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Sparse representation of signals
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Prony’s method (1795)

For the signal f(t) = >_°_; wiett, (wj, ¢; € C), '
Evaluate f at 2r regularly spaced points: g := f(0),01 := f(1),...
Compute a non-zero element p = [pg, . .., Pr] in the kernel:

ao g1

v [ Po
01 Or+1 P1 0
Or—1 02r—1 O2r—1 Pr

Compute the roots & = e, ..., & = e of p(x) := > 1_ pix’
Solve the system

1 el 1 w1 o)
&1 & w2 o1
{71 Y Wy Or_1
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Decoding

Mt

An algebraic code:

E={c(f) =1f(&1):- -, f(&m)] | f € K[x]; deg(f) < d}.

Encoding messages using the dual code:

€= EX = {c| e [f(&1),. ... F(E)] = 0 VF € V = (x*) C Flx]}
Message received: r = m+ e for m € C where e = [wy, ..., Wm] is an
error with w; # 0 for j = iy,. .., ir and w; = 0 otherwise.

= Find the error e.
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Berlekamp-Massey method (1969)

Compute the syndrome o = c(x¥) - r = c(x¥)-e=>"_; w,-jgfjf.

Compute the matrix

oo o1 ... o,
01 Or+1
Or—1 ... 02r—1 02r—1

and its kernel p = [po, ..., p/].

Compute the roots of the error locator polynomial

p(x) = Yo pix" = pr [Tjma (x = &)-

Deduce the errors Wi, -
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Sequences of moments, series, duality

@ Sequences of moments, series, duality
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Sequences of moments, series, duality

Sequences, series, duality (1D)

Sequences: ¢ = (o4 )ken € K indexed by k € N.

Formal power series:

o= Zak K (o > oxz" € K[[]])

k=0

Linear functionals: K[x]* = {A : K[x] — K linear}.
Example:

» p — coefficient of x' in p = ,.—1!8i(p)(0)
> ec: prr p(Q)
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Sequences of moments, series, duality

Series as linear functionals: For o =) 72 ;o yk—k, € K[yl

oip=Y pxker (o]p) = Zakpk

k

(%) is the dual basis of the monomial basis (Xk)kGN'

0o k
Example: ec =3 2, ¢k o= e e K[[y]l.

Structure of K[x]-module: p(x)xA:q~— A(pq).

X*x0 = ia L—8(0( )
T &M k- Y
p(x)xo = p(9d)(a(y))-
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Sequences of moments, series, duality

Sequences, series, duality (nD)

Multi-index sequences: o = (04)aenn € KV indexed by
a=(a1,...,an) € N
Taylor series:

aly) =) O'ai_c; €Klyr,....yall (or > 0az® €Kz, ...,z
aeNn aeNn

where a! = [J ;! for o = (a1, ..., a,) € N

Linear functionals: 0 € R* = {o : R — K, linear}
oip= Zpax — (olp) = Zaapa

The coefficients (o]x*) = 0, € K, a € N are called the moments of o.
Structure of R-module: Vp € R,o0 € R*, pxo : g (o|pq).
=3 pxo =p(01,...,0n)(c)(y)
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Sequences of moments, series, duality

Hankel operators
Hankel operator: For o € K[[y]] (symbol of the Hankel operator),
Ho : Klx] — KI[y]]

p = pxo= p(ala s 78n)(0)(y)
Truncated Hankel operator: V, V' C K[x],

Ho‘_/,’v pE V-)p*O"V/ S \/M<
Example: V = (x4), V' = (xB) ¢ K[x]

HZ'E = [0+ 6laca seB:

Ideal: I, =kerH, = {p € K[x] | pxo =0},

={p=> pax*|VBEN"Y paoais =0}

Linear recurrence relations on the sequence o = (04)aenn-
Quotient algebra: A, =K][xy,...,x,]/l5

Studied case: dim A, < c© i.e. A, Artinian. J

B. Mourrain
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Algebraic structure
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Algebraic structure

Structure of an Artinian algebra A
Definition: A = K[x]// is Artinian if dimg A < co.

