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Abstract

We establish an explicit inequality for best uniform approximation on the unit circle of
Markov functions both by meromorphic and by rational functions. Both bounds are sharp up
to a constant. In the proof we make use of AAK theory, an essential ingredient are bounds
for ratios of singular values of related Hankel operators. Finally we apply our results to
the problem of optimal stable model reduction of scalar transfer functions in linear system
theory, and to the problem of estimating the spectral condition number of scaled Cauchy
matrices.
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1 Introduction

Denote by H? the Hardy space of analytic functions on the open unit disk ID with circumference
T (and especially by H* the set of bounded analytic functions on D), by Ry the set of rational
functions p/q with degp < degg < k, and consider the set H® = H* + R;, of functions
meromorphic in D, with at most k£ poles. We will be interested to give explicit error bounds in
best uniform approximation on T of Markov functions

f(z)=f0+/cd“(””), l<b<e<l, foeG, (1)

p 2R —X

 being some positive Borel measure with support included in [b, ¢|, by functions in H°, and in
R, respectively. This is, we want to estimate the distances

dist(f, H") = b II1f =7llpeery,  dist(f,Rg) = rle%sz I[f = 7llLeo(T)
k

where clearly dist(f, H°) < dist(f,Ry). Starting with Walsh [Wal60], a number of authors
contributed to this questions, recall for instance a conjecture of Gonchar [Gon84| solved by
Parfenov [Par88]. For instance, from, e.g., [Par88] or [StTo92, Theorem 6.2.2]) we know that

2
lim sup dist(f, R Uk < v = exp(— ———— )
up st R < 7= e )

where cap (-, -) denotes the logarithmic capacity of the condensor formed by two closed disjoint
subsets of the complex plane. Recall that cap ([b, c], T) may be explicitly given in terms of elliptic
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integrals of the first kind, namely (see, e.g., [Akh90, SaTo97])

1 _ mK'(a) c—b

cap ([b,c],T) 2 K(a) = pla), a=

where for A € [0, 1]

! dt iy
K(\) = /0 N L K'(A) = K(V1 - \2).

The aim of this paper is to show the following statement.

Theorem 1.1. Let f be as in (1), and v = exp( Then for all k > 0 we have

_#)
cap ([b,c],T)/"
dist(f, Hi®) < 4% - dist(f, H®), (3)
dist(f,Rg) < 4-~" - dist(f, Ro). (4)

Moreover, for any for fixed b, c, the constant 4 in (3) may not be replaced by any smaller constant.

The optimality of the constant 4 is discussed in Remark 3.5 below, indeed we will determine
explicitly the best constant in (3) for fixed b, ¢ and k, and discuss possible improvements of (4).
It is quite instructive to compare Theorem 1.1 with a recent result of Baratchart, Prokhorov
and Saff [BPS01, Theorem 4] on strong asymptotics of dist(f, H°) for fixed f as in (1) with a
measure satisfying a Szeg6 condition on [b, ¢]. From their result we deduce in Remark 3.6 below
that, for such Markov functions f,

1 dist(f, H)
lim — ————% =
k—oo Yk dist(f, H®)

where again 2 is an optimal constant.

<2, (5)

Our method of proof relies on the classical AAK theory [AAKT71, AAK78] which states
that dist(f, H°), k = 0,1, ..., coincides with the (k 4 1)th singular value o (Ay) of the Hankel
operator Ay : H 2,5 H2, A rg =II(f - g), where H? denotes the orthogonal complement of H?2
in L?(T), and T : L?(T) + H? the corresponding projection operator. Here we will estimate
(ratios of) these singular values for Markov functions f in terms of the third Zolotarev problem,
leading to our explicit bounds. Estimates for ratios of the extremal eigenvalues of positive
definite Hankel matrices have been the subject of [Bec00].

Theorem 1.1 has some interesting implications for the the computation of certain n-widths,
see [BPS01, Chapter 1.5] and the references therein. Also, we obtain related results in Corol-
lary 2.4 below for the euclidean condition number of some classes of scaled Cauchy matrices.
Let us here mention another application of Theorem 1.1 for stable model reduction of SISO

transfer functions in linear system theory as occurring for instance in the context of RC circuits
[Ob96, SrMy97] :

Corollary 1.2. Given a stable transfer function of the form
h(w)=6+el(wI—D) 'd, 6eC, deeck,

with a real symmetric matriz D of order n having all its eigenvalues in the left half plane, there
ezists a rational approximant hy of McMillan degree k < n having all its poles in the left half
plane, and

21K (1/k(D))
K(y/1-1/k(D)?)

with k(D) > 1 denoting the euclidean condition number of D. Here k' = k in the symmetric
case d = e, and else k' is the largest integer < k/2.

max [h(w) — hy(w)| < 2-1/leTDe| - [TD1d] A¥, 1= exp(- ) (6)

weEi-R



The rest of the paper is organized as follows : In Lemma 2.1 we show that ratios of
singular values of our Hankel operators connected to (1) may be bounded in terms of the third
Zolotarev problem, leading to explicit bounds in terms of elliptic functions. The sharpness of
these bounds is discussed in Lemma 2.3. In Section 3 we study AAK approximants of rational
functions. Subsequently, we provide the proofs of our main assertions given above.

