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ITERATED BAR COMPLEXES AND FE,-HOMOLOGY WITH
COEFFICIENTS

BENOIT FRESSE AND STEPHANIE ZIEGENHAGEN

ABSTRACT. The first author proved in a previous paper that the n-fold bar construction
for commutative algebras can be generalized to FE,-algebras, and that one can calculate E,-
homology with trivial coefficients via this iterated bar construction. We extend this result to
Ep-homology and E\,-cohomology of a commutative algebra A with coefficients in a symmetric
A-bimodule.

INTRODUCTION

Boardman-Vogt [BV73] and May [Ma72] showed in the early 70’s that n-fold loop spaces are
equivalent to algebras over the little n-cubes operad (at least, up to group completion issues,
or provided that we restrict ourselves to connected spaces). In this paper, we deal with E,-
operads in chain complexes, which are defined as operads quasi-isomorphic to the chain operad
of little n-cubes, for any 1 < n < co. The category of E,-algebras, algebras over an F,-operad,
can be thought of as an algebraic version of the category of n-fold loop spaces. If we choose a
Y4-cofibrant E,-operad, let E,,, then we can define homological invariants specifically suited to
E,-algebras, namely the E,,-homology and E,-cohomology of an E,-algebra A with coefficients
in a representation M of A. These invariants are defined via derived Quillen functors. Note
that every strictly commutative algebra A is an E,-algebra for any 1 < n < oo, and that every
symmetric A-bimodule is a representation of the F,-algebra A. The homology of E,-algebras
can also be regarded as a particular case of the factorization homology theory (see [Frald]),
and, in the case of commutative algebras, agrees with Pirashvili’s higher Hochschild homology
theory (see [Pir00]). In the case n = oo, we retrieve the I'-homology theory of [RW02].

In [Frell] the first author also proved that the classical iterated bar complex of augmented
commutative algebras B"(A) = B o --- o B(A), such as defined by Eilenberg and MacLane
(see [EM53]), computes the E,-homology of A with coefficients in the commutative unital
ground ring M = k. The purpose of this paper is to extend this construction to the non-
trivial coefficient case in order to get an explicit chain complex computing the FE,-homology
and the E,-cohomology of commutative algebras with coefficients. In short, we define a chain
complex (M ® B™(A),dg) by adding a twisting differential 9p : M ® B"(A) - M ® B"(A) to
the tensor product of the Eilenberg-MacLane iterated bar complex B"(A) with any symmetric
A-bimodule of coefficients M (see Definition . We then prove that the chain complex

BLn] (A, M) =(M®X"B"(A),0p), where we use an n-fold desuspension ¥~" to mark an extra
degree shift, computes the E,-homology of A with coefficients in M (see Theorem [1.3). Thus,
we get

HEP"(A, M) = H,(M @ S""B"(A), d).
In the cohomology case, our result reads

Hg, (A, M) = H,(Homy, (27" B"(A), M), 9),
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for a twisted cochain complex B, (A, M) = (Hom,(X""B"(A), M), dp) which we obtain by
replacing the tensor product of the homological construction M ® B"(A) by a differential graded
module of homomorphisms Hom,, (B"™(A), M). These results hold for all 1 < n < oo, including
n = oo for a suitable infinite bar complex ¥ 7°°B*°(A) which we define as a colimit of the finitely
iterated bar constructions ¥""B"(A), n =1,2,....

Let us emphasize that we use the plain Eilenberg-MacLane iterated bar complexes in our
approach. The chain complexes which we define in this paper therefore give a small algebraic
counterpart of the constructions of factorization homology theory [Fral3], which are based
on higher category theory models, and of the constructions of Pirashvili’s higher Hochschild
homology theory [Pir00], which is defined in terms of functors on simplicial sets. But we do not
use this analogy further in this paper. To get our result, we mainly rely on the theory of modules
over operads [Fre09] and on the methods of [Frell] which we extend to appropriately address
the non-trivial coefficient setting. The small explicit complexes for calculating FE,-homology
and -cohomology we exhibit in this article have been employed by the second author in [Z] to
show that FE,,-homology and -cohomology can be interpreted as functor homology.

