L(Hy, Hs) be a Hilbert space contraction.
Then
A(I — A*A)V? = (I — AA")'/2A.

Proof. We obviously have A(I — A*A) = (I — AA*)A. Hence, by induction,
A(l — A*A)" = (I — AA*)™A holds for any integer n > 0. Therefore, for any
polynomial p,

Ap(I — A*A) =p(I — AA™) A.
By Corollary 1.5, there is a sequence of polynomials (p,)n>1 such that
pu(l — A*A)x — (I — A*A)Y2%z and  p,(I — AA" )z — (I — AA*)Y %,
for each x € H. Thus the required identity follows immediately. O
Replacing A by A* in Halmos’ theorem we obtain the equivalent identity

A*(I — AA)Y2 = (I — A*A)Y/? 4%, (4.10)



4.6 The Lotto—Sarason theorem

In this section we explore the relation between H(A) verses H(A*). In particular,
we obtain a frequently used identity which exhibits the bridge between the inner
product in H(A) and H(A*).

Theorem 4.10 (Lotto—Sarason). Let A € L(Hy,Hs) be a contraction, and
let w € Hy. Then w € H(A) if and only if A*w € H(A*). Moreover, if
wy,we € H(A), then

(w1, wa)3a) = (A"w1, A"wa) gy (a+) + (W1, w2) m, -
Proof. Replacing A by A* in the intertwining relation (Theorem 4.9) gives
AT — AAY2 = (I — A*A)1 /24~
Hence the set inclusion A*H(A) C H(A*) follows which is equivalent to say that
w € H(A) = A*w € H(AY).

Now, let w € Hs be such that A*w € H(A*). Thus, by definition, there is
x € Hy such that
A*w = (I — A*A)?z.

By the intertwining relation, the trivial identity
w= (I — AA")w + AA*w = (I — AA*)w + A(I — A*A)Y %
is rewritten as
w= (I —AA)2((I - AA")V 2w + Ax). (4.11)

Hence w € H(A).
To prove the identity for the inner products, let wy,ws € H(A). Hence,
A*wy and A*wy € H(A), i.e. there are x1, 22 € H; such that

A*wy, = (I — A*A) 2z, (k=1,2). (4.12)

Without loss of generality we assume that x;, | ker (I—A*A)'/2 and remember
that ker (I — A*A)Y/? = ker (I — A*A). Therefore, by (4.5),

(A% wy, A*wa)pyaxy = (21, T2) H, - (4.13)
Moreover, by (4.11), we have wy, = (I — AA*)Y/22;, where 2, € Hy is given by
2 = (I — AA)Y 2wy, + Ay, (k=1,2). (4.14)

At this point it is important to observe that

zi L ker (I — AA"), (k=1,2).



As a matter of fact, for each w € ker (I — AA*), we have
(I—-A"A)(A*w)=A"(I - AA" ) w =0
which means A*w € ker (I — A*A). Then
(wyzk)g, = (w,(I— AA)Y 2y, + Az p,
= (I —AA)Y2w,wi) g, + (A*w, z) g, = 0.

Again we used the fact that ker (I — AA*) = ker (I — AA*)Y/2.
Therefore, by (4.5),

(w1, wa)p 4y = (21, 22) H,- (4.15)
To obtain the required result, we expand (z1, z2) ir,. Hence, by (4.14),
(

I -
(I — AA)Y 20y, (1 — AA) Y 2ws) gy,

(I — AAY 2wy + Az, (I — AA*)Y 2wy + Axo)p,
(

+ (Azy, (I — AA")YPwy)p,
(
(

<w17w2>H(A) =

+ (I — AA)Y 2wy, Ao,
+ A.’Bl, > Hy-

Let us simplify the right side. Thus
(I — AAY 2y, (I — AA)Y 20V, = (I — AA")wy, ws)m,
= <w1,1U2>H2 - <A*1U1,A*QU2>H17
and, by intertwining relation and (4.12),

<A£L’17(I— AA*)1/2w2>H2 = <(I—AA*)1/2A$1,IU2>H2
(A(I — A* A 22y wa) mr,
= <A*w1,A*w2>H1.

Similarly,
(I — AA)Y 2wy, Axo) g, = (A*wy, A*ws)

Finally, by (4.12),

(A wy, A*wy) g, = ((I—A*A)Y 20y, (I — A*A)YV225) g,
= (I —-A"A)xy,22) 1,

= (v1,22)m, — (Az1, Az2)H,
Therefore, the preceding identities imply
(w1, wa)3(a) = (W1, w2) 1, + (T1,22)H, -

By (4.13), this is the required identity. O



Corollary 4.11. Let A € L(Hq, Hs) be a contraction. Then a vector x € H;
belongs to H(A*) if and only if Ax € H(A). Moreover, if x1,x2 € H(A*), then

(T1,m2)3(a%) = (Az1, AT2)39(0) + (T1,22) H, -

Exercises

Exercise 4.6.1. Let A € L(Hy, Hy) be a contraction, and let w € H(A).
Show that

lwll3ya) = A w3y a0y + lwlF, -

Hint: This immediately follows from Theorem 4.10.

4.7 The overlapping space

Let A € L(H1, Hs) be a Hilbert space contraction. In Section 4.4, the intersec-
tion M(A) NH(A) was called the overlapping space. We first we find a formula
for the overlapping space.

Lemma 4.12. Let A € L(H;, H3) be a contraction. Then
M(A)NH(A) = AH(A").

Proof. By Corollary 4.11, AH(A*) C H(A). Moreover, by definition, A H(A*) C
M(A). Hence AH(A*) C M(A) NH(A).

To prove the other inclusion, let w € M(A)NH(A). Therefore, w = Az, for
some x € Hy, and Az € H(A). Thus, again by Corollary 4.11, we necessarily
have x € H(A*), and this means w = Az € AH(A*). O

We naturally wonder when the overlapping space is trivial. We are now able
to fully characterize this case.

Theorem 4.13. Let A € L(Hy, Hz) be contraction. Then the following are
equivalent.

(i) A is a partial isometry;

(ii) M(A) is a closed subspace of H and inherits its Hilbert space structure;
(11i) H(A) is a closed subspace of H and inherits its Hilbert space structure;
(iv) M(A) and H(A) are orthogonal complements of each other;

(v) M(A)NH(A) = {0};
(vi) H(A*) C ker A.



Moreover, under the preceding equivalent conditions, we have the orthogonal

decomposition
H=M(A)+H(A).

Proof. (i) <= (#i) Proved in Corollary 4.4.

(i) <= (i4i) Proved in Lemma 4.6.

(i) = (iv) If A is a partial isometry, then M(A) and H(A) are the range
of complementary orthogonal projections AA* and I — AA*. Hence M(A) and
H(A) are orthogonal complements of each other.

(tv) = (v) Trivial.

(v) <= (vi) This is an immediate consequence of Lemma 4.12.

(vi) = (i) By assumption A (I—A*A)Y/2 = 0. If so, then also A (I—A*A) =
0. Hence A = AA*A which implies (AA4*)? = AA*. In other words, AA* is an
orthogonal projection. Therefore, by Theorem 1.7, A is a partial isometry.

O

4.8 Decomposition of H(A)

If an operator decomposes as A = AsA; we naturally ask about the relation
between H(A) on one hand, and H(A;) and H(Az) on the other hand. In this
section we address this question.

Theorem 4.14. Let Ay € L(H3, Hy) and Ay € L(Hy, Hy) be contractions, and
let A= AsAi. Then the following hold.

(i) H(A) decomposes as
H(A) = Ay H(A1) + H(A2).
(i) If w € H(A) has the representation
w = Aswi + wa,
where w; € H(A;), then
lwllay < lwrlFyca,y + llwall3 a,)-

(#ii) For each w € H(A) there is a unique pair of w1 € H(A1) and wy € H(As)
such that w = Aswy + we and

||w||34(A) = HUHH%(AI) + ||w2||3{(A2)~
(iv) H(Asg) is contractively contained in H(A).
(v) The operator As acts as a contraction from H(A;) into H(A).

PT’OOf. (1) Let Bl = AQ(I - AlAT)1/2 S £(H1,H2) and BQ = (I — A2A§)1/2 S
L(H>).



Figure 3.1: The factorization A = Ay A,
Then

[—AA* = T—(AsA))(AsAy)”
= Ayl — AL AT)A; + (I — A243)
— BB 1 ByB;
BB*

where B = [B; By] € L(H; @ Ha, Hz). Therefore, by Corollary 4.3(ii),

H(A) = M((I-A47)"?)
= M(B)
= M(By)+ M(Bs)
= A M((I— A AD?) + M((I - AA5)'?)
= Ay H(A1) + H(A2).

Note that H(A) and M(B) have the same Hilbert structure.
(ii) If w = Aswy + we with w; € H(A;), then we can write w; = (I —
AiA;‘)l/zxi with x; L ker(I — A;A}). Then have

w = Aswi+ wy

Ag(I — Ay AN 20y + (I — Ay A3)Y %2y
Bixy 4+ Baxo

B(z1 @ x2).

Therefore, by Corollary 4.3(ii) and (4.4),

lwll3ay = lwliasm
| B(z1 & x2) |3

IN

21 @ 22l H, g 11,

1l + Nz,

= Jlwil3a,) + lw2lB3yay)-
(iii) Among all possible representations
w = Ayw; + we = B(x1 & 2),

if we choose x1 and x5 such that x1 ® zo L ker B, then, in the light of (??), we
certainly have x; L ker(I — A;Af). Hence in the last paragraph of (ii) equality
holds everywhere. Thus this choice of ;1 and x5 gives at least a suitable pair
wy and wy for which ||w|\3_t(A) = ||w1|\3{(A1) + ||w2||3_L(A2) holds. But, to have
this equality, we certainly need x1 @ xo L ker B and this choice of x1 @ x5 is
unique. Hence, in return, wy; and ws are unique.



(iv) By (i), H(A2) C H(A). For each wy € H(Asz), consider w = A0 + ws.

Hence, by (ii),
[wal3ca) < llwal2a,)-

This means that H(Asz) is contractively contained in H(A).

(v) By (i), AoH (A1) C H(A). For each wy € H(A1), consider w = Aswy +0.
Hence, by (ii),

[Azwill3a) < llwillaga,)-

This means that Ay acts as a contraction from H(A;) into H(A). O

In part (iii) of the preceding theorem the existence of a unique pair of w;
and wy was established. However we did not present a procedure or formula to
find them. Indeed we are able to do this just in a special case. In Corollary 4.8,
we saw that M(I — AA*) is dense in H(A). Let w € M(I — AA*). Hence there
is y € Hy such that

w= (I —AA")y. (4.16)

Let
x1 = Bly and xo = BJy.

