EXTREMAL RATIONAL FUNCTIONS ON SYMMETRIC DISCRETE
SETS AND SUPERLINEAR CONVERGENCE OF THE ADI METHOD
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Abstract. There is a very fruitful interaction between numerical linear algebra and logarithmic
potential theory. For instance, we may describe weak asympotics for a polynomial extremal problem
occurring in the convergence analysis of conjugate gradients (CG) or of Ritz values, here the link
with a constrained minimal energy problem allows to quantify the effect of super-linear convergence.

In the present paper, we introduce an extremal problem for rational functions on two discrete sets
En, Fn, the so-called third Zolotarev problem. Roughtly speaking, we look for rational functions
of a prescribed degree which are as small as possible on En and as large as possible on Fp. Such
a problem occurs naturally in the convergence analysis for the so-called ADI method for solving
Lyapunov equations, but also in the approximation of particular matrix functions, and in the decay
rate of singular values of matrices with small displacement rank.

Whereas asymptotics for this extremal problem on continuous sets is well-studied, we require new
tools in order to handle the case of discrete sets. The main contribution of this paper is to show that
a minimal energy problem for signed and constrained measures allows to describe the asymptotics.
This new minimal energy problem is a natural extension of that of Kuijlaars and Beckermann used
to describe weak asymptotics for the polynomial extremal problem related to CG.

‘We discuss the sharpness of our asymptotic findings for general discrete sets in the complex plane,
and suggest new formulas for the extremal constant in the particular case where the two discrete
sets are real and symmetric with respect to the origin. Finally, by discussing a model example, we
show the impact of our findings for analyzing the rate of superlinear convergence of the ADI method
applied to a Lyapunov equation.
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1. Introduction. It is already known for a long time that there is an ex-
tremely fruitful interaction between the convergence analysis of iterative methods
in numerical linear algebra and complex approximation theory [Tre90], and in partic-
ular logarithmic potential theory [DTT98, TrBa97]. In the beginning of this century,
Kuijlaars [Kui00] for the convergence of Ritz values and Beckermann & Kuijlaars
[BeK01la, BeK01b, BeK02] for the superlinear convergence of the conjugate gradients
method (CG) showed that a decisive step in the convergence analysis is to understand
the asymptotic behavior of the quantity

. {”P”Loo(EN)
ming —————
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where En is a discrete set (the spectrum of the underlying matrix of coefficients).
In many applications like the discretization of a differential equation while varying a
stepsize parameter, we have to our disposal a sequence of sets Ey, with a joint limit
distribution described by some signed measure o (the weak-star limit of the counting
measures of the sets E for N — o). Kuijlaars & Beckermann showed using previous
results on weak asymptotics of discrete orthogonal polynomials [Rak96, DrSa97, Be00]
that the knowledge of o only allows to describe the nth root asymptotics of the above
polynomial extremal problem in the limit case where n, N — oo such that n/N tends
to some constant ¢ € (0,1). Their expression for the limit involves the solution of
an extremal problem in logarithmic potential theory, namely within all measures u

: p polynomial of degree < n},
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with total mass ¢ satisfying the constraint u < ¢ one looks for the one with minimal
logarithmic energy. In terms of (two-dimensional) electrostatics, this means that we
look for the equilibrium state of a conductor with a positive charge of ¢ units which
is subject to a maximum charge constraint. As a consequence, we may quantify (in
a weak sense) the rate of superlinear convergence of CG in terms of the asymptotic
eigenvalue distribution o. We refer the reader to [Be06, Kui06] for different summaries
on these findings, and to [LevS06] or the books [Ran95, ST97] for an introduction to
logarithmic potential theory.

In the present paper we are interested in deriving weak asymptotics for the ex-
tremal constant in the rational extremal problem

. -1
(1.1) Zn(EN, FN) = Jmin 71l Lo () 1777 Lo ()

where En, Fy are discrete disjoint subsets of the complex plane, and R,, denotes the
set of rational functions with numerator and denominator degree bounded by n. This
problem is usually referred to as the third Zolotarev problem, since it generalizes one
of the four extremal problems solved by Zolotarev, a student of Chebyshev, in terms
of elliptic functions [Akh90, Zol32]. Roughly speaking, we are looking for a rational
function being small on Ex and large on F. Obviously, for any closed and disjoint
E,F c C and T a Moebius transformation, it is easy to see that r is extremal for
Zn(E, F) iff the rational function r o T~! is extremal for Z,, (T'(E),T(F)) . Hence, we
may suppose without loss of generality that £ and F' are compact.

Concerning the existence of a minimizer, a KKT reformulation of our problem to-
gether with a compacity argument allows us to show that the infimum in Z,, (En, F)
is attained for at least one extremal function. Moreover, under the assumption that
the sets Ey and Fy might be strictly separated by a straight line (resp. a circle),
the proof of the existence of a minimizer becomes standard, see for instance [Ach56,
Section 33| or [Bra80, Lemma V.1.1]. In this case, we may consider rational functions
with zeros and poles in two disjoint open half-planes (resp. interior and exterior of a
disk).

Also, the example Z; ({0}, {—2, —1}) = 0 shows that the minimizer in (1.1) is not
necessarily unique, since the value 0 is attained for any rational function having a
zero in 0.

Let us shortly revisit the well-studied case of closed and disjoint E,F C C of
positive capacity, see for instance [ST97, Section VIII] for a summary. Gonchar
[Gon78] showed that the quantity Z,(E, F)'/™ has a limit for n — 400 which can be
described with help of electrostatics on a condenser with a plate £ with positive unit
charge and a plate F' containing a negative unit charge, see [ST97]. This generalizes
the original findings of Zolotarev [Zol32] in the case where E = —F = [a, 3] C
(0, +00). Zolotarev gave an explicit expression for Z, ([, 5], [—0, —a]) as well as for
an underlying extremal function in terms of Jacobi elliptic functions, in particular it
follows that

lim Z([a B, [, —a]) /" = p, pzzexp(—sz(k)), -

a
nos K (k) 5

K'(k) = K(V/1 —k?), and K is the complete elliptic integral

! dt
k)= /0 NGOk
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FiGg. 1.1. The quantity Z,(ExN, —EnN) (solid with crosses) versus Zn(conv(Ep), —conv(En))
(dashed with circles) on a semi-logarithmic scale for increasing degree n = 2,3, ... and Exy = {1/N*+
cos(km/(2N)) : k=1,...,N}, N =20, (on the left) and Ex = {k/N :k=1,...,N}, N =25 (on the
right). The distance between the two curves is more important if Epy is closer to Fy = —En. We
obtain in accordance with (1.2) approximate straight lines for the convex hull, whereas the curves
for discrete sets seem to be concave.

By the way, in the case of intervals we know from [Bra87, Appendix]|, [Bra80, Theo-
rem 5.5.D.5] and [ST97, Theorem 8.3.1] the stronger inequalities

(12) Pn_l S Zn([av /B]v [_ﬂa —Cl]) S 16pn_1'

In numerical linear algebra and control theory (see for instance the examples at
the end of this section), one has to find upper bounds for Z, (Ex, Fiv) where typically
En, Fn are (parts) of spectra of given matrices, and their asymptotic distribution
for N — oo is often known. To our knowledge, the Zolotarev problem for discrete
sets has not been considered before; usually, the authors replace Ey, Fy by some
larger disjoint sets of positive capacity (e.g., their convex hull), and then use the
trivial inequality Z,(En, Fy) < Z,(E, F) together with the results of Gonchar and
Zolotarev for obtaining an upper bound, see, e.g., [EFLSV02]. However, this step
may lead to a severe over-estimation, see for instance Figure 1.1. The reason is that
a rational function small on a discrete set is not necessarily small on its convex hull,
see for instance Figure 1.2 for a simple example. This observation is also the starting
point of the work of Beckermann & Kuijlaars for CG: one should take into account
the fine structure, that is, the asymptotic distribution of the families of sets En and
Fy for N — oo in order to get more precise results.

In this paper, we derive asymptotics for Z,(Exn, Fx )" for n, N — 400 such that
n/N — t in the case where the families of sets (En)n, (Fn)n have an asymptotic
distribution described by some limit measures (see the assumptions (A1), (A2) of §2).
Thus the asymptotics will strongly depend on these limit measures and the parameter
t. For simplicity, we restrict ourselves to limit measures being sufficiently regular (see
the assumption (A3) of §2).

In Theorem 2.1 we establish an upper bound for lim sup Zn(EN,FN)l/N. How-
ever, it is clear that this bound may only be sharp if the elements of Ey, Fy are
sufficiently separated, since clusters of close but distinct elements of En or Fy are
essentially contributing as one point for Z,(Ey, Fv), whereas they may change com-
pletely the asymptotic distribution. Our separating assumptions (A4), (A5) are shown
to be sufficient for sharpness. In our proofs we have been partly inspired by the work
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Fic. 1.2. The extremal rational functions r for Z4(Enx,—En) =~ 10~% (top) versus
Za(conv(EN), —conv(Ey)) ~ 10~2 (bottom) for Ex = 1/2004{0/5,1/5, ...,5/5}. The long vertical
lines correspond to the location of poles, and, for > 0, one may reconstruct r by using the symme-
try r(—z) = 1/r(x). Clearly, the extremal function for Z4(En, —En) is only large in —En (see the
small vertical lines) but not uniformly in its convex hull.

[BeK0la] on CG, where one may also find the first four assumptions.

The assertion of Theorem 2.1 involves a quantity which occurs while discussing
a condenser in electrostatics with a plate of positive charge ¢ and a plate of negative
charge t, where again both charges are subject to a maximum charge constraint. That
is, compared to [BeK0la] we no longer work with measures but with signed measures.
We establish in Theorem 2.2 existence and uniqueness of an extremal signed measure
for this extremal problem in logarithmic potential theory, and give a characterization
in terms of equilibrium conditions, involving the constants of Theorem 2.1.