Plan. We define the chain complexes BLn] and B["n ] and we state the main theorems in the
first section of the paper. We explain the correspondence between these chain complexes and
modules over operads in the second section, and we prove that these chain complexes effectively
compute the F,-homology and the F,-cohomology of commutative algebras in the third section

of the paper.

Conventions. We fix a unital commutative ring k. We work in the category dg-mod of lower Z-
graded differential graded k-modules, with the differential lowering the degrees. For a differential
graded module M and m € M we denote the corresponding element in the suspension XM by
sm. For an associative nonunital differential graded algebra B we denote by B, the unital
algebra obtained by adjoining a unit to B.

For e a finite set, we denote by |e| its arity. For s > 0 weset s = {1,...,s}and [s] ={0,...,s}.
By k < e > we denote the free k-module with basis e.

We denote the symmetric operad encoding associative algebras in differential graded k-
modules by As and the symmetric operad encoding commutative algebras in differential graded
k-modules by Com. We choose to work with the differential graded version of the Barratt-Eccles
operad E. Recall that F is a X,-cofibrant F..-operad which admits a filtration F; C FEs C
-+ C By, C Epyq C -+ C E, such that E, is a X,-cofibrant E,-operad, see [Be97]. We also
set Foo = E for n = oo. Note that F admits a morphism E — Com, hence by restriction
of structure we can view every differential graded commutative algebra as an F,-algebra. We
mostly deal with non-unital algebras in what follows. We therefore assume E(0) = 0 when we
deal with the Barratt-Eccles operad E. We similarly set As(0) = 0 for the associative operad
As, and Com(0) = 0 for the commutative operad Com.

For the necessary background on symmetric sequences, operads, algebras over an operad
and right modules over an operad we refer the reader to [Fre09]. We denote the plethysm for
symmetric sequences by o. We will frequently switch between considering > ,-modules (with
the symmetric groups acting on the right) and contravariant functors defined on the category
Bij of finite sets and bijections as explained for example in [Frelll 0.2].

Let K o P be the free right P-module over the operad P generated by the Y,-module K.
Given a morphism f: K — R of ¥,-modules with target a right P-module, we denote by
0f: K oP — R the induced morphism of right 7P-modules.

1. THE RESULTS

We briefly explain our results in this section.
Since E,, is ¥,-cofibrant, the category of E,-algebras forms a semi-model category (see [Fre09,
ch.12]). In particular there is a notion of cofibrant replacement for E,-algebras, and we can
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define their homology and cohomology as derived functors
Hp, (A; M) = H.(Derp, (Qa, M)) and  HP"(A; M) = Ho(M ®y,, (@) U, (Q4))

for a cofibrant replacement Q4 of the E,-algebra A and a representation M of A. Here for an
operad P and a P-algebra A, a representation M of A can be thought of as generalizing the
notion of an A-module. By Up(A) we denote the enveloping algebra of A. Representations of A
correspond to left modules over Up(A). We denote by Derp(A; M) the differential graded mod-
ule of P-derivations from A to M, and Q3(A) is the associated module of Kéhler differentials,
satisfying

DeI"p(A, M) = @UP(A) (Q%D(A)a M)a

where Homy;, A)(—, —) denotes the hom-object enriched in differential graded modules of the
category of differential graded left modules over Up(A).

For P = Com we retrieve the usual notions of symmetric bimodules, derivations and Kéahler
differentials. The universal enveloping algebra is given by

UCom(A) == A+.

All of these objects are appropriately natural, in particular they are natural in P. Hence
any symmetric bimodule over a commutative algebra A is also a representation of A as an
E,-algebra. We refer the reader to [Fre09) ch.4, ch.10, ch.13] for further background on these
constructions.

In [Frell] the first author proves that the iterated bar construction can be extended to E,,-
algebras, and that up to a suspension this complex calculates the E,-homology of a given E,,-
algebra with coefficients in k. In this article, we prove a corresponding result for F,-homology
of commutative algebras with coefficients in a symmetric bimodule.