Hilbert nullstellensatz: A = K[x|// Artinian & V() = {&1, ... ,& ) is
finite.

Assuming K = K is algebraically closed, we have
[ = Q1NN Q, where Q; is mg;-primary where V(1) = {&1,..., &}

A=K[x]/I = A, @ - & A,, with

A,’IU,'ANK[Xl,...,Xn]/Q,',
u? = uj, wu=0ifi#ju+--+u =1

i

dim R/Q; = p; is the multiplicity of &;.

B. Mourrain Sparse representations from moments 12 /35



Algebraic structure

Structure of the dual A*

Sparse series:

PolExp = {U(y) = Zwi()’) eg;(y) | wi(y) € K[y], }

i=1
where e, (y) = e¥& = ey1LitFnéni with &jeK
Inverse system generated by wi,...,w, € K[y]

D(wi, ..., wr) = (0 (wi),a« € N")
Theorem

For K = K algebraically closed,

A" =@i_1Dieg(y) C PolExp
Ve() ={&,....&}

D; = D(w,-,l, e ,w,-J,.) = Q’J‘ with wjj € K[y] and | = QN ---

,u(w,-,l, ... ,w,-’/,.) = dimK(D,-) = Wi mu/tip/icity Off,'.

N Q;
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Algebraic structure

The roots by eigencomputation
Hypothesis: Vi (/) = {&1,...,&} & A =K][x]/I Artinian.

M, A = A M A — A
u — au AN — axAN=ANoM,

Theorem
The eigenvalues of M, are {a(&1),...,a(&)}.
The eigenvectors of all (M3)aca are (up to a scalar) eg, : p — p(&;).

Proposition

If the roots are simple, the operators M, are diagonalizable. Their
common eigenvectors are, up to a scalar, interpolation polynomials u; at
the roots and idempotent in A.
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Algebraic structure

Example

Roots of polynomial systems
fi = xtxo—x? I =(f,h) C Clx|
h = x1x—x

A=C[x]/I = (1,x,x) | —( — X2, X1X2 —Xz,Xz2 — X2)

0 0 O 0 0O common 1 1
M= 1 0 0|, M=] 0 0O eigvecsof = 0 |,| 1
011 111 ME, M2 0 1

I=@QNQ@ where Q= (x,%), Q=mgy=0(a—1x-1)
. Qlj_@Q;_ QIJ_ = <17y1> = <17y1> e(0,0)(y) Q2 = <1> e(171)(y) = <ey1+y2>
Solution of partial differential equations (with constant coeff.)

8)%18},20—6510 =0 fixoc=0 = ocelt=Q{ Q"
0y,0y,0 — 0,0 = 0 hxo=0

c=a+by+ce"™” abceC
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Algebraic structure

Hankel operators and Gorenstein algebra
Hankel operator: For o € K[[y]],

Ho - K[x] — K[[y]]
p = p*xo= p(ala cee :an)(a)(Y)
Quotient algebra: A, = K[x]/l, where I, = ker H,.
Definition: A Gorenstein iff 3o € A* such that A* = Axo is a free A.

= |somorphism between A, = K[x]//, and its dual space A:
0>, > K[x] % A% =0

p = px0o
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Decomposition

@) Decomposition
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Decomposition
Univariate series:

Kronecker (1881)

The Hankel operator H, : (pn) € CNfinte
(3", Fm+nPm)nen € CN Js of finite rank r iff 3ws,...,wy €
Cly] and &, ..., & € C distincts s.t.

’

o) = X anls = Y wily)eg(y) with > (deglwi)+1) = r

neN i=1

Multivariate series:
Theorem (Generalized Kronecker Theorem)
H, is of rank r iff o = 3.7, wi(y) e (y) € PolExp with r = S n(wi).
In this case, we have
VC(IU) = {gla cee ,gr/}-
I, =@ N---NQn with QIL = D(UJ,’) egi(y).
A% = A, %o (free Ay-module of rank 1).