In Sections §3 and §4 we give the proofs of our main Theorem 2.1, and Theo-
rem 2.2, respectively. The aim of Section 5 is to derive in Theorem 5.1 an integral
representation for the extremal constant occurring in Theorem 2.1. The corresponding
representation of [BeK01a] relies on the Buyarov-Rakhmanov formulas [BuRa99], but
in our case we first have to make in Proposition 5.2 a link to vector-valued minimal
energy problems with external fields, before being able to use the findings of Lapik
[La06] on vector-valued Mhaskar-Saff-Rakhmanov functionals. For the particular case
of real symmetric sets Ey = —Fy, we describe in Corollary 5.7 and Proposition 5.8
how to make this integral formula more explicit, in terms of complete elliptic integrals.
We illustrate our findings in §6 by discussing two (academic) numerical examples.

But before entering into details, let us shortly describe some applications for
Zolotarev problems on discrete sets.

1.1. Convergence analysis for the ADI method. The ADI method was
designed by Peaceman and Rachford in 1955 [PeRa55] in order to solve ellitic PDEs.
This method has been adapted by Wachspress to the case of the general Sylvester
equation presented here, see for instance [Wa63], [Wa69] and also the work of Birkhoff
and Varga [BiVab9).

A Sylvester equation in the unknown X is given by

(1.3) AX — XB=C,
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where A, B, C are given real matrices of order N x N. We will suppose here that A, B
are normal, with disjoint spectra A(A), A(B), and thus (1.3) has a unique solution.
For the special case B = —A being symmetric positive definite, (1.3) reduces to a
Lyapunov equation. An iteration of the ADI method with parameters py and ¢ is
given by the equations

(1.4) (A= ppl)Xjq1/2 = Xp(B —pid) + C,
Xit1(B —qpl) = (A — qrI) Xpy1/2 — C.

Then elementary computations show that

-1
[ X — Xl —1 1T 2~
< |lrn(A)|| ||rn(B , Ta(z) = _— .
e < Il rate) = T2

As a consequence, we obtain the following upper bound for the error of the ADI
method after n iterations

X = X _
(1.5) M < lrnllz=acap sl aem)-

Now, we consider (Ayx)n, (By)n two sequences of normal matrices and stop our ADI
iteration at index n = n(N) such that n/N — ¢ > 0 when N — +o00. For optimal
parameters pg, ¢x (depending on n and N), we have

X = Xl

oo < Zn(EN,FN), Exn=A(An), Fn=A(Bn),

and hence it is of interest to know limsup Z,,(Ey, FN)l/ N as a function of ¢ and the

limiting distribution of Ey, Fn for N — co. Notice that the occurence of sequences
of Sylvester equations may be natural, e.g., in the context of finite difference discreti-
sation. For instance, in the discretisation of the 2D-Poisson problem with central
differences and steplength 1/(N + 1), the matrices Ay = — By represent the discrete
1D-Laplacian, and their asymptotic eigenvalue distribution is described by the arcsin
(or Robin equilibrium) distribution on [0, 4]. Notice that a similar analysis also applies
for Sylvester equations with rectangular X, as occuring, e.g., for the 3D-Laplacian,
with A as before, and — B representing the discretized 2D-Laplacian.

In addition, for our analysis we require (at least approximately) optimal param-
eters, and thus nearly extremal rational functions for Z,(Ey, Fn). We will discuss
our choice of the parameters in §6.

There exist also variants of the ADI method where one takes different degrees
for the numerator and the denominator, following so-called ray sequences [LevRei93].
For continuous sets F, F', the corresponding weak asymptotics have been given by
[LevSO01], and an extension to discrete sets should be possible by combining ideas of
this paper with the findings in [LevS01].

1.2. Decay rate of singular values for matrices with small displacement
rank. For given normal A = Ay, B = By, a (possibly rectangular) matrix X has a
(A, B) displacement rank p if the matrix C' defined by (1.3) has rank p. For special
choices of A, B like diagonal matrices and 7—shifts, many structured matrices like
Vandermonde matrices, Krylov matrices, Cauchy matrices, Pick matrices, Loewner
matrices, Hankel matrices etc have a displacement rank being equal to 1 or 2.
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Denote as usually the singular values of X by o1(X) > 02(X) > 03(X) > ...,
then it is shown in [Be04] that for all integers j,n > 1,

(1.6) Uj+np(XN) S Zn(A(AN),A(BN)) O‘j(XN), p = mnk(ANXN — XNBN),

that is, if the spectra of Ay and By are well separated then there is an important de-
cay in the singular values of X. Hence our asymptotics help for a better understanding
of the singular values of such matrices.

1.3. Approximating the Heaviside function. Given a discrete set Ey, con-
sider the corresponding sign and Heaviside functions defined by

1 ifz € Ey,

signy (2) = 2Hn(2) — 1, Hy(z) = { 0 else.

Given an hermitian invertible matrix Ay with Exy C A(An) the set of positive
eigenvalues, the expression Hy(Apn) gives the eigenprojector onto the eigenspace cor-
responding to the positive eigenvalues of Ay, whereas sign, (Ayn) corresponds to the
classical sign function. The approximation of signy(An) via rational functions is an
important task in quantum chromodynamics, see, e.g., [EFLSV02]. Other applica-
tions for the sign and the Heaviside function applied to matrices are given in the
recent book [Hig08].

In order to see that there is a link between the Zolotarev problem and the ap-
proximation of our discrete Heavyside function (and hence of the (discrete) signum
function), let

En = AAN)N[0,+00[, Fy=A(An)\ En.
We claim that

Zn N Zn N
— < S == min ||Hy —r"||;~ <
T+ Zon = N7 ER 1N =1l mnom) < 72 ZoN’

where we wrote shorter Z,, n = v/Z,(En, Fn). For establishing (1.7), consider r,r* €
Rn,n with

(1.7)

7 = maX{HT”L‘X’(EN)? ||1/’I"||Loo(FN)} < ]., S = ||HN _T*||L<>O(ENUFN) < 1.

Then for r* =1/(1 + r) we find that

§ = mase{ | —— e () | e i)} < T

- 1 B E i = f =177
1—r* r* S

Z= maX{H el /2NN ||m||L°°(FN)} <{_<

Since there exists r € R, , normalized such that Z = \/Z,(En,Fy) < 1, and also
there exists an extremal function r* € R, ,, for S, ny < 1, the assertion (1.7) follows.
We have even shown that an approximately extremal function of one of the two
problems allows to compute an approximately extremal function of the other one.

There is an interesting observation in [EFLSV02, End of Section 6]: instead of
working with complex hulls of £y and Fly, it is worthy to deflate first the eigenvalues
close to zero. This is exactly what we mentioned before: the rate of approximation
Sn,n should depend on the fine structure of Ey, Fy (at least of near-by elements).

Similarly one may derive a link between the Zolotarev problem over discrete sets
and the minimization of Blaschke products on discrete sets in the particular case
Fy = 1/Ey, in order to to extend the work of [FiSa99] to discrete sets.
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2. Regularity assumptions, statement of the main results. We start by
stating our main result on the asymptotic behaviour of the Zolotarev quantity on
discrete sets, and give subsequently the precise assumptions as well as the theoretical
background in logarithmic potential theory. As before, we always consider the limit
n, N — oo, where n = n(N) in such a way that n/N — ¢ > 0.

THEOREM 2.1. Under the assumptions (A1), (A2) and (A3), to be specified below,
there is a T € (0,1) such that for every t € (0,T), we have

(2.1) limsup  Znp(Ew, Fy)Y/N < e (FitFs),
n,N—+oo,n/N—t

where FY, FY are two real non-negative constants defined by the equilibrium conditions
of Theorem 2.2 below.

In case we also assume the separation conditions (A4) and (A5), we have the
additional result

(2.2) lim  Zu(Ey, Fn)VN = e (FIHFD,
n,N—+oo,n/N—t

In order to obtain the result of Theorem 2.1, we shall impose some technical
assumptions which are given here, the first one concerning the sequences of discrete
sets (En)n and (Fn)n :

Assumption (A1) : For every N, the sets En and Fy are disjoint, of cardinality
at most N. Furthermore, |J(En U Fn) is bounded.

The boundedness assumption can be sometimes achieved by using a Moebius trans-

formation, the separation hypothesis is required to assure the existence of a minimizer

for the Zolotarev problem as seen in the introduction. To give the second assumption,

we have to define the normalized counting measure of a discrete set £

Un(E) := % > i

' \€E

From now on, we denote by measure a finite positive Borel measure and by signed

measure a finite real-valued Borel measure.

Assumption (A2) : We suppose that the normalized counting measures of the sets
Eyn and F weakly tend to some limit measure :

VN(EN)AO'M I/N(FN)AO'Q.

In what follows we adopt the convention to write indices corresponding to the different
condenser plates E, F' as subindices 1 and 2.

Assumption (A1) implies that the total mass o1(C) (resp. 02(C)) is at most one
and it can be strictly less than one (e.g., in the ADI application if the matrices Ay
(resp. By) have many multiple eigenvalues). Also, it follows from assumption (A1)
that o; has a support ¥; being compact for j =1,2.

If S is a compact subset of the complex plane C, we denote by M(S) the set of
signed measures on S and M™(S) the set of measures on S. We define the logarithmic
potential of a measure p in M™T(S)

Ur(2) = [ log = dott),

|z — ]
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This is a superharmonic function on C taking values in (—oo, +00], see [NS91], [Ran95]
or [ST97] for detailed accounts on logarithmic potential theory. If u belongs to M(.S)
with p1; — pe its Jordan decomposition, we define the logarithmic potential of the
signed measure p

UH(z) := UM (2) — U (2)

defined for z such that UH!(z) # +oo or UM2(z) # +o0o. It is useful to impose the

following regularity assumption on our measures oy and os.

Assumption (A3) : Forj € {1,2},we assume that o, is a measure with continuous
potential U%, and with support X, of strictly positive logarithmic capacity
such that ¥; N Y5 has logarithmic capacity zero. Furthermore, we write
g =01 —03.

The assumption (A3) is not very restrictive. For example, if o1 and oo are absolutly

continuous with respect to the Lebesgue measure with a density with only logarithmic

type or power type singularities at a finite number of points then the continuity of the
potentials considered in (A3) is satisfied. On the other hand, the assumption (A3) is
not satisfied if oy or o2 have point masses.

We define the logarithmic energy of p € M*(9) by the integral

I(p) == / / log ﬁdp(t)dp(z)

and the mutual energy of (p1, p2) € MT(S)

Tprpe) 1= [ [ 108 —dn(tydoa(c).

