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Abstract. The first author proved in a previous paper that the n-fold bar construction
for commutative algebras can be generalized to En-algebras, and that one can calculate En-
homology with trivial coefficients via this iterated bar construction. We extend this result to
En-homology and En-cohomology of a commutative algebra A with coefficients in a symmetric
A-bimodule.

Introduction

Boardman-Vogt [BV73] and May [Ma72] showed in the early 70’s that n-fold loop spaces are
equivalent to algebras over the little n-cubes operad (at least, up to group completion issues,
or provided that we restrict ourselves to connected spaces). In this paper, we deal with En-
operads in chain complexes, which are defined as operads quasi-isomorphic to the chain operad
of little n-cubes, for any 1 6 n 6∞. The category of En-algebras, algebras over an En-operad,
can be thought of as an algebraic version of the category of n-fold loop spaces. If we choose a
Σ∗-cofibrant En-operad, let En, then we can define homological invariants specifically suited to
En-algebras, namely the En-homology and En-cohomology of an En-algebra A with coefficients
in a representation M of A. These invariants are defined via derived Quillen functors. Note
that every strictly commutative algebra A is an En-algebra for any 1 6 n 6∞, and that every
symmetric A-bimodule is a representation of the En-algebra A. The homology of En-algebras
can also be regarded as a particular case of the factorization homology theory (see [Fra13]),
and, in the case of commutative algebras, agrees with Pirashvili’s higher Hochschild homology
theory (see [Pir00]). In the case n =∞, we retrieve the Γ-homology theory of [RW02].

In [Fre11] the first author also proved that the classical iterated bar complex of augmented
commutative algebras Bn(A) = B ◦ · · · ◦ B(A), such as defined by Eilenberg and MacLane
(see [EM53]), computes the En-homology of A with coefficients in the commutative unital
ground ring M = k. The purpose of this paper is to extend this construction to the non-
trivial coefficient case in order to get an explicit chain complex computing the En-homology
and the En-cohomology of commutative algebras with coefficients. In short, we define a chain
complex (M ⊗ Bn(A), ∂θ) by adding a twisting differential ∂θ : M ⊗ Bn(A) → M ⊗ Bn(A) to
the tensor product of the Eilenberg-MacLane iterated bar complex Bn(A) with any symmetric
A-bimodule of coefficients M (see Definition 1.2). We then prove that the chain complex

B
[n]
∗ (A,M) = (M ⊗Σ−nBn(A), ∂θ), where we use an n-fold desuspension Σ−n to mark an extra

degree shift, computes the En-homology of A with coefficients in M (see Theorem 1.3). Thus,
we get

HEn
∗ (A,M) = H∗(M ⊗ Σ−nBn(A), ∂θ).

In the cohomology case, our result reads

H∗En(A,M) = H∗(Homk(Σ
−nBn(A),M), ∂θ),
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for a twisted cochain complex B∗[n](A,M) = (Homk(Σ
−nBn(A),M), ∂θ) which we obtain by

replacing the tensor product of the homological construction M⊗Bn(A) by a differential graded
module of homomorphisms Homk(B

n(A),M). These results hold for all 1 6 n 6∞, including
n =∞ for a suitable infinite bar complex Σ−∞B∞(A) which we define as a colimit of the finitely
iterated bar constructions Σ−nBn(A), n = 1, 2, . . . .

Let us emphasize that we use the plain Eilenberg-MacLane iterated bar complexes in our
approach. The chain complexes which we define in this paper therefore give a small algebraic
counterpart of the constructions of factorization homology theory [Fra13], which are based
on higher category theory models, and of the constructions of Pirashvili’s higher Hochschild
homology theory [Pir00], which is defined in terms of functors on simplicial sets. But we do not
use this analogy further in this paper. To get our result, we mainly rely on the theory of modules
over operads [Fre09] and on the methods of [Fre11] which we extend to appropriately address
the non-trivial coefficient setting. The small explicit complexes for calculating En-homology
and -cohomology we exhibit in this article have been employed by the second author in [Z] to
show that En-homology and -cohomology can be interpreted as functor homology.

Plan. We define the chain complexes B
[n]
∗ and B∗[n] and we state the main theorems in the

first section of the paper. We explain the correspondence between these chain complexes and
modules over operads in the second section, and we prove that these chain complexes effectively
compute the En-homology and the En-cohomology of commutative algebras in the third section
of the paper.

Conventions. We fix a unital commutative ring k. We work in the category dg-mod of lower Z-
graded differential graded k-modules, with the differential lowering the degrees. For a differential
graded module M and m ∈M we denote the corresponding element in the suspension ΣM by
sm. For an associative nonunital differential graded algebra B we denote by B+ the unital
algebra obtained by adjoining a unit to B.

For e a finite set, we denote by |e| its arity. For s > 0 we set s = {1, . . . , s} and [s] = {0, . . . , s}.
By k < e > we denote the free k-module with basis e.

We denote the symmetric operad encoding associative algebras in differential graded k-
modules by As and the symmetric operad encoding commutative algebras in differential graded
k-modules by Com. We choose to work with the differential graded version of the Barratt-Eccles
operad E. Recall that E is a Σ∗-cofibrant E∞-operad which admits a filtration E1 ⊂ E2 ⊂
· · · ⊂ En ⊂ En+1 ⊂ · · · ⊂ E, such that En is a Σ∗-cofibrant En-operad, see [Be97]. We also
set E∞ = E for n = ∞. Note that E admits a morphism E → Com, hence by restriction
of structure we can view every differential graded commutative algebra as an En-algebra. We
mostly deal with non-unital algebras in what follows. We therefore assume E(0) = 0 when we
deal with the Barratt-Eccles operad E. We similarly set As(0) = 0 for the associative operad
As, and Com(0) = 0 for the commutative operad Com.

For the necessary background on symmetric sequences, operads, algebras over an operad
and right modules over an operad we refer the reader to [Fre09]. We denote the plethysm for
symmetric sequences by ◦. We will frequently switch between considering Σ∗-modules (with
the symmetric groups acting on the right) and contravariant functors defined on the category
Bij of finite sets and bijections as explained for example in [Fre11, 0.2].

Let K ◦ P be the free right P-module over the operad P generated by the Σ∗-module K.
Given a morphism f : K → R of Σ∗-modules with target a right P-module, we denote by
∂f : K ◦ P → R the induced morphism of right P-modules.

1. The results

We briefly explain our results in this section.
Since En is Σ∗-cofibrant, the category of En-algebras forms a semi-model category (see [Fre09,

ch.12]). In particular there is a notion of cofibrant replacement for En-algebras, and we can
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define their homology and cohomology as derived functors

H∗En(A;M) = H∗(DerEn(QA,M)) and HEn
∗ (A;M) = H∗(M ⊗UEn (QA) Ω1

En(QA))

for a cofibrant replacement QA of the En-algebra A and a representation M of A. Here for an
operad P and a P-algebra A, a representation M of A can be thought of as generalizing the
notion of an A-module. By UP(A) we denote the enveloping algebra of A. Representations of A
correspond to left modules over UP(A). We denote by DerP(A;M) the differential graded mod-
ule of P-derivations from A to M , and Ω1

P(A) is the associated module of Kähler differentials,
satisfying

DerP(A,M) ∼= HomUP (A)(Ω
1
P(A),M),

where HomUP (A)(−,−) denotes the hom-object enriched in differential graded modules of the

category of differential graded left modules over UP(A).
For P = Com we retrieve the usual notions of symmetric bimodules, derivations and Kähler

differentials. The universal enveloping algebra is given by

UCom(A) = A+.

All of these objects are appropriately natural, in particular they are natural in P. Hence
any symmetric bimodule over a commutative algebra A is also a representation of A as an
En-algebra. We refer the reader to [Fre09, ch.4, ch.10, ch.13] for further background on these
constructions.

In [Fre11] the first author proves that the iterated bar construction can be extended to En-
algebras, and that up to a suspension this complex calculates the En-homology of a given En-
algebra with coefficients in k. In this article, we prove a corresponding result for En-homology
of commutative algebras with coefficients in a symmetric bimodule.

The bar construction is usually defined for augmented unital associative algebras, but we
prefer to deal with nonunital algebras. To retrieve the usual construction, we simply use that a
nonunital algebra A is equivalent to the augmentation ideal of the algebra A+ which we define
by adding a unit to A.

The bar construction B(A) = (T c(ΣA), ∂s) of a differential graded associative algebra A is
given by the reduced tensor coalgebra T c(−) on the suspension of A together with a twisting
differential ∂s which is determined by the multiplication of A. If A is commutative, then the
bar construction B(A) also becomes a commutative differential graded algebra with the shuffle
product as product, and we can iteratively define Bn(A). We review this construction in more
detail in the next section.