The bar construction is usually defined for augmented unital associative algebras, but we
prefer to deal with nonunital algebras. To retrieve the usual construction, we simply use that a
nonunital algebra A is equivalent to the augmentation ideal of the algebra A, which we define
by adding a unit to A.

The bar construction B(A) = (T¢(XA), ;) of a differential graded associative algebra A is
given by the reduced tensor coalgebra T¢(—) on the suspension of A together with a twisting
differential 05 which is determined by the multiplication of A. If A is commutative, then the
bar construction B(A) also becomes a commutative differential graded algebra with the shuffle
product as product, and we can iteratively define B"(A). We review this construction in more
detail in the next section.

The iterated bar construction B™(A) is spanned by planar fully grown n-level trees whose
leaves are labeled by a tensor in A. For 1 < n < oo, we formally define a planar fully grown
n-level tree ¢ (an n-level tree for short) as a sequence of order-preserving surjections

t= [ra] s L
The elements in [r;] are the vertices at level i of the tree. The elements of [r,] are the leaves of
t. The labeled trees which we consider in the definition of the bar construction are pairs (¢, ),
where ¢ is an n-level tree and 71 = ay® - - -®ay,,, € A®[rn] ig a tensor whose factors are indexed by
the leaves [r,]. We adopt the notation t(ao, ..., ar,) for the element of the n-fold bar complex
defined by such a pair (¢, ).

In what follows, we also consider trees equipped with a labeling by a finite set e. In this case,
the labeling is a bijection

oe— (7]

We refer the reader to [Frell] and [FrApp] for a description of the differential on B"(A). Be-
fore we define the complex calculating F,-homology we need to introduce a notation concerning
trees.
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Definition 1.1. Let t = [ry] SELINGURE I [r1] be an n-level tree. For s € [ry] such that s is

not the only element in the corresponding 1-fiber of ¢ containing s we let ¢ \ s be the tree

I\ s = [rn— 1] =2 [rna] 2 P ]

with

falx+1), z>s.

To a tree (t,0) labeled by a finite set e, we also associate the tree (¢ \ s, U;_l(s)) equipped with
the labeling ‘7;*1(5): e\ {o71(s)} = [rn — 1] such that:

o= {o<e>, o(e) < s,

To(s) ole)+1, ofe) > s.

o) = {f"“)’ res

Definition 1.2. Let A be a differential graded commutative algebra. We define a twisting
differential dy by setting

d(u®t(ag,..., an,)) = > (mrypmettlal(aoltHoelyg, @ (£ 2)(ao, . . dp, - s ar,)
0<l<7’n717
|t (DI>1,
o=min f; 1 (I)
b (e 0 (1 ) a1,
0<i<rp—1
Ifn tO1>1,
y=max f; 1(I)

for a tree t = [ry] SELENUEEIN [r1] labeled by ao,...,a,, € A and v € A;. We omit the
definition of the signs sy , at this point, the definition will be given in
For example, the element represented by the decorated 2-level tree

ap a1 az az a4

u®
is mapped by 0y to
ay az as a4 ap a1 az aq
—uay X — (_]_)|a3|(|a0|+|a1|+‘a2|)ua3 X
apg a1 a3 a4 ap a1 az as
+ (=1)la2l(lul+laoHlar]) g ey — (= 1)laalelHao o HasD g gy

For a symmetric A-bimodule M, we set:

BI(A, M) = M @4, (Ax ® S"B"(A), %)
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and
BE;L}(A7 M) = 7HOHIA+(<A+ ® E_an(A)vaO)v M)

In this construction, we just use that the algebra Ugom(A) = Ay is identified with a symmetric
bimodule over itself.
This article is dedicated to proving the following results.