The signed measure p in M(S) is said of finite energy if I(p; + u2) < +oo. For
v=wuv1—vo and u = p1 — po in M(S) two signed measures of finite energy, we define
the logarithmic energy of

I(p) »= I(pa, pun) — 20 (pa, p2) + I(p2, po)

and the mutual energy of the signed measures u and v
I(p,v) = I(pa,v1) — I(pa, v2) — I(pe, 1) + I(pe, v2).

Now we give the definition of the regularized mutual energy of the normalized counting
measure of two discrete sets E and F :

1 1
I* (vn(B), vn (F)) = N2 Z log m
rEE,yeEF,x#y Y

and the regularized energy of the normalized counting measure of E :
I* (vn(E)) :=I" (vn (E), vn (E)) .

We might give the following interpretation of these definition : the regularized energy
I* (vn(E)) is the energy of a system of N charged particles with equal mass and
the same sign in which each particle has an interaction with all other particles, but
not with itself, while in the case of the mutual regularized energy, one particle of £
interacts with each one of the set F'. Let us finally notice that for two disjoint discrete
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sets I/ and F', the regularized mutual energy and the usual logarithmic energy of the
measures vy (FE) vy (F) coincide.

For the case of signed normalized counting measures of two discrete and disjoint
sets E and F', the previous physical interpretation leads to the definition

I" (vn(E) = vn(F)) i= 1" (vn (B)) + I" (vn (F)) = 21" (v (E), vn (F))

which might be extended to the definition of mutual regularized energy for signed
discrete measures for (E, F), (E’, F') two pairs of disjoint discrete sets

(2.3) 2I* (vn (E) —vn (F),un (E') — vy (F'))
— " (un (EUE') — vy (FUF')
—I" (vn (B) —vn (F)) = I* (vn (B') —vn (F')).

Our separation assumption is expressed in terms of the regularized energy of the
counting measures of the families of discrete sets (En) and (Fy).
Assumption (A4) : We have

Nl—i>r—r|-loo I (vN(EN) +vn(FN)) = I(01 + 02).

Assumption (A5) : There holds dist(EN,FN)l/N — 1 for N — oo.
Our assumption (A4) is a separation condition for the elements of the set Ex U Fy.
Different other sufficient separation conditions have been considered before, see [Be00]

for a comparison. For example, (A4) holds provided that the following condition
[Rak96] is true

. C
iC >0, VN > 1, x;éyelfrElzfquN |z —y| > N

In order to see that the assumptions (A4) and (A5) are independent, consider first
Ey = —Fn ={exp(-N*)}U{1+4+j/N :0 < j < N}. Here (A5) is true iff & < 1,
and (A4) holds for @ < 2. In contrary, for Exy = —Fn = {1 + exp(—N*)} U {j/N :
1 < j < N}, condition (A5) holds for any « > 0 whereas (A4) remains true only for
a < 2.

Now we give the main result about our constrained minimal energy problem,
which will help us to describe the asymptotic behaviour of the Zolotarev quantity.

THEOREM 2.2. Suppose that (A3) holds for the limit signed measure o = o1 — 02,
where as before o; is supposed to have compact support ¥; for j = 1,2. Then, for
t € (0, min(o1(C),02(C))), the minimization problem

(P): Find p' such that  I(p') =inf {I(p),p € ML}

where MY := {j == 1 — pa, wu; measure, 1;(C) =+¢, 0 < u; <oj forj € {1,2}} has
a unique solution p' which verifies the following equilibrium conditions: there are two
non-negative constants F{ and F§ such that

UW(z) =F! zesupp(or—pb),
Ut(z) <F! zeC,

(2.4) ut T ¢
—U" (2) =1k, z€supp (o2 — p),
—Ur (2) <Fi ze€eC.
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and moreover, Ff + Fi > 0.

Conversely, a signed measure u € MY verifying the system (2.4) for a couple of
real constants (F, F») is the equilibrium signed measure put and we have moreover the
equalities Fy = F! and F» = F.

3. Proof of Theorem 2.1. In this section we prove Theorem 2.1 with help
of Theorem 2.2, the latter being established in §4. We start with a preliminary
lemma before showing the upper bound (2.1) for the Zolotarev quantity under the
assumptions (A1), (A42) and (A43).

From now on, we assume that the parameter ¢ belongs to (0,7), with T :=
min (o1 (C), 02(C)).

LEMMA 3.1. Consider the constraint signed measure o and let p = 1 — s in
M. Then, for every n = n(N) < N we can choose a sequence of discrete sets
E% C En (resp. F{ C Fn) such that for every N, card(EY,) = card(F¥) = n and
that

UN(ER) D and vy (FR) = po.

Moreover, if K1, Ko are two closed sets such that o;(0K;) =0 and o;(K;) = ui(K;),
we can choose Ex, FX such that for n large enough,

EvNKi CENCEN and FyNKy; CFy C Fy.

Proof. See [Be00, Lemma 2.1] O

We also recall from [ST97, Theorem 1.6.8] the principle of descent which will play
a key-role in the proof of (2.1).

THEOREM 3.2 (Principle of descent). Let (up,)r be probability measures all having
support in a fixed compact subset of C and converging to some measure j in the weakx
topology. Suppose moreover that for each n a point z, is given so that z, — z* for
some z* in C. Then,

UH(z*) < liminf U*"(z,) and I(p) <liminf I(p,).

n—+o00 n—-+o00

REMARK 3.3. Under the assumptions of the principle of descent, if we suppose
furthermore that for every n z, belongs to a set X1 and supp(un) C Xo where X1 and
Yo are two disjoint compact sets of the complex plane, then
(3.1) Ut (z*) = lim UH"(zy),

n—-+oco
which follows from the the uniform convergence of the corresponding integrands.

REMARK 3.4. A consequence of the assumption (A3) called the Rakhmanov
Lemma (see [Rak96]) is that for any signed measure p = p1 — pa in ML, the po-
tentials UM and U2 are continuous. Indeed, U is lower semi-continuous and since
Uit = U2 — UM ith U continuous and U*~H1 lower semi-continuous, UH?
is also upper semi-continuous, hence continuous, and the same proof holds for U*2.
As seen before (A4), in general the expression for the logarithmic potential and the
logarithmic energy of a signed measure has to be defined with care. However, in the

case of a measure € Mt we get by the Fubini Theorem

I() = / U (2)du(z)
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where U is continuous and supp () compact, and hence the logarithmic energy of
every element of M? is finite.

Now we show the upper bound for the Zolotarev quantity (2.1).

Proof. We define the sets

KS:={\eC, U"\) <Fl—¢}), KS$:={\eC, ~U"(\)<F!—e}

By the Rakhmanov Lemma, U #" is a continuous function, and hence both sets are
closed. Because of the equilibrium conditions (2.4) verified by u!, K? is disjoint from
supp (o; — pt), hence o; (K¢) = pt(K§). Moreover, by choosing a smaller € if necessary,
we may assume that o;(0KF) = 0 (see [ST97, theorem 0.1.5]). We define

‘ A A\
NeEY, NEF},

where the sets £% and F% are choosen as in Lemma 3.1 for the equilibrium signed
measure u'. Let us derive an upper bound for

7 | e (o) 7 e (-
We define (2, x)) € Ex x Fy such that

Irnllzo(gyy = (@)l and gl ) = I (@2)]-

Since 7, (resp. r;!) vanishes on Ey N K¢ (resp. Fiy N K$) by choice of the sets E%
and F3 described in Lemma 3.1, we have

N eC\KS ={AeC, UM\ >Fl—¢
(3.3) Y e C\KS={ e C, —U*(\) > Fl —¢}.

The sequences (zY

Hence passing to a subsequence if necessary, we may assume that (:cév )N converge
as N — +oo with the limits

)N, § € {1,2}, are bounded because of the assumption (Al).

2= lim 2.
J N—+oco J

Moreover, by Lemma 3.1 applied to the energy minimizer u!, we have
vN(EYN), = ph and  un(FR) 2 pbh.
Then, by application of the principle of descent (Theorem 3.2)

(34) UM () <lminfUYFR(zy) and U (23) < liminf U (23),

and, as the closures of the sets C \ K¢ and C\ K§ are disjoint with e small enough
because of the strict positivity of at least one of the constants F{ and Fi, we have
with (3.1)

(3.5) U“i(wg)zlij{fnU”N(E'*V)(wév) and U"é(aﬁ)zlij{fnU”N(Ffv)(w{V).
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We have moreover

1
log|rnac1 |——log|rnﬂﬁ2 = Zlog|)\—m1|—— Zlog|)\—m1
/\GE* AEFF,
1
+N210g|/\ |—— Zlog|/\—:c2
AEF /\eE*
With (3.4) and (3.5), we obtain that, for N — oo,
1 1
N Z log|)\—m2|—>U”1( 3), N Z log | — 27 |—>U”2(x1)
AEEY AEFY,
and
hmsup— Z log|)\—x1 | < U“l(xl) llmsup— Z log|)\—:c2 | < U“2( 5)-
)\GE* AeF*

Combining these findings with (3.2), we may conclude that

. 1 1

hm;,up [ﬁ log |ry (z])] — + log |rn(xév)|]

—UMi(a}) + U (a}) — U (a) + U™ (a3)
= UM (a%) + UM (a}) < —F! — Fl + 2.

Since this inequality is true for every € > 0, our claim (2.1) follows. O

In the second part of this section we establish the lower bound (2.2) for the n-th
root asymptotic of the Zolotarev quantity under the additional assumptions (A4) and
(A5). We first define rational Fekete points on discrete sets which will be a helpful
tool. We refer the reader to [ST97, p. 395] for the definition of (weighted) rational
Fekete points on continuous sets.

DEFINITION 3.5. The rational Fekete points of order n mazximize the quantity

)\i_/\j||/\i_)\j|
F (A% AD) L (A0 A7) = A1 = MY = X
v O<E<nm—wa—m

among all the sets (\!)o<i<n C En, (Ay)o<i<n C Fn.

In what follows, we denote E, ny := (A}), (resp. F,, n := (A5)™ ) the set of
the rational Fekete points of order n of the set En (resp. Fn). Here we remove the
dependence on n, N in the notation for the rational Fekete points of Exy and F of
order n in order to simplify our notations.