Then, by Theorem ?7?(xi),
T, @ xy = Bjy® By = B*y € R(B*) C (ker B)™.
Moreover,
B(z1 @ x2) = Byx1 + Boxo = (B1 By + B2B3)y = BB*y = (I — AA")y = w.
Therefore, the unique pair is obtained by
wy = (I — A ANV 22 = (I — A A} Aby (4.17)

and
wy = (I — AgA5) Y22y = (I — AxA3)y. (4.18)

The relation
H(A) = M(B) = M(B1) + M(Bz) = Ay H(A1) + H(Az)
shows that the decomposition
H(A) = Ag H(Ar) + H(A2)
is an algebraic direct sum of Ay H(A;) and H(Az) if and only if
ker B = ker B1 & ker Bs.
Assuming the decomposition is an algebraic direct sum, if
w = Aswy + wy = Aqw] + w)

then we necessarily have Ajw; = Asw| and wy = w). Hence the choice of ws
in the representation w = Asw; + wo is unique. However, still there is some
liberty for w;.



Corollary 4.15. Let Ay € L(Hs, H1) and Ay € L(H;, Hs) be contractions, and
let A= AsAq. Suppose that the decomposition

H(A) = A, H(Al) + H(AQ)
is an algebraic direct sum. Then the following hold.
(i) H(A2) is contained isometrically in H(A).

(i1) Relative to the Hilbert space structure of H(A), AaH (A1) and H(Asz) are
complementary orthogonal subspaces of H(A). In other words, the decom-
position H(A) = Ay H(A1) + H(As2) is fact an orthogonal direct sum.

(i1i) The operator Ay acts as a partial isometry from H(A1) into H(A).

Proof. We use the notations appeared in Theorem 4.14. The main ingredient
of the proof is the relation (77?).

(i) Let wy € H(As). Hence wy = Boxy = (I — AgA%)Y 22y with x5 € Ho.
Therefore, by (77),

lwallnay = lwallmes

[ Baz2l| pm(m)
= |[|B(0& z2)|lmp)
Hp(kev"B)L(O S5 w2)|‘H1@H2

HO (S5 P(keng)l'r2||H1@H2

| Pkera) - 2|l o,

= [|Bamal| m(By)

= [Jwall3(a,)-

Hence H(Az) is contained isometrically in H(A).

(ii) By part (i), with respect to the structure of H(A), H(Asz) is a closed
subspace of H(A). By Theorem 4.14(ii), [[Asw1ll3a) < |willp(a,). In the
light of part (iii) of that theorem and our assumption that the decomposition
is an algebraic direct sum, it is possible to choose wy such that ||Azw: |34y =
llw1]|24(a,)- This observation shows that AoH(A;) is also a closed subspace of
H(A).

Let w; € H(A;), i = 1,2. Hence w; = (I — AA*)Y2z; with z; € H;.
Therefore, by (?77?),

(A2w1, wa)p(a) (Agw1, w2) pm(B)

(B1w1, Baz2) pm(B)

= (B(z1©0),B(0® x2)) m(B)
(PikerByt (1 ®0), Pirerpyr (0 © 72)) 1y 001,
(PlkerBy)+®1 © 0,0 © Perpy)t T2) Hy0H,
(

P(k:erBl)ixla O>H1 + <07 P(kerBz)ix2>H2 =0.



Hence Ay H(A1) and H(Asz) are complementary orthogonal subspaces of H(A).
(iii) Let us use temporarily the notation Ay : H(A;) — H(A) for the restric-
tion of As : Hy — Hy to H(A1). Hence ker Ay = (ker As) N H(A1). To show
that A, is a partial isometry, we need to verify that if w; is orthogonal to ker A,
with respect to the inner product of H(A1), then ||wi|l3(a,) = [|[A2w1 3 a)-
Fix w; L ker Ay, and let « € ker By. Then (1 — A1A§)1/2m € ker Ay. Hence

(wi, (1= A1 AD)Y22)g0a,) = 0. (4.19)

Write wy = (I — AlA*{)l/Qxl with z; € H; and, without loss of generality, let
x1 be orthogonal to the ker (I — A; A}) with respect to the inner product of Hj.
Therefore, by (4.5) and (4.19), we have (z1,x) g, = 0. By Theorem 4.14(iii), we
thus obtain ||A2w1||H(A) = ||’LU1||7_£(A1).

O

4.9 Decomposition of H

Let H be a Hilbert space and let M be a closed subspace of H. By Corollary
??, we have H = M @ M*. On the other hand, by Lemma 4.1, we have
M(Pyr) = M and H(Py) = M+, and thus we can write H = M(Py) ®H(Pay).
In this section, we generalize this result.

Theorem 4.16. Let A € L(H;, H) be a Hilbert space contraction. Then
H=M(A)+H(A).

For each decomposition w = wy +ws, withw € H, w; € M(A) and wy € H(A),
we have

lwllF < oy + lwall3ay-
Moreover,
lwlFr = lwillRaca) + lw2llFya
if and only if
wy, = AA™w and we = (I — AA™w.
Proof. In this proof we write T instead of A. This is because we want to apply

Theorem 4.14 and use the notations there, but the operator A which appears
in that Theorem is not the same as one introduced here.

Figure 3.2: The factorization 0 = A0

Consider the decomposition

0 = 70,



where on the left side we have 0 € £L(H;, H) and on the right side 0 € L(H;).
Hence we have A = Ay A with A=0¢€ L(Hy,H), Ay =T and A; =0 € L(H;).
Also note that

H(A) =H and H(Al) = Hl.

The diagram in Figure 3.1 simplifies as follows. Thus the decomposition H(A) =
AsH (A1) + H(As2) obtained in Theorem 4.14(i) is written as

H=TH +H(T)=M(T)+H(T)
and if z = Tzy + 2o with z; € Hy and z2 € H(T), then, by Theorem 4.14(ii),
I201% < =l + lz2llyr)-
In particular, if we take z; 1 ker T, we obtain
1213 < 17213y + 223y
Finally, by (4.16), (4.17) and (4.18), the unique pair z; and 2z for which
1207 = Nzl + llz2l3yr)

holds are given by
z21=(1—A1A7)A 2 =T"z

and
29 = (I — AgAY)z= (I —TT")z.
But
21 € R(T*) C (ker T)*
implies ||21]/m, = [|[T21/|am(r)- To be consistent with the notation of theorem,
just take w = z, wy = Tz and ws = 2z5. O

We are now able to add one more item to the equivalent conditions mentioned
in Theorem 4.13.

Corollary 4.17. Let A € L(H1, H) be a contraction. Then the decomposition
H=M(A)+H(A)
is an algebraic direct sum if and only if A is a partial isometry.

Proof. 1t suffices to apply Theorem 4.13! O






Chapter 5

Hilbert spaces in H?

In this chapter, our ambient Hilbert space is H2, the Hardy space of analytic
functions on the open unit disc D, or equivalently their boundary values on the
unit circle T. Using contractive Toeplitz operators on H?, we apply the theory
developed in Chapter 4 to obtain some Hilbert spaces of analytic functions which
live in H2. Understanding the structure of these spaces is the principal goal of
this text.

5.1 The space H(b)

Let ¢ € L*°(T) with ||¢]lec < 1. Then, by Theorem 3.4, the corresponding
Toeplitz operator T, is a contraction on the Hilbert space H?. Hence the
Hilbert spaces M(T,) and H(T,) are well defined. For simplicity, we denote
the complementary space H(T,) by H(y). By the same token, the norm and
inner product in #H(y) will be denoted by || - ||, and (-, ).

Our main concern is when ¢ is a nonconstant analytic function in the unit
ball of H*°. In this case, by tradition, we use b instead of . Therefore, from
now on, we assume that

(i) be H™,
(i) b is nonconstant,
(iii) and ||b|leo < 1,

and the corresponding Hilbert spaces created by T}, are denoted by M(b) and
H(b), i.e.
M(b) = M(Tp)

and
H(b) = M((I — T,T3)'/?).

To better understand the structure of H(b) we will also naturally face with

H(B) = M((I - T;T) ).
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The structure of M(b) is simple. Indeed, directly from the definition, we obtain
the set identity
M(b) = bH?.

Moreover, since T}, is injective, for each f € H?, we have

oS ey = 11/ 1l (5.1)

Lemma 4.12 also implies

M(b) NH(b) = Ty, H(b). (5.2)

Theorem 5.1. The space H(b) is contractively contained in H(b). Moreover,
f €M) if and only if T5f € H(b) and

<fag>b = <fa g> + <T5fa T59>57 (fag € H(b))

Proof. By Theorem 3.9,
I-T;T, < I -TpT;.

Hence, by Theorem 4.2, M( (I —T;Ty)*/?) = H(b) is contractively contained in
M((I = TyT,)7?) = H(b).

The relation between the inner products of H(b) and H(b) is a special case
of Lotto—Sarason theorem (Theorem 4.10). O

5.2 Model subspaces Kg

For each b in the unit ball of H* we have

H(b) = M((I~TyT)" ) = M(T2,0).

Hence, if b is inner, then H(b) = {0}. But, in this case, M(b) and H(b) have
rich structures. If b is not inner, in the light of M(Ti_p2 ) C /\/l(Tllﬁbl2 ), the

Corollary 3.11 ensures that (b) is infinite dimensional.

Theorem 5.2. The complementary space H(b) is a closed subspace of H* and
inherits its Hilbert space structure if and only if b in inner. Moreover, in this
case,

M(b) = bH? and H(b) = (bH?)™ .

Proof. By Lemma 4.6, H(b) is a closed subspace of H? and inherits its Hilbert
space structure if and only if Ty is a partial isometry. But, by Theorem 3.6, this
happens if and only if b is inner.

The relation M(b) = bH? is indeed valid for any b. But, for an inner b,
Ty is a partial isometry and thus, by Theorem 4.13(iv), M(b) and H(b) are
orthogonal complement of each other. O



Again by tradition, we write © instead of b when it is an inner function. The
space M(0) is the subset O H? of the Hardy space H?. Moreover, since © is
unimodular, by (5.1), we have

10flme) = I flerz = 1O f |2, (f € H?).
We can equivalently say
lgllrme) = llgllr=, (9 € M(O)).

That is why it is legitimate to say that M(©) is the closed subspace @ H? of
H?.

Indeed, they are also called Beurling subspaces of H2. A. Beurling showed
©H?, O inner, are the only closed invariant subspaces of H2? under the forward
shift operator. Hence, their orthogonal complements, i.e. H(©), are the only
closed subspaces of H? which are invariant under the backward shift operator.
We emphasize that we only considered closed subspaces of H2. Theorem 5.7
below shows that H? has other invariant linear manifolds too. These subspaces
are usually denoted by Kg and called the model subspaces of H?.