The iterated bar construction Bn(A) is spanned by planar fully grown n-level trees whose
leaves are labeled by a tensor in A. For 1 6 n < ∞, we formally define a planar fully grown
n-level tree t (an n-level tree for short) as a sequence of order-preserving surjections

t = [rn]
fn
// · · ·

f2
// [r1] .

The elements in [ri] are the vertices at level i of the tree. The elements of [rn] are the leaves of
t. The labeled trees which we consider in the definition of the bar construction are pairs (t, π),

where t is an n-level tree and π = a0⊗· · ·⊗arn ∈ A⊗[rn] is a tensor whose factors are indexed by
the leaves [rn]. We adopt the notation t(a0, . . . , arn) for the element of the n-fold bar complex
defined by such a pair (t, π).

In what follows, we also consider trees equipped with a labeling by a finite set e. In this case,
the labeling is a bijection

σ : e
∼=−→ [rn].

We refer the reader to [Fre11] and [FrApp] for a description of the differential on Bn(A). Be-
fore we define the complex calculating En-homology we need to introduce a notation concerning
trees.
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Definition 1.1. Let t = [rn]
fn
// · · ·

f2
// [r1] be an n-level tree. For s ∈ [rn] such that s is

not the only element in the corresponding 1-fiber of t containing s we let t \ s be the tree

t \ s = [rn − 1]
f ′n // [rn−1]

fn−1
// · · ·

f2
// [r1]

with

f ′n(x) =

{
fn(x), x < s,

fn(x+ 1), x > s.

To a tree (t, σ) labeled by a finite set e, we also associate the tree (t \ s, σ′σ−1(s)) equipped with

the labeling σ′σ−1(s) : e \ {σ−1(s)} → [rn − 1] such that:

σ′σ−1(s)(e) =

{
σ(e), σ(e) < s,

σ(e) + 1, σ(e) > s.

Definition 1.2. Let A be a differential graded commutative algebra. We define a twisting
differential ∂θ by setting

∂θ(u⊗ t(a0, . . . , arn)) =
∑

06l6rn−1,

|f−1
n (l)|>1,

x=min f−1
n (l)

(−1)sn,x−1+|ax|(|a0|+···+|ax−1|)uax ⊗ (t \ x)(a0, . . . , âx, . . . , arn)

+
∑

06l6rn−1

|f−1
n (l)|>1,

y=max f−1
n (l)

(−1)sn,y+|ay |(|u|+|a0|+···+|ay−1|)ayu⊗ (t \ y)(a0, . . . , ây, . . . , arn)

for a tree t = [rn]
fn
// · · ·

f2
// [r1] labeled by a0, . . . , arn ∈ A and u ∈ A+. We omit the

definition of the signs sn,a at this point, the definition will be given in 2.4.

For example, the element represented by the decorated 2-level tree

u ⊗
@
@@

�
��

S
SS
�
��

a0 a1 a2

A
AA
�
��

a3 a4

is mapped by ∂θ to

−ua0 ⊗
@
@@

�
��

A
AA
�
��

a1 a2

A
AA
�
��

a3 a4

− (−1)|a3|(|a0|+|a1|+|a2|)ua3 ⊗
@
@@

�
��

S
SS
�
��

a0 a1 a2 a4

+ (−1)|a2|(|u|+|a0|+|a1|)a2u ⊗
@
@@

�
��

A
AA
�
��

a0 a1

A
AA
�
��

a3 a4

− (−1)|a4|(|u|+|a0|+···+|a3|)a4u ⊗
@
@@

�
��

S
SS
�
��

a0 a1 a2 a3

For a symmetric A-bimodule M , we set:

B
[n]
∗ (A,M) = M ⊗A+ (A+ ⊗ Σ−nBn(A), ∂θ)
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and

B∗[n](A,M) = HomA+
((A+ ⊗ Σ−nBn(A), ∂θ),M).

In this construction, we just use that the algebra UCom(A) = A+ is identified with a symmetric
bimodule over itself.

This article is dedicated to proving the following results.

Theorem 1.3. Let 1 6 n 6∞. Let A be a commutative differential graded algebra and let M
be a symmetric A-bimodule in dg-mod. Provided that A is cofibrant in dg-mod, we have the
identities

HEn
∗ (A;M) = H∗(B

[n]
∗ (A,M)) and H∗En(A;M) = H∗(B

∗
[n](A,M)).

We complete the proof of this theorem in Section 3.

2. From iterated bar complexes to modules over operads

Reminder on the trivial coefficient case. The (unreduced) bar construction was originally
defined by Eilenberg-MacLane for augmented algebras in dg-mod in [EM53, II.7]. We recall
from [Fre11, 1.6] the definition of the nonunital reduced bar construction in the context of right
modules over an operad, which we will be working in.

Let P be an operad in differential graded modules and let R be an As-algebra in right P-
modules. The bar construction associated to R is a twisted right P-module such that BR =
(T

c
(ΣR), ∂s), where we use the tensor product of right P-modules to form the tensor coalgebra

T
c
(ΣR) =

⊕
l>1

(ΣR)⊗l.

For a finite set e the object (ΣR)⊗l(e) is spanned by tensors sr1⊗· · ·⊗srl ∈ ΣR(e1)⊗· · ·⊗ΣR(el)
such that e = e1 t · · · t el. The twist ∂s is defined by

∂s(sr1 ⊗ · · · ⊗ srl) =
l−1∑
i=1

(−1)i+|r1|+···+|ri|sr1 ⊗ · · · ⊗ sγ(id2; ri, ri+1)⊗ · · · ⊗ srl

where id2 ∈ As(2) and γ refers to the action of As on R.
If R is commutative, i.e. if the action of As on R factors through Com, then BR is a Com-

algebra in right P-modules. For sr1 ⊗ · · · ⊗ srp ∈ ΣR(e1)⊗ · · · ⊗ΣR(ep), srp+1 ⊗ · · · ⊗ srp+q ∈
ΣR(ep+1)⊗ · · · ⊗ ΣR(ep+q) the multiplication is given by the shuffle product

sh(sr1 ⊗ · · · ⊗ srp, srp+1 ⊗ · · · ⊗ srp+q) =
∑

σ∈sh(p,q)

(−1)εsrσ−1(1) ⊗ · · · ⊗ srσ−1(p+q),

where sh(p, q) ⊂ Σp+q denotes the set of shuffles of {1, . . . , p} with {p + 1, . . . , p + q}. The
sign ε is the graded signature of the shuffle σ, i.e. it is determined by picking up a factor
(−1)(|ri|+1)(|rj |+1) whenever i < j and σ(i) > σ(j).

In particular, if R is commutative we can iterate the construction and define an n-fold bar
complex Bn(R). Applying this to Com itself, regarded as a Com-algebra in right Com-modules,
we define the commutative algebra Bn

Com in right Com-modules by

Bn
Com := Bn(Com).

According to [Fre11, 2.7, 2.8] the iterated bar module Bn
Com is a quasifree right Com-module

Bn
Com = (Tn ◦ Com, ∂γ) with Tn = (T

c
Σ)n(I) a free Σ∗-module, which we will discuss in more

detail later. By [Fre11, 2.5] it is possible to lift ∂γ to a twisting differential ∂ε : T
n ◦E → Tn ◦E

and set Bn
E = (Tn ◦ E, ∂ε). For an E-algebra A we call

Bn
E(A) = Bn

E ◦E A
the n-fold bar complex of A. Using that E is equipped with a cell structure indexed by complete
graphs the first author proves in [Fre11, 5.4] that ∂ε restricts to ∂ε : T

n ◦En → Tn ◦En. Hence
5



setting Bn
En

= (Tn ◦ En, ∂ε) we can define an n-fold bar complex Bn
En

(A) = Bn
En
◦En A for any

En-algebra A. If A is commutative, i.e. if A is an E-algebra such that the action of E on A
factors as the standard trivial fibration E → Com followed by an action of Com on A, then
Bn
En

(A) = Bn
E(A) = Bn

Com(A) is the usual bar construction.
For any E-algebra A in dg-mod or in right modules over an operad there is a suspension

morphism σ : ΣA→ BE(A), induced by the inclusion i : ΣI → T cΣI. Hence we can set

Σ−∞B∞(A) = colimn Σ−nBn
E(A).

In particular we can define the right E-module Σ−∞B∞E . Since the associated suspension
morphism is of the form σ = i ◦ E this is again a quasifree right E-module, generated by the
Σ∗-module Σ−∞T∞ = colimn Σ−nTn. Similar considerations apply to Σ−∞B∞Com, and we have
Σ−∞B∞E (Com) = Σ−∞B∞Com.