LEMMA 3.6. Under the additional assumption (A4), for every sequence of sets
(G1,n,G2,N) C ENy U Fy such that for j € {1,2},

vn(Gyn) 2 vy, we have NEE-IOO I" (vn (G1,N) ,vn (Ga,N)) = I(v1,12).

Proof. Writing kar(z) = min{M, log ﬁ} for the truncated logarithmic kernel, we
have for every M > 0

I* (I/N (GLN) UN (GQN //kM I— )dI/N (G1 N)( )dVN (G2 N)( )

1 1 card(Gl N NGy N)

. l - 7‘1 _ 7‘1 ) )

e 2 ( %=yl > N? ’
(z,9)€Um(G1,N,G2,N)
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where Uy (G1.nv,Gon) == {(2,y) € Gi.ny X Gan, x #y and |z —y| < e~ ™}. Hence,
as

Z log L -M)>0
|z -yl

(z,y)€UM(G1,N,G2.N)

and by continuity of kj; on C x C, we have

lim /k‘M(x —y)dvn (Gi,n) (x)dvn (Goyn) (y) = ///‘JM(l’ —y)dvi(z)dva(y),

N—+oc0

and, by the monotone convergence theorem,

Ml—ig-loo /kM(:L’ —y)dvi(x)dve(y) = I(v1, v2).

This shows the semi-continuity inequality

(3.6) liminf I (vn (G1,8) ,vn (G2,N)) > I(11,12)

N ——+o0
for every sequence of sets (G1,n, G2, n) C ExUFy which normalized counting measure
have a weak-x limit (vq,1v5). We now write

I* (vn (Gi,n),vN (G2,N))

=I"(vn (ENUFN)) —I" (un (Gin),vn (Exn UFEN\ Gan))
—I"(vn (ENUFN\Gin),vn (G2N))

—I"(vN (EN UFN \ G1,n) ,vn (EN UFn \ Ga2,n))

and we conclude with assumption (A4) and (3.6) that

lim I*(vn (Gin),vn (Go,n)) = I(v1,1va).
N —4o00
a

REMARK 3.7. The proof of Lemma 3.6 shows that the inequalities liminfy
I* (vn(EN)) > I(o1), liminfy I* (vn(Fn)) > I(02), and liminfy I*(vn(EN) + vN
(Fn)) > I(o1 + 02) are already a consequence of (A2) for every family of dis-
crete set as in (A2). Hence, the assumption (A4) is equivalent to the equalities
limN I* (VN(EN)) = I(O’l), limN I* (VN(FN)) = I(O’Q), and limN I* (I/N(EN), VN(FN)) :I
I(O‘l N 0‘2) .

REMARK 3.8. Lemma 3.6 can be extended as well to the case of mutual reqularized
energies for discrete signed measures with a weakx limit by writing the discrete mutual
regularized energy term of two normalized signed counting measures as in (2.3) and
using our lemma for each term.

The newt lemma shows that the solution of the extremal problem (P) describes
the asymptotic behaviour of the rational Fekete points.

LEMMA 3.9. We have the following result for the counting measures of the Fekete
points, where ut = ut — pb is the minimizer for the constrained energy problem (P)
with pY and pb of mass t

(3.7) vN(Enn) =t and  un(Fyn) = b
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Proof. Recall from (A1) that the discrete sets Ex and Fy are contained in two
compact sets. Hence we may apply Helly’s selection theorem, and we extract two
subsequences (ny), and (Ng)p such that vy, (En, ) = g1 and vy, (Fn, n,) = o
and we define the weak limit signed measure u := 1 — p2. Then u belongs to MY
and with Lemma 3.6 and the previous remark, we have

kl{r—{lool* (VN (Enk7Nk) — VN (Fnk7Nk)) = I(p‘)

Let £ C En, F3 C Fn, both with cardinality n 4+ 1. Then, using the assumptions
(A1) and (A5) we may conclude that

. . « \I/N? * x x
Jim log (f (Bpi1s Fria) ) + I"(vn (EN) — vn () =0.

Moreover, by Definition 3.5, F (Ep N, Fnn) > F (E,’;H,F,:H). Hence, for the sets
EY, F}% as in Lemma 3.1 with weakx limit u!, we get applying again Lemma 3.6 that

I(:U’) = lim I* (VN (EnkyNk) — VN (Fnlme))
k—+4o00
< lim 1 (ox (B) - v (F3)) = 100

and thus o = p! by unicity of the minimizer in the theorem 2.2. 0

Now we show that the family of rational function built with zeros and poles chosen
among the rational discrete Fekete sets of En and Fi is asymptotically optimal for
the Zolotarev problem considered here. In particular, we give a relation with the
extremal constants occurring in our problem (P).

LeEMMA 3.10. We define fori,j € {0,1,...,n}

ris(z) = [Tozi(z — )
" HZ;E]’(Z —Xf)
Then, we have

1/N ot
/ > o3

liminf min i |2, ) = e lminfmin et >
2 n,N

n,N,n/N—t0<ij<n Lo (Bn,N) = n,N,n/N—t0<ij<n

Proof. First, we have for all integers i,7 € {0,n} and for every z € Ey,

J
T — Ay

=
x — Ab

[7i,5 (@) = |rii(@)]

Hence, we obtain

) ) ) ,
lrillz= (. = Irig O] 2 Foridllz=ce, 0 = R [ras (D]

where 0n = dist(En, Fiv), and A := supy>; MaXye gy ye Fy [T — y| being finite
because of assumption (A1).
Moreover, we have for every x in Eyn

\/.7-'((/\?,...,/\’fl,x,/\’ﬁl,...,)\;‘),()\3,...,/\3))
FO0, AL 00 A

11 |z — M| 11 M =S
A= Al |z — A5

0<e<n, i 171 0<e<n, l#£i

74,i ()
ri (A ]
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Taking account the definition of Fekete points, we conclude that, for every ¢ € {0,n},

T¢7Z‘(£E)
rii(A})

i )

which gives for every x € Ey,

; )
[ris ()| 2 3 i)

Taking the product for x € Ey \ E, n, we deduce that

N-—-n+1 . N-n+1 oN 1
gl (M) > ——m—lee 1tz Do loglnia(a)]
2€EEN\En, N
N—-n+1 ON 1 1 1
=———log— — — ( log ——— — 1 —)
N2 OgA N2 Z Z .Og|x_y| Z .og|x_y|
iL‘GEN\En,N yGEn'N\)\% yan,N\)\é

1 ) ) )
>~ log KN —I" (vn (En \ Enn) ,vn (Enn \{AL}) —vn (Fon \ {A%})).
Now, as the fact to remove one point does not change the weakx limit of a sequence
of normalized counting measures, we know from Lemma 3.9 that

N (BN \ Enn) = 01— pf, vn (Ban \ ALY 2ty v (Fav \ {05)) = pib,
and Lemma 3.6 gives

n,N—>—|}iog,ln/N—>tI* (vN (BN \ Enn),vn (Enn \{X1})) =1 (01 — pf, 4f)

n,N—>—|}iog,ln/N—>tI* (vn (Ex \ Enn) vn (Fan \{A5})) =T (01 — puf, pih) -

In addition, from assumption (A5) we have limy_, 4o 5,1\,/N = 1. Hence, using the
equilibrium condition of Theorem 2.2,

U ,
(L=1) lminf log|r; ()] > =1 (o1 — . )

—— [0 @ (o1 - ) (2) = ~(o1 — )OI} = (1= F,

as claimed in the first part of Lemma 3.10. The second follows by reversing the roles
played by the sets Enx and Fy. O
We define for E, F' disjoint discrete sets and n > 1

Zn(E, F) = TGRHS%%’F) 7l o () “7" 1||L°°(F)
where the set of candidates R, (E, F) := {r € Ry, r has zeros in E and poles in F'} is
finite, and thus there is an extremal function for Z(E, F') as seen in the introduction.
Also, there should be a link between Z}(E, F) and Z,(E, F), since a simple way of
getting a rational function small on E is to put its zeros there.

The next proposition links the quantities Z,,(Ey, Fy) and Z}(E, n, Fr.n), which
is a capital step in the proof of (2.2), since the Nth root asymptotics of the latter
quantity has been analyzed already in Lemma 3.10.



16 Bernhard Beckermann, Alexis Gryson

ProprosITION 3.11. We have

1

mZ;(En,N7 Fn,N) S Zn(En,N7 Fn,N) S Zn(EN» FN)

Proof. The inequality Z,(En N, Fn.N) < Zn(En, Fn) is a trivial consequence of
the inclusions E,, y C En, Fy,,n C Fn. Hence it remains to prove

(38) Z;(En,NaFn, ) S (n+ 1)2Zn(En,N» Fn,N)-

For a given choice of the square root, we define the matrix

1 w1 ()\%)WQ (X%) N n
A 5 0 () -1l

0<i,j<n

X =

It follows as an application of (1.6) that

1
3.9 < Z (Enn.Fun)
(39 X = ZnlEnas Fu)
where || - || denotes the spectral matrix norm. For completeness, we give elements of

proof of this inequality. Indeed, the inequality

1 _
(3.10) XX <Ml 1 e s 00

for any r € R, has been already derived by Penzl in [Pen00, Theorem 1] for symmetric
sets Ep v = —F, n. It is not difficult to check that his arguments do not require
symmetry : from [GoVLo96, Theorem 2.5.3], we have

- X=X _own(X) _ 1
SeMua®, rank(H)zn IXT - oa(X)  IXTIX]

Moreover, one can easily show that with D; := diag ()\6, DY T )\%) fori=1,2,
we have rank(D1X — XDs) = 1, and consequently that rank(X,) < n where X,
is the result obtained after n iterations of the ADI method applied to the Sylvester
equation D1 X — XDy = C with Xy = 0. Consequently, we have with (1.6)

1 X -Xa
XTI = 1%]

S Zn (En7NaFn7N>-

Also, observe that

K2
* . 1
Zp(EnN, Fon) = min | ———
0<i,3<n | g [N\

17] 2

= min (x\ﬁ—)\%)

0<i,j<n

2w (Af) wh (Aé) 1
(

= min ——.
)é) 0ij<n | X0
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One may show that X! = —X? using the explicitly known formulae for the inverse
of a Cauchy matrix, and reminding the well-known inequality

2 1 2
I S
o235, Xul* > X
we obtain
1 1 N
(3.11) > Zy(En, Ny F N).-

XX (1)

which with (3.9) shows the desired inequality (3.8). O

We are now prepared to give the proof of (2.2) under the assumptions (A1), (A2),
(A3), (A44), and (A5).