2 Estimates for ratios of singular values

Let us recall that, for Hankel operators of Markov functions (1), there is a simple integral
representation. Indeed, for g € H? and |z| > 1 we have

(U9)e) = (7 -9)(e) = 5 [ HEIE) 2m//c_“_ i
) /d”(””)aim'ﬂ Pl

where for the last equality we used the Cauchy integral formula. Moreover, the operator A i
H? s H? defined by

1—2z2z

7 1 1 9(z)
9@ = (459 = [ {2 duta), 121 <1,
clearly is compact, self-adjoint and semi positive definite, with its eigenvalues coinciding with

the singular values oo(Af) > o1(Af) > ... > 0 of Ap. Indeed, for g,h € H? we obtain using
again the Cauchy integral formula

(h,Arg) = /h (A19)(2) |dz| = /h (2), (7)

showing in particular that

trace(i) = 3 (&, A;2) = 3 / 22 du(z) /;l@z)?:fu)—zf(—nm, @)
7=0 7=0

ie., Kf is of trace class.

It is well known that singular values of a Hankel operator corresponding to a Markov
function can be bounded by means of minimal Blaschke products of the form

see, e.g., [BPSO1, Par88]. Notice that By, € H? if (1,..(x € D, and then [[Bellz2(ry = 1. In
Lemma 2.1 below we show that also ratios of singular values may be bounded in a similar manner.
Moreover, since the problem (10) of minimal Blaschke products for an interval is equivalent to
the third Zolotarev problem, and since for the latter problem a solution is explictly known in
terms of elliptic functions (see for instance [Akh90, §50 and §51]), we obtain some explicit upper
bounds for ratios of singular values. Notice that, according to Lemma, 2.3 below, the bound (9)
may not be improved at least for j = 0.



Lemma 2.1. Let f be as in (1), and j,k > 0. Then

oj+k(Af) < Zg - 0j(Ag), (9)

where

Zy, = mln{zlgab,)é |H - fj | &1,..,& € (C}Q. (10)

Moreover, with v = exp(— there holds

2
cap ()
4k k

—— < 7} < 4~", 11
1+ 1692k = 7k =77 (11)
Proof. Let us start by showing that the infimum in (10) is attained for some Blaschke product
By, with zeros z1,...,2; € [b,c] C D. Indeed, writing T¢(2) = (2 — ¢)/(1 — (z), one verifies by
means of elementary computations that, for z € [b, |,

Ty (=) i [¢] > 1,
Tre(q)(2)] I IC <1,

T 29 me) e -1,
T e (1]

Hence it is sufficient to consider in (10) only (i,...,{x out of the compact [b,c]. Since the
maximum on [b, ¢] of a Blaschke product is a continuous function of (i, ..., (s, our claim follows.

We are now prepared to show (9). Let By as above, and G an arbitrary subspace of H?
of codimension j. Since By has k zeros in D, the space ByG = {Byg : g € G} has codimension
k + j, and hence

A A Big, A;(B
oj+k(Af) = ojn(dg) = inf supwg inf Sup( kg’ fé %9))
Codig(ccg k+'gEG (9,9) COdGiIS(Ié’):j e (Brg, Brg)
By ( 24
— inf Jy |Br(2)?lg () dp(z) < Z4-03(4)
cod?rg(lé‘z)=j 9eG (BkgaBkg)

In order to establish the inequalities of (11), let us first show the following link with the third

Zolotarev problem
max |r(z)]

Zy = Zy, = min{L '€ T\’,k},
min_|r(z)]
2€E-1

where E = [b,c], and E~' := {2z : 1/z € E}. Indeed, the inequality Z, < Zj is trivial, since the

Blaschke product
k
z — fj
r(z) := e
;-5

7j=1
is an element of Ry, with |r(1/z)| = 1/|r(2)|, and thus max,cg |r(z)| = 1/ min,cg-1 |r(z)].
Also, following for instance Akhieser [Akh90, §50] one shows without difficulties that there

exists an extremal function r of the third Zolotarev problem which has the symmetry property
r(1/z) = 1/r(z) and which has all its zeros in E. Hence Z; = Z;.