As a quasifree right En-module in nonnegatively graded chain complexes Bn
En

is a cofibrant

right En-module. The augmentation of the desuspended n-fold bar complex ε : Σ−nBn
En
→ I

is defined as the composite Σ−nBn
En
→ Σ−nTnI → Σ−nΣn(I) = I with the first map induced

by the operad morphism En → Com → I and the second map an iteration of the projection
T
c
(ΣI) → ΣI. In [Fre11, 8.21, 9.4] the first author shows that ε is a quasiisomorphism, hence

Σ−nBn
En

is a cofibrant replacement of I. From this one deduces that, for an En-algebra A which
is cofibrant as a differential graded k-module, there is an isomorphism

HEn
∗ (A; k) ∼= H∗(Σ

−nBn
En(A))

for 1 6 n 6∞ (see [Fre11, 8.22, 9.5]).

The twisted module modeling iterated bar complexes with coefficients. We now define
the twist ∂θ on M ⊗ Bn

Com(A) which will incorporate the action of the nonunital commutative
algebra A on the symmetric A-bimodule M . As we will see the general case follows from the
case of universal coefficients M = UCom(A) = A+. We first recall the definition of the universal
enveloping algebra associated to Com. Note that this is a special case of the notion of enveloping
algebras associated to operads, which we will discuss in Proposition 3.7.

Definition 2.1. We denote by UCom the algebra in right Com-modules given by UCom(i) =
Com(i+ 1), i.e. UCom(i) = k for all i > 0 with trivial Σi-action, see e.g. [Fre09, 10.2.1]. Equiv-
alently,

UCom(e) = k

for all finite sets e. Denote by µe the generator of Com(e) = k. Set f
+

= f t {+} and denote

the generator µf
+
∈ UCom(f) = Com(f t+) by µUf . Then the multiplication in UCom is

µUe · µUf = µUetf ,

while the right Com-module structure is given by

µUe ◦e µf = µU(etf)\{e}

for e ∈ e.

Observe that A+ = UCom ◦Com A. Hence

UCom(A)⊗Bn(A) = (UCom ⊗Bn
Com) ◦Com A

and it suffices to define

∂θ : UCom ⊗Bn
Com → UCom ⊗Bn

Com.

Before giving the definition of this twisting differential, we check that UCom⊗ (Tn ◦Com) is a
free UCom-module in right Com-modules, and we examine the generating Σ∗-module Tn closer.
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Definition 2.2. Let P be an operad and (U, µU , 1U ) an associative unital algebra in right P-
modules with P-action γU : U ◦ P → U . The category UMod(MP) of left U -modules in right
P-modules consists of right P-modules (M,γM ) equipped with a left U -action µM : U⊗M →M
which is a morphism of right P-modules. The morphisms of this category are morphisms of
right P-modules which preserve the U -action.

Proposition 2.3. Let M be a Σ∗-module. The free object in UMod(MP) generated by M is
U ⊗ (M ◦ P) with U -action given by

U ⊗ U ⊗ (M ◦ P)
µU⊗(M◦P)

// U ⊗ (M ◦ P)

and right P-module structure defined by

(U ⊗ (M ◦ P)) ◦ P
∼= // (U ◦ P)⊗ (M ◦ P ◦ P)

γU⊗(M◦γP )
// U ⊗ (M ◦ P) .

In the following, for a map f : M → N from a Σ∗-module M to N ∈ UMod(MP) we will
denote by

∂f : U ⊗ (M ◦ P)→ N

the associated morphism in UMod(MP). We will use the same notation for morphisms defined
on free right P-modules, which version applies will be clear from the context.

Let 1 6 n < ∞. By definition, we have Tn = (T
c
Σ)n(I) and hence, this object has an

expansion such that

Tn(e) =
⊕

e=e1t···tel

ΣTn−1(e1)⊗ · · · ⊗ ΣTn−1(el)

and with

T 1(e) = (I⊗s)(e) =
⊕
σ : e→s

k · σ

for |e| = s. For n = 1 it is obvious that Tn(e) has generators corresponding to decorated 1-level
trees (t = [r1], σ : e → [r1]). For n > 1, let sx1 ⊗ · · · ⊗ sxl ∈ ΣTn−1(e1) ⊗ · · · ⊗ ΣTn−1(el).
Then the corresponding n-level tree is the n-level tree with l vertices in level 1 such that the
ith vertex is the root of the n− 1-level tree defined by xi. Hence elements in Tn(e) correspond
to n-level trees with leaves decorated by e. Consequently, as a k-module Tn ◦ Com is generated
by planar fully grown n-level trees in Tn with leaves labeled by elements in Com.

Definition 2.4. The morphism ∂θ : UCom⊗(Tn◦Com)→ UCom⊗(Tn◦Com) in UComMod(MCom)
is induced by a map

θ : Tn → UCom ⊗ (Tn ◦ Com)

which we define as follows: for (t, σ) ∈ Tn(e) with t = [rn]
fn
// · · ·

f2
// [r1] labeled by

σ : e→ [rn] we set

θ(t, σ) =
∑

06l6rn−1,

|f−1
n (l)|>1,

x=min f−1
n (l)

(−1)sn,x−1µU{σ−1(x)} ⊗ (t \ x, σ′σ−1(x))

+
∑

06l6rn−1

|f−1
n (l)|>1,

y=max f−1
n (l)

(−1)sn,yµU{σ−1(y)} ⊗ (t \ y, σ′σ−1(y)).

The sign (−1)sn,i is determined by counting the edges in the tree t from bottom to top and from
left to right. Then sn,i is the number assigned to the edge connected to the ith leave. These
signs can be thought of as originating from the process of switching the map M ⊗ΣA→M of
degree −1 past the suspensions in the bar construction.
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A tedious but straightforward calculation yields that θ is indeed a twisting cochain:

Lemma 2.5. The map θ defines a twisting cochain on UCom⊗Bn
Com, i.e. we have (∂θ+UCom⊗

∂γ)2 = 0.

The suspension morphism ΣBn
Com → Bn+1

Com commutes with the twists ∂θ defined on Bn
Com and

Bn+1
Com, hence we can extend the above definition to n =∞.

Proposition 2.6. The twist ∂θ extends to a twisting differential on UCom ⊗ Σ−∞B∞Com.

Let ηU : k → UCom(0) denote the unit map of UCom. We want to lift ∂θ+UCom⊗∂γ = ∂θ+ηU⊗γ
to UCom⊗Bn

E . To achieve this we mimick the construction that is used in [Fre11, 2.4] to lift ∂γ
to Bn

E . The following proposition extends [Fre11, 2.5].

Proposition 2.7. Let R,S be operads equipped with differentials dR and dS and let U be an
algebra in right R-modules. Suppose there are maps

Rν
77

ψ
// S

ι
oo

such that ψ is a morphism of operads, ι is a chain map and

ψι = id, dRν − νdR = id− ιψ and ψν = 0.

Let K = G⊗ Σ∗ be a free Σ∗-module and

β : G→ U ⊗ (K ◦ S)

a twisting cochain which additionally satisfies

dU⊗(K◦S)β + βdG = 0 and ∂ββ = 0

with dU⊗(K◦S) and dG denoting the differentials on U ⊗ (K ◦ S) and G.
If K,U and S are nonnegatively graded there exists a twisting cochain α : K → U ⊗ (K ◦ R)

such that

U ⊗ (K ◦ R)

U⊗(K◦ψ)
��

∂α // U ⊗ (K ◦ R)

U⊗(K◦ψ)
��

U ⊗ (K ◦ S)
∂β
// U ⊗ (K ◦ S).

Proof. Extend the homotopy ν : R → R to ν̂(l) : R⊗l → R⊗l by setting

ν̂(l) =
l∑

i=1

(−1)i−1(ιψ)⊗i−1 ⊗ ν ⊗ id⊗l−iR

and extend ι to ι̂(l) : S⊗l → R⊗l by setting

ι̂(l) = ι⊗l.

We have K ◦R =
⊕

i>0G(i)⊗R⊗i since K is Σ∗-free, and similarly K ◦ S =
⊕

i>0G(i)⊗S⊗i.
We can then define

ν̃ : U ⊗ (K ◦ R)→ U ⊗ (K ◦ R) and ι̃ : U ⊗ (K ◦ S)→ U ⊗ (K ◦ R)

as ν̃ = idU ⊗
⊕

l>0G(l)⊗ ν̂(l) and ι̃ = idU ⊗
⊕

l>0G(l)⊗ ι̂(l). Note that with this definition, we
get:

(U ⊗ (K ◦ ψ))ι̃ = id, δ(ν̃) = idU⊗(K◦R) − ι̃(U ⊗ (K ◦ ψ)) and (U ⊗ (K ◦ ψ))ν̃ = 0.