Proof. We have seen that

K

. 1

Zy(EnN, Fon) = min :
0<ij<n | (/\J)

] 2

Combining Lemma 3.10 and Proposition 3.11, we get

lim inf Zn(En, FN)YN > lim inf Z(En Ny Fy n)YN

T . YN —1||V/N
=timinf min rigl o, o 7=,
> e—(Fl"+F2")

- b

as claimed in (2.2). O

4. Proof of Theorem 2.2. As before, let T = min (01(C),02(C)). For t €
(0,T), the set of candidates of the constrained energy minimization problem for signed
measures of Theorem 2.2 is given by

ML = {p = p1 — p2, pj measure, u;(C) =t, 0 < p; <oy for j € {1,2}}.

We assume in this section that the assumptions of Theorem 2.2 hold, in particular we
denote by ¥, the compact support of o; for j = 1,2, and suppose that ¥; N 39 has
zero logarithmic capacity. For u € M, we know from Remark 3.4 that its potential
is continuous and its logarithmic energy is finite.

PROPOSITION 4.1. Fort € (0,7, the quantity V, := inf (I(n), n € MY) is finite
and there is a unique minimizer ut in ML such that I(u') =V,.

Proof. In our proof we apply standard techniques for minimizing a quadratic form
on a convex set (see for example [ST97, Theorem 8.1.4] for the case of signed measures
without constraint but with external field). However, we have to pay attention to
the fact that the set 1 N X5 is not supposed to be empty, which implies a technical
difficulty in the proof of the lower semi-continuity of the energy functional I for signed
measures. We return to this point at the end of the proof.

As said before in Remark 3.4, for every u = pu1 — uz € M, the measures uj,
2, and p have finite logarithmic energy and p(C) = 0. Then [ST97, Lemma 1.1.8]
implies that V, > 0, and obviously V, is finite.

In order to show existence of a minimizer, let (u*));>0 be a sequence of signed
measures of MY such that limg_ oo I(u®) = V,. Then Helly’s theorem [ST97,
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Theorem 0.1.3] allows us to assume that, by possibly extracting a subsequence, the
sequence (MY"))@O (resp. (s (k ))k>0) weakly tends to a measure uy (resp. puz). As-
suming for the moment the lower semi-continuity of the energy for signed measures

from M?, we conclude that

Vo= lim 1(u™) > I = o).

Since 3 — po belongs to MY, the infimum in the definition of V, is indeed attained.
In order to show uniqueness of the minimizer, assume that we have two signed
measures p and v in MY with I(u) = I(v) = V. Then,

vg:%(f(u)u(u)):lr(“;”)+I<“;”>,

and (u + v)/2 belongs to M! by convexity, hence I ( ”) < 0 by definition of V.
Since p — v is a signed measure of total mass zero and finite energy, the relation
I(u—v) <0 implies 4 = v by [ST97, Lemma 1.1.8].

It remains to show that the energy functional is L.s.c in MY: this property is well-
known for the energy functional restricted to measures, see [Ran95, Lemma 3.3.3].
Let (u®))g>0 be a sequence of signed measures of M! with Jordan decomposition
pF) = ugk) ,u(gk), where we suppose that the sequence (MY"))@O (resp. (us (k ))k>0)
weakly tends to a measure u1 (resp. po), and p = puy — pe € M. Using the semi-
continuity for measures, we get

liminf 7(:M) = () > 2(T(n, pz) — timsup 18, 157)).

k—oo k—oo

By the theorem of dominated convergence, the right-hand side is zero, provided that

(4.1) hm// log dal( Ydoa(z) =0,

where Us := {(z,t) € X1 x 3o, |z —t| < 6}. In order to show (4.1), we will make
use of our assumption (A3). Notice that the function (¢, z) — log ﬁ is positive on
Ui/2, and the Fubini theorem insures that the quantity

//log dol( Ydoa(z) = /(CU"l(z)dag(z)

is finite. In addition, for every § € (0, %)

1 1
0 < xu;(t, 2) log —— P < Xv,,, (L, 2) log -

t|’
and the family of sets Us is decreasing, with

U= (Us= v & € supp (a1) N supp (02)}.
6>0

By assumption (A3), the set 31 N Xq is of logarithmic capacity zero.
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Hence the theorem of monotone convergence gives

1
0 < lim log ——do (t)doa(z) = lim Xu; (t, 2) log |Z—do'1(t)d02(z)

5—0 Juy, |z —t =0 Jy, , — ]

:/ xu(t, z)log| ! |d01( )doa(z)
Uy/2

1
S/U Xz, () Xy, (2 )10g| |d01( )doa(2)
1/2

=I(o1]2,n5.,02]5,05,) =0,

as claimed in (4.1). O

In the context of the equilibrium conditions of Theorem 2.2, we will require the
so-called principle of domination quoted from [ST97, Theorem 2.3.2].

THEOREM 4.2 (Principle of domination). Let pu and v be two measures with
compact support on C, and suppose that the total mass of v does not exceed the total
mass of u. Assume further that p has finite logarithmic energy. If, for some constant
¢ the inequality

Ub(z) <UY(2)+c

holds p-almost everywhere, then it holds for all z in C.

Now we are prepared for a proof of the second part of Theorem 2.2.

PROPOSITION 4.3. Under the assumptions of Theorem 2.2, the minimizer ut
M satisfies the equilibrium conditions (2.4) with non-negative F¥, F} such that F! +
F} > 0. Conversely, a signed measure u € MY satisfying the system (2.4) for some
constants Fy, Fy necessarily coincides with the equilibrium signed measure ut, and
F1 = F1t and F2 = FQt

Proof. Let us denote p! = p} — ub the solution of the extremal problem (P) of
Theorem 2.2. For some continuous external field ), the weighted energy is given by

the expression
//log t)dv(z +2/Q )dv(z

Notice also that MY, = {1 measure : v; (C) =1t,0 <v; <o1}. We denote by Véz the
solution of the extremal problem

find 1§, € M% such that (P) Iq(vh) = inf (Ig(v),v e ML),

with the continuous external field Q(z) = U “é(z). This minimization problem (13)
admits a unique minimizer, see, e.g., [Be06, Theorem 2.2.1]. We claim that V(tg = ul.
Indeed, for any v € M,

//log t)dv(z +2/Q )dv(z
//log v(t)dv(z) — /U“Q(z)du(z)
//log _t|d1/ t)dv(z //log dqul/( )

— I(v— ) — (),




20 Bernhard Beckermann, Alexis Gryson

which becomes minimal for v = i, and hence v, = puf. In other words, the global
mimimizer of the energy functional must also be a coordinatewise minimum for this
functional. Consequently, from [Rak96] we get the following equilibrium conditions

e e

Uk (z) — Uka(z) > Ff, 2 € supp (o1 — pb),
Uk (2) — Uk (2) < FY, 2 € supp (uh),

for some real constant Ff. Recalling that pu!,ub are two measures with compact
support, equal mass ¢ and finite logarithmic energy, the second equilibrium condition
together with the the domination principle stated in Theorem 4.2 allows to conclude
that

t

UM (z) — Ut2(z) < F}

for all z € C. We apply the same idea to analyze the energy minimization problem
with respect to the constraint oo with external field @ = —U “5, which leads to the
equilibrium conditions (2.4) for the signed measure p'.

Taking into account that lim,|_.., U**(z) = 0, we have from (2.4) the inequality
—F} <0< Ff, and Ff + F} > 0 follows from [ST97, Lemma 1.1.8] since the measure
ut is non-trivial.

In order to show the second part of Proposition 4.3, let i € M? satisfying the
equilibrium conditions (2.4) for two real constants Fy and F». As previously, we see
that both F; and F5 non-negative and that Fy + F5 > 0.

First, we prove that the minimizer p! for the problem (P) is characterized by the
following inequality

(4.2) I(p') < I(v,pt) Vv e Ms.

This characterization of the minimizer is a usual property of the element of smallest
norm in a convex subset of a real Hilbert space, see [NS91, Lemma 5.4.1]. To prove
(4.2), we choose s € (0,1]. Then sv + (1 — s)u! belongs to M? by convexity, and

0<I(sv+(1—s)u')—I(u')<s*I(v)+(s* —2s)I(u') + 2s(1 — s)I(v, u"),

which leads to (4.2) if we divide by 2s and we let s tend to 0.
Conversely, if 4 € MY verifies I(u) < I(v,p) for every v in M! | then by taking
into account that

I(v,p) = 5 (I(v) + I(p) = I(n —v)),

1

2

we obtain by choosing v = u!, the solution of (P),
I(p) < I(p") = I(pn — ph).

Consequently, I(y — u') =0 and p = ut by [ST97, Lemma 1.1.8].
In view of (4.2), it will be therefore sufficient to show that the equilibrium condi-
tions (2.4) for p imply that I(u) < I(u,v) for every v in M?. We have

1)~ 10) = [ U* @ —)() = [0 @)d0n =)~ [ UM~ ) 2)
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and, as (11(C) = p2(C) = v1(C) = 1»(C),

= u
Jrr@aw —m @) = [0 - ) don - (o)
Consider the sets

Y= {2 UM(2) < FIY, X5 :={z:-U"(z) < Fi}.

From (2.4) we know that U#(z) < F} for all z € C, and (o1 — p1)(27) = 0. Thus

[ @@= ) don - ) = [ (%) - B don - )(2)

y

_ /E (UH(2) = FY) d (1 — i — (01 — ) (2)

T
_ / (UR(2) — FY) d(mn — 01)(2) > 0,
=7
where for the last inequality we used the definition of the set ¥ and the inequality
v1 < o1. In the same way one shows the inequality

[ e B - ) 20,
iU

implying that

1) = 1) = / U (2)d(v — p)(2) > 0,

which allows us to conclude that u is the minimizer of (P).