Following [Akh90, §50 and §51], let us write explicitly the value of Zj in terms of elliptic
functions. Define the quantities «, k by

k+1 1-bc 1 ~ 9 1l—a
2k c—b a” re 1), & (1+\/E) l+a

We apply the variable transformation

(12)

VE+b

1 27 1 /mb
y=T() =
\/El _Zlfjﬁbb

which bijectively maps E on [—1,1] (with T'(b) = —1, T(c) = +1), and E~' on {y € R : |y| >
1/k}. Hence

max |r(y)|
. ly|<1 .
Zk—mln{ - .rERk}.
min |r(y)|
ly|>1/x

Akhieser [Akh90, §50, p.144] shows the following link with Zolotarev’s forth problem (the rational
approximation of the sign function)

RV . .
Tz - min{mad max | 1r@) 1], max ir) — 1} sr € Ri

Since there exists an extremal function p of the latter problem which is odd and has no poles in
[~1,1], we may write p(z) = z-p(22)/q(2?) with p, ¢ polynomials of degree bounded by (k—1)/2,
and k/2, respectively, showing that

2-\/Z ) p(z) k-1 k
e ]_— - — :d < — d <=
12, mm{zeﬁl,%zﬂ vz q(z)l egp < 5 egq < 2 },

compare with [Akh90, §50, p.147]. The function x : (0,1) + (0, +00) defined in (2) is bijective
and strictly decreasing, one usually refers to it as the modulus of the Grotzsch ring. Obviously,
Zy = 1. In the case k > 0 (here Zj < 1), we know from [Akh90, p.150, Tables 1 and 2] that

2- \/Zk 1 — Kk ,u,(,l%)
= h = —.
142y 1+ry o 0° ulre) = =

We obtain using Landen and Gauss transformations [Akh90, p.212, Tables XX and XXI]

2.7y, _ 1— kg, / _ 2 _7r2-k
1+Zk)_2'u(1+/<ck)_4'u( l_ﬁi)_u(mk)_ pw(R)

Using (2) and (12), we may conclude that

w(Zk) = 2u(

w2k 2k 2k

,U(Zk) = u(i_g) - 2N(m) - 2ku(a) - W

Lower and upper bounds of x(r) in terms of 7 have been subject of a number of publications,
see for instance [QVV98, Theorem 1.7]. We here use the rough estimates

14+v1—1r2)?
tog(L YL < ) < log(4fr), 0 <r< 1.
From the upper bound for p(r) we may conclude that
2
Zp <44k, v =exp(c——
st Y=t han



as claimed in (11). Moreover,

Zy -y R > (1 +4/1- 22 > 4(1 - Z}),

leading to the lower bound for Zj as claimed in (11). O

Remark 2.2. After some elementary computations using the ezxplicit formulas given in [Akh90,
§50 and §51] one shows that the extremal Blaschke product in (10) may be expressed in terms of
Jacobi elliptic functions as follows

K +b
1 —/kk sn( 1(((%)“('3);"‘%) 1 —VE sn(u(z);rk) *~ fﬁf},
B(z) = K () , where NG — = TR
1+ /K sn( <6 u(z); ki) 1+ VE sn(u(z);k)  1-— oy
k and K are defined in (12), and p(kk) = p(K)/k. In particular, for
e 2k — 3 .
wion = ulzjan) = K(®) + iK' (R) =, j=0,...2k,
one shows that zp9r = b < 2z19r < ... < 2912c = ¢, that the zeros of B are given by

21,2ks 23,2k --s Z2k—1,2k, and the alternant by zo ok, 22,2k, ---» Z2k,2k, With

.
1V, _ _ 1 —hk
(=1)? - B(zok—2j,26) = m[%’é |B(2)| = v/ Zk = 1+\/@

Following the reasoning of the above proof one easily shows that

(1-vI—a®)’ _ (1_bc_\/(1_b2)(1_02))2< 1.

a? c—b

Z =

In particular we deduce from Lemma 2.1 the well-known fact that the singular values of A; with
f as in (1) are (either zero or) simple.

Lemma 2.3. For any k > 0 there exists a function f € Ryi1 of class (1) with
oi(Af) = Zy - 00(Ay).

Proof. Let us start by recalling the link to eigenvalues of Cauchy matrices: by identifying H 2
with the set ¢ of quadratic summable sequences, we may identify Ay with a semi-infinite
symmetric matrix. In particular, for rational f of type (1)

f2)=) —— b<m<zm<..<zp<e dj€R\{0},
A
7=0
we obtain the matrix representation A = VT .D?.V, V = ($§)€:0,1,2,---;j:0117---vk’ D =

diag (do, ...,dy). Notice that both Ay and A are of rank k + 1. Hence the non-trivial dis-
tinct singular values of A; are given by the eigenvalues of the positive definite matrix DCD,
with the positive definite Cauchy matrix

1
C=vVvl=—(— . ,_ )
(1 — zjx )],Lo,...,k



Notice also that the inverse of C' is explicitly known

Cl=A.C-A, A= diag( -

2" - )j=0,1,...k> (13)
1 —zj z;éjl TjTy

where the diagonal elements of A have alternating signs.

We now turn to the proof of Lemma 2.3. Let y; < y2 < ... < y, be the (simple) zeros
of the extremal Blaschke product in (10), and 2y < z; < ... < zj its alternant (compare with
Remark 2.2). Furthermore, define the functions

Mm@ =[[1== ho@)=T[T=2, hz):=h(2)- ha(2),
j=0 J j=1

and d; = 1/4/|h}(z;)|, that is,

k
Zlhll ;) z_%

7=0

From the above considerations we see easily that M = DC D has the inverse
M =D 'ACAD '=EME, E = diag(1,—1,...,(—1)%).