We define α : G→ U ⊗ (K ◦ R) by setting α0 = ι̃β,

αm =
∑

a+b=m−1

ν̃∂αaαb and α =
∑
m>0

αm.
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Observe that β : K → U ⊗ (K ◦ S) lowers the degree in K by at least 1, hence αm lowers the
degree in K by m+ 1. Since K is bounded below, α is well defined. Then for m > 1

(U ⊗ (K ◦ ψ))αm = (U ⊗ (K ◦ ψ))
∑

a+b=m−1

ν̃∂αaαb = 0,

while (U ⊗ (K ◦ ψ))α0 = β, hence

(U ⊗ (K ◦ ψ))α = β

and the diagram above commutes. To show that ∂α is indeed a twisting differential one shows
by induction that

δ(αm) =
∑

a+b=m−1

∂αaαb,

which then yields the claim for α. �

Recall that the Barratt-Eccles operad has an extension to finite sets and bijections given by

E(e)l = k < Bij(e, r)l+1 > .

In our constructions we will need to choose a distinguished element in Bij(e, r) for all e, cor-
responding to an ordering of e. We fix a choice of a family (τe)e∈Bij such that for e ⊂ N0 the
element τe corresponds to the canonical order.

Proposition 2.8. [Fre11, 1.4] The trivial fibration from the Barratt-Eccles operad E to the
commutative operad Com

ψ : E → Com,

which we explicitly define by

E(e)l 3 (σ0, . . . , σl) 7→

{
µe, l = 0,

0, l 6= 0,

admits a section ι : Com → E. This section is a morphism of arity-graded differential graded
modules defined by

Com(e) 3 µe 7→ τe,

In addition, we have a k-linear homotopy ν : E → E between ιψ and idE, given by the mapping

E(e)l 3 (σ0, . . . , σl) 7→ (σ0, . . . , σl, τe),

and such that ψν = 0. (Note that this is not a homotopy retract of operads since ι does not
even preserve the action of bijections.)

Hence we can lift ∂θ + UCom ⊗ ∂γ as desired:

Proposition 2.9. For 1 6 n 6 ∞, there is a map λ : Σ−nTn → UCom ⊗ (Σ−nTn ◦ E) which
induces a twisting differential ∂λ such that

UCom ⊗ (Σ−nTn ◦ E)
∂λ //

UCom⊗(Σ−nTn◦ψ)
��

UCom ⊗ (Σ−nTn ◦ E)

UCom⊗(Σ−nTn◦ψ)
��

UCom ⊗ (Σ−nTn ◦ Com)
∂θ+UCom⊗∂γ

// UCom ⊗ (Σ−nTn ◦ Com)

commutes.
9



Reminder on the complete graph operad. As in [Fre11] we will use that E is equipped with
a cell structure indexed by complete graphs to prove that ∂λ restricts to UCom ⊗ (Σ−nTn ◦En)
for 1 6 n <∞. In this subsection we revisit the relevant definitions and results concerning this
cell structure. The complete graph operad and its relation to En-operads has been discussed
by Berger in [Be96]. We assume that n <∞ in this and the next subsection.

Definition 2.10. Let e be a finite set with r elements. A complete graph κ = (σ, µ) on e
consists of an ordering σ : e → {1, . . . , r} together with a symmetric matrix µ = (µef )e,f∈e of
elements µef ∈ N0 with all diagonal entries 0. We think of σ as a globally coherent orientation
of the edges and of µef as the weight of the edge connecting e and f .

Example 2.11. The complete graph

���� ��������
-

4
�
�� 0

@
@I

3
g f

e

on the set {e, f, g} corresponds to

σ : {e, f, g} → {1, 2, 3}, σ(e) = 3, σ(f) = 2, σ(g) = 1

and µef = 0, µeg = 4, µfg = 3.

For σ as above and e, f ∈ e let σef = id ∈ Σ2 if σ(e) < σ(f). Otherwise, define σef to be the
transposition in Σ2.

Definition 2.12. The set of complete graphs on e is partially ordered if we set

(σ, µ) 6 (σ′, µ′)

whenever for all e, f ∈ e either µef < µ′ef or (σef , µef ) = (σ′ef , µ
′
ef ). The poset of complete

graphs on e is denoted by K(e).

Proposition 2.13. [Be96] The collection K = (K(e))e of complete graphs forms an operad in
posets: A bijection ω : e→ e′ acts by relabeling the vertices. The partial composition

◦e : K(e)×K(f)→ K(e t f \ {e})

is given by substituting the vertex e in a complete graph (σ, µ) ∈ K(e) by the complete graph
(τ, ν) ∈ K(f), i.e. by inserting (τ, ν) at the position of e, orienting the edges between g ∈ e \ {e}
and g′ ∈ f like the edge between g and e and giving them the weight µge.

Definition 2.14. [Fre11, 3.4,3.8] Let (P(e))e be a collection of functors K(e)→ dg-mod. Such
a collection is called a K-operad if for all finite sets e and all bijections ω : e′ → e there is a
natural transformation P(e)→ P(e′) with components

Pκ → Pκ.ω
for κ ∈ K(e), as well as partial composition products given by natural transformations

◦e : P(e)⊗ P(f)→ P(e \ {e} t f)

for e ∈ e with components

◦e : Pκ ⊗ Pκ′ → Pκ◦eκ′ ,
satisfying suitable associativity, unitality and equivariance conditions. A morphism P → P ′
consists of natural transformations with components Pκ → P ′κ commuting with composition
and the action of bijections.

Similarly, a right K-module R over a K-operad consists of collections (R(e))e together with
natural transformations Re → Re′ for all bijections ω : e′ → e with components

Rκ → Rκ.ω,
10



as well as natural transformations

◦e : P(e)⊗R(f)→ R(e \ {e} t f)

with components
◦e : Rκ ⊗ Pκ′ → Rκ◦eκ′

for e ∈ e satisfying again suitable associativity, unitality and equivariance conditions.

Proposition 2.15. [Fre11, 3.4,3.8] There is an adjunction

colim: Odg-mod
//
KO : constoo

between the category Odg-mod of operads in differential graded k-modules and the category KO
of K-operads defined as follows: For a given K-operad P let

(colimP)(e) = colimκ∈K(e) Pκ,
while for an ordinary operad Q we set

const(Q)κ = Q(e)

for κ ∈ K(e). We say that an operad Q has a K-structure if Q = colimP. A similar adjunction
exists between the category of right K-modules over a K-operad P and the category of right
modules over colimP, and we call right modules of the form colimR right colimP-modules with
K-structure.

Example 2.16. [Fre11, 3.5] Besides considering constant K-operads the main example we are
interested in is the Barratt-Eccles operad E. Concretely, for a finite set e with r elements and
κ = (σ, µ) ∈ K(e) an element (ω0, . . . , ωl) ∈ Bij(e, r) is in Eκ if for all e, f ∈ e the sequence

((ω0)ef , . . . , (ωl)ef )

has either less than µef variations or has exactly µef variations and (ωl)ef = σef . Observe that
in

Eν
77

ψ
// Com,

ι
oo

the map ψ respects the K-structures on E and Com and that for κ = (τe, µ) we have

ι(Comκ) ⊂ Eκ and ν(Eκ) ⊂ Eκ.
Definition 2.17. Let Kn(r) be the poset of complete graphs κ = (σ, µ) such that µij 6 n− 1
for all pairs i, j ∈ r. This defines a filtration

K1 ⊂ · · · ⊂ Kn ⊂ Kn+1 ⊂ · · · ⊂ K = colimnKn
of K by suboperads.

Remark 2.18. Considering K-structures allows more control over the operads in question. A
closer look at the K-structure of E yields that colimκ∈Kn Eκ = En: If x = (ω0, . . . , ωl) ∈ Σl+1

r

is in En, then ((ω0)ij , . . . , (ωl)ij) has at most n− 1 variations for all i, j ∈ r. Hence x ∈ Eκ for
κ = (ωl, µ) with µef = n− 1 for all i, j ∈ r. This will allow us to show that the differentials we
are interested in restrict to En.

Descending the twisted module to En-modules. We assume that n < ∞ in this subsec-
tion. In [Fre11] the first author constructs a twisting differential ∂ε on Σ−nTn ◦ E. It is then
shown that ∂ε descends to Σ−nTn ◦ En by using that Tn can be interpreted as a K-diagram
and that hence Σ−nTn ◦ E is a right E-module with K-structure. We aim to prove a similar
statement for the twisting differential ∂λ. To achieve this, we will use the same K-structures,
hence we now recall the relevant definition.

For a complete graph κ = (σ, µ) ∈ K(e) and f ⊂ e let κ|f = (σ′, µf×f ) be the complete

subgraph of κ with f ⊂ e as vertex set together with the ordering σ′ : {1, . . . , |f |} → f defined
by the composite

{1, . . . , |f |}
∼= // σ−1(f)

σ // f.