We finally notice that the uniqueness of the constants FY and FY{ immediately
follows from the equality conditions in (2.4) which are non-trivial since ¢ is strictly
less than both ¢1(C) and o2(C). O

REMARK 4.4. We could prove the following statement by application of the mazx-
imum principle for subharmonic functions : if we add the additional requirement on
the support of the constraint that supp (o) have empty interior and connected com-
plement for j € {1,2}, then supp (0;) = supp (u}) for j = 1,2 and moreover both
extremal constants F! and F} are strictly positive.

5. Integral formulation for the extremal constant. The main aim of this
section is to give the following integral formula of the extremal quantity F! = F} + F}
which occurs in Theorem 2.1 and Theorem 2.2.

THEOREM 5.1. Suppose that supp (o) have empty interior and connected com-
plement for j = 1,2, and that 01(C) = 02(C). We have for t € (0,01(C)) the integral
formulation

t
dr
5.1 F' = / ,
G o cap (supp (o1 — p7), supp (02 — p3))
where
1
(5.2) cap (1. 53) =min{I(p1 — p2) : pj is a probability

measure supported on K; for j =1,2}
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denotes the logarithmic capacity of a condenser with plates K1 with positive unit
charge, and Ko with negative unit charge.

Theorem 5.1 does apply for example for a constraint ¢ supported on the real line.
Since the sets supp (0; — p%) are shown in Proposition 5.4 to be decreasing in ¢, it
follows that the function ¢t — —F" is concave, showing some super-linear convergence
behavior for the Zolotarev quantity Z,(En, Fn).

Our integral representation becomes an explicit expression in terms of complete
elliptic integrals (see, e.g., Corollary 5.7) once we know that the sets supp (O'j - u;)
are real intervals. We will therefore discuss in Proposition 5.8 some sufficient condi-
tions on the constraint ¢ insuring that this interval case does occur.

Our findings described above rely on recent results of Lapik on vector-valued
minimal energy problems with external field [La06]. Hence, in a first step, we have
to establish in § 5.1 a duality relation between two minimal energy problems on
condensers, the first one with external field but without constraint, and the second
one with constraint but without external field. Again we are inspired by similar
results for measures: here the duality is known already from [DrSa97] and was used
in [BeKOla] to derive an integral representation from preceeding work of Buyarov &
Rakhmanov [BuRa99]. Our sufficient condition for the interval case is inspired by
work of Kuijlaars & Dragnev [KuDr99].

In all results of Section § 5 we suppose in addition that supp(o;) for j = 1,2
have empty interior and connected complements. This holds for instance if o is
supported on the real line, or on some open Jordan arc in the complex plane. Also,
for convenience we will suppose that T' = 01(C) = 02(C). This latter condition can be
achieved for instance without changing the extremal signed measure ! by augmenting
oj on its unconstrained part supp (o; — ,ug)

5.1. Duality constraint/external field. The next result which we will refer
to as duality constraint/external field allows us to show that our constrained energy
minimization problem (P) for signed measures may in fact be described by an uncon-
strained minimization problem for signed measures with external field (. The latter
problem has been analyzed in detail in [ST97, Chapter VIII].

We suppose from now on that the constraint o has total mass 0, in other words,
01(C) = 02(C). Let us consider the set

Q° :={fi = i1 — fi2, f1; is a measure on 3; : i;(C) = s},
and the following minimal energy problem
Find ji* € Q° such that (P) Ig(i®) = inf (Ig(i), i € Q°),

with the weighted energy I (i) = I(ji) + 2 [ Q(z)dji(z) as defined before. We will
consider the continuous external field @ = —U°. From [ST97, Theorem VIII.1.4] we

know that (P) has a unique solution.

PROPOSITION 5.2. Let s,t > 0 such that s +t = 01(C) = 02(C). Then the
solution p* = pi — pb for the extremal problem (P) and the solution i* = i, | — fi§)
for the problem (P) with external field Q = —U? are related by fi* = o — pt.

Proof. We use the following result quoted from [ST97, Theorem VIIL.2.2]: if
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i € Q° of finite energy satisfies the equilibrium conditions

Ul(z) + Q(z) > 1 O z € X1,
(5 3) U (Z>+Q(Z) <F1 Q0 z e 5upp(ﬂ1)a
’ Uﬂ(z) Qz) > F27Q’ z € Yo,
—UM(2) = Q(2) < F5 g, 2 € supp(fia),

for some constants F' 10 ﬁng then fi is the unique extremal solution of (P).

Let ji = 0 — p' = jiy — fig with fi; = o; — p} for j = 1,2. Notice that u' € M}
implies that [ is indeed an element of QF, in partlcular it has ﬁnlte energy. With
Q(z) = —U°(z) as before, we observe that U%(z) + Q(z) = —U* (z). Thus (5.3)
is an immediate consequence of (2.4) by setting f’ﬁQ = —Fj for j = 1,2. Hence,
i =oc—pt. O

REMARK 5.3. Concerning the first part of the preceding proof, we should mention
that, by [ST97, Theorem VIII.2.2], also the reversed statement is true: the solution
= pn® of the extremal problem (13) with external field Q = —U? does always satisfy
(5.3), with unique extremal constants Fs _yo (which because of Proposition 5.2 coin-
cide with —Ff forje{1,2}). Our Proposztwn 5.2 gives us further a priori unexpected
properties for our special external field: for instance we have that the first and the
third inequality of (5.3) are true for all z € C. Also, i} < o for j = 1,2 (which is
also a consequence of [STI7, Theorem IV.4.5]).

5.2. Proof of Theorem 5.1. As said before, our proof of Theorem 5.1 de-
pend heavily on recent work of Lapik [La06] who discussed a generalization of the
Mhaskar-Saff-Rakhmanov functional for unconstrained vector-valued minimal energy
problems with external field. Applying the duality constraint/external field of Propo-
sition 5.2, we may state her main findings directly for our constrained problem for
signed measures.

PROPOSITION 5.4. Under the assumptions of Theorem 5.1, we define the func-
tional F; acting on a couple of disjoint compact sets K1, Ko of positive capacity by

By (K1, ) = (01(€) = ) s — [ U7 (o, a2

where Wi, i, S the minimizer in (5.2), that, is, the equilibrium signed measure for
the condenser (K1, K»).
Then, we have with St := supp (o; — ut) for j € {1,2}

Ft (Kl,KQ) 2 Ft (S{,S;) - —Ft,
and equality holds if and only if, for 7 =1,2,
StCK;jc{zeC:U" (2) = (1) 'F!}.
Moreover, we have for every t,6 > 0 with t +§ < 01(C)
t+5 ety j—1 ot t CTTRY N i—1 ot
S Cc{zeC:U" (2)= (-1 Fj} CS;C{zeC:U" () = (-1)) 7 Fj}.
We should mention that the original result in [La06] is stated and proved for the

case of o supported on the real axis, but the proof is the same for constraints ¢ as in
Theorem 5.1.
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Before entering in the proof of Theorem 5.1, let us quickly return to (5.2), that is,
to the unconstrained condenser (S, S4) without external field. We know from [ST97,
Theorem VIIL.1.4] that for the extremal signed measure denoted by w! = w! — w
there holds

(5.4) { U“'(z) =ct  quasi-everywhere on S,

t .
U¥ (z) = —c4 quasi-everywhere on S%.

the)

From the inclusion properties of the last part of Proposition 5.4 we see that supp (w i

C 8%, and thus I(w'*€) > I(we). Consequently,

1

tHIwﬁ=/w”“=d+é=@mﬁsa

is increasing in ¢, and its set N of discontinuities in (0, 01(C)) is at most countable.
We are now prepared to proceed with the proof of Theorem 5.1.
Proof. Let t,e,n such that 0 <t —n <t <t+e < 01(C). We claim that

Ft— Fi=n 1 Fite — pi

. <
(5:5) n = cap (S7,5%) ~ e

showing the convexity of the function ¢ : (0,01(C)) 2 t — Ft. Moreover, for ¢t ¢ N
we may also conclude from (5.5) that ¢ is differentiable in ¢, with

, OF* 1
) = B0 = cap (ST 5L

If we are able to show that ¢(t) — 0 for ¢ — 0+, then the claimed identity (5.1) of
Theorem 5.1 follows since convexity implies that ¢ is is absolutely continuous.
In order to establish (5.5), notice that, by Proposition 5.4,
—F'C = Fp (8776, 857¢) < Fipe (S, 85)
€ ¢ €

fd F t t — T = iy — _F — T AT
W51 52) ~ st e cap (51 55)

and similarly

—F > B (S, 88) = —F 4+ —
> Fy(81,55) +cap(5$,5§)

Thus (5.5) follows.
For the limit ¢(0+) we observe that, by (2.4),

1o~ i) = [ dor =)~ [ V¥ dlor = ) = (1(©) - 0 ",
and, by (4.2),
0< (01(C) — ) F* < |I (', — )]
<[rtat) |+ 11 o) <1 (w2 )|+ 1 o)

3 t o
< (14 o) o) < wsm
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which yields the required relation F* — 0 for ¢t — 04. O

REMARK 5.5. The sets supp (o —ué) occurring in Theorem 5.1 are usually very
difficult to describe and may even have a Cantor structure. To see that such examples
may be constructed, let S;(t) for 0 <t <T and j = 1,2 be arbitrary real compact sets
(say, regular with respect to the Dirichlet problem), decreasing in t, with S1(t) N Sa(t)
empty, and continuous in the sense that the closure of U;~.S;(T) coincides with S;(t).
We claim that for the constraint

T
g :/ wS](t),Sz(t) dt
0

there holds supp (o; — ,ug) S;(t) for all0 <t <T and j =1,2. To see this, define

uw= fo WS, (7),85(7) dr, then p € M, with supp (o; — p;) = S;(t). For its potential
we find using Fubini

1 t o

Ut(z) = /logm/o dws, (r),5,(r) (@) dT :/o Uvsins20(z) dr,
and the relations (5.4) together with the nested structure of the S;(T) allows to verify
the equilibrium conditions (2.4). Hence, by Theorem 2.2, we have pu = ut.

5.3. The special case of a symmetric real constraint. In this subsection
we will restrict ourselves to constraints o being supported on the real line and being
symmetric, that is, o1(z) = o2(—x), or o(x) = —o(—x). Such a situation is for
instance true if Exy = —Fn C (0,00) in assumption (A2). Notice also that, with o,
also the extremal signed measure p! has this symmetry property by the uniqueness
result of Theorem 2.2. Here we concentrate on what we call the symmetric interval
case.