Here we give another useful description of space Kg.

Lemma 5.3. Let © be an inner function. Then

Ko = H*NOH?.
Proof. Let f be a function in H2. Then by definition, f belongs to Kg if and
only if (f,©h) = 0, for every h € H?. Using the fact that |©] = 1 almost

everywhere on T. this is equivalent to (8,h) = 0, for every h € H?. That
means that © f € H2. In other words, f € ©H? and we get the conclusion. [J

We know give the relation between model spaces and Toeplitz operators.

Corollary 5.4. Let ¢ be a function in H* and let p; be the inner part of ¢.
Then kerTy = K, .

Proof. Let ¢, be the outer part of ¢. Then according to Theorem 3.8 and
Theorem 3.7, we have

kerT; ={f € H* : Tsf = 0}
={f e H* :Tp,T;,f =0}
={f € H? : Ty, =0}
={feH?:¢,f € H*}
=H?’Nyg;H?

It remains to apply Lemma 5.3.
O

Theorem 5.5. The complementary space H(Ob) is the orthogonal direct sum
of Ko and OH(b). The model space Kg is contained isometrically in H(OD).
The operator Tg act as an isometry from H(b) into H(OD).

Proof. O



5.3 The reproducing kernel of H(b)

The reproducing kernel for the Hardy space H? is

k,(w) = —, (z,w € D).

In other words, for each f € H?,

2m it
(&)= (f k)m2 = L /O Sy (z € D). (5.3)

27 1—e itz 7
Theorem 4.5 enables us to find the reproducing kernel of H(b).

Theorem 5.6. The reproducing kernel of H(b) is

kb= (1-0b(2)b) k-, (z € D),
or equivalently
1—0(z) b(w)
b
=" D).
k2 (w) T w (z,w € D)

Moreover, the norm of the evaluation functional

f(z) = (£, kD), (f € H(b), z € D),

s equal to

b (b — (L2 BEEN
Il = (e = (R )

Proof. Since H(b) = M((I — TyT;)"/?), by Theorem 4.5 and (5.3), we have
kb = (I - T,T}) k..

But, by (3.3),

Ty ks = b(2) k..

k=l

Clearly Tyk, = bk,. Hence

The last two identities of theorem were proved in the general context of repro-
ducing kernel Hilbert spaces in Section 1.4. 0

Exercises



Exercise 5.3.1. Show that the reproducing kernel of M(b) is

b(z) b(w)
1—zw

k. (w) =
Moreover, the norm of the evaluation functional

f(2) = {f, k) M) (f e M(b), z € D),

, (z,w e D).

is given by

[b(2)? )“2

1|22

Ikl ey = (k=(2))'? = (

5.4 H(b) and H(b) as invariant subspaces

In Section 5.2, we saw that Ko = H(©) is a closed subspace of H? which is
invariant under the backward shift operator S* = T%. In this section we further
explore this property and show that each #H(b) is invariant under a large family
of operators.

Theorem 5.7. Let o € H®. Then H(b) and H(b) are both invariant under

Tz. Moreover the norm of Tz, as an operator on L(H(D)), or on L(H(D)), does
not exceed ||¢||oo-

Proof. Without loss of generality assume that |||l = 1. To show that

T, H(b) C H(D)

note that the linear manifold on the left side is M( T (I — T;T3)'/?), and the
one of the right side is M( (I —T373)'/?). By Theorem 4.2, the inclusion holds
and T acts a contraction on #(b) if and only if

Ty (I — T;Ty) T, < I — T;Ty.

But, by Theorem 3.8, this inequality is equivalent to
Ta-piya-lelz) 2 0

which is indeed true by Theorem 3.5(ii).
To prove the statement for H(b), we apply the Lotto—Sarason theorem (The-

orem 4.10) several times to go back and forth between H(b) and H(b). Let
f € H(b). Hence Tyf € H(b). According to the preceding paragraph, we thus
have T Ty f € H(b). But, by (3.4), T Ty = TyT,. Hence TyTy f € H(b). Another
application of Lotto—Sarason’s theorem implies that T f € H(b). Moreover,

1T £ T f113 + I T T 5113

= T f13 + I T Tof 1l

1T 113 + 1755113
1712

IN



By Theorem 5.6, the only explicit elements in H(b) that we know up to now
are functions kl; z € D, where

K (w) zw, (w € D).

However, Theorem 5.7 enables us to distinguish more inhabitants of H(b). We
remind that Q,, = (1 —wS*)™1 S* € L(H?), w € D.

Corollary 5.8. Let w € D. Then H(b) and H(b) are both invariant under Q..
Moreover the norm of Q.,, as an operator on L(H(b)), or on L(H(b)), does not
exceed 1/(1 — |w)).

Proof. Since S* =T%, and

o0

Qw _ Z wn—l g*n

n=1

the result immediately follows from Theorem 5.7. Moreover, this theorem also
says,
1571 < llzllee = 1,

where we considered S* as an operator on L(H(b)), or on L(H(b)). Hence

1
1—|w|

S S
1Qull < w|™ [S* " < Y fw]" ™t =
n=1 n=1

Let f = (I — T;Ty) 1. Clearly f € H(b). Hence, by Theorem 5.7,
—S*f € H(b).
A simple calculation shows
—S*f = S*Tgb = T;S™b.
Since T;S*b € H(b), the Lotto-Sarason theorem (Theorem 4.10) ensures that
S*b € H(b). (5.4)

If we knew that b € H(b), then (5.4) was an immediate consequence of Theorem
5.7. But b € H(b) is not always true. We will explore the possibility of b € H(b)
in Section 77. Since

(S*b)(2) = M, (z € D),

z
in the light of (5.4), we may wonder if the function
b(z) — b(w)

) E]D)’
T w (2 €D)



where w € D is fixed, also lives H(b). By Theorem 2.8,

(Qub)(z) = 2D =0 ey,

z—w
and

Qub = i w™ S*(S*D).

n=0
Therefore, by (5.4) and Theorem 5.7,

Qub € H(b), (w € D). (5.5)

This gives an affirmative answer to our question.

5.5 The operator X,

As a special case of Theorem 5.7, the space H(b) is invariant under the backward
shift operator S* = T%, and the restriction of S* is a contraction. Since we have
restricted the domain of S* and moreover the Hilbert space structure of H(b) is
not necessarily inherited from H?, the adjoint of S* is not S. To avoid confusion,
we use the notation

Xp = 5" ‘H(b)
and emphasize that

Xp € L(H(D)).
If furthermore during a discussion b is fixed, we exploit X instead of Xj.

Theorem 5.9. The adjoint of X, is given by
Xpf=5f—={f,5b)b
Proof. By the definition of reproducing kernel,
(X5 f)(2) = (X5 £, k2D, (z € D),
and, by the defining property of the adjoint,
(X5 £ kD)0 = (f. Xok2)s.

According to Theorem 5.6, k2 = (1 — b(2)b) k.. Hence, by Corollary 2.9, and
that k.(0) =1

Xok) = S*((1—b(z)b) k)
= (1-b(2)b) S*k. + S*(1 — b(z)b)
= (1—-0b(2)b) 2k, — b(z) S*b
= zkg_@Sb



Hence

(X5 h)(z) = (f,zk2 —b(z) S*b)y

= 2 (f, k%) — b(2) (f, S*b)y
2f(z) = (f, S7b)y b(2)
(SF)(z) = (f, S*b)y b(2).

5.6 Integral representation of #(b)
We denote by p the L*>° function defined on T by

Q) =1 PP,  CeT.
Since p € L*>°, we know from Section 3.7 that

K,: L*(p) —  H?
g — K(pg)

is a bounded operator whose norm is at most ||pHéé2 and K,(g9) = Py(pg).
Moreover, Theorem 3.12 implies that

K =J, (5.6)

where J, : H> — L?(p) is the canonical injection and it follows from Corol-
lary 3.13 that

K,J,=T,. (5.7)
The following result gives an integral representation for functions of H(b).
Theorem 5.10. The operator K, is an isometry from H?(p) onto H(b).
Proof. Using (5.6), (5.7) and Theorem 3.8, we have
Id = TyTy = Ty = T, = K, K. (5.8)

Moreover, Theorem 2.16 implies that K,|H?(p) is injective. Hence by Lemma ??
and (5.8), K, is an isometry from H?(p) onto M((Id — TyT,)'/?) = H (D).

O

It follows from the definition of K, and Theorem 5.10 that for f € H(b)
there is a unique g € H?(p) such that

16 =Ko = [ 49 o), e (5.9



Moreover, we have || f||z = ||gllz2(,). Using (5.9), we can write for f € H(b) and
zeD

f(z) = <gakZ>H2(p) = <Kpgaka7Z>E = <fa kaz>l_7-
Thus the reproducing kernel of H(b) satisfies

K = K k.. (5.10)
Note that relation (5.10) follows also from Theorem 4.5.
Lemma 5.11. We have
K = (Id— 5X;) kS,

for every w € D.

5.7 Integral representation of #(b)

let b be a function in the unit ball of H°°. Since the function

1+b(z) 11— |b(z)|2
%Qma>‘uwmf (D)

is a positive and harmonic function on D, we know from Herglotz theorem that
there is a unique positive Borel measure p on T such that

1—\b z 1—]z? i
T 0(s) / | ). (5.11)

620 —Z|2

In other words, we have

1+ b(2) / e + 2 o .1+ 0(0) (5.12)

%
T=b() ~ Jp et = W) T8y

Moreover, according to (2.1), for almost all ¢ on T (with respect to the
Lebesgue measure m), we have

1—1b 10\ |2 l_bi92 da
L L) 1= () d

r=1 |1 —b(re®)2 |1 —b(ei)]2  dm (e), (5.13)

where pi, is the continous part of the measure p. In particular, if the function
b is an inner function (that is [b(¢??)] = 1 a.e. on T), then the measure u is
singular with respect to the Lebesgue measure.

Note that if we start with a positive Borel measure p on T, we can define b
by the formula (5.12) (by setting for instance b(0) = 0) and b will be in the unit
ball of H*°.

In this section, we will use this measure p to give an integral representation
for functions in H(b). We first begin by an easy computation.