11



Proposition 2.19. [Fre11, 4.2] There is a K-diagram associated to Tn defined as follows: For
n = 1 and κ = (σ, µ) ∈ K(e) set Tnκ = k · σ ⊂ T 1(e). For general n and κ = (σ, µ) ∈ K(e) an
element

sx1 ⊗ · · · ⊗ sxl ∈ ΣTn−1(e1)⊗ · · · ⊗ ΣTn−1(el) ⊂ T
c
(ΣTn−1)(e1 t · · · t el)

is in Tnκ if the following conditions hold:

(a) For 1 6 i 6 l we have that xi is an element of Tn−1
κ|ei

.

(b) If e, f ∈ e with µef < n− 1 then there exists i such that e, f ∈ ei.
(c) If e, f ∈ e with µef = n− 1 and if e ∈ ei, f ∈ ej with i < j then σef = id.

Remark 2.20. The idea behind this definition is the following (see [FrApp]): Interpreting
t ∈ Tn(e) as a tree, the smallest complete graph κ with t ∈ Tnκ has vertices ordered like the
inputs of t and weights µef such that n − 1 − µef equals the level on which the paths from e
and f to the root first join.

For a K-operad P and κ a complete graph let (Tn ◦ colimP)κ be generated as a k-module by
elements t(p1, . . . , pl) ∈ Tn ◦ colimP such that t ∈ Tnκ′ , pi ∈ Pκi with κ′(κ1, . . . , κl) 6 κ. This
makes Tn ◦ colimP a right colimP-module with K-structure.

Lemma 2.21. The twist ∂θ satifies

∂θ((T
n ◦ Com)κ) ⊂

⊕
e∈e

UCom({e})⊗ (Tn ◦ Com)κ|(e\{e})

for κ = (σ, µ) ∈ K(e).

Proof. We proceed by induction. For n = 1 we see that x ∈ T 1
κ if and only if x corresponds to

the 1-level tree tr(e1, . . . , er) with r leaves decorated by e1, . . . , er, where σ−1(i) = ei. If r > 1
the map θ sends tr(e1, . . . , er) to

−µU{e1} ⊗ tr−1(e2, . . . , er) + (−1)rµU{er} ⊗ tr−1(e1, . . . , er−1).

Denote by ∂
(a)
θ the morphism ∂θ defined on T a ◦ Com. For n > 1 observe that

∂
(n)
θ (sx1 ⊗ · · · ⊗ sxr) =

∑
j

±sx1 ⊗ · · · ⊗ s∂(n−1)
θ (xj)⊗ · · · ⊗ sxr

for sx1 ⊗ · · · ⊗ sxr ∈ (ΣTn−1)⊗r. Let xi ∈ Tn−1
fi

for all i. By the induction hypothesis

∂θ(xi) ∈
⊕
e∈f

i

UCom({e})⊗ (Tn−1 ◦ Com)κ|f
i
\{e},

which yields the claim. �

We already noted that Tn is Σ∗-free: There are graded modules G(e) with Tn(e) ∼= G(e)⊗Σe.
The functor G is defined inductively by

Gn =
⊕
i>1

(ΣGn−1)⊗i for n > 0, and G0(e) =

{
k, |e| = 1,

0, |e| 6= 1.

Intuitively, G associates to a finite set e the set of trees with |e| leaves with a tree t ∈ G(r)
having degree equal to the number of its edges. The inclusion Gn(e) → Tn(e) is given by
mapping a tree t to the tree with leaves labeled by e according to the chosen order τe.

We now deduce from Proposition 2.21 that ∂λ restricts to UCom ⊗ (Σ−nTn ◦ En). Note that
the Lemmata 2.22, 2.23 and Proposition 2.24 are completely analougous to [Fre04, 5.2], [Fre04,
5.3] and [Fre04, 5.4].

For a complete graph κ denote by Gnκ the arity-graded k-submodule of Gn generated by
elements g ∈ Gn with g ∈ Tnκ .
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Lemma 2.22. The map λ0 satisfies

λ0(Gnκ) ⊂
⊕

e=e′te′′
UCom(e′)⊗ (Tn ◦ E)κ|e′′

for κ = (τe, µ) ∈ K(e) with e ⊂ N0.

Proof. We know that λ0 = ι̃(θ + ηU ⊗ γ) and that

θ(Tnκ ) ⊂
⊕
e∈e

UCom({e})⊗ (Tn ◦ Com)κ|e\{e} ,

while according to [Fre11, 4.6]

(ηU ⊗ γ)(Gnκ) ⊂ UCom(∅)⊗ (Tn ◦ Com)κ.

But by [Fre11, 4.5] (Tn ◦ Com)κ is spanned by elements t(c1, . . . , cl) with t ∈ Tnκ′ , ci ∈ Comκi

such that κi is also of the form (τe(i) , µ
(i)) for some e(i) ⊂ N0. Hence we find that

(Tn ◦ ι)((Tn ◦ Com)κ) ⊂ (Tn ◦ E)κ.

Observe that κ|e\{e} = (τe\{e}, µ
′). Hence

(UCom ⊗ (Tn ◦ ι))(
⊕
e∈e

UCom({e})⊗ (Tn ◦ Com)κ|e\{e}) ⊂
⊕
e∈e

UCom({e})⊗ (Tn ◦ E)κ|e\{e}

as well. This proves the claim. �

Lemma 2.23. The twist ∂λ satisfies

∂λ(UCom ⊗ (Tn ◦ E)κ) ⊂
⊕
e′⊂e

UCom ⊗ (Tn ◦ E)κ|e′

for all κ ∈ K(e) with e ⊂ N0.

Proof. We show by induction that

∂λm(UCom ⊗ (Tn ◦ E)κ) ⊂
⊕
e′⊂e

UCom ⊗ (Tn ◦ E)κ|e′

for all m. Let t(e1, . . . , el) ∈ (Tn ◦ E)κ. Then there are κ′ ∈ K(f) and κi ∈ K(f
i
) such that

t ∈ Tnκ′ and ei ∈ Eκi with κ′(κ1, . . . , κl) 6 κ.
Note that (Tn ◦ E)(e) =

⊕
i>1 T

n(i) ⊗Σi (E⊗i(e)), hence we can assume that κ′ = (idl, µ
′)

and t ∈ Gnκ′ . Writing down the definition of ∂λ0 and using Lemma 2.22 yields that ∂λ0 maps
UCom ⊗ (Tn ◦ E)κ to UCom ⊗

⊕
{i1<···<ij}=e′⊂l(T

n ◦ E)κ′|e′ (κi1 ,...,κij ). Since

κ′|e′(κi1 , . . . , κij ) 6 κ|f i1t···tf ij
the claim holds for m = 0. For m > 0 recall that

∂λm =
∑

a+b=m−1

ν̃∂λa∂λb .

The induction hypothesis yields that

∂λa∂λb(UCom ⊗ (Tn ◦ E)κ) ⊂
⊕
e′⊂e

UCom ⊗ (Tn ◦ E)κ|e′ .

Since
ν̃(u⊗ t(e1, . . . , el)) =

∑
i

±u⊗ t(ιψ(e1), . . . , ιψ(ei−1), ν(ei), ei+1, . . . , el)

for ξ ∈ Tn and yr ∈ E the same reasoning as in Lemma 2.22 together with our assumptions on
the interaction between ψ, ι, ν and the K-structure yields the claim. �

Proposition 2.24. We have

∂λ(UCom ⊗ (Tn ◦ En)) ⊂ UCom ⊗ (Tn ◦ En).
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Proof. We need to show that ∂λ(Tn) ⊂ UCom ⊗ (Tn ◦ En). Observe that for every r > 0 and
ξ ∈ Tn(r) there is a complete graph κ = (σ, µ) with ξ ∈ Tnκ such that µef 6 n−1 for all vertices
e, f . Hence

∂λ(Tn(r)) = ∂λ(colimκ∈Kn(r) T
n
κ ) = colimκ∈Kn(r)(

⊕
e′⊂r

UCom ⊗ (Tn ◦ E)κ|e′ ).

But

colimκ∈Kn(r)(
⊕
e′⊂r

UCom ⊗ (Tn ◦ E)κ|e′ )

=UCom ⊗
⊕
e′⊂r

colimκ∈Kn(r)(T
n ◦ E)κ|e′

⊂UCom ⊗
⊕
e′⊂r

(Tn ◦ En)(e′),

since κ(κ1, . . . , κl) ∈ Kn implies κ1, . . . , κl ∈ Kn. �

3. From modules over operads to Quillen homology

The model category of left modules over an algebra in right modules over an operad.
Let P be an operad and U an algebra in right P-modules. We will define a model structure
on UMod(MP) by applying the standard method to transport cofibrantly generated model
categories along adjunctions to the adjunction

F = U ⊗− : MP
//

UMod(MP) : Voo

with V the corresponding forgetful functor. This model structure will allow us to compare
UCom ⊗ Σ−nBn

En
with a standard resolution for computing En-homology.