DEFINITION 5.6. We say that the symmetric interval case holds for a constraint
o if there are increasing t — a; and decreasing t — by such that, for 0 <t < oy(t)

supp (01 — p1y) = —supp (02 — p5) = [a-, b-].

We know from [ST97, Example 2.5.14] or [LevLub01, §5] that, in the symmetric
interval case,

K'(ai/bt)

(5.6) cap (supp (01 — py), supp (o2 — 1)) = 27K (ag /by)

It follows from Remark 5.5 that the constraint o is necessarily supported on the
real line and symmetric, and thus verifies the assumptions of Theorem 5.1. Hence a
combination of Theorem 2.1 and Theorem 5.1 yields the following.

COROLLARY 5.7. Suppose that the assumptions (Al), (A2), (A3), (44), and
(A5) are verified with En = —Fn C (0,+00), such that the symmetric interval case
holds. Then we have the following explicit formula for the asymptotic behaviour of
the Zolotarev quantity

K(ar/br)

 log Zn(En, — R

lim
n,N—+oo,n/N—t N
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Compared to the formula for Z,([a,b],[—b, —a]) given in the introduction, we see
that the term a, /b, increasing in 7 has to be been replaced by the constant term a/b.
Hence Corollary 5.7 which takes into account the asymptotic fine structure of the sets
Ey leads to a sharper result as long as a, /b, is not constant.

In order to be able to apply this corollary, we still need to know whether for a
symmetric real constraint the symmetric interval case is true. Here we suggest the
following sufficient condition being inspired by [BeK0Ola, Lemma 3.1].

PROPOSITION 5.8. Consider a symmetric constraint o(x) = —o(—x) with support
supp (01) = [A, B] C [0,+00) and density o} .

Provided that x — /(22 — A2)(B2 — 22)0' (z) is an increasing function on [A, B],
the symmetric interval case holds with b, = B.

Similarly, provided that x — /(22 — A2)(B2 — x2)0}(z) is a decreasing function
on [A, B], the symmetric interval case holds with a, = A.

Proof. We only show the first part of this statement, the second is similar. Define
the measure + supported on [A2, B?] with density 7/ () := o} (y/2) and mass

T := /Y(m)dm = /32 o (Vz)dx = /B 2x0y (z)dz.

A2 A

Then z — +/(x — A2)(B2? — z)¥'(z) is increasing on [A%, B?]. For the problem of
minimal energy for measures and constraint -, we learn from [BeK0la, Lemma 3.1]
and the modified Buyarov-Rakhmanov formula of [BeKOla, p. 9] that there exists
t — a(t) € [A%, B?] increasing such that

iy T Xew,B)@)
’Y(a:)—/o W\/(BQ—m)(x—a(t))dt'

Consequently,

1

’ — A (22) = = X[a(t),B?(x)
i) =) = | T

Denote by wq, the equilibrium signed measure of the symmetric condenser with posi-
tive plate [a, b] and negative plate [—b, —a]. For x € [a, b], there is an explicit formula
for its density, see [ST97, p 413]

1 bdr
V@ =% — ) K'(afb)

(5.7) W:Lb(x) =

Notice that the function

_ " KE'(Va®)/B)
gb(u)—/o Tdt

is clearly continuous and strictly increasing. A simple substitution shows that o} may
be rewritten as

o1(C)
o () = oh(—z) = / wan (@) dt, = a(671 (1)),

and, as in Remark 5.5, we conclude that supp (o1 — pt) = [ay, B], at least for those ¢
where ¢ — a; is continuous, otherwise we take limits from the right. O
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Fig. 6.1. On the left, asymptotic behavior of n +— Zp(En,—EN) versus n +

Zn(conv(En),conv(—Ep)): for N = 20 and the Laplace example En = {2 — 2cos(wk/(N + 1)) :
k = 1,..,N}, we have drawn on a semi-logarithmic scale the curves n — exp(—NFEF™/N) result-
ing from Corollary 5.7 (lower curve), and n +— exp (—n cap (conv(Ey),conv(—Ey))~!) resulting
from (1.2) (upper curve). On the right, the quantity Z,(En,—FEnN) (solid with crosses) versus

Zn(conv(Ey), —conv(Ey)) (dashed with circles) on a semi-logarithmic scale for increasing degree
n=23,...

F1G. 6.2. The ADI error (dashed line) and its upper bound (1.5) (solid line with circles) for ADI
parameters adapted to the discrete set E. For the sake of comparision, we have also drawn the
ADI error for Bagby points on the interval given by the convex hull of En (solid line with crosses),
and its upper bound (1.5) (solid line with stars). On the left we display the case of cosine points, on
the right the Laplace case, both for N = 1000.

6. Two numerical examples. In what follows we present two numerical ex-
amples, in order to illustrate the theoretical findings on asymptotics of the Zolotarev
quantity Z,(En, Fy). In particular, we want to illustrate the impact of our work to
the choice of parameters in the ADI method, though the examples studied here are
still of academic nature. We will consider two families of sets Ey = —Fx C (0, +00),
namely

k 1
En = {cos (;—N) + Ni 1<k < N} (cosine case),

wk
En=<¢2-2 1<k<N Lapl
N { cos<N+1> <k< } (Laplace case),

the latter giving the eigenvalues of a central finite difference discretization with step-
size 1/(N + 1) of the 1D Laplacian on [0,1]. It is not difficult to verify that all
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five assumptions of §2 do hold, with constraint being symmetric, having the densities
o' () being given by

1

2
V1 — 2 T/ x(4 — )

Hence Proposition 5.8 tells us that, in both cases, supp (o1 — pu}) = [as, B] for 0 <
t < 01(C) = 1. For the cosine case and N = 20, the curves n — Z,(Eyx,—FEN) and
n — Z,(E,—FE) with E = conv(Ey) have already been given in Figure 1.1.

We have drawn in Figure 6.1 for the Laplace example and N =20 and 1 <n < N
on a semi-logarithmic scale the two expressions for the asymptotics of Z,(En, —En)
and of Z,(FE,—FE), with E = conv(Ey). That is, we put ¢ = n/N, and draw the two
functions

on [4, B] =10,1], and on [A4, B] = [0,4].

n/N - B
n»—>exp<—N/0 cap([—B,CflT],[aT,B]Q’ n»—>exp<—ncap(—E,E) 1),

the first coming from Corollary 5.7, and the second from (1.2). Clearly, the two
expressions differ, especially for larger n, which is natural since the first takes into
account the fine structure of the sets En. Notice also that the first curve is concave (in
a semi-logarithmic scale), as predicted by our theory. We should also mention that we
have only established Nth root asymptotics, whereas our plot suggests indeed strong
asymptotics, at least for these particular sets Ey, compare for instance Figure 1.1
with Figure 6.1.

We should also explain how we found numerical values for the constants a;. Ac-
cording to Proposition 5.4, we may find a; for fixed ¢ by looking for stationnary points
of the function

at— Ft([_Bv _a]v [(I, B])v

that is, points where the derivative with respect to a becomes zero. Notice that where
the right-hand side may be made more explicit using the explicit formulas (5.6) and
(5.7). However, since the resulting expression for the derivative is linear in ¢ but
complicated in a, it is easier to proceed in the opposite way, by fixing a € (A, B), and
then find the ¢t > 0 such that a = as.

In our particular symmetric interval case, we could also determine a; by following
the lines described in the proof of Proposition 5.8: in our two cases, the function x —
ot (z)\/ (22 — A2)(B2 — 22) vanishes for z = A, and hence, by [BeK0la, Lemma 3.1],
the quantity «(t) is determined by the integral equation

at) | B2 _ 4 ,
75:/142 m%(ﬁ)dw

This yields for the cosine example a(t) = (4t/m)?%, whereas for the Laplace example
we get more complicated expressions.

Let us now turn to the application of our results to the ADI method. As mentioned
in §1.1, our starting point is the Lyapunov equation AyX + XAy = By in the
unknown X, where here Ay is symmetric positive definite with spectrum given by
the above sets E. In the cosine case, we simply use a diagonal matrix, whereas in
the Laplace case we use for Ay the classical discretized 1D Laplacian, such that X
represents the solution of a discretized 2D Poisson problem on the unit square.
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In our examples, we have always chosen N = 1000 and fixed a random solution
X, which enables us to compute the corresponding right-hand side By. Also, for the
ADI iteration we have chosen the starting matrix Xq = 0.

For two sets of parameters p; = —g; to be specified below, the first one adapted to
the discrete set En, and the second one to its convex hull, we have drawn in Figure 6.2
the ADI error || X, — X||/]| X ||, as well as its upper bound given in terms of an explicit
rational function r,, in (1.5). First it is interesting to observe that in our cases the
estimate (1.5) appears to be quite sharp. Also, in our example, the convergence
rate for the conv(Ey)—parameters (upper curves) appears to be linear, as predicted
for optimal parameters by (1.2). The rate for the Ex—parameters (lower curves) is
better (which is natural), in particular for the cosine case (which is also related to the
presence of one ”isolated” eigenvalue 1/N* close to 0). In addition, it seems that the
curves for the Ey—parameters are globally slightly concave, as predicted by our theory
(though the concavity is more pronounced for larger values of n/N, see Figure 6.1).

We still have to explain our choice of parameters, which for the moment is partly
heuristic. It follows from our work that rational Fekete points are of theoretical use,
but they are difficult to compute. Given a set E in the right half-plane, Bagby points
(or rational Leja points) p; = —¢; for the couple of sets (E, —E) with weight w are
found via the recursive procedure [ST97, Definition before Theorem VIIL.3.5]

m

i1 = s o), () =]

FT4 _
P ro(z) = 1.

For parameters adapted for E being the convex hull of Ex, we take the weight
w(z) = 1, and choose the parameters q,, for m = 1,2, ..., [tN], with the parameter
t € (0,1) chosen in advance. Bagby points have been suggested, for instance, in
[LevRei93]. Of course, in practice we do not choose the real interval E = conv(Ey),
but take as E the discrete set formed by shifted Chebyshev points of degree, say, 10N
for this interval which should give about the same asymptotic behavior. It is known
that such a choice of parameters gives asymptotically optimal results not only for
n = [tN] but for the whole interval 1 < n < [tN], see, e.g., Figure 6.2.