We may conclude that

_ 1 .
0j(Af) = 0j(M) = 0;(M 1) = m, 7=0,1,...,k.

Hence for the claim of Lemma 2.3 it is sufficient to show that oy (Af) = /Zj.

In order to show this last statement we will make use of AAK theory, more precisely, of the
characterization of the kth AAK approximant of f € Ry to be shown below in Lemma 3.2(b).
Notice first that ko is just the extremal Blaschke product in (10), and thus ho(z;) = (=1)¥7-\/Z;
(compare with Remark 2.2). Furthermore, h has the simple zeros z;_1 < y; < z; for j =1,..., k,
with

W (xj) = Wy (x5) - ha(wg) = [hy(e))] - v/ 2, > 0, h'(y;) = b (y;) - h(y;) <O

Define

z—y]

then clearly g € Ry, with all poles in D and distinct from those of f. Moreover,

N
f() - 9(2) (ZW o=z Zw x—yj)):h(zlf'

Since 1/h is a Blaschke product, it follows from Lemma 3.2(b) that g is the kth AAK approximant
of f, and the required property v/Z, = oi(Ay) follows from Lemma 3.2(a). O

Combining the proof of Lemma 2.3 with the estimate of Lemma 2.1 we have shown the
following result on the euclidean condition number ||M]||-||M || = 0o(M) /o (M) of diagonally
scaled Cauchy matrices. Here the second statement follows from the first by a simple linear
transformation technique.



Corollary 2.4. (a) Let zg, ...,z € [b,c] C (-1,1), D diagonal, and M = D'(;)E,j:O,...,k'

1—zgx;
D, then
_ 1
M- = o
k

and the lower bound may be attained.

(b) Let yo,...,yx > 0 such that %j% € [b,c] C (-1,1) for all j, D diagonal, and M = D -
(m)e,jzo,...,k'D; then

81| 2271 >

and the lower bound may be attained.

We refer the reader to [FaOl0l] for a different lower bound (in terms of the y;) of the

spectral condition number of Cauchy matrices (m)m:o,“_,k with positive y;.

3 Proof of the main assertions

The assertion (3) of Theorem 1.1 for meromorphic approximation of Markov functions follows
from the results of the preceding section; however, for proving assertion (4) it will be useful to
know how well rational functions may be approximated on the unit circle by rational functions
of smaller complexity.

Lemma 3.1. Let fx € R, with K poles in D. Then, for all 0 < j < K, there exists a f; € R;
with
dist(fx, Rj) < [|fx = filleee(ry < 0(Age) + 0j1(Agee) + o +or-1 (A )-

Proof. First we recall from the Kronecker Theorem that Ay, has rank K, and hence g4(Ay, ) =0
for / > K. Let k0:0<k1<k2<...<k,«+1:KWith

Ukz(AfK) = Uke+1(AfK) == 0k€+1_1(AfK') v Okyq1 (AfK)

for{=0,...,r. For k=K —1,K —2,...,j, denote by fi the kth AAK approximant of fi,;. We
show by recurrence on k that, provided that k; < k < kgy1 (krp2 = 00), the function fi is an
element of Ry,, with &k, poles lying all in I, and o, (Ay,) = om(Apy) for 0 < m < k.

This property is true for k£ = K by assumption. If now k +1 < kgyq, then fi 1 € H°, and
hence fx+1 = fi. It remains to discuss the case k + 1 = kyy1 where the first part of the claim
follows from Lemma 3.2(a) (with k = k¢), and the last part from Lemma 3.2(c). Consequently,
provided that kg < j < kg«41, we get

T T
Ik = fillzeery = 1D (ke = Fr-Dllzoomy < > ke = Fro—tllzee(m)
2=0*+1 =041
T r K-1
= > o 1(An) = D ok 1(Ag) <Y oA,
=011 =041 j=j
as claimed in the assertion of Lemma 3.1. O

Forming AAK approximants of rational functions is a well-understood process in linear
system theory. Here the kth AAK approximant is rational but may have undesirable (“unstable”)



poles outside the unit disk. The bound of Lemma 3.1 has been given before by Glover (see
[Glo84] and [Ant98, Theorem 3.2]), at least up to a factor 2 and for real rational functions.
The proof given in [Ant98] is also based on one-step AAK reductions as discussed in the proof
of Lemma 3.1. Here one requires some deep properties of this reduction process, which are
summarized in Lemma 3.2 below. For instance, fj is a “stable all-pass dilatation” of fi,1. This
and other properties mentioned in Lemma 3.2 seem to be well-established in the linear system
community (they are only partly shown in [Ant98]). Both for the sake of completeness and for
trying to make these statements more transparent to people from other communities, we provide
a proof of Lemma, 3.2.