We start by determining the FI- and FJ-cell complexes, where FI (respectively FJ) is the
set of maps

U ⊗ (i⊗ (Fr ◦ P)) : U ⊗ (C ⊗ (Fr ◦ P))→ U ⊗ (D ⊗ (Fr ◦ P))

with i : C → D a generating cofibration (respectively a generating acyclic cofibration) in dg-mod
and

Fr(l) =

{
k[Σr], l = r,

0, l 6= r.

Recall that the generating cofibrations in dg-mod are of the form Sd−1 → Dd and the acyclic
cofibrations are of the form 0 → Dd, with Sd−1

d−1 = k, Sd−1
l = 0 otherwise and Dd the acyclic

chain complex with Dd
d−1 = Dd

d = k and Dd
l otherwise. Also note that the underlying differential

graded module of the direct sum of left U -modules in right P-modules is the direct sum of their
underlying differential graded modules. Using this yields the following observations.

Proposition 3.1. An FI-cell attachment in UMod(MP) is an inclusion K → (K ⊕G, ∂) with
G = U ⊗ (M ◦ P) for a free Σ∗-module M with trivial differential and ∂ : G→ K. An FJ-cell
attachment in UMod(MP) is an inclusion K → K ⊕G′ with G′ = U ⊗ (

⊕
αD

nα ⊗ (Fr ◦ P)).

Corollary 3.2. A relative FI-cell complex in UMod(MP) is an inclusion

K → (K ⊕ (U ⊗ (M ◦ P)), ∂)

with M a Σ∗-free Σ∗-module with trivial differential, such that K ⊕ (U ⊗ (M ◦ P)) is filtered by
Gλ, λ < κ for a given ordinal κ, with ∂(Gλ) ⊂ Gλ−1 and G0 = K. A relative FJ-cell complex
in UMod(MP) is the same as an FJ-cell attachment.

Now we are in the position to prove that the adjunction between UMod(MP) and the category
of right P-modules gives rise to a model structure on UMod(MP).
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Theorem 3.3. Let P be cofibrant in dg-mod. Let UMod(MP) be the category of left U -
modules in right P-modules. Then UMod(MP) is a cofibrantly generated model category with
weak equivalences and fibrations created by V : UMod(MP) → MP . The generating (acyclic)
cofibrations FI and FJ are of the form

U ⊗ (C ⊗ (Fr ◦ P))→ U ⊗ (D ⊗ (Fr ◦ P))

with C → D a generating (acyclic) cofibration in dg-mod.

Proof. The category UMod(MP) is complete and cocomplete with limits and colimits created
by UMod(MP)→MP . Let f be a relative FJ-cell complex. Since V creates colimits, we have
that f = F (g) for a relative J-cell complex g, which is an acyclic cofibration by [Fre09, 11.1.8].
But the functor F sends acyclic cofibrations to weak equivalences by [BMR, Lemma 5.6]. The
small object argument holds trivially for FJ since the domains of FJ are all 0. The domains of
FI are of the form U ⊗ (Dl ⊗ (Fr ◦ P)), hence a morphism to K ∈ UMod(MP) is equivalent to
picking an element x ∈ K(r) of degree l. If K = colimλ<κ Lλ is a relative FI-cell-complex, it is
clear that x ∈ Lλ for some λ < κ. But since Lλ ∈ UMod(MP) we see that U ⊗ (Dl ⊗ (Fr ◦ P))
as a whole gets mapped to Lλ. Hence by theorem [Hi03, 11.3.2] the category UMod(MP) is a
model category with the properties stated above. �

By [Fre09, 11.1.8] Corollary 3.2 implies:

Corollary 3.4. Let (U⊗(M ◦P), ∂) be a quasifree object in UMod(MP) such that M is Σ∗-free
and such that there is an ordinal κ and a filtration (Gλ)λ<κ of U ⊗ (M ◦P) with ∂(Gλ) ⊂ Gλ−1.
Then (U ⊗ (M ◦ P), ∂) is cofibrant. In particular such quasifree objects in UMod(MP) which
are bounded below as chain complexes are cofibrant.

Finally we examine how an operad morphism Q → P allows us to compare left modules in
right Q-modules and in right P-modules.

Proposition 3.5. Given a morphism Q → P of operads, let (V, µV , ηV ) be an algebra in right
Q-modules and (N,µN , γN ) ∈ V Mod(MQ). Then V ◦QP is an algebra in right P-modules with
multiplication

(V ◦Q P)⊗ (V ◦Q P)
∼= // (V ⊗ V ) ◦Q P

µV ◦QP
// V ◦Q P

and unit defined via the inclusion V → V ◦Q P. Furthermore, N ◦Q P is a left V ◦Q P-module
in right P-modules with structure maps

(V ◦Q P)⊗ (N ◦Q P)
∼= // (V ⊗N) ◦Q P

µN◦QP
// N ◦Q P

and

(N ◦Q P)P ∼= N ◦Q (PP)
N◦QγP

// N ◦Q P.

For categories of right modules a morphism of operads gives rise to a Quillen adjunction, see
[Fre09, Theorem 16.B]. In our setting we have a similar result:

Proposition 3.6. Let V be an algebra in right Q-modules. A morphism Q → P of operads
gives rise to an adjunction

− ◦Q P : V Mod(MQ)
//

V ◦QPMod(MP) : res,oo

where for M ∈ V ◦QPMod(MP) the structure maps of res(M) are defined by restricting the right
P-module structure to Q and via the map V → V ◦QP. If P and Q are cofibrant as differential
graded modules in each arity, this is a Quillen adjunction.
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The twisted module with coefficients associated to the operadic bar construction.
We now use the operadic bar construction to obtain an object in UComMod(MEn) which can
be used to calculate HEn

∗ (A;A+). We then show that this object admits a trivial fibration to
Ω1
Com, which will allow us to compare it with (UCom ⊗ (Σ−nTn ◦ En), ∂λ).
We first review the right P-modules modeling the universal enveloping algebra and the module

of Kähler differentials.

Proposition 3.7. (see [Fre09, 10.2]) Set UP(i) = P(i + 1). This is a right P-module with
structure map given by

γUP (p; p1, . . . , pi) = γP(p; 1, p1, . . . , pi)

for p ∈ UP(i), pl ∈ P. Furthermore, UP is an associative algebra in right P-modules with
multiplication induced by the partial composition ◦1. We will write

p(p1, . . . , pi−1, x, pi, . . . , pl−1)

for the element γUP (p · (1· · ·); p1, . . . , pl−1) ∈ P[1] with (1· · ·) ∈ Σi the cyclic permutation. Note
that for any P-algebra A we have that UP(A) = UP ◦P A with the induced algebra structure.

For the following proposition we assume that P(i) is a k-module to avoid additional signs.

Proposition 3.8. (see [Fre09, 10.3]) Let P(i) be concentrated in degree zero for each i > 0.
There is a right P-module Ω1

P such that Ω1
P(A) = Ω1

P ◦P A for all P-algebras A. As a k-module
Ω1
P is generated by expressions

p(xi1 , . . . , dxij , . . . , xil)

with p ∈ P(l), {i1, . . . , il} = {1, . . . , l} and indeterminates x1, . . . , xl. These have to fulfill
equivariance relations generated by

(p · σ)(x1, . . . , dxi, . . . , xl)− p(σ.(x1, . . . , dxi, . . . , xl))

for all σ ∈ Σl with σ · (y1, . . . , yl) = (yσ−1(1), . . . , yσ−1(l)). The right Σ-action is defined by

(p(x1, . . . , dxi, . . . , xl)) · σ = p(xσ(1), . . . , dxσ(i), . . . , xσ(l))

and the right P-module structure is determined by

p(x1, . . . , dxi, . . . , xl) ◦j q =


(p ◦j q)(x1, . . . , dxi+m−1, . . . , xl+m−1), j < i,

(p ◦j q)(x1, . . . , dxi, . . . , xl+m−1), j > i,∑m−1
r=0 (p ◦j q)(x1, . . . , dxr+i, . . . , xl+m−1), j = i.

for p ∈ P(l), q ∈ P(m). The UP-module structure is given by

q · p(x1, . . . , dxi, . . . , xl) = (p ◦1 q)(x1, . . . , dxi, . . . , xl+m)

for q ∈ UP(m) = P(m+ 1).

Remark 3.9. For an operad P, the right P-module UP modeling universal enveloping algebras
is an algebra in right P-modules and the Kähler differentials Ω1

P form a left UP -module in right
P-modules.

Example 3.10. Applied to P = Com we have that

Ω1
Com(e) = k < µe(dxe, x, . . . , x)|e ∈ e > .

The morphism induced by a bijection φ : e → f maps µe(dxe, x, . . . , x) to µf (dxφ(e), x, . . . , x).