Lemma 5.12. Let z,w € D. Then

1 1 (ew—kw ew—|—z>
_l’_

(1—efw)(1 —ez)  2(1—wz)

e~ — @ e —z

Proof. An elementary decomposition of rational functions gives us that

1 7 e 1 1=
(1—efw)(1—e ®2) (1 —efw)(e? —2) 1—z2w \1—efw e —2)"

(5.14)
Then notice that
1 N z e~ N z
1—efw el —z e —w e —2
o—i0

T —ib *71+ez9 +1

T _ + el —z
Therefore

1 z

+ 6710 + 'ZI) + z + 6i9
1—efw e —z e —w e — el —z el —z

and we get the result by (5.14). O

The key point of the integral representation for functions in H(b) is the
following result:

Lemma 5.13. Let z,w € D. Then
(Fws k2)p = (1= b(w)) (1 = b(2)) ™ ki, (2).
Proof. Using Lemma 5.12, we have

1«9)

1
““$”“_ﬁ&1fa%mlfaW@dMe
1 /e_i9+wd(w)+/em+zd(w>
S 2(1 —wz) \Jpe i —w HAE T el — 2z HAe

1 e +w . e + 2 -
= : dp(e® ——du(e”) | .
2(1 — wz) (/T e —w He )+/Telg—z u(er)

Hence we get from (5.12) that

<kwa kz>;t =

2(1 — wz) bw)

1 L+b(w) 14b(z)
<1 <w>+1—b<z>>'



But applying once more Lemma 5.12 with 6 = 0, b(w) and b(z), we can write

1+@+1+b(z): 2(1 — (w)()).
1—-bw) 1-0b(2) (1-bw))(1l->b(2))

Thus, using Theorem 5.6, we obtain

_ 1= b(w)b(2) 1
1152 (1= b(w))(1 = b(2))
=(1=b(w)) (1 = b(2)) " ke (2).

(Fuw, k) p

Let ¢ € L?(u) and define
Vog(z) = (1 = b(2)) K Lq(2), z € D. (5.15)

Then it follows from Lemma 2.15 that Vj, is continuous as operator from L2 (u)
into Hol(D). In fact, we have a stronger result.

Theorem 5.14. The map V, is a partial isometry of L*(u) onto H(b) and
Ker Vi = (H2(u))

Proof. Let z,w € D. Using the definition of K, and Lemma 5.13, we have

11 —e~i0z) G

(Voko ) (2) :(1—b(z))(KMk;w)(z)=(1—b(2))/(1_ )

(1- b(z))<kw7kZ>u
(1= b(w) "k, (2),

which means that

Vokyw = (1 — b(w)) " 'kL,. (5.16)
Hence it follows that
Vi (Lin(ky : w € D)) = Lin(k) : w € D). (5.17)
Moreover, using once more Lemma 5.13, we have
(ks bz = (1= b(w)) ™ kg, (1= b(w)) ki )o = (Vokw, Vokz o,
which implies that

1Vaglls = llgllz2(u), (5.18)

for all g € Lin(ky, : w € D).

Now let g € H?(p1). Then, by Theorem 2.13, there exists a sequence (gn)n>1,
gn € Lin(ky, : w € D), n > 1, which converges to g in H?(u). Thus we get from
(5.18) that (Vign)n>1 is a Cauchy sequence in H(b) and then converges to a
function f € H(b). On the other hand, we have already noticed that according



to Lemma 2.15, V}, is continuous as operator from L? () into Hol(D). Therefore,
(Vbgn)n>1 converges to V,g in the topological space Hol(D). In particular,

lim (Vogn)(2) = (Vog)(2),

n—-+oo

for every z € D and since by Theorem 5.6, we also have

lim (Vogn)(2) = f(2),

n—-+oo

we obtain Vg = f. Moreover, using once more (5.18), we have
Vaglls = I7lo = tim [ Vigalls = lim_llgnlz2o = gl

Finally we have proved that V; is an isometry from H?(u) into H(b). But it
follows from (5.17) that Lin(k, : w € D) C V,H?(p) and VyH?(p) is closed
in the norm of H(b). Hence Lemma 1.9 implies that H(b) C V, H?(u) and we
obtain that Vi, H?(u) = H(b). Thus it remains to prove that ker Vi, = (H?(u))*.
But this equation follows immediately from Theorem 2.16.

0

It follows from the definition of K, and Theorem 5.14 that given f € #H(b),
there is a unique g € H?(p) such that

g(e”)
1 — ze—%0

£(2) = (Vhg)(2) = (1 — b(2)) / dpu(e).

Moreover, we have || f|ls = [|g]lz2(u)-

5.8 Multipliers of H(b)

Reproducing kernel Hilbert spaces and the space of their multipliers were studied
in Section 1.4. The multipliers for a reproducing kernel Hilbert space H C
H? can be interpreted slightly differently. An analytic function ¢ € H*® is a
multiplier of H, i.e. ¢ € M(H), if and only if H is invariant under the Toeplitz
operator T,. If ¢ is a multiplier, the multiplication operator M, which was
introduced in Section 1.4 is exactly the restriction of Ty, to H.

The reproducing kernel Hilbert spaces which are in the center of our discus-

sion are H(b) and H(b). According to Theorem 1.10, if ¢ € M(H(D)), then
*1.b _ b
M3k, = o(z) k2, (z e D).
Moreover, by Theorem 1.12, these are the only operators with such a property.

Theorem 5.15. If A € L(H(b)) is such that each kernel function k%, z € D, is

z)

an eigenvector of A*, then there is a ¢ € M(H(b)) such that A = M,,.

The next result shows that M(#(b)) contains M(H(D)).



Theorem 5.16. Every multiplier of H(b) is also a multiplier of H(b).
Proof. Let ¢ € M(H(b)). Hence

T, H(b) C H(b).
The set inclusion

T, M(b) C M(b).
is trivial. Hence

T, (H(OB)NM(b)) C (H(b) N M(b)).
But, by (5.2), -
H(b) N M(b) = TyH(D).
Thus we have ~ ~
T(PTbH(b) - TbH(b),

which is equivalent to

T,H(b) C H(b).

Theorem 5.17. Let ¢ € M(H(b)). Then, for each w € D,

Qup € M(H(b)).
Proof. By Corollary 2.9, for each f,g € H(b),

(Que) [ = Qulef) —p(w) Quf.

By assumption, ¢f € H(b). By Corollary 5.8, Q. (¢f) and Q. f stay in H(b).
Hence (Qup) f € H(b). This means that Q. is a multiplier of H(b). O

In Section 3.8, we introduced the notion of Toeplitz operators on generalized
Hardy spaces H?(v), v € M(T). We use this notion to give a criterion for a
function m in H* to be a multiplier of H(b).

Theorem 5.18. Let m € H®. Then m is a multiplier of H(b) if and only if
Ty, is bounded on H?(p).

Here 1 is the measure associated to b by (5.12).

Proof. According to Corollary 1.13, we have that m is a multiplier of H(b) if
and only if the map

by — pl(w)ky,
extends to a continuous linear operator on #H(b). Since by Theorem 5.14, the
map V}, is a unitary operator from H?(u) onto H(b) which takes k,, to a constant
multiple of k% in H(b), we get that m is a multiplier of H(b) if and only if the
map L

kyw — m(w)ky,
extends to a continuous linear operator on H?(u). Now it remains to apply
Theorem 3.16 to conclude the proof.

O



Corollary 5.19. Let x(z) = z. Then x is a multiplier of H(b) if and only if

/log(l — |b]?) dm > —oo.
T

Proof. According to Theorem 5.18, the function y is a multiplier of H(b) if and
only if T is bounded on H 2(p). But if p is an analytic polynomial, we have

p(z) — p(0)

Tip(2) = .

=Z(p(z) = p(0)), z€T.

Since multiplication by Zz is a unitary operator on L?(yu), it follows that T is
bounded on H?(u) if and only if the functional p — p(0) of evaluation at 0
is bounded on H?(u). By Riesz Theorem, this is equivalent to the existence of
g € H?(u) such that

(Xn> 9 E2(n) =0, ifn>1
(x0: 9 m2(n) = 1,

that is xo & span(xn, : n > 1) = H2(u). According to Theorem 8.4, this is
equivalent to b be a non extreme point of the unit ball of H°.
O

Corollary 5.20. Let u be a positive Borel measure on'T and let m be an analytic
polynomial. Assume that H?(u) = L*(u). If Ty, is bounded on H?(u), then m
18 constant.

Proof. Let b be the function associated to p by (5.12) (defining for instance
b(0) = 0). Then according to Theorem 5.18, we see that m is a multiplier of
H(b). We argue by absurd assuming that m is not constant and let d > 1 be
the degree of m. By Theorem 5.17, we deduce that Sxd=tm = Qgilm is also a
multiplier of H(b). But S**~'m is a polynomial of degre 1 and since M (H(b))
is an algebra with contains yg = 1, we get that x; is a multiplier of H(b).
Therefore it follows Corollary 5.19 that b is not an extreme point of the unit
ball of H°. Then Theorem 8.4 implies that H?(u) # L?(p), which is absurd.
Thus m is constant.

O



Chapter 6

Applications of H(b) spaces

6.1 Comparison of measures

Theorem 6.1. Let b be a point in the unit ball of H*>, let u be a non-constant
inner function, and let p (respectively v) be the positive finite Borel measure
on T associated to b (respectively to u) by (5.12). The following assertions are
equivalent:

(i) v is absolutely continuous with respect to p and g—z is in L ().

1
(ii) The function . ky is in H(b).

—Uu

d
Proof. (i) — (ii): by Theorem 5.14, we know that V, <d:) € H(b). But for

z € D, we have

v (G) e u =0 -, () @)

dp
—(1- b(2)) / e

_1 _b(Z) —ulz z
=T (D))
_1—b(2) s

By (5.16), we have

which implies that




b u
—ky € H(b).

(ii) — (i): using once more Theorem 5.14, we know that there is ¢ € L?(u)
such that

1—
and we get that 1

1-5

iké‘ = Vag,
which gives that
1—u(0)u
T—u n
Therefore for z € D, we can write
1 — u(0)u(z) q(e”) 0
= —— du(e’ 6.1
—u(z) / 1—e 0z ue™) (6.1)

e i0 i0
= | () du(e)

Sy TCEn

610 > . ) ) )
= / () du(e) + / ¢(e®) du(e®).

T e —z

Now if we take z =0 in (6.1), we get
1 —Ju(0)? / i0 i0
— 2 d 2
T=u(0) Tq(e ) dp(e™),
and that implies

1- (O)U( ) 1/ ei@ + Zq(em)d (eie) + 11 — ‘U(O)F
T

1—u(z) 2 J)pe?—z H 2 1—u(0) °
e W) i)
1 —u(0)u(z —— 1—u(0
1—u(z) _u(o)—i_lfu(z)7
we get
1—u(0) 1 [ef4z oy, 11=[u(0)? —=
1—u(z) i/Tei@—zq( ") du 9)+§ 1 —u(0) —u(0),
whence
1 _1 — (ot e 4 2 o0 }1 |(0)‘2_ W
u(z) 2O /Tew—zq( V) S T )P 1_@')
6.2

Using straightforward computations, it is easy to check that

ST~ o 5 (1o (1))




Therefore we deduce from (6.2) that

ltu(z) 2 Ty -1 e + 2 S0) () 4iSm 1+ u(0)
T = s = 0 [ SR dueviom (4.