(a, b) — (o|ab) is non-degenerate in A, .
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Decomposition

Decomposition from the structure of A,

Foro =3, ; wieg, with w; € C\ {0} and & € C" distinct.
» rank H, = r and the multiplicity of the points &q,...,& in V(I,) is 1.
» For B, B’ be of size r, Hf/’B invertible iff B and B’ are bases of

Ay = K[x]/1,.
» The matrix M; of multiplication by x; in the basis B of A, is such that

B'xB _ yB'.B _ 4B',B
H(I = Hx;*cr - HU = M;
» The common eigenvectors of M; are (up to a scalar) the Lagrange
interpolation polynomials ug, at the points &, i =1,...,r.
1 ifi =, 5 .
ufi(gj):{ 0 otherwise Ug™ = Ug, Zl;:l ug = 1.

» The common eigenvectors of M} are (up to a scalar) the vectors

[B(&)], i=1,...,r.
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Decomposition

Decomposition algorithm

Input: The first coefficients (04 )aca of the series

o = Z Ua . Zw,egl

aeN?

® Compute bases B, B’ ¢ (x*) s.t. that HE"E invertible and
Bl = |B'| = r = dim A,;
@ Deduce the tables of multiplications M; := (Hf,’B)_le,’X’B

@ Compute the eigenvectors vy, ..., v, of Y. [;M; for a generic
I=hxy+ -+ Ipxp;

@ Deduce the points & = (§i1,...,&in) s.t. Mjv; — & jv; =0 and the

weights w; = ﬁ((ﬂvi).

Output: The decomposition o =371 ; - (5 ylolvi)ee (y).
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Decomposition

Multivariate Prony method
Let h(ty, o) = 2+ 324 2235, 0 =3 h(«)

Take B = {1, xy,x2} and compute

yOé
ol

= 2e(11)(y) + 32 2)(y)—e3,1)(¥)-

h(0,0) h(1,0) h(0,1) 4 5 7
Ho := HE:B = | h(1,0) h(2,0) h(1,1) | =|5 5 11 [,
h(0,1) h(1,1) h(0,2) 7 11 13
5 5 7 7 11 13
Hy:=HBxB=| 5 1 17 | Hy:=HBE*B=1| 11 17 23
811 178 23 13 23 25
Compute the generalized eigenvectors of (aH; + bH,, Hp):
2 -1 0 2 3 -1
u=| -1/2 0 1)2 and HHU=| 2x1 3x2 —-1x3
-1/2 1 -1/2 2x1 3x2 —-1x1

This yields the weights 2,3, —1 and the roots (1,1),(2,2),(3,1).

B. Mourrain
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Symmetric tensor decomposition

v =

,(/}*

22 _
HY =

B. Mourrain

Decomposition

(XO — X1 + 3X2)4 + (X[) + X1 +X2)4 -3 (Xo +2x1 + 2X2)4
7X04 — 24 X03X1 - 8X03X2 — 60 X02X12 — 168 X02X1X2 —12 X02X2
—96 xox13 — 240 xpx12x2 — 384 Xox1x0° + 16 x0x0° — 46 x1* — 200 X130
—228 x1%x0% — 296 x1x23 + 34 x*

e(—1,3)(Y) +ew1)(y) — 3ew2(y) (by apolarity for 1 : p+— (¢, p)a)

For B = {1,xp,x1},

2

1 2 6
B,B __
Hys' = 2 -2 —u
6 —14 —10
[ —6 —14 —10 ]
Hi;fZB: ~14 —32 -2
| -10 —20 -—24 |
_2 4 3 34 —74 —38
_1a 32 —20 —74 _38 —50 2 2 _1a
—10 —20 24 —38 —50 —46 | sas_|| 2 4 -m
e =
| 14 -32 -2 |
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Decomposition

The matrix of multiplication by x; in B = {1,x2,x1} is

0 —2 —2
B,By—1,,B,x1B
My = (Hg:F) " H o = [ 0 ]

1

IO Nl
[TRINTN

Its eigenvalues are [—1,1, 2] and the eigenvectors:

0o -2 -1
1 1

u=1 2 2
- 1

2

1
2

FNTERRNNTA

that is the polynomials
Ux)=[1tx-3xx 2+3x+ix —-l+ix+ix]

We deduce the weights and the frequencies:

1 1 -3
HE;XI*X2]’“: Ix -1 1x1 -3x2 |.

