A lenticular version of a von Neumann inequality
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Abstract

We generalize to lens-shaped domains the classical von Neumann
inequality for the disk.

1 Introduction

We will say that L is a convex lens-shaped domain of the complex plane,
with vertices o and o', if

e cither there exist two disks
Dy :={z€C;lz—ai1| <m}and Dy :={z € C;|z—az| < ro}
such that L = Dy N Dy, 0 # ¢’ and {o,0'} = dD1 N 9 D3,

e cither there exist a disk and a half-plane
Dy :={2€C;|z—aq| <r} and IIy := {z € C;Ree??(2—0) < 0}
such that L = Dy N1y, 0 # ¢’ and {o,0'} = dD; NI,

We will denote by 2a €]0, 7] the angle of the lens L at the vertices. We will
consider also as a lens the limit case where L = D7 = Dy is a disk. Then,
any point of the boundary may be considered as a vertex and a = 7.

Now let us consider a bounded linear operator A € B(H) on a complex
Hilbert space H. We will say that the operator A is of the lenticular L-type
if we have

° HA—OQIH < r; and HA—OKQIH <re, if L =D1NDsy,

o |[A—aI| <7y and Ree?((A—o)v,v) <0,Yv € H, if L =D;NI,.
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In this paper, the norm used for a linear operator on a Hilbert space H (as
well as for a matrix) is always the operator norm induced by the hilbertian
structure.

The aim of this paper is to prove the following result.

Theorem 1. Let L be a convex lens-shaped domain of the complex plane
with angle 2ce. There exists a best constant C(«) € R such that the inequality

Ip(A)]] < C(a)sup |p(2)], (1)
z€L

holds for all polynomials p : C — C, for all linear operators A € B(H) of L-

type and for all Hilbert spaces H. Furthermore this constant, which is only

depending on the angle «, is a continuous decreasing function of o € (0, 5]

and we have the estimate

T —

% sina < C(a) < min(2 + 2/V/3, ). 2)
Note that for a = 7, which corresponds to the case where L is a disk, we
have C(%) = 1 and we recover a famous von Neumann inequality [4]. Theo-
rem 1 can be generalized in several directions. For instance, by Mergelyan’s
Theorem, the inequality (1) remains valid if instead of polynomials we take
p holomorphic in L and continuous in L. The theorem is also valid in a com-
pletely bounded form. More precisely, there exists a continuous decreasing
function Cy () (which satisfies the bounds (2)) such that the inequality

IP(A)] < Cap(a) sup [[P(2)],
z€L
holds for all polynomials with matrix values P : C — C™", for all n > 1,
for all linear operators A € B(H) of type L and for all Hilbert spaces H.

Except for the value o = 5, we do not know the exact values of C(«)
and Cg(a). Even more, we do not know if C(a) = Cgp(r) or not... A small

improvement

m™T—

Ceop(a) < <2 — %logtan (ﬁ)),

of the upper bound in (2) can be deduced from Theorem 4.2 in [1].

™

We should mention that a preliminary version of this theorem, in the
particular case where L has a straight face, has been implicitly used in [2]
to study the convergence of the GMRES method.



2 The proof

Our proof of Theorem 1 is heavily based on the result of the paper [3], that
we recall now. Let S, be a convex sector of the complex plane with angle
2. An operator B € B(H) is said S,-accretive iff (Bv,v) € S, for all
v € H satisfying ||v|| = 1. The result proved in [3] is

there exists a best constant C, € R such that the inequality

lr(B)|| < Ca sup |r(z)], (3)

2E€Sqy
holds for all rational functions bounded in Sy and for all Sy -accretive opera-
tors B (it is easily seen that this definition is not depending on the particular

choice of the sector). Furthermore this constant C,, is a continuous and de-
creasing function of a and it satisfies the estimates

).

Therefore it is sufficient to prove that C, = C(«a) for getting the theorem.

T —

T sina < Cp < min(2 + 2/\/5,
2 «

We turn now to the proof of this equality. Without loss of generality, we
can assume that the vertices of L are 0 = 0 and ¢/ = 1, and that Ima; < 0.
We introduce the rational function g(z) := %5. It is easily seen that g is an
involution and that g realizes a bijection of the disk D; := {z € C; |z—a;| <
||} onto the half-plane P; := {z € C;Rea;z < 0}. In the case where the
lens has a straight face L = D; N1l with Iy := {z € C;Reiz < 0}, we
remark also that g realizes a bijection of the half-plane IIs onto the half-
plane P, := {z € C;Reiz > 0}. Therefore g is a bijection of the lens L
onto the sector S, = P; N P,. Note that the sector and the lens have the

same angle 2« and that 1 ¢ S,.

Let us consider now a linear operator A such that 1 does not belong to
its spectrum o(A), and we set B = g(A) = A(A—I)~!. It is easily seen that
(B—I)(A—I) =1, thus 1 ¢ o(B), and A = g(B).

Using that Rea; = %, we remark by setting v = (A—1I)w that

o Jw]|* = [[(A—a;Dwl|* > 0,Yw € H,
= |Aw||? — 2Re a;j(Aw,w) < 0,Yw € H,
= 2Reaj(Aw,(A-Tw) <0,Vw € H,
= Re &;(Bv,v) <0,Vv € H.

Therefore if the linear operator A is of L-type, then the operator B is S,-
accretive. Conversely if B is S,-accretive then 1 ¢ o(B) (since 1 ¢ S,) and
A = g(B) is of L-type.



Let us consider now a polynomial p and set r(z) = p(g(2)), then we have
p(A) = r(B) and sup,cg, |r(2)| = supcer, [P(C)[- We deduce from (3) that

lp(A)]| < Casup [p(C)]-
CeL

Note that, if 1 € o(A), then for 0 < € < 1, the operator A, := (1—¢)A is
of L-type and 1 ¢ o(Ac), which shows that the previous inequality is still
valid by using a limit argument. Therefore we have C'(a) < C,.