The right Com-module structure is given by

µe(dxe, x, . . . , x) ◦g µf =

{
µ(etf)\{g}(dxe, . . . , dx, . . . , x), g 6= e,∑

f∈f µ(etf)\{e}(dxf , x, . . . , x), g = e

for e, g ∈ e. The algebra UCom acts on Ω1
Com by

µUe · µf (dxf , x, . . . , x) = µetf (dxf , x, . . . , x).
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We now construct a cofibrant replacement of Ω1
Com via the operadic bar construction, which

we will later compare with the twisted module associated to the iterated bar complex.

Definition 3.11. ([Fre04, 3.1.9]) Let (P, γP) be an operad with P(0) = 0, P(1) = k. Let P̄ be
the augmentation ideal of P. The reduced bar construction B̄(P) is the quasifree cooperad

B̄(P) = (Fc(ΣP̄), ∂B)

with ∂B : Fc(ΣP̄) → Fc(ΣP̄) the coderivation of cooperads which corresponds to the map
Fc(ΣP̄)→ P̄ of degree −1 given by

Fc(ΣP̄) // // Fc(2)(ΣP̄)
∼= // Σ2P̄(I; P̄)

Σ2γP
// Σ2P̄

∼= // ΣP̄.

Here Fc(2)(ΣP̄) denotes the summand ΣP̄(I; ΣP̄) of weight 2 in the decomposition Fc(ΣP̄) =⊕
i>0Fc(i)(ΣP̄) of the cofree cooperad.

Set B̄(i)(P) = Fc(i)(ΣP̄). Note that this weight grading is not respected by the differential of

B̄(P).

Definition 3.12. ([Fre04, 4.4]) The differential graded P-bimodule B(P,P,P) is given by

B(P,P,P) = (P ◦ B̄(P) ◦ P, ∂L + ∂R),

with the left and right P-module derivation ∂L : P ◦ B̄(P) ◦ P → P ◦ B̄(P) ◦ P induced by the
map

B̄(i)(P) // // B̄(i−1)(P)(I; ΣP̄)
∼= // B̄(i−1)(P)(I; P̄) �

�
// B̄(P) ◦ P.

Here the first map sends an element x ∈ B̄(P) of the form x = (b; sp1, . . . , spr) with spi ∈ ΣP̄
and b ∈ B̄(P) to

r∑
j=1

±((b; sp1, . . . , spj−1, 1, spj+1, . . . , spr); 1, . . . , 1, pj , 1, . . . , 1).

The left and right P-module derivation ∂R : P ◦ B̄(P) ◦ P → P ◦ B̄(P) ◦ P is induced by the
map

B̄(P) // P ◦ B̄(P)

which maps (sp; b1, . . . , bs) ∈ B̄(P) with sp ∈ ΣP̄ and bi ∈ B̄(P) to (p; b1, . . . , bs). For the exact
signs see [Fre04, 4.4.3].

Definition 3.13. ([Fre04, 4.4]) Let P be an operad, L a left P-module and R a right P-module.
The differential graded Σ∗-module B(R,P, L) is given by

B(R,P, L) = R ◦P B(P,P,P) ◦P L.

We denote by εB the augmentation

εB : B(R,P, L)→ R ◦P L.

The object B(R,P, L) inherits a grading by weight components B(i)(R,P, L) from B̄(P).

The summand B(i)(R,P, L) corresponds to expressions in R ◦ Fc(ΣP̄) ◦ L with i occurences of

elements in P̄.
From the identity

ΩP(B) = (UP(B)⊗ Y, ∂′α)

for a quasifree P-algebraB = (P(Y ), ∂α) (see e.g. [Ho10, 2.1.1]) and since UCom◦EnA = UCom(A)
for a commutative algebra A we deduce:
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Lemma 3.14. Let 1 6 n 6 ∞. If n = ∞ let εCom denote the map E → Com, otherwise let
εCom denote the composite En → E → Com. Given b ∈ B(I, En, I) considered as an element of
B(En, En, En), assume that ∂R(b) has an expansion

∂R(b) =
∑
i

e(i)(b
(i)
1 , . . . , b

(i)
ki

) ∈ B(En, En, I)

with e(i) ∈ En, b
(i)
1 , . . . , b

(i)
ki
∈ B(I, En, I). Consider the element∑

i

e(i)(b
(i)
1 , . . . , b

(i)
j−1, x, b

(i)
j+1, . . . , b

(i)
ki

)

in UEn(B(I, En, I)). We define

∂θB : UCom ⊗B(I, En, En)→ UCom ⊗B(I, En, En)

to be the morphism in UComMod(MEn) induced by

θB(b) =
∑
i,j

εCom(e(i))(εComεBb
(i)
1 , . . . , εComεBb

(i)
j−1, x, εComεBb

(i)
j+1, . . . , εComεBb

(i)
ki

)⊗ b(i)j .

Then for A a commutative algebra in dg-mod we find that

(UCom ⊗B(I, En, En), θB) ◦En A ∼= UCom(A)⊗UEn (QA) Ω1
En(QA)

with QA = B(En, En, A).

Since (UCom ⊗B(I, En, En), ∂θB ) is quasifree in UComMod(MEn) we know from Corollary 3.4
that (UCom ⊗B(I, En, En), ∂θB ) is cofibrant in UComMod(ME).

Proposition 3.15. We define a morphism

ev : (UCom ⊗B(I, En, En), ∂θB )→ Ω1
Com

of left UCom-modules in right En-modules as follows: Restricted to B(I, En, I) the map ev is

B(I, En, I) // // B(0)(I, En, I) = I // Ω1
Com

where the last map sends 1 ∈ I({e}) to µ{e}(dxe). This yields a well defined morphism in

UComMod(MEn).

Proof. By definition ev maps B(i)(I, En, I) to zero for i > 1, hence since B(I, En, En) is a
quasifree right En-module it suffices to show that

ev(∂B + ∂L + θB) = 0

on B(1)(I, En, I) ⊂ B(I, En, En). Let a ∈ Ēn(e) = (I ◦ Ēn ◦ I)(e) = B(1)(I, En, I)(e). Note that
∂B vanishes on B(1)(I, En, En). Both ev∂L as well as evθB map a to

±
∑
e∈e

εCom(a)(dxe, x, . . . , x),

with opposite signs. �

Lemma 3.16. ([Fre09, 10.3]) There is an isomorphism

UP ⊗ I → Ω1
P

of left UP-modules given by mapping 1 ∈ I({e}) to µ{e}(dxe).

Proposition 3.17. The morphism

ev : (UCom ⊗B(I, En, En), ∂θB )→ Ω1
Com

is a weak equivalence.
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Proof. Filter (UCom ⊗B(I, En, En), ∂θB ) by

F p =
⊕
i>p

UCom(i)⊗B(I, En, En)

and Ω1
Com by

Gp =
⊕
i>p

Im(UCom(i)⊗ I)

where Im(UCom(i) ⊗ I) is the image of UCom(i) ⊗ I under the isomorphism UCom ⊗ I → Ω1
Com

defined in Lemma 3.16. The morphism ev respects this filtration. We consider the associated
spectral sequences. Observe that the only part of the differential of (UCom ⊗B(I, En, En), ∂θB )
that maps F p to F p+1 is the part induced by θB. Hence the E1-term of the spectral sequence
associated to the filtration F is given by

E1
p,q = UCom(p)⊗Hq(B(I, En, En)).

But the map E1(ev) coincides with the tensor product of the identity and the augmentation
B(I, En, En)→ I composed with the isomorphism defined in Lemma 3.16 . According to [Fre04,
4.1.3] this is a quasiisomorphism. �

The proof of the comparison results. We defined a twisting morphism ∂θ on UCom ⊗
Σ−nBn

Com in Definition 2.4 and Proposition 2.6 and showed in Proposition 2.24 that the sum of
∂θ and the differential ∂γ of Σ−nBn

Com can be lifted to a differential

∂λ : UCom ⊗ (Σ−nTn ◦ En)→ UCom ⊗ (Σ−nTn ◦ En).

We will construct a trivial fibration

(UCom ⊗ (Σ−nTn ◦ En), ∂λ)→ Ω1
Com

which will then allow us to compare (UCom⊗ (Σ−nTn ◦En), ∂λ) and (UCom⊗B(I, En, En), ∂θB )
and to deduce that (M ⊗A+ A+⊗Σ−nBn(A), ∂θ) computes En-homology of A with coefficients
in M .

Definition 3.18. For 1 6 n 6∞ we define a morphism

Φ: (UCom ⊗ (Σ−nTn ◦ En), ∂λ)→ Ω1
Com

in UComMod(ME) as follows: Restricted to the generators Σ−nTn let Φ be the map

Σ−nTn // I // Ω1
Com

with the first map given by mapping the element represented by the trunk tree [0]→ . . .→ [0]
labeled by e to 1 ∈ I({e}) and the second map sending 1 ∈ I({e}) to µ{e}(dxe).

Lemma 3.19. The map Φ is a chain map.