Lemma 3.2. Let fry1 € Riy1, with k+ 1 poles (counting multiplicities) lying all in D, and
let k € {0,1,....k} with op(Ay,.,) = .. = 0x(Af,,,) # 0k—1(Ay,,,) or else s = 0. Then the
following holds

(a) The kth AAK approzimant fi, € H® of fry1 is a rational function, fi, € R, with k poles
lying all in D and being distinct from those of fiy1, and

fee1(2) = fe(z) = s-B(z), B a Blaschke product, (14)
with s = :|:O'k(Afk+1).

(b) Any rational function fy € Ry with poles which lie all in D and are distinct from those of
fr+1, and satisfying (14) for some s € C equals the kth AAK approzimant of fri1.

(c) There holds 0j(Ay, ) = 0j(Ay,) for j =0,1,...,k — 1.

Proof. From AAK theory it is known that dist(fri1, Hg°) = ox(Ay,,,), with the infimum being
attained for a unique fy € H°. This fi has k poles in D, and satisfies

[fe+1 = frllooo(ry = ok(Afyy)s  fra(2) — fi(2) = u(2) = (Af,,v)(2),

where v € H? is any singular vector corresponding to oy (Ay, +1)- In addition it is known that
we may find a particular such singular vector vy having the additional symmetry property

wo(2) = (Aka'Uo)(z):s-%Eo(%), where 9(z) == 0(2), s=%ox(Ap,,).  (15)

These ingredients will enable us to show part (a). By assumption, there exist b; o € C, b; i—1 #0,
and zi,...,zs € D with

SZJI

frri(z —boo-lrzz =) e+1’ ZE =k+1
7j=1

j=1 ¢=0

Then ug = Ay, o is rational, more precisely, for |z| > 1 we have

_ fk+1 Uo U Z])

j=1 £=0 m=0

Notice that ug is a rational function, with degree of the denominator equal to k&’ + 1, and degree
of the numerator < k', where k' < k, and k' < k if v(z;) = 0 for at least one j € {1,...,s}. It



follows from (15) that also vy is rational, and ug /vy equals s times a Blaschke product, showing
(14). Furthermore, since

Jk+1v0 — Af 100 = fr+1v0 — uo = frvo

is analytic in D and vy has at most &’ zeros by (15), we may conclude that f is rational, with
at most k' € {k,..,k} poles, and these are within the zeros of vg.

For a proof of (a) it remains to show that fy has no zeros outside of D and that its zeros
are distinct from those of fr11. We proceed by recurrence on &k > 0. In case k = 0 we have
k = k = 0, and there is nothing to show since fj is a constant. Suppose now that £ > 1, and
consider the case k = k (and thus all poles of fj are in D). Then k' = k, and hence vy(z;) # 0
for j =1,...,s. It follows that the poles of fi are distinct from those of fi1, as claimed above.
As second case we suppose that k < k, and that fi; has a pole, say, z1, being not a pole of f.
Then fy11(1/Z1) is finite, and we may write

firi(s) = fee) = 2 (gue) — gu-1 (), whese (16)
fini(a) = fen (1) = =2 002, ula) — fen (1)) = T2 g (a)

Notice that g, € Ry has k poles in D, and gx_1 € H.° C Hp2,. Since the Blaschke factor is
of modulus 1 on the unit circle, we may conclude that gg_; is the (k — 1)th AAK approximant
of gi. Indeed, if g € HZ°, would be closer to g, then f(z) = fiy1(1/Z1) + 12__—7;1‘2 -g(z) in Hg®
would be closer to fiy1 than fi, a contradiction. Our claim for this case follows now from the
recurrence hypothesis.

As third and final case suppose that x < k, and that the poles of fx1 are also poles of fi
(with possibly smaller multiplicities). We want to show that this case is impossible. Since fi
has at least K+ 1 — xk > 2 poles less than fr,; in D, we find a z; € D being a pole both of fr41
and of fi, and having a strictly higher multiplicity for fx;1. Then for gg, gx—1 in (16) we obtain
that g, € Ry has k poles in D, and gx_1 € H®; C Hf°,. As before one shows that g;_; is
the (kK — 1)th AAK approximant of g;. From the recurrence hypothesis we get that g; 1 has no
poles in common with gi. Since any of the poles of f;; are either z; or joint poles of g1 and
gk, we may conclude that fr,; has only one pole at z; of multiplicity £ + 1 > 2, and f; € R,
has a simple pole at z; (plus possibly other poles). Furthermore, since there is invariance with
respect to Moebius transformation of the argument, we may assume that z; = 0. Consider the
set of right-hand singular vectors corresponding to oy y1(4y,_ ;)

V= {U €H”: HAka'UHLQ(’]I‘) = 0k+1(Afk+1) : HU||L2(’]I‘)}'

Notice that Ay, has a matrix representation containing as only nonzero entry a principal
submatrix H of order k + 1 being of Hankel structure and invertible, in particular Hy 11 =
Hyy1-jj #0,and Hj, = 0 for j+£ > k+1. Hence any element of V is a polynomial of degree at
most k. Since V forms a vector space of dimension £+ 1 — x, we may find in this set a polynomial
v1 of degree < k. Recall that, for any v € V, the function fri1v —u = fyv, u = Ay, v, is
analytic in ID. Since fi has k poles in D, we may conclude that v; has degree k, having as zeros
the poles of f; (counting multiplicities), and that

V ={a-v1: ais a polynomial of degree at most k — k}.