By definition of v, we have

L+ulz) = /T etz dv(e) +iSm (1—&—u(0)> .

1—u(2) e — 2

and thus we obtain

ei@ P ) ) eiG P )
1= [ G o due) = [ G avle)

el — 2 et — 2

Taking the conjugate, we rewrite this equality as

—if —if
N N R v N N N i0
(=)™ [ e ane) ~ [ S5 ane),
It thus follows from Corollary 2.11 that the measure (1 — u(0))~'gdu — dv is
absolutely continuous with respect to m. That means that there is h € L' such
that

(1 —u(0))"'gdu — dv = hdm.

Since v is singular with respect to m, we get (1 —u(0))~'gdus = dv, where
is the singular part of the measure p with respect to m. In other words, v is
absolutely continuous with respect to us and
dv
dps

— (1—u(0))"'7 € L(n).

Now it is easy to see that implies that v is absolutely continuous with respect
d 2
to pand G2 € L*(p). -

Corollary 6.2. Let b be a point in the unit ball of H* and let zyo € T. The
following assertions are equivalent:

(i) p({z0}) > 0.

ds
Proof. First let us prove that pu({zp}) > 0 if and only if §,, << p and de €

L?(u), where 4, is the Dirac measure associated to zo.
Assume that u({z0}) > 0 and let E be a measurable subset of T such that
w(T) = 0. Tt follows that zg ¢ F and thus d,,(F) = 0, which proves that



1)
8. << p. Let h = di/j € L'(p). We have to check that indeed h € L?(p).

Since h € L'(u), we necessarely have h(zg) < +oo and thus
[inpdn= [ 1o, =ntz) < +x,
T T

which implies that h € L?(u). Reciprocally assume that 6,, << p and h :=

[

d—” € L?(u). Assume that 1u({20}) = 0. Then since d,, is absolutely continuous
"

with respect to u, we necessarely have 6., ({29}) = 0, which is absurd. Therefore

1({z0}) > 0 and we get the desired equivalence.

Now let u be the inner function defined by u(z) = %, z € D. Then for

z € D, we have

dé., (e?).

1+u(2)_1+fﬂ_zo+z_/ei9+z
l—u(z)_l—i 20—2 Jr

el — 2

In other words, u is the inner function associated to d, by (5.12). We can apply
Theorem 6.1 and we get that (i) is equivalent to the fact that

gkg € H(b).
Bu
t 1—b(2) u() = 1-0b(2) _ Zob(z) — b(20)
1—u(z)° 1— £ z—z0

20

and the desired equivalence is proved.

6.2 Angular derivatives

Let (o be a point on the unit circle T. A region of the form
Sc(Co)={zeD: [z—¢[<CA-|z)}

is called a Stoltz’s domain anchored at the point (g. Since |z — (| > (1 — |z|),
we need to assume that C' > 1. Near the point g, the boundaries of S¢({p) are
tangent to a triangular shaped region with angle

2a0 = 2 arccos(1/C).

Let f be a function on the open unit disc D. We say that f has the nontan-
gential limit L at (y provided that

lim f(z)=1L
Z*}CO
ZESc(Co)



for every fixed value of the parameter C. If so, we define f(z9) = L and write

lim f(z) = f(x).

Z*}C(}
<

We will use the following simple geometrical property of the Stoltz domains.
Let z € Sc(¢p) and consider the circle

1 -2
I‘Z:{w:|w—z|:T}.

Then, for any w € I',, we have

1=z <2(1 = |wl),

and thus
jw =Gl < |w—z[+]|z = (ol
< 1_T|Z|+C(1—|z\) (6.3)
< (2C+1)(1—|wl|).
In other words,
I, C Sac+1(Co)- (6.4)

Theorem 6.3. Let f be analytic on the open unit disc D, and let (o € T. Then
the following are equivalent.

(i) The function f has a nontangential limit at (o, and so does the quotient

(f(2) = F(C0))/(z = Co)-

(i) There is a complexr number X such that the quotient (f(z) — X)/(z — (o)
has a nontangential limit at (.

(iti) The function [’ has a nontangential limit at p.

Moreover, under the preceding conditions,

. f(Z) B f(CO) _ . /
R P A
Proof. (i) = (i) Trivial.
(ii) = (iii) Let
im 1B A
b Z— )
and define
s =t¥B =2 e



Fix a Stoltz’s domain Sc({p). Then, given € > 0, there is 6 = d(e, C') such that

l9(z)| < e (6.5)

provided that z € Saec41 and |z — (o] < 6.
Let z € Sc((p), and let T', denote the circle of radius (1 — |z|)/2 and center
z. Hence, by Cauchy’s integral formula,

, 1 w
Fe) = 2mi r. (wf(_ z))z dw
I B OO C R <)

2mi Jp,  (w— 2)?

If we further assume that

26
1+2C

1—|z|<d =
then, by (6.3),
lw— ol <6
and thus, by (6.4) and (6.5), we have

‘mwxw—q»‘<eu+2c>
(w=22 |~ 20—

for each w € T',. Since the length of T', is 7(1 — |z|), we obtain the estimate
e(1+20)

4
for each z € Sc((o) with 1 — |z|] < 26/(1 4+ 2C). This means that

[f'(2) = LI <
lim f'(z)=1L
z—Co
<
(#91) = (i) The assumption enables us to define

/\:f(0)+/[0<] £ (w) duw.

The integral is well defined and, by Cauchy’s theorem,
A= f@+ [ Fwde
[Z’CO]
for any z € D. On the Stoltz domain S (p),

‘/Crﬂmmﬂé( sup |Fw)]) |z - Gol,

weESe (Co)



and thus
lim f(z) =\

z—Co
<

As usual, write A = f({p). Hence

J& - f) _ L /[C]f’(w)dw

z—Co z = (o

= f'(¢o) + /[ . (f'(Co) — f(w)) dw.

1
z—Co
In each Stoltz’s domain, the last integral tends to zero az z — (. Hence

lim f(2) = f(Co)

6 =G

= f(Co)-

6.3 Carathéodory’s theorem

In Section 6.2, we studied the angular derivative of analytic functions on the
open unit disc . In this section we consider the smaller class of analytic
functions f : D — D, i.e. the elements of the unit sphere of H> (D). We say
that such a function has an angular derivative in the sense of Carathéodory at
¢o € T if it has an angular derivative at (p and moreover |f({p)| = 1. By the
maximum principle, f(z) € T, for some z € D, happens only if f is a constant
function of modulus one. Hence form now on, we consider function with values

inside D.

Theorem 6.4. Let b: D — D be analytic, and let ( € T. Then the following

are equivalent.

(i)
c= liminfm < 0.
z—C 1-— ‘Z|

(i) There is A € T such that

(111) For each function f € H(b),

exists.



(iv) b has angular derivative in the sense of Carathéodory at (.

Moreover, under the preceding conditions,

(a)

_ o L= [b(2)]
‘- 3%% = Y
() Q)] = 1 and
(9
v'(¢) = c
(c¢) for each f € H(b),
f(é-) = <fa k2>ba
where L
(z) = TS gy,

(d)

: b b
tim |k = K[l = 0,

(e) and finally
V(O = k2(C) = kIl = c.

Proof. (i) = (i) If ¢ < oo, then there is a sequence (zp)p>1 C D with
lim,, o 2 = ¢ such that

1—1b(z,
c= lim M<oo.
n—> o0 1—|zn|

Hence we necessarily have lim,,_, |b(z,)| = 1. Therefore, we can write

: L — |b(zn)[?
. W R

In the light of Theorem 5.6, this means that

— : b |12
c= Tim |, I}

By Lemma ??, (k¥ ),>1 has a weakly convergent subsequence. Since (b(2y,))n>1
is bounded, it also has a convergent subsequence in the complex plane. Hence,
replacing (z,)n>1 by a subsequence if needed, we assume that b(z,) — A € D



and that k2 — k € H(b). Therefore, for each z € D,

k(z) = (kKD

_ : b b
- nh_r>nm<kzn’kz>b

Clearly k # 0, and, by (??), the condition kl;n 5 k implies

2 i b2 _

0 < |2 < limin &, |} = c. (6.6)
(11) = (4i1) By assumption k € H(b). Hence
b(z) = A+ A (2 = Ok(2),

which, by (??), implies

lim b(z) = A

z—(

<

Let us write b(¢) for A and ké? for k, i.e,

R(z) = L 0O)bE)

Since ké’ € H(b), for each z € D, we have
ke(2) = (ke k2.
Thus, by Cauchy-Schwarz inequality,
ke () < kel (1B

Since

oy 2 =B 1= )] (= [sf?) 22
RE =G 2 Te=q O -

the preceding inequality implies

1+ [b(z)| |2 =]
1+ 2] 1—]z|"

12 0ls < 11Kl



Hence, for each Stoltz’s domain S¢((),
1K2]le < 2C [[R]b, (z € Sc(Q)). (6.7)

Thin inequality means that ||k2||, stays bounded as z tends nontangentially to
¢. For each fixed w € D,

. o 1=b(z)b(w)  1—b()b(w)
Zlggki’(w)—zlgc e - 1-7w = k¢(w).

We rewrite this as
lm (kS kS,)y = (K2, KD, ).

Z*)C z) w
<
Therefore,
lim (f, k%), = (f, k), (6.8)
z;)(

where f € H(b) is any element of the form f = a1kl + -+ a,k% . But such
elements are dense in H(b), and thus, by (6.7), the last identity holds for all
f € H(b). At the same time, (6.8) shows

FQ) = lim f()=(FkOs,  (f €HD)).

In particular, with f = k:g, we obtain ké(() = ||k:2||§ The relation (6.8) also
implies that k® LN k'g as z tends nontangentially to .