From our theory we know that only the fine structure of Ey outside supp (o1 — )
plays a role. Thus, in order to mimic this fine structure, we fix some a € (A, B)
sufficiently large (in order to allow for [tN] iterations with a = a;), and compute
explicitly all eigenvalues of our matrix Ay in [0,a], say, q1,...,qm. We then add
[tN] —m further parameters gm41,...., gen) by starting the Bagby procedure for E =
[a, B] at index m+1, or, in other words, we use the weight w = r,,. Again, in practice
one takes for F shifted Chebyshev points of degree, say, 10N for [a, B].

However, the resulting order of our points is not suitable to give good errors for
all ADI iterations for n = 1,2,...,[tN]. We therefore apply the Bagby procedure a
second time to the weight w = 1 and the set £ = {q1, ..., qun}, and these permuted
parameters turn out to give small errors for all ADI iterations. For the moment
we may show that the resulting rational functions are asyptotically optimal for n =
[tN] (compare with [ST97, Theorem VIIL.3.5]), but we have only numerical but no
theoretical evidence to show similar results for smaller iteration indices.

The motivating idea behind this approach (also for ADI applied to a general
Sylvester equations with normal matrices Ax, By) is that in the computation of
optimal parameters for n = [tN] one should explicitly know all eigenvalues of Ay
outside supp (o1 — p!) and all eigenvalues of By outside supp (o1 — pb). Thus in
our approach we make implicitly a kind of deflation of the corresponding eigenspaces
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of these eigenvalues in a suitable order, while keeping the error small for all other
eigenspaces.

7. Conclusion. A minimal energy problem in logarithmic potential theory for
signed and constrained measures has allowed us to describe in Theorem 2.1 the asymp-
totics of the third Zolotarev problem on discrete sets under some suitable technical
assumptions.

We have found in Theorem 5.1 and in a more explicit way in Corollary 5.7 an
integral formulation for the extremal constant involved in the asymptotics of the
Zolotarev problem over discrete sets for the particular case where the two discrete
sets are real and symmetric with respect to the origin. This quantifies the rate of
superlinear convergence of the ADI method applied to a Lyapunov equation.

However, several open problems are still under consideration: first, we would
like to drop the symmetry assumptions in §5.3 in order to generalize our work to
more general Sylvester equations with symmetric matrices B # —A. Here we require
theoretical results insuring that the interval case holds for the two sets supp (O'j — ,u';)
for j = 1,2. In addition, we would like to provide efficient methods for numerically
computing the endpoints of such intervals, e.g., by solving a system on non-linear
equations steaming from the generalized Mhaskar-Saff-Rakhmanov functional.

Finally, we have seen in §6 that the choice of Leja-Bagby points on discrete
seem to give very promising parameters for the ADI method, but we need a better
understanding of their asymptotic properties.

REFERENCES

[Ach56] N.I. ACHIESER, Theory of approzimation, F. Ungar Publishing Co (1956).

[And94] J.E. ANDERSSON, Best Rational Approzimation to Markov Functions, J. Approx. Theory
76 (1994), 219-232.

[Akh90] N.I. AKHIESER, Elements of the Theory of Elliptic Functions, Transl. of Math. Monographs
79, AMS, Providence RI (1990).

[Be06] B. BECKERMANN, Discrete orthogonal polynomials and superlinear convergence of Krylov
subspace methods in numerical linear algebra, in Orthogonal Polynomial and Special Func-
tions, F. Marcellan, W. Van Assche (Eds.), Lecture Notes in Mathematics 1883, Springer
Verlag (2006), 119-185.

[Be04] B. BECKERMANN, Singular values of small displacement rank matrices, Talk at conference
Structured Numerical Linear Algebra Problems: Algorithms and Applications, Cortona, 2004.

[Be00] B. BECKERMANN, On a conjecture of E.A. Rakhmanov, Constr. Approz. 16 (2000), 427-448.

[BeK02] B. BECKERMANN AND A.B.J. KUIJLAARS, Superlinear CG convergence for special right-hand
sides, Electr. Trans. Num. Anal. 14 (2002), 1-19.

[BeKOla] B. BECKERMANN AND A.B.J. KULJLAARS, Superlinear convergence of conjugate gradients,
SIAM J. Numer. Anal. 39 (2001), 300-329.

[BeKO1b] B. BECKERMANN AND A.B.J. KUIJLAARS, On the sharpness of an asymptotic error esti-
mate for Conjugate Gradients, BIT 41 (2001), 856-867.

[BiVa59] G. BIRKHOFF AND R. S. VARGA, Implicit alternating direction methods, Trans. Amer.
Math. Soc. 92 (1959), 13-24.

[Bra80] D. BRAESS, Nonlinear Approximation Theory, Springer series in computational mathemat-
ics 7 (1980).

[Bra87] D. BRAESS, Rational Approrimation of Stieltjes Functions by the Carathéodory-Fejer
Method, Constr. Approz. 3 (1987), 43-50.

[BuRa99] V. BuvArRov AND E.A. RAKHMANOV, Families of equilibrium measures with external field
on the real axis, Mat. Sb. 190 (1999), 791-802.

[DrSa97] P.D. DRAGNEV AND E.B. SAFF, Constrained energy problems with applications to orthog-
onal polynomials of a discrete variable, J. d’Analyse Math. 72 (1997), 223-259.

[DTT98] T.A. DriscoLL, K.-C. ToH AND L.N. TREFETHEN, From potential theory to matriz itera-
tion in siz steps, STAM Rev. 40 (1998), 547-578.



Extremal rational functions on symmetric discrete sets 31

[GoVLo96] G.H. GoLuB AND F. VAN LOAN, Matrixz computations, Third edition, Johns Hopkins
Studies in the Mathematical Sciences., Johns Hopkins University Press, Baltimore, MD,
(1996).

[Gon78] A.A. GONCHAR, On the speed of rational approrimation of some analytic functions, Mat.
Sb. 34 (1978), 131-145.

[Hig08] H.J. HiGHAM, Functions of Matrices: Theory and Computation, SIAM, Philadelphia PA,
2008.

[FiSa99] S.D. FisHER AND E.B. SAFF, The Asymptotic Distribution of Minimal Blaschke Products,
J. Approzx. Theory 98 (1999), 104-116.

[Kui06] A.B.J. KUIJLAARS, Convergence analysis of Krylov subspace iterations with methods from
potential theory, SIAM Rev. 48 (2006), 3-40.

[Kui00] A.B.J. KUIJLAARS, Which eigenvalues are found by the Lanczos method? SIAM J. Matriz
Anal. Appl. 22 (2000), 306-321.

[KuDr99] A.B.J. KUIJLAARS AND P.D. DRAGNEV, Equilibrium problems associated with fast decreas-
ing polynomials, Proc. Amer. Math. Soc. 127 (1999), 1065-1074.

[La06] M. A. LAPIK, Support of the extremal measure in a vector equilibrium problem, Mat. Sb. 197
(2006), 1205-1219.

[LevRei93] N.LEVENBERG AND L. REICHEL, A generalized ADI iterative method, Numer. Math. 66
(1993), 215-233.

[LevLub01] A.L. LEVIN AND D.S. LUBINSKY, Green equilibrium measures and representations of an
external field, J. Approx. Theory 118 (2001), 298-323.

[LevS01] A.L. LEVIN AND E.B. SAFF, The Distribution of Zeros and Poles of Asymptotically Ex-
tremal Rational Functions for Zolotarev’s Problem, J. Approx. Theory 110 (2001), 88-108.

[LevS06] A.L. LEVIN AND E.B. SAFF, Potential Theoretic Tools in Polynomial and Rational Ap-
proximation in Harmonic Analysis and Rational Approximation, Vol. 827 (Fournier, Grimm,
Leblond, Partington, Eds.), Springer, (2006), 71-94.

[NS91] E.M. NIKISHIN AND V.N. SOROKIN, Rational Approzimations and Orthogonality, AMS Trans-
lations of Mathematical monographs 92 (1991).

[PeRab5] D. PEACEMAN, H. RACHFORD The numerical solution of elliptic and parabolic differential
equations, J. Soc. Indust. Appl. Math., 3 28-41 (1955).

[Pen00] T. PENzZL, EIGENVALUE DECAY BOUND FOR SOLUTIONS OF LYAPOUNOV EQUATIONS : THE
SYMMETRIC CASE, Systems and Control Letters 40 (2000), 139-144.

[Rak96] E.A. RAKHMANOV, Equilibrium measure and the distribution of zeros of the extremals poly-
nomials of a discrete variable, Mat. Sb. 187 (1996), 1213-1228.

[Ran95] T. RANSFORD, Potential theory in the complex plane, Cambridge university press, London
Math. Soc. student text 28 (1995).

[ST97] E.B. SAFF AND V. TOTIK, Logarithmic potentials with external fields, A Series of compre-
hensive studies in mathematics 8316, Springer (1997).

[Tre90] L.N. TREFETHEN, Approzimation theory and numerical linear algebra, in: Algorithms for
Approximation II, J.C. Mason and M.G. Cox, eds, Chapman & Hall, London, 1990.

[TrBa97] L.N. TREFETHEN AND D. Bau III, Numerical Linear Algebra, SIAM, Philadelphia PA,
1997.

[EFLSV02] J. vAN DEN EsHOF, A. FROMMER, TH. LIPPERT, K. SCHILLING, H.A. VAN DER VORST,
Numerical Methods for the QCD Owerlap Operator : I. Sign-Function and Error Bounds,
Comp. Physics Comm. 146 (2002), 203-224.

[Wa63] E. L. WACHSPRESS, Frxtended application of alternating direction implicit iteration model
problem theory, J. Soc. Indust. Appl. Math. 11 (1963), 994-1016.

[Wa69] E. L. WACHSPRESS, Solution of the generalized ADI minmaz problem, Information Process-
ing 68 (Proc. IFIP Congress Edinburgh 1968) Vol. 1 : Mathematics Software, North-Holland,
Amsterdam (1969), 99-105.

[Zo132] E.I. ZoLOTAREV, Collected work 2, USSR Acad. Sci, 1932 (in Russian).