Identify elements of V with vectors in CF*+!, then, for any v € V, we have for w = Huv the
relation

1H wl| = [fel| = [[H ] - [[w]-

or(H)

10



Conversely, any vector w satisfying this relation leads to some v = H 'w € V. Since v; has a
simple zero at 0, the first component of any vector in V and in particular of v; vanishes. Hence
the vector corresponding to v(z) = z¥~#v(z) has the first ¥ — x + 1 components equal to zero,
and the (k — k + 2)th component different from zero. Hence the last kK — k + 1 components of
w = Hv are equal to zero, and the xth component different from 0. Denote by w* € C¥*! the
vector obtained by shifting the first x components of w downwards by k — x 4+ 1 positions, the
other components being equal to zero. According to the (lower) Hankel structure of H~! one
easily verifies that the first x components of H~'w* coincide with the last x entries of v = H ™ lw
(which are the only nontrivial ones). Hence

HE Y] - [l = [1H ™ wl| < [[H || < [JHTH| - [lw®]| = [[HH] -]l
*

showing that H 'w* € V. However, by construction, the first component of H 'w* is different
from zero, a contradiction. Thus the third case may not occur, and we have shown part (a).

For a proof of part (b), suppose that fi has ’ poles counting multiplicities. By assumption
(b), the Blaschke product in (14) takes the form

k+r'+1 -
+K+ 1—§jz

5= [ 5=

=1

¢ €D

For any £ € {1,....,k + £’ + 1}, define B, € H? by

BZ(Z) = H 1 _1?2:7
J

Jj=1

then, for |z| > 1,

_ 1 [BOBQ) . 1 [BO e
mwww%%‘%ca—%prmﬂpmwwwwm

by the Cauchy residual theorem. Notice also that, by the Kronecker Theorem, Ag has rank
k+ k" + 1. Writing

1
C = span{H —:4=1,..,k+K +1} C H?

o1 1—¢jz
Ly L
Ca —Span{H R l=1,..k+r +1} C H
2 — Ca
=1 !

we may conclude that ||Apg|[r2(t)y = [|g||L2(T) for each g € C1, with the range of Ap given by
Ca, and its kernel by the orthogonal complement of C; in H?. Hence

00(AB) = 01(AB) = ... = 0k4x(4B) =1, Opir+1(AB) = Ohyri2(AB) = ... = 0.
Consequently, for any f € Hg° with g = f — fi € HgS ., we obtain using (14)
[ fr+1 = fllzeoery = |IsB = gl|Loo(m) 2 Oksw (AsB) = |s| - Ok (AB) = [s].

Moreover, according to the uniqueness of the (k + x')th AAK approximant of sB, we have
equality iff g = 0. Consequently, fi is the kth AAK approximant of fi,;, as claimed in part

(b).

11



We finally turn to the proof of part (c). With the notations of the preceding paragraph
(and in particular &' = k& > 1 and [s|] = ox(4y,,,)), we first notice that Ay, and Ap,
respectively, are of rank k + 1, and «, respectively, with their ranges being a subset of Co, and
their kernels being subsets of the orthogonal complement of C; in H?. Dividing the operator
identity Ay, ., — Ay, = sAp by s = oy (Ay,,,) and applying orthogonal projection operators
on Cy, and on Cy, respectively, we may apply Lemma 3.3 below, telling us that

o5 Ahen) _ 0ilAn) gy e,
Uk(Afk+1) Uk(Afk+1)

as claimed in the assertion of Lemma, 3.2. O
Lemma 3.3. Let C1,Cy € ChtrtOx(kta+1) “pith Oy of rank k + 1, Cy of rank k < k, and
Ci — Cy being unitary. Then ox(C1) = ... = 04(C1) = 1, and 0;(C1) = 0j(C2) for j =
0,1,....k — 1.

Proof. Write X1 = diag (0j(C1))j=0,1,....k, 22 = diag(o;(C2))j=0,1,...k—1, then we have the (in-
complete) SVD decompositions

C1=UXVi, Co=UeEVy,, UiU1=ViVi =11, UsUs=V5Va =1
Let Uy be such that the columns of (Uy, U,) form an orthogonal basis of C¥T#*!. By assumption,

1 0

Ci—C= [T UQ][ -

][Vl “] =t U] -V* (17)
is unitary, and hence V is unitary. Let us write V = (V3,V}), with V3 € Ch+Dx(ktrt1)
Multiplying relation (17) by U} gives

—UiU%Vy = Vi,

showing in particular that V'V = 0, and that W := —UjUs¥y € C**F is unitary. Hence,
multiplying (17) on the left by (U1, Us)* and on the right by V leads to

. _ [ e U S0 ViVs ViV,
Fetl 0 -ws,t ]| o0 —% 0 ViVi
Ly —UihS, 1 [ SV SV
0 W 0 1247

implying that

-1
SiViVs ViV | _ [ ey —UiUs%s _ [ I UiUSW*
0 ViVy 0 14 0 W '
In particular,
TV = (SR Vs + (51 VS V)V = Vi + U U SaW vV,
and
Y2 = S\ ViiEL = D1 + Uy UnXo[Us UsXa]*.