(4i1) = (i) Fix any Stoltz’s domain Sc(¢). Consider k¥ as an element of
the dual space. Then the relation f(z) = (f,k%), along with our assumption
imply that

sup | (f,k2)] = C(f) < oo
z€Sc(€)

Thus, by the uniform boundedness principle,

C'= sup ||kYy < oo
z€8c(€)

Take 2z, = (1 —1/n)¢, n > 1. Then we necessarily have lim,,_,« |b(z,)| = 1 and

_ 2
¢ < liminf M

S s b 12 !
— < .
n—oo ] — |Zn|2 Em—)lg ”kZ" ”b - ¢

(i), (id), (i) = (iv) Since k2 € H(b) we have

b(z) —b
= N0/ = RO, (e D),
On the other hand, k% % k’g as z tends nontangentially to ¢. Hence

b2 = B(C)

— |02
Jim S = IRIENO/



which, by Theorem 6.3, means
V() = [IKe]3 b(¢)/¢ (6.9)

By (6.6), ¢ > ||k:lc’||l27 To show the reverse inequality, we prove that ||k%|, —
||k2||b as z tends nontangentially to ¢. This result has three consequences.
Firstly, ¢ < [|k2]|7, and thus equality indeed holds. Secondly, since k? =5 k2 as
z tends nontangentially to ¢, we have [k} — k|| — 0. Thirdly,
1—|b 1—|b(z)]?
e LR

lim —— "= = = lim [[K2[[; = [|k2]I; = c.
T T A T ARl =kl =
< < <

To prove that [|k2]l, — [|k2||» as z tends nontangentially to ¢, let

b(2) = b(¢)

9(z) = P,

-v(¢), (z e D).

Thus
b(z) = b(¢) + V' (O)(z = O) + (= — ()g(2), (z€D),
and, by (6.9),

[b(2)]* = 1 = 2|[k¢ls R(1L — C2) + h(z), (2 € D),

where

h(z) = (DO +l9()P) |2 — P + 2%(g<z><z OO PO c))).

The only important fact about h is that
h(z)

z—>le‘Z| o
<<

It is also elementary to verify that

. R(1-C2) 1
lim ——22 = _,
e¢ 1- | 2|2 2

Therefore,

1 — [b(2)|?
K2 = m L PET
z—

— b2
¢ 1—|Z|2 *”kg‘”b
<

lim
z—(
<
(iv) = (i) If b has angular derivative in the sense of Carathéodory at (,

then the inequality
L= ool ‘ b(r¢) — b(¢) ‘

1—r r( —(
implies that
1 —b(2)] b(rg) —b(C) | _
hzrgréfl_imﬁrhi}nl TC_C’—“? (Q)] < oo.




Corollary 6.5 (Julia). Let b : D — D be analytic, and let ¢ € T. Suppose
that b has angular derivative in the sense of Carathéodory at (. Then

[b(2) = b(O)I? |z = ¢I?

P S PO 7= Fik

Moreover, the equality holds if and only if b is a Mdébius transformation.

Proof. By Cauchy—Schwarz inequality,
b o1.b b b
[(ke, k2)s* < IIRCIIE N1R211E-
But, by Theorem 6.4, this is exactly the required inequality. The inequality can

be rewritten as
§R<Z+C _Cb(z)+b(C)) >0,
z=C  b(z) = b(¢)
where ¢ = |V/(¢)|. A positive harmonic function either identically vanishes or it
has no zeros. Hence, if equality holds even at one point inside D, then

240 B HHOY )
%(z—c b(z)—b<<>> 0. (=eb)

Therefore, we have

z4+¢ _cb(z)—i-b(C) iy
z=C¢  b(z) = b(C) ’

where v € R. This identity shows that b is a Mobius transformation.
That equality holds for a M&bius transformation is easy to verify directly. [

(z € D),

Julia’s inequality has a geometrical interpretation. The set

o= ¢?
<
T <"

{zeC:

is a disc of radius /(1 4 ) in D whose center is on the ray [0, (] and is tangent
to the unit circle T at the point (. Julia’s inequality say that this disc is mapped
into a similar disc of radius r¢/(1 + rc¢) which is tangent to T at the point b(().



Chapter 7

The nonextreme case of
H(b) spaces

In this chapter, we will study the specific properties of the space H(b) when b
is not an extreme point of the unit ball of H>°. Recall that b is not an extreme
point of the unit ball of H*° if and only if log(1 — |b|?) is integrable. In this case,
we let a denote (throughout this chapter) the outer function that has modulus
(1 —|b/*)'/? on T and that is positive at the origin. More precisely, we have

a(z) = exp (;/T

and a € H*, |ja)]|e < 1.

CE2 g1 - b<<>2>dm<<>) <l @)

7.1 First properties of H(b)

Theorem 7.1. Let b be a non extreme point of the unit ball of H*. Then we
have

M(a) = M(a) = H(b) — H(b),
where both inclusions are contractive.

Proof. For the first inclusion, note that for all f € H?, we have
ITaf113 = 1P+ @h)ll2 < llafl3 = llafl3 = 1T f13,
which implies, using (3.2) and (?7?), that
T.T, =TT, <T;T,=T,T;.

By Theorem 4.2, we get that M(T,) — M(T3), which exactely means that
M(a) is contractively included in M(a).

91



Using Theorem 3.8, we see that
ToTy = Tjop2 = Ty_pjz = I — TyTh,
Hence Corollary 4.3 implies that M(a) = M(T5) = M((Id — TyT,)'/?) = H(b).

The third inclusion is already proved.
O

Let h € H(b). Then, using ?? and Theorem 7.1, we know that T;h € H(b) =
M(@). Therefore Lemma ?? implies that there is a unique h* € H? such that

Tyh = Taht. (7.2)

Lemma 7.2. Let hy,hy € H(b) and let i, hy be the functions of H* associated
to hy,ha by (7.2). Then we have

(h1, ha)y = (ha, ha)s + (AT, h3 )2

Proof. Using (?7), we can write
(h1, ha)y = (hy, ha)a 4+ (Tyhy, Tyho)y = (ha, ha)a + (Tahi, Tah3 ).
Since H(b) = M(a) (as Hilbert spaces), we have
(Taht, Tahy)s = (Tah, Tahy) pma)-

Now, according to Lemma 77, it follows that

(Taht, Tahy ) pea) = (hi' h3 ),
which implies that

(h1, ha)y = (h1, ha)a + (A h3)o.

O
The above lemma is very useful to compute the norm of elements in H(b).

Corollary 7.3. Let b be a non extreme point of the unit ball of H*. Then
b e H(b) and we have

1S*Blly =1 = [b(0)* — [a(0)[* and [[b]§ = |a(0)| 7 - 1.

Proof. We know from ?? that S*b € H(b). We will compute (S*b)*. Using
Theorem 3.8, we have

T3S*b = TyT:b = T:Tyb = S* Py |b]?.
Since |a| = (1 — |b?)'/2, we get

T;8*b = S*P, (1 — |a]*) = —S* Py (|a]?) = —S*Tya,



and using once more Theorem 3.8, it follows that
T35 = —T;5"a.
Therefore (S*b)T = —S*a and according to Lemma 7.2, we have
1Sbl2 = 117813 + 15" all3.
Now remark that for g € H?, we have g = S*g + ¢(0), with S*g L ¢(0). Thus

lgll5 = 115*gll5 + 19(0) %,
and we get
1570l[5 = [I6]3 + [lall3 — [6(0)[* — |a(0)[*.

But
lall = 5 [ late®)Pas = o= [ =) as = 1o [ e do = 1o

2o ) 21 21 ). »
and it follows that

15*0ll5 =1 — [b(0)[* — |a(0)[.

It remains to prove that b € H(b) and to compute ||b]|5. Recall that according
to 7?7 and Theorem 7.1, we have b € H(b) if and only if Tjb € H(b) = M(a).
But
Tyb = P |b]*> = Py (1 — |af*) = 1 — Tya,

and we can write 1 = Py (a/a(0)) = Tz(1/a(0)). Therefore we get

b — Ta(a(lo) —a) € M(a),

which proves that b € H(b). Moreover the last equation says also that bT =

1/a(0) — a. Lemma 7.2implies that
6115 =l1Bl13 + 16113
_ —1
=[I6]13 + llall3 + |a(0)|~* — 2%(a, a(0) ).
Using the fact that ||a||3 + ||b]|3 = 1 and that (a,1)s = a(0), we conclude that
6]l = la(0)| = — 1.
O

Lemma 7.4. Let b be a non extreme point of the unit ball of H*, let h € H(b)
and let o € H*>*. Then



Proof. We know from 7?7 that H(b) is invariant under T;;. Consequently, we
have Tzh € H(b). Now according to Theorem 3.8, we have

TBT@}L = T@Tgh = T@T&h+ = TaT@hJ’_,
which proves by definition of (Tzh)" that (Tzh)*t = Tpht. O

Lemma 7.5. Let b be a non extreme point of the unit ball of H*. Then the
space M(a) is dense in H(b).

Proof. Recall that since b is not an extreme point in the unit ball of H*°, then we
have M(a) = H(b) — H(b). Now let h € H(b) and assume that h is orthogonal
to M(a) (of course relatively to the scalar product of H(b)). Then in particular,
we have

(h, TaS*"hY; = 0, (7.3)

for all n > 0. Using Theorem 3.8, we can write
TeS*"h = TyTsnh = Tyznh,
and since az™ € H*, we get from Lemma 7.4
(T2S*™h)" = Taznh*.

Therefore, according to Lemma 7.2 and the fact that h, ht € H?, we have

(hy TaS* ")y =(h, TaS* " h)g + (b, Taznh™)s
<h,P+(&2nh)>2 + <h+a P+(d'§nh+)>2

(h,az"h)o + (R, az"h "),

1 ™ ] ) ] .
o [ Al ()2 + () g
:927(_”)7

where ¢ denotes the fonction in L (T) defined by ¢ := a(|h|?+|h*|?) (¢ belongs
to LY(T) because it is the product of the H> function a and the L!(T) function
(|h|? + |hT|?)). Then equation (7.3) and the previous computation imply that
$(n) =0, n < 0. Hence we get that ¢ € H{. Since a is an outer function and
|h|? + |ht|? € LY(T), we deduce from Lemma 2.4 that in fact |h|? + |ht|?> € H}.
Since this function is real-valued, we get from Lemma 2.2 that |h|? + |hT|? = 0,
which implies that A = 0. Therefore we can conclude that M(a) is dense in
H(D).

O

7.2 The polynomials are dense in H(b)

Theorem 7.6. Let b be a non extreme point of the unit ball of H*> and let B
denote the space of (analytic) polynomials. Then we have



(a) B < M(a) C H(b);
(b) B is dense in M(a);
(c) B is dense in H(D).

Proof. (a) For n > 0, denote by 3,, the space of polynomials of degree less or
equal to n and let p € P,,. In particular, p is orthogonal (in H?) to the (closed)
subspace z"t'H?2. Then for all j > n + 1, we have

<T@p7 Zj>2 = <(_1p7 ZJ>2 = <p7 azj>2-
Since az’ € 27 H? C 2" T'H?, we get that
<Tﬁpa Z]>2 = 07

for all j > n + 1. That means that the H? function Typ is in fact a polynomial
of degree less or equal to n. Therefore we have proved that T3, C PB,,. Since
by Lemma 7?7 Tj is injective, it follows that T3, = PB,. In particular, we have
PB,, C M(a), for all n > 0, which proves that the set of polynomials is contained
in M(a). The inclusion M(a) C H(b) is already proved in Theorem?7.1.