1x3 1x1 -3 x2
Weights: 1,1, —3; frequencies: (—1.3),(1,1),(2,2).
Decomposition: 9*(y) = 3(71.3)()!) + e(1.1)()’) - 39(2,2)()’) + (Y)4
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Decomposition

Sparse interpolation

fx) =Yiqwix® = o=3 f(¢) YY_T = Y1 wiegei(y) J

Example: f(x1,x2) = x133x212 —5x1x5° + 101.

i
Compute 0, = (], 93?%) for a1 +ar < 3 and g1 = pr = e50.
Compute the Hankel matrix H2:
98.46280 + 4.88062 i 97.42748 + 1.82098 i

97.42748 + 1.82098i  102.35770 + 3.77300i  99.50853 + 5.29465i ¢
95.73130 — .33862i 99.50853 + 5.29465 i 95.42134 + 1.47250i ¢

Deduce the decomposition of o = 32| wieg;:

97.01771 + 3.93695i  98.46280 + 4.88062i

97.00000 97.01771 + 3.93695i  95.50360 — 1.47099i
95.50360 — 1.47099i  97.42748 4 1.82098i

0.99211 + 0.12533i 0.80902 — 0.58779i —5.00000 — 4.43772¢ i
== | 1.00000 + 4.86234e—1i  1.00000 — 6.91726e % | w = | 101.00000 + 4.65640e i
—0.53583 — 0.84433i 0.06279 + 0.99803i 1.00000 — 1.92279e8i

and the exponents % mod 50 of the terms of f:

0.386933¢ 2 + 0.137963e 8

—0.550458¢ —8 — 0.38761e i
—17.00000 — 0.100085¢ i

{ 1.00000 — 0.414119e " i
12.00000 + 0.700984e %

—5.00000 + 0.270858e 0 i, ]
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Decomposition

A general framework

§ the functional space, in which the “signal” lives.
S1,...,5, : § — § commuting linear operators: S;jo0 S; = S; 0 §;.
A heF— Alh] € C a linear functional on §.

Generating series associated to h € §:

= Y Al y_l = a%

aeNn aeN?

Eigenfunctions:
SJ(E) :ij,j: 1,...,n:>aE:e§(y).

Generalized eigenfunctions:

Si(Ex) = &E + Z m; k Exr) = og, = wi(y)ee(y)-
K<k

If h— o} is injective = unique decomposition of f as a linear combination of
generalized eigenfunctions.

sEsends [Peter, Plonka 2013} ta. the.multivariate.case- 2 /35



Sparse interpolation of PolylLog functions

F =POLYLOG(x) = {3 (5)ea N3~ log”(x)x?, A finite},
Sjih(x, ..., xn) = h(... X1, 95X, Xj41, - . -) for p; € C — {1},
A h(xi,...,xp) — A[h] = h(1,...,1).

(e}

Generating series of h: op(y) = > penn AT, - 00) L

al
Eigenfunctions: x”; Generalized eigenfunctions: Iog’B(x x7.

h= Z,'/:I > peB; Wil log®(x) X7 iff the generating series o, is of the form

an(y) = > wily)eg(y)
i=1

with & = (¢1"',...,on"") € C" and wi(y) = 3 scp, wi gy’ € Cly].

= Decomposition from the moments o, = h(p7?, ..., p%").
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Decomposition

Sparse Fourier analysis
F = [2%(Q),
27x;

Si: h(x) — e T h(x) € [2(Q),
A h(x) — [ h(x)dx.

H H . 1 n
Generating series of h: o(h) = mﬁ(h) (2#%, ey 27T%)
Eigenfunctions: J;; Generalized eigenfunctions: 5§6).

Let h € L2(Q) and let o(h) = (0 )yezn its Fourier coefficients.