Hence %2 — ;11 is a semi positive definite matrix of rank < , showing that o4(C;) = ... =
0,(C1) = 1. Furthermore, the singular values of UyUXy are given by +/0;(C1)? —1, j
0,1,...,k — 1. On the other hand,

UsSy = DU TSy + UsUL U Sy = U1 U U S, — UsW,

12



and
[UE0]* Uy = X2 = [UT U Zo]*[U Uy o] + I,

showing that the singular values of U UsX; are given by 1/0;(C2)? — 1, j =0,1,...,k — 1. Thus
0;(C1) = 0;(Cy) for j =0,1,...,5 — 1, as claimed in Lemma 3.3. O

Before establishing Theorem 1.1, let us show the following result for Markov functions.

Lemma 3.4. For any f as in (1) there holds

aist(f, Rg) = LU [ ) ey 1)

Proof. We have for any ¢ € Ry = C and for any function f as in (1)

I clmey > Qe UCD —d ) SC)

L2 [ du(a)
- [ - ae - [

l—-z —-1—z —x

On the other hand, for ¢ = (f(1) + f(—1))/2 we get
F(2) — fA)+ f(-1) :/bc( 1 1/2 1/2 ) dp(z) :/bcl—zw dp(z)

2 z—z l—-z -1-—1 z—xz 1—2x2
i FO+FEY, [ 1= s dule) _ (¢ duls)
|r£1|i)1(|f(z)— 2 < b%i%'z—a:'l—a?:/b 1— a2’
as claimed in (18). O

Proof of Theorem 1.1. As mentioned before, a proof for assertion (3) is an immediate
consequence of our preceding considerations: from AAK theory and Lemma 2.1 (for j = 0) we
know that

dist(f, Hy®) = or(Af) < Zoo(Ay) < 4-7* - ao(Af) =4 - dist(f, H),

implying (3). Moreover, from Lemma 2.3 we know that Z; may not be replaced by any smaller
constant for fixed k,b, and c¢. In addition, from (11) we know that, for any fixed b, c,

and hence the constant 4 in (3) is optimal.

In order to show (4), notice that the error of Padé approximation (at infinity) of f on T
tends to zero by the Markov Theorem. Let ¢ > 0, then there exists a K > 0 such that the Kth
Padé approximant of f satisfies ||f — fx||re(r) < €. Notice that fx € Rk has K simple poles,
all being elements of [b, ¢] C D, and positive residuals, showing that fx is a member of the class
(1). Applying Lemma 3.1 we find some rational function fj € Ry, with

I[fx = fellpeo(r) < ok(Afy) + okt1(Apge) + oo+ or—1(Agy)-

Since fx is of the form (1), we apply for each singular value the estimate of Lemma 2.1, leading
to

[[fic = felloory < Zg - (00(Afg) +o1(Apy) + oo + 0 —k-1(Agy)

k() = fx(=1)
2 7

< Z- trace(ng) =7

13



where for the last identities we have used relation (8). It follows that

If = fellee(ry < IIf = Frllpeo(ry + [1fx = frllzeo(m)

_ (|fK(1) - fOI+Ife(=1) = f(=D]  f(1) - f(—l))
2 2

f(Q) —f(—l))

)

< e+ Zg

IN

€+ Zy - (e+

Using relation (18) and taking into considerations that € > 0 is arbitrary, we obtain ||f —
fellzoo(ry < Zg - dist(f, Ro), as claimed in (4). O

Remark 3.5. We have seen in the above proof that, for any b,c, for any f of class (1), and for
any k >0,
diSt(fa HI?O) < Z- diSt(fa Hoo)a

with equality for the function f of Lemma 2.3. Hence Zy, is the best constant in this inequality.
Also, in the second part of the proof of Theorem 1.1 we have shown that, for any b,c, for any f
of class (1), and for any k > 0,

dist(f, Rg) < Z - dist(f, Ro)-

We do not know whether Zy, is the best constant in this last inequality. However, for the function
[ € Ri41 as in Lemma 2.3 we know from Lemma 3.2 that its kth AAK approzimant is an element
of Ry, implying that dist(f, Ry) = dist(f, H°°) 7y, - dlst(f H®). Thus the second estimate
can be improved at most by the factor dlst(f ’R,O)/dlst(f H*>) > 1. Let us give a simple upper
bound for this quantity which is invariant under a Moebius transformation of the argument of
the form 2’ =T(2) = (z — @) /(1 — az), a € (—1,1). We find « such that