(b) Let f € M(a) and let € > 0. By definition, there exists g € H? such that
f = Tag. Since P is dense in H?, there exists p € P such that ||g — p|2 < e.
Therefore we have

If = Tapllm@ = 1Talg = p)llma@ = llg —pllz <&,

and since Tzp € B, we get the result.
(c) Let f € H(b) and let € > 0. According to Lemma 7.5, there exists
g € M(a) such that ||f —g|s < § and thanks to (b), there also exists p € P
such that ||g — pllam@) < 5. Now it follows from Theorem 7.1 that |lg — pl[s <
llg — pllm@) < § and triangle inequality implies that || f —plly < e.
O

7.3 The shift on H(b)

Theorem 7.7. Let b be a non extreme point of the unit ball of H*. Then the
space H(b) is invariant under the unilateral shift S. Moreover, we have

o (S|H(b)) = D.

Proof. Recall that H(b) is invariant under S* and denote by X the operator on
H(b) defined by X := S*|H(b). Then we know from ?77? that X is a contraction
and

X*=5-b®S5".

Therefore for all f € H(b), we have

Sf=X*f+(f Sbb. (7.4)



It follows from (7.4) and Corollary 7.3 that Sf € H(b). That means that H(b)
is invariant under S. We denote by Y := S|H(b).

Now let A € o(Y'). We argue by contradiction assuming that |A| > 1. Since
X* is a contraction, we have o(X*) C D and thus X* — A is invertible (as
operator on H(b)). Since

Y — M = (X* — M)+ b® S*b,

the Lemma 1.15 implies that Y — AI is a Fredholm operator with ind (Y —\I) =
0. In others words, Y — Al has a closed range and

dimker(Y — M) = dimker(Y* — XI).

But we know from Lemma 2.7 that ker(Y — AI) = {0}, which implies that
ker(Y* — AI) = {0} and it follows from Theorem ?? that the range of Y — AI
is dense in H(b). But it is already closed, thus we have (Y — A)H(b) = H(b).
Finally we get that (Y — AI) is invertible, which is absurd. Therefore, we have
proved the first inclusion, that is o(Y) C D.

To prove the converse, let A € D. It is easy to see that

(Y = AD)"H(b) = {0}. (7.5)

n>0

Indeed let A be in the left set. That means that for each n > 0 there exists
h,, € H(b) such that h = (z — A\)"h,,. In particular, it implies that h(™)(\) = 0,
(n > 0). Since h is analytic on D, it is only possible if h = 0.

Assume that (Y —AI) is invertible. Then of course (Y —AI)™ is also invertible
for each n > 0. In particular, we get (Y — AI)"H(b) = H(b), which is absurd by
(7.5). Thus (Y — AI) is not invertible and A € o(Y"). We have proved that

D co(Y)cD,

which implies the result since o(Y) is a closed set. O

7.4 The multipliers of H(b)

Theorem 7.8. Let b be a non extreme point of the unit ball of H> and let f be
an holomorphic function on an open set ) containing . Then the function f
is a multiplier of H(b) and of M(a). In particular, we have f € M(a) C H(b).

Proof. As in the previous section, we will denote by Y the operator on H(b)
defined by Y := S|H(b). Since Q is an open set containing the compact set
D, there exists r > 1 such that D C D(0,r) C D(0,r) C Q. We know from
Theorem 7.7 that o(Y) =D C D(0,r). By the Riesz-Dunford calculus, we can
write

1

_ = - —1
- — |A|:rfw(y ATV d,

Y



and f(Y) defines a bounded operator on H(b). In particular, for every h € H(b),
we have f(Y)h € H(b). We will show that f(Y)h = fh. Indeed since f is
analytic on (2, we can write

“+o0
f(z) = Z anz",
n=0

with the radius of convergence of the series R > r. In particular, the series is
normalement convergent on 0D(0,r). Thus

1 =
Y)h=—o ap A\ (S — A" thd\
fY) i w:r; ( )
+oo 1
= an—,/ NS — M)~ thd).
n=0 2im [Al=r

Now if we denote by p(z) := 2™ (2 € C), we have p(Y) = Y™ and

1
2w

NY(Y = A" hd\ = p(Y)h = S"h = 2"h,

|z|="r
which implies that

+oo
fV)h=>"anz"h = fh.

n=0
We have proved that for every h € H(b), we have fh = f(Y)h € H(b). That
exactely means that f is a multiplier of H(b). Using 7?7 and Theorem 7.1,we
get that f is also a multiplier of #(b) = M(a). It remains to note that thanks
to Theorem 7.6, the function identically equals to 1 belongs to M(a) and thus
we have f = f1 € H(b) (since f is a multiplier of H(b)).
O

7.5 A result of completeness

For b in the unit ball of H*° and A € D, we denote by l%l)’\ the function defined
by
; b(z) — b(N)
B3 (z) = D).
fa) =222 ()

We are interested in the following question: does the family (I%’;\) reD be complete
in H(b)?
This familly is called the “difference quotients” or the ”cokernels“.

It is easy to see that we can reformulate this question in terms of the com-
pleteness of another family.

Lemma 7.9. Let b€ H*®. Then the following two conditions are equivalent:



1. span{k} : A € D} = H(D).
2. span{S*" b :n >0} = H(b).
Proof. Tt is easily seen that, for A € D and f € H?, we have

f(z2) = fN)

:I— *—1*.
1 (Id— \S*)"18* f

In particular, applying this formula to f = b, we obtain

b(z) = b(N)

= d- AS*) LS b = " AmS T, (7.6)
n=0

Now according to (7.6), we have f € H(b) © span{k} : A € D} if and only

Z)‘n<5*n+lbaf>b:0’ ()‘G]D)a)7

n=0
oo
and, since the function A — Z A (S*" . £), is analytic in a neighbourhood
n=0

of 0, this is equivalent to
(8" pe, f), =0, (n>0),
which gives the result. O

To give the criterion in the nonextreme case, we have to recall that a function
f in the Nevanlinna class of the unit disc I is said to be pseudocontinuable
(across T) if there exist g, h € (J,-, H? such that

f=h/g

a.e. on T. The function ]?:: h/g is the (nontangential) boundary function of
the meromorphic function f(z) := h(%)/9(2) defined for || > 1, which is called
a pseudocontinuation of f. R. Douglas, H. Shapiro and A. Shields have obtained
[12] the following characterization: a function f € H? is pseudocontinuable if
and only if it is not S*-cyclic, that is span(S*" f :n > 0) # H?.

Theorem 7.10. Suppose b is not an extreme point in the unit ball of H™.
Then .
span{k} : X € D} = H(b) <= b is not pseudocontinuable.

Proof. Assume that span{fcg : A € D} = H(b) but b is pseudocontinuable. Then
there exists a nonconstant inner function u such that b € H(u). Since H(u) is
S*-invariant, S*" "' € H(u) for all n > 0. As H(b) is contained continuously
in H?, we deduce that

spany ) (S*”Hb in > 0) C closy )y H(u) C H(u),



and it follows from Lemma 7.9 that H(b) C H(u). Now since b is not an
extreme point in the unit ball of H*°, we know that the polynomials belong to
H(b) and consequently to H(u). Hence H?> C H(u), which is absurd. Thus, if
the difference quotients are complete in H(b), then b is not pseudocontinuable.
Conversely, assume b is not pseudocontinuable. Note that spany, (S sty > 0)
is a closed S*-invariant subspace of H(b). But we know from [27] the description
of these subspaces when b is not an extreme point: they are just the intersection
of H(b) with the invariant subspaces of S*. Hence there is an inner function u
such that
spany) (S*"“b ‘n> 0) — H(b) N H(u).

But S*b € H(u) implies that b € H(uz), which is absurd unless u = 0 (because
b is not pseudocontinuable). Hence

spatly (p) (S*"+1b in > 0) =H(b),

and applying once more Lemma 7.9, we obtain that the difference quotients are
complete in H(b). O

Example: As a consequence of Theorem 7.10, it is simple to give two
examples of de Branges-Rovnyak spaces (both corresponding to nonextreme
functions b), with the completeness of the difference quotients false for the first
and true for the second. Note first that, if sup,cp[b(2)] < 1, then log(l —
|b]) is integrable, and thus b is not extreme. This condition is satisfied by
both functions by(z) := 1/(z — 3) and ba(2) := exp((z — 2)~!). The first is
pseudocontinuable, and thus the difference quotients are not complete in H(by),
while the second is not, whence the difference quotients are complete in #H(bs).






Chapter 8

Appendix

8.1 Extreme points of a convex set in a Banach
space

Let E be a K-linear space (K =R or C), let © be a convex subset of E and let
p € Q. We say that p is an extreme point of € if

p€Elab,a,beQ=p=aorp=>b

In the following, if X is a normed linear space, then we denote by B} the
closed unit ball of X and by Ext(X) the set of extreme points of B%.. We recall
some easy properties concerning extreme points of the closed unit ball.

Lemma 8.1. Let X be a normed linear space and let x € B. The following
hold:

a) x € Ext(X) if and only if
1
xzi(y+z),y,z€B}(:>x:y:z. (8.1)

b) Ext(X)C{zx e X : || =1}.
¢) x € Ext(X) if and only if

ly—zl <1 fly+z<lye X —=y=0. (8.2)

Proof. a) : first let x € Ext(X) and assume that there is two points y, 2 € B
such that = §(y + z). Then in particular x € [y, 2] and thus by definition of
the extreme points, either z = y or 2 = z. If x = y, then 1(y + z) = y, which
implies y = z = z. If x = z, then %(y + z) = z, which also implies y = z = z.
Therefore, we have proved that x satisfy the property (8.1).

Now on the contrary, let ¢ Fxt(X). That means that there is two points
a,b € B such that = € [a,b] and = # a, x # b. Of course a # b (otherwise
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z = a = b). Then there is A €]0,1[ such that © = Aa + (1 — X\)b. We will
construct y, 2 € BY such that z = %(y + z) and y # z. For this purpose choose
a real r satisfying

0 <7 <min((1—MN)|a—Dbl,\|a—10|)

and define
r r

h=A+—", fo=A— —
lla — 0] la — 0]
and
y=tia+ (1 —t1)b, z=taa+ (1—1t2)b.