Cothy : (p)pezn € LP(Z7) = | D oassps e (3(Z").
B acZn

['5(k) is of finite rank r iff

o(h) = 0y Ynen wia¥eic(y) & h=01 S ocacnn wiad 1ol

with & = (€1, -, &in) € Q wia € Cand r =01 (X aep Wiay®)
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Optimization

@ Optimization
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Optimization

(joint work with C. Josz, J.B. Lasserre)
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Optimization
Corn press sensi ng

Problem: For f(x) = Y cawax®, find A and (wa)aca from values f((x)
for(y eR" k=1,...,s.

Find a solution of

VQ=F
where V = (C?)k,a, Q = [wala
and F = [f(Ck)lk=1,..m, with
1Q]lo = #{wa # 0} minimal.

Linear Programming

D (wh —wi )R —f(G)=0,k=1,...,s

a

1= Sparse solution with r terms when s = r.

== Exact recovery for enough points well-separated.
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Optimization
Super-resolution .
For f(x) = cawax®, (€ C" . ‘ ‘

f(CB)ZZwaCaﬂ:/xﬁdu ‘

acA
where p1 =) A wadca is a weighted sum of Dirac measures at (.

Find a measure p1 = Y - 4 Wad¢, which is a minimizer of

(+) inflpllrv
s.t. /xﬁdu =f(¢?),8€ B

(lellrv = supr 3 oaer (A for =3 qcawade ullTv =2 gealwal.)
Theorem (Candes, Fernandez-Granda’14)

Let { € T", § = min{|¢* — ¢¥| | a # o € A} with A C [—a,a]".
If 6 > Cy/a, then (x) has a unique optimal solution, which is a weighted
sum of Dirac measures at (¢ for a € A.
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Optimization

Semi-Definite Programming
Relaxation in convex optimization problems on moment matrices.

1 positive measure = Vp € R[x], fpzdu >0
= H, =0 where (p | H,p) = [ p?du

If¢eR" u= wWabca = put — p~ with ut, u~ positive measures.
acA ¢

Find moment matrices H*, H~ indexed by o, 8 € N” with |a| < d,|3| < d,
which is a minimizer of
(%) inf hS:O + hoo
st. HY = (hfz)=0,H = (h, ;) =0,
H*,H™ Hankel: h,p = hy gif a+B=0a + 3
hfo—hgo=F(¢%) for e B

If a flat extension property holds, decompose the series of moments h, o as a
weighted sum of exponentials to get the support and weights of the optimal

measure.
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Optimization

Some numerical results

Blackbox Rigorous Super Hankel
Polynomial LP Resolution Prony
—1.22% + 6.72° 2.32% 1.66% 0.97%
2.32% + 5.62% — 1.5z 1.71% 2.31% 3.33%
—2.123 + 5.422 — 2.0z + 6.22° — 5.2 0.80% 1.64% 2.89%
0.8x122 — 2123 14.91% 11.03% 52.14%
—5.82723 — 8.2x3x3 + b.5z3as + 1.1 0.73% 1.01% 2.13%
—7.2z123 + 1.80503 + 2.6z1x5 + 6.2x155 + 2.521 1.19% 12.30% 2.67%
—3.5 + 8.1z3z073 0.82% 1.32% 0.93%
—1.22202a3 + 7.32%m2 — 2.422 3.29% 2.13% 16.99%
—6.12725 + 2.5T274 + 4.823 2.90% 1.64% 6.74%
107.87% (1) | 161.36% (1) | 134.87% (1)
2.9z2z374T10 — 5.6717377 — 4.1z3T578T8 N.A. (2) 2.12% (2) | 134.69% (2)
N.A. (3) N.A. (3) 0.57% (3)

Relative error with uniform noise between —0.1 and 0.1 for the real and
imaginary parts on the measurements; evaluations in the points

(el ...

B. Mourrain

,elen) with o € N, 3. < d = deg(f).
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Optimization

Challenges, open questions
Numerical stability, correction of errors,
Efficient construction of basis, complexity,
Super-resolution, collision of points,
Super-extrapolation,
Best low rank approximation,

Thanks for your attention
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Optimization
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