1
—/= -1

T — T R VA _ )
By =), d=-t=2—y/5-1, a=I=2

Hence using relation (18) we get the following upper bound

< dist(f, Ro) _ trace(gf) fb’ W
- dist(f, H®) |14 7] ||A Al
1 @A a2/2

< . — = .
B e G L | o e G N 2
O

Remark 3.6. For functions f as in (1) with p satisfying a Szegd condition on [b, c], the following
asymptotics has been shown in [BPS01, Theorem /]

. dist(f, H) (z =b)(c—x) du
lim ————%~ =2 =
el vk G (W), wu(a) (1 —zb)(1 — zc) d:v( z);
where v is as in Theorem 1.1, and g(v) for any positive function v is defined by
1 1—
log(G og(v(z)) be 1.

\/1—b:c )1 = cz)(z — b)(c — ) 2K (a)
We claim that

G (w,) < dist(f, H), (19)
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with equality for the particular measure

d_1/$ _ (1 —zb)(1 — zc)
dx( ) \/ (z —b)(c—x) (20)

It follows from the above asymptotics and (19) that relation (5) is true and may not be improved
since there is equality in (5) for the particular measure (20).

Notice that for constants ¢ > 0 we have G(c) = c. Since for any unit measure o and
any positive function v we have the relation [log(v)do < log([wvdo) (known as link between
geometric and arithmetic mean), we may conclude that

/ v(x) 1_bcdx
V1 =bz)(1 - cz)(x — b)(c — x) 2K (a)

and hence

1—bc [€ du(z)
2mG(wy) < 271-2K(a) /b (1-0bz)(1—cx)

We notice that, by (7),

Ai de) -l ! lsamy)?

1—bz)(1 — cx) V(1 —bz)(1 — cx)
o 1 2m dt
= dis(r, 1) o [
= dist(f, H*) - % = dist(f, H*) - 7r?1Ki—(ab)c)'

Thus (19) holds. Let us now consider the particular measure p = v, here G(w,) = 1, and hence
dist(f, H>®) > w by (19). In order to show the opposite inequality, notice that

—2zb)(1 — z¢ 1/6 —zc) dz
f(z) —g(z) = W\/(l RIC ) where \/ ) )_d ,

(z=b)(z—¢c) :(;—b c—ac) z—

and g € H®. Since f — g is of modulus w on the unit circle, we obtain dist(f, H®) < 7. O

It remains to show that a stable reduced model deviating at least from h on the imaginary
axis may be constructed as claimed in Corollary 1.2.

Proof of Corollary 1.2. Consider the variable transformation z = T(w) = (w +
1/||DY|)/(w—1/||D!]||), mapping the imaginary axis iR to T, and the convex hull of the spec-
trum of D, namely [—||D||,—1/||D~!||], to the interval [0, ], with ¢ = (k(D) —1)/(k(D) + 1) €
[0,1). By passing to the orthogonal basis of eigenvectors if necessary, we may suppose without
loss of generality that D is diagonal, with eigenvalues —||D|| = A\; < Xg < ... < A\, = —1/||D7Y|.
Writing A} := T'(\;) € [0,a], we are left with the function

6 = M =B D= 3

2\, 1 1
= ﬁ+Zeg ( H)Z—A;._Ajﬂn)' 21)
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We first discuss the symmetric case e = d and hence dje; > 0 for all j. Since A, < 0, we may
conclude that f € R,, is of the form (1), with b = 0, and ¢ as above. Also, using (18) we obtain

. ~ f() = f(=1) _ h(0) — h(o0) _ —d*D~d . |d*D~1d|
With fr € Rg from Lemma 3.1 and hy(w) := —fx(2), hy € Rg, we may conclude using
Lemma 2.1 that

max |h(w) — hp(w)| = |[f = fellreory < 4-7F - dist(f, Ro) = 2|d* D~ d|y*

werR
where
2

s wmKQeB) _sB)-1
—log(y) = cap ([0,a],T) = 2u( )_4ﬂ(m) K(y/1- 1/5(3)2),

as claimed in (6).

In the unsymmetric case d # e it may happen that that some of the coefficients d;e; in (21)
are negative. Here we write f(z) = f*(z) — f**(z), with each of the two functions being of of
the form (1). Approximating each of them with a rational functions of degree k', we obtain a
rational function of McMillan degree at most 2k’ < k, together with the error estimate

4-oF - dist(f,Ro) = 2/ 3 |99,

A
j=1 Y

where the sum on the right hand side can be estimated by v/|eT D~1e| - |[df D~1d], as claimed in
(6). O

Let us finally notice that, by Remark 3.5, the right hand side of estimate (6) in the sym-
metric case d = e can be at most be improved by dividing by

a?/2 ~ (VE(B)+1)?
a2 —1+vV1—-a2  4k(B)
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