Then it is easy to check that ti,to €]0,1[; thus y,z € [a,b]. In particular
y,z € B (because B% is convex). Moreover

y+z=(t1+t2)a+ (1 —t1+1—t)b=2Xa+ (2—-2\)b
=2(\a + (1 — \)b) = 2z.

It remains to note that y # z otherwise t; = t5 which is impossible. Thus we
have proved that z does not satisfy the property (8.1), which ends the proof of
the point a).

b):let z € X, ||z|| < 1. Then there is r > 0 such that

{z€ X :|z—2z| <r} C Bk, (8.3)
and choose z € X such that ||z — z|| = 7. Now put y := 2z — z. Of course we
have ||y — z|| = ||z — z|| = r, whence by (8.3), we get that y, 2 € B. Moreover

T = %(y + z). Finally y # 2 because otherwise = z and then r = 0 which is
absurd. Therefore we conclude that x is not an extreme point of BY. Hence

Ext(X)Cc Bx\{z e X : |z <1} ={z e X : |z = 1}.

c) : first assume that z € Ezt(X) and let y € X such that ||y — z|| < 1,
|y + 2| < 1. Note that z = 3(z +y + 2 —y) and z + y,z — y € Bk. Then we
get by a) that x = x — y = x + y, in other words y = 0.

Reciprocally assume that z satisfies the property (8.2) and assume that
there is two points a,b € Bk such that z = 2(a +b). Put y = z — a. Then
y—x=—a€ By, y+z=2x—a=>b¢e Bk. Therefore by (8.2), we get that
y = 0, whence z = a and then x = b also. Once again by a), we conclude that
z € Ext(X).

O

Exercises
Exercise 8.1.1. Let X be an Hilbert space. Show that

Eat(X)={z € X : ||z = 1}.



Exercise 8.1.2. Let 1 < p < +oc0. Show that
Ext(LP) ={f € L" : || fll, = 1}.
Hint: use Lemma 8.1 and the fact that if f,g € LP, then

1f +glly = fllp + llglly = 3A € Ry : f = Ag ace.

Exercise 8.1.3. Show that
Ext(L') = 0.

Hint: argue by absurd assuming that there is f € Ext(L'); then by Lemma 8.1
Il =1 and consider

v: [0,2n1] — Ry _
o pla) = g () db.

Using Vittali’s Lemma and mean value theorem, show that there is g €]0, 27|
such that ¢(z¢) = 1. Now find a contradiction by considering

0, T < 0 <27

g(ew) _ {2f(ei9)7 0<6 <z

and
) < g <
h(ew) {0, 4 0<6<x

2f(e?), xp<O<2m’
Exercise 8.1.4. Show that
Ext(L>®)={feL>®:|f|=1ae. }.

Hint: first let f € Ext(L>*) and put E = {¢ € T : |f(¢)| < 1}. Assume that
m(E) > 0 and show a contradiction by considering

. f+172‘f|, on F
9= £, on T\ E

and

b f—l_z‘fl, on FE
R onT\E’

Conclude that |f]| =1 a.e.

Reciprocally let f € L™, |f| =1 a.e. and let g,h € Bi., f = %(g + h).
Show that |h + g| = |h| + |g| a.e. Then consider E = {¢ € T : |g(¢)| < 1} and
F={CeT:|h()| <1}. Show that m(E) = m(F) = 0. Conclude that g = h
a.e. and therefore f € Ext(L>).



8.2 Extreme points of the unit ball of H* and
Hl

In Exercice 7?7, we describe the extreme point of the unit ball of H? for 1 < p <
+o00. The situation was pretty easy because it was more or less the same than
in LP. What can we say about the case p =1 and p = +00?

We have ever seen that Ext(L') = ) (see Exercice 8.1.3). But H! is very
different from L' in the sense that H' is the conjugate of a Banach space. More
precisely, we have

H' = (C(T)/Ao)",

where Ag is the closed linear subspace in C(T) generated by x,, n > 1. Now
according to Krein—Milman’s Theorem, if a Banach space X is (isometrically
isomorphe) to the conjugate of a Banach space Y, then the unit ball of X not
only has extreme points, but it has a lot to span this unit ball (in the sense that
the closed convex hull of its extreme points coincide with the unit ball; here
the closure is relatively to the weak star topology). Therefore we see that the
situation for H' is dramastically different from the situation for L'. The closed
unit ball of L' has no extreme points; the closed unit ball of H' has a lot of
extreme points and the closed convex hull of its extreme points coincide with
the unit ball.

Independently of the result of Krein—-Milman, we will describe in this section
exactely the extreme points of H! and H>.

First note that if b is a point in the unit ball of H* such that |b] = 1 a.e.
on T (that is b is an inner function), then we know from Exercice 8.1.4 that b is
an extreme point of the unit ball of L>° and then an extreme point of the unit
ball of H>°. But we will see in the next result that the unit ball of H* has a
lot of other extreme points.

Theorem 8.2. Let b € H*® with ||b]lc < 1. Then b is an extreme point of the
unit ball of H* if and only if

2
/0 log(1 — |b(e™)]) dt = —oo. (8.4)

Proof. First assume that (8.4) is satisfied and let a € H* such that ||b+al|e <1
and ||b — aljeo < 1. We will show that a = 0. Using identity parallelogram, we
have, for every z € D,

b(2)[* + la(2)* = = ([b(2) + a(2)* + [b(2) — a(2)[?) < 1,

DN | =

which implies that for almost all €’ on T, we have
la(e”)* < 1— |p(e™)]%.

Hence
la(e)? < (1= [p(e)) (1 + [p(e’)]) < 2(1 = [b(e")]),



which gives

s

2/ 1og|a(ei9)|dag2mog2+/ log(1 — [b(e®)[) do.

Thus we get from (8.4) that
/ log |a(e™)] df = —oo,

and Lemma 2.3 implies that a = 0. According to Lemma 8.1, we obtain that b
is an extreme point of the unit ball of H°.
For the converse implication, assume that

/O " log(1 — [b(e)]) dt % oo, (8.5)

Since log(1 — |b(e??)|) < 0 a.e. on T, the condition (8.5) means that log(1 —
[b(e?)]) € LY. But 1 — |b(e??)| € L> and thus the function a, defined by

a(2) = [1 - [bl)(2) = exp ( / g* 2 log(1 — [b(C)]) dm<o) . zeD,

—Z

is an outer function which is in H*°. Moreover, we have |a] =1 — |b] a.e. on T.
Thena+be H®, a—be H*® and

la+0blloc = sup ‘a(ew) + b(ew)’ < sup (|a(ew)\ + |b(ei‘9)|) =1.
00,27 00,27

Similarly we also have ||a — b||cc < 1. Since a # 0, it follows from Lemma 8.1
that b is not an extreme point of the unit ball of H*°.
O

Contrary to the case of L', the following result shows that the unit ball of
H' has a lot of extreme points.

Theorem 8.3. Let f € H'. The following are equivalent:
(i) f is an extreme point of the unit ball of H'.
(ii) f is an outer function and || f]|1 = 1.

Proof. (ii) = (i) : let f be an outer function in H! of unit norm and assume
that there exists g € H', ||f £ g|l1 < 1. We will show that g = 0. It follows
from Lemma 2.3 that f # 0 a.e. on T. Moreover using the fact that f =
S((f+9)+(f—g)), it is easy to see that ||f & g[1 = 1. Define now ¢ the
holomorphic function on D by



and let ¢(e*?) denote the boundary value of ¢, which exists a.e. on T because
f,g€ H and f #0 a.e. on T. Since ||f £ g|1 = ||f]l1 = 1, we have

[ (sl + 1= o) = 2) 1) a0 = 0 (8.6)

—T

But note that
1+ ()| + |1 = d(e?)] = [1+ ¢(e”) +1 = p(e)] = 2.

Therefore since f(e*?) # 0 a.e. on T, the equation 8.6 implies that

1+ ()] + 1 = d(e)| = 2,
for almost all €’ on T. Now it is easy to check that this relation gives 1 —Re¢p =
|1 — ¢| a.e. on T and since |1 — ¢|? = (1 — Rep)? + (Sme)?, we get that ¢ is
real a.e. on T. Moreover we have 1 — ¢ = 1 — Re¢p = |1 — ¢| > 0. Changing ¢
by —¢, we get from similar arguments that 1+ ¢ = |1 4+ ¢| > 0. Thus ¢ is real
a.e. on T and —1 < ¢ < 1. Since f is outer and ¢ = g/f € L*°, it follows from
Lemma 2.4 that ¢ € H°°. But we have seen that ¢ is real-valued on T and then
we get from Lemma 2.2 that ¢ is constant. Hence

g
-l =l o= (1-4) s
=[lf—gllh =1,

whence 1 — ¢ = 1 because ||f|ls = 1. In other words, ¢ = 0 and then g = 0.
Now it remains to apply Lemma 8.1 to deduce that f is an extreme point of the
unit ball of H*.

(i) = (ii) : let f € H' and assume that f is an extreme point of the unit
ball of H'. We already know from Lemma 8.1 that ||f||; = 1. So it remains
to show that f is an outer function. We argue by absurd. Then according to
Theorem ??, we have f = IF, where F is the outer part of f, F € H! and I
is the inner part of f and I is not constant (because f is assumed to be not
outer). Consider

1

pla) = /7T | ()| Re (eml(ew)) do, a € (0,m).

—T

Since f is in L1, it is easy to see that ¢ is continuous on (0, 7). Moreover, we

have
T

2(0) = / () [Re (I(e)) db,

and
o(m) = / F(e)[Re (~I(€)) b = —p(0).

Hence by the mean value theorem, there is a € [0, 7] such that p(«) = 0. Put

u:=¢e"*l and g:= ie_w‘F(l + u?).



Of course u € H*®, g € H! and g # 0 (because u is not constant). Moreover,
we have |u(e??)| = 1 for almost all €’ on T. Hence

2Re (u(e™)) =u(e) + u(e)
14 u?(e)
- u(ew)

Therefore we obtain

Then we can write
F(e) £ g(e)] = LF(E)] (1 Re (ule™®))) = [F()] & | F()Re (u(e™).

But since

T

/7r £ () |Re (u(e™)) db =/ |[f(e)Re (e 1(e”)) db = p(a) =0,

we get that
If gl =fllh =1
Since g # 0, we obtain a contradiction by Lemma 8.1. O

8.3 A theorem of Helson—Szego

We will use the following deep result. For the proof, we refer to [22, Chap. 1].

Theorem 8.4. Let v be a finite and positive Borel measure on T and let b be
the function in the unit ball of H* associated to v by (5.12). The following
assertions are equivalent:

(i) H2(v) = L*(v).

(i)

(iii) xo0 € H5(v).
)

(iv) b is an extreme point in the unit ball of H>.

X1 € H*(v).
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