Proof. Observe that Φ is zero on Σ−nTn(e) unless e is a singleton. Also note that Φ factors as

(UCom ⊗ (Σ−nTn ◦En), ∂λ)
U⊗(Σ−nTn◦εCom)−−−−−−−−−−−→ (UCom ⊗ (Σ−nTn ◦ Com), ∂θ +UCom ⊗ ∂γ)

Φ′−→ Ω1
Com

with Φ′ the morphism in UComMod(MCom) induced by Φ|Σ−nTn . A closer look at the maps θ
and γ reveals that we only have to prove that we have the identity Φ(θ + ηU ⊗ γ) = 0 on the
object Σ−nTn(e) and for a labeling set with 2 elements e = {e1, e2}. Consider the decorated
tree t(e1, e2) ∈ Tn({e1, e2}) with t = [1]→ [0]→ . . .→ [0] decorated by e1 and e2. Then Φθ and
Φ(ηU ⊗ γ) both map t(e1, e2) to ±(µ{e1,e2}(dxe1 , x) + µ{e1,e2}(dxe2 , x)) with opposite signs. �

Proposition 3.20. The morphism Φ: (UCom⊗(Σ−nTn◦En), ∂λ)→ Ω1
Com is a weak equivalence.
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Proof. Recall from the proof of Proposition 2.7 that we have λ =
∑

m>0 λm with λ0 = ι̃(θ +

ηUCom ⊗ λ) and λm =
∑

a+b=m−1 ν̃∂αaαb. Hence ∂λ = UCom ⊗ ∂ε + ∂′ with ∂ε the differential

of Bn
E and such that ∂′ lowers the arity of UCom. Filter (UCom ⊗ (Σ−nTn ◦ En), ∂λ) by the

subcomplexes

F p =
⊕
i>p

UCom(i)⊗ (Σ−nTn ◦ En)

and filter Ω1
Com by

Gp =
⊕
i>p

Im(UCom(i)⊗ I).

Here Im(UCom(i)⊗ I) again is the image of UCom(i)⊗ I under the isomorphism given in Lemma
3.16. The morphism Φ respects these filtrations. The spectral sequence associated to the
filtration F has E1-term

E1
p,q = UCom(p)⊗Hq(Σ

−nBn
En).

Let ε denote the quasiisomorphism
Σ−nBn

En → I

exhibited in [Fre11, 8.1] for n < ∞ and in [Fre11, ch.9] for n = ∞. The map Φ factors as the
map UCom ⊗ ε followed by the isomorphism from Lemma 3.16, hence induces an isomorphism
at the E1-stage of the spectral sequences. �

Theorem 3.21. Let 1 6 n 6∞ and let A be a commutative algebra in dg-mod such that A is
cofibrant as a differential graded k-module. Then we have:

HEn
∗ (A;UCom(A)) = H∗(A+ ⊗ Σ−nBn(A), ∂θ).

Proof. By definition HEn
∗ (A;UCom(A)) is the homology of

UCom(A)⊗UEn (QA) Ω1
En(QA)

for a cofibrant replacement QA of A as an En-algebra. Since A is a cofibrant in dg-mod, we can
set QA = B(En, En, A) (see [Fre09a, 2.12]). There exists a lift f such that

(UCom ⊗B(I, En, En), ∂θB )

∼ ev
����

(UCom ⊗ (Σ−nTn ◦ En), ∂λ)
Φ
∼

// //

f
33

Ω1
Com

commutes since (UCom ⊗ (Σ−nTn ◦En), ∂λ) is cofibrant according to Proposition 3.4. The map
f is a quasiisomorphism of left UCom-modules in right En-modules. But note that while these
are cofibrant objects in UComMod(MEn) they are not cofibrant as right En-modules, hence we
can not deduce from [Fre09, 15.1.A] that f ◦En B is a quasiisomorphism for any En-algebra B.

However, consider f ◦En Com and note that − ◦En Com is the left adjoint in the Quillen
adjunction discussed in 3.6. Hence −◦En Com preserves cofibrant objects and weak equivalences
between them, and therefore f ◦En Com is a weak equivalence. Now

(UCom ⊗B(I, En, En), ∂θB ) ◦En Com ∼= (UCom ⊗B(I, En, Com), ∂θB )

and

(UCom ⊗ (Σ−nTn ◦ En), ∂λ) ◦En Com ∼= (UCom ⊗ (Σ−nTn ◦ Com), UCom ⊗ ∂γ + ∂θ)

are quasi-free right Com-modules because UCom is a free right Com-module generated by µU1
in arity zero and µU2 in arity one. Therefore, according to Theorem [Fre09, 15.1.A.(a)], for
a commutative algebra A the map f ◦En Com ◦Com A is a quasiisomorphism as well. But for
commutative A we have f ◦En Com ◦Com A = f ◦En A and UCom ◦En A = UCom(A) = A+. Since

(UCom ⊗ (Σ−nTn ◦ En), ∂λ) ◦En A = (A+ ⊗ Σ−nTn(A), ∂θ + idA+ ⊗ ∂γ),

while we know from Lemma 3.14 that

(UCom ⊗B(I, En, En), ∂θB ) ◦En A = UCom(A)⊗UEn (QA) Ω1
En(QA),
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this yields an isomorphism

HEn
∗ (A;UCom(A)) ∼= H∗(A+ ⊗ Σ−nTn(A), ∂θ + idA+ ⊗ ∂γ).

�

Theorem 3.22 (Theorem 1.3, homological case). Let 1 6 n 6 ∞. Let A be a commutative
differential graded algebra and let M be a symmetric A-bimodule in dg-mod. We have

HEn
∗ (A;M) = H∗(B

[n]
∗ (A,M))

provided that A is cofibrant in dg-mod.

Proof. For QA a cofibrant replacement of A as an En-algebra HEn
∗ (A;M) is the homology of

the complex

M ⊗A+ A+ ⊗UCom(QA) Ω1
En(QA).

Again, we set QA = B(En, En, A) and see that this equals

M ⊗A+ (A+ ⊗B(I, En, A), ∂θB ).

Since both A+ ⊗ B(I, En, A) as well as (A+ ⊗ Σ−nBn(A), ∂θ) are cofibrant differential graded
A+-modules, the result follows directly from the quasiisomorphism exhibited in the proof of
Theorem 3.21. �

Theorem 3.23 (Theorem 1.3, cohomological case). Let 1 6 n 6 ∞. Let A be a commutative
algebra and let M be a symmetric A-bimodule. We have:

H∗En(A;M) = H∗(B
∗
[n](A,M))

provided that A is cofibrant in dg-mod.

Proof. By definition H∗En(A;M) = H∗(DerP(QA,M)) for a cofibrant replacement QA of A as
an En-algebra. Choose QA = B(En, En, A). Since B(En, En, A) is quasifree,

DerEn(QA,M) = (Homk(B(I, En, A),M), ∂)

with ∂(f) the composite

B(I, En, A)
∂R−−→ En(B(I, En, A))

En◦′B(I,En,A)−−−−−−−−−→ En(B(I, En, A);B(I, En, A))

En(ε,f)−−−−−→ En(A;M)
γM−−→M

for f : B(I, En, A)→M , where the first map is defined by using B(I, En, A) ⊂ B(En, En, A) =
En(B(I, En, A)), the map ε : B(I, En, A) ⊂ B(En, En, A) → A is the standard augmentation,
and γM is the structure map of the En-representation M of A. There is a commuting diagram
of differential graded modules

En(B(I, En, A);B(I, En, A))

∼=
��

En(ε,f)
// En(A;M)

γM
//

∼=
��

M

UEn(B(I, En, A))⊗B(I, En, A)
UEn (ε)⊗f

// UEn(A)⊗M // UCom(A)⊗M
µM
// M

with µM defined by M being an En-representation of A. The vertical isomorphisms are given
by identifying

p(x1, . . . , xi−1, y, xi+1, . . . , xl) ∈ P(X;Y )

with

p(x1, . . . , xi−1, x, xi+1, . . . , xl)⊗ y ∈ UP(X)⊗ Y
for p ∈ P, x1, . . . , xl ∈ X and y ∈ Y . Use the identification

(Homk(B(I, En, A),M), ∂) ∼= (HomUCom(A)(UCom(A)⊗B(I, En, A),M), ∂̃).
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The differential ∂̃(f) can be calculated to be induced by ∂θB . Since (A+ ⊗ B(I, En, A), ∂θB )
and (A+ ⊗ Σ−nBn(A), ∂θ) are cofibrant differential graded A+-modules, the quasiisomorphism
exhibited in the proof of Theorem 3.21 induces a quasiisomorphism from

HomA+
((A+ ⊗B(I, En, A), ∂θB ),M)

to
HomA+

((A+ ⊗ Σ−nBn(A), ∂θ),M).

�
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