Conversely if we consider a rational function r bounded in S,, p(z) =
r(g(2)) is a rational function bounded in L, therefore we deduce from (1)
(which is valid for such rational functions) that

Ir(B)|| < C(a) sup |r(z)],

ZES&
which implies C(«) > Cy, and thus finally C'(a) = C,.

The proofs would be the same for the completely bounded form of our
estimates.
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Figure 1: Comparision of the different upper bounds for C(«a), in ma-
genta/solid the new bound, in blue/dashed the Crouzeix/Delyon bound (con-
stant 2 + 2/+/3), in black/dashed the Crouzeiz/Delyon bound (Fourier), in
red/dashdot the Badea/Crouzeix/Delyon bound (7 — a)/a)

A Slight improvement for a sector

Theorem 2. Let Akan operator acting on a Hilbert space H, with numer-
ical range W(A) C S, with the sector So = {z € C\ {0} : |arg(z)| < a},

0 < a<m/2. Then for any rational function r being analytic in S, we have
that

20
(Al = 2 = — + s lIrllze(sa)»
or, more precisely,

2c0
(A= @ = ) lIrllzasa) + #@) 7] @),

j(a) = sin(2«) /OOO du

where

T u? — 2cos 2au + cos? o’

1.5



or

2 cos(av)
o) = a),
ule) T |4c032(a)—1|ﬁ( )
with f(er) = arccos(%(jf)) if a < %, and B(a) = argcosh(%)

otherwise.

Proof. We may suppose without loss of generality that r(co) = 0 (else con-

sider re(z) = r(2)/(1 — ee=*2) for € > 0 and let tend € — 0). Also, we may

suppose without loss of generality that A is a bounded invertible operator...
As in [1, 3] we write

r(A) :/ r(o)u(o, A)ldo| + 2177/5 r(o)(@ — A*) " lde

[e3 [e%

and recall from [1, Section 3] that

20

=) lrl s

H/S r(o)u(o; A)ldal|| < H?“HLoo(sa)/ p(o, A)|do| = (2 -

«

Hence we only have to bound the norm of
1

M = 5 . r(o)(@ — A*) " lde
1 [ , . . ,
= — [r(e™z)(z — e A"t — r(ez)(z — e A*) N du.
2me Jg
Taking into account that ||r(e™"*2)(z — e"*A*) 7| = O(|2]7?) 2| o0, follow-

ing the approach of [3] for a stripe, we may deform the above two paths of
integration, leading to the formula
1 [ . .
M = — r(z)[(z — e 2A*) Tt — (2 — eTHOA*) ) da
21 0
(2 0o
= sin(2) / r(z)[A* — 2z cos(2a) + z2(A*) 71 Lda.
0

™

We now use the fact that, for some bounded matrix A(x) with positive def-
inite B(z) := Re(A(z) > 0, and B(z)~/2A(x)B(x)~'/? being the identity
plus ¢ times some symmetric operator, and hence having an inverse bounded



in norm by 1,

H/A(x)_ldxH = sup ]/ Ly, v)dz|
u,weH, ||ul|=|[v||=1

sup / 1B(@)"2ul| || B(x) /0] da

u,veH,||ul|=]v]|=1

< sup /B Yu, u) w—H/ )L
u€H,||uf|=1

In our case, with B = Re(A) we have by assumption W (A) C S, that B
and Re(A~!) are positive definite, and thus
sup  (Re(A™NB™V2u,B™2u) =  sup ((I+ (B~Y?Im(4)B~Y/2)2)" 1y, u)
weH,|[ul|=1 weH,|[ul|=1
1 - 1
((B=1/2Im(A)B~1/2)2y,u) u ((B~12Im(A)B~1/2)uu) |9
() 1+ (o) |

1 1
= sup >
ueH1+|EI”;(’47““)\2 1 + tan?(«)

IN

= sup
ucH 1 4+

= cos?(a),

implying that
Re(A* — 2z cos(2a) + 2%(A*)™1) > B — 2z cos(2a) + 2% cos?(a) B™*
B7Y2(B — zcos())?B™Y2 + 2z(cos(ar) — cos(2a)) > 0,

since a € (0,7/2). The above estimate allows us to conclude that

sin(2«)

[|M]] < UM 7| Lo (10, 400))

with the self-adjoint and positive definite operator

M = / [B — 2z cos(2a) + 2% cos? (o) B~ L da
0

1 o0 2
= / [B — QxCOS( @) + 2> B~ da.
0

cos(a) cos()
If now CS’;S((QO?‘)) = cos() for some 3 € (0, 7] (which is true for a < 7/3), then
i ~ 1 o , , 1
MM = / [(z—e®B) ' —(z—e P B) Y|dz = / w(x, B) = 1-0/x,
us 27 Jo 2 Js,
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Figure 2: Plot for p(a). Graphically it is decreasing.

as claimed in the assertion. If on the other hand we have that 0558((25)) =
— cosh(20) for some (3 > 0, then
N 1 [o©
cos(a) sinh(26)M = 2/ (e +e B! — (x4 " B)Vda
0

1
= Sllog((+eB)(w+¢*B) I = 6,
again as claimed in the assertion. O

The different estimates for C'(«) are graphically displayed in Figure 1.
The new bound seems to be best for a € (0,0.227].

It seems to be true but a bit tricky to prove that p decreases. We have
#(0) = 2/V/3 as before, u(r/4) = 1/V2, u(r/3) = V3/m, u(r/2) = 0,

compare with Figure 2.
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