Theorem 1.3. Let 1 < n < o0o. Let A be a commutative differential graded algebra and let M
be a symmetric A-bimodule in dg-mod. Provided that A is cofibrant in dg-mod, we have the
tdentities
HE(A4; M) = H.(B'(A, M) and  Hj, (A; M) = Ho(Bjh(A, M),
We complete the proof of this theorem in Section

2. FROM ITERATED BAR COMPLEXES TO MODULES OVER OPERADS

Reminder on the trivial coefficient case. The (unreduced) bar construction was originally
defined by Eilenberg-MacLane for augmented algebras in dg-mod in [EM53], I1.7]. We recall
from [Frelll 1.6] the definition of the nonunital reduced bar construction in the context of right
modules over an operad, which we will be working in.

Let P be an operad in differential graded modules and let R be an As-algebra in right P-
modules. The bar construction associated to R is a twisted right P-module such that BR =
(T°(ZR), ds), where we use the tensor product of right P-modules to form the tensor coalgebra

T°(SR) = P(ER)®".
1>1

For a finite set e the object (SR)®!(e) is spanned by tensors sr1®- - -®sr; € SR(e1)®- - QL R(e))
such that e = ey LI --- L e;. The twist J; is defined by

-1 '

85(8""1 ® [ ® 87’[) — Z(_1)1+|r1|++|7.1|57‘1 ® P ® S’Y(ldz, T’L'a TZ+].) ® . ® S’,"l

i=1

where idp € As(2) and 7 refers to the action of As on R.
If R is commutative, i.e. if the action of As on R factors through Com, then BR is a Com-

algebra in right P-modules. For sr1 ® --- ®@ s1, € XR(e1) ® -+ @ ER(ep), STpt1 @ -+ @ 8Tpyq €
YR(ept1) ® -+ - ® LR(ep+q) the multiplication is given by the shuffle product

sh(sr ® -+ @ srp, STp11 ®@ -+ @ STpiq) = Z (=1)sT-1(1) @+ ® ST5-1(psq)s
o€sh(p,q)
where sh(p,q) C X,1, denotes the set of shuffles of {1,...,p} with {p +1,...,p + ¢}. The
sign € is the graded signature of the shuffle o, i.e. it is determined by picking up a factor
(—=1)Urd+D 0751+ whenever i < j and o(i) > o(j).
In particular, if R is commutative we can iterate the construction and define an n-fold bar
complex B™(R). Applying this to Com itself, regarded as a Com-algebra in right Com-modules,

we define the commutative algebra B, in right Com-modules by

B, = B"(Com).
According to [Frelll 2.7, 2.8] the iterated bar module Bp,  is a quasifree right Com-module
Bg, = (T"oCom,d,) with T" = (T°S)"(I) a free ¥.-module, which we will discuss in more
detail later. By [Frelll 2.5] it is possible to lift 9, to a twisting differential 0.: T"o E — T" o E
and set B} = (IT" o E, 0.). For an E-algebra A we call

BY(A) = Bl op A

the n-fold bar complex of A. Using that F is equipped with a cell structure indexed by complete
graphs the first author proves in [Frelll 5.4] that O, restricts to d.: T" o E,, — T" o E,,. Hence
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setting By, = (T o Ep, 0¢) we can define an n-fold bar complex By, (A) = By op, A for any
E,-algebra A. If A is commutative, i.e. if A is an E-algebra such that the action of F on A
factors as the standard trivial fibration £ — Com followed by an action of Com on A, then
By, (A) = Bi(A) = Bg,,,(A) is the usual bar construction.

For any F-algebra A in dg-mod or in right modules over an operad there is a suspension
morphism o: ¥A — Bg(A), induced by the inclusion i: £I — T°¥I. Hence we can set

Y 7°B*(A) = colim, X" "Bg(A).

In particular we can define the right E-module ¥7°°B%. Since the associated suspension
morphism is of the form ¢ = i o E this is again a quasifree right F-module, generated by the
Ys-module X7 = colim,, X™™1™. Similar considerations apply to ¥~*°Bg; , and we have
YT®By(Com) = X7>°Bg, .

As a quasifree right Ej,-module in nonnegatively graded chain complexes By, is a cofibrant
right E,-module. The augmentation of the desuspended n-fold bar complex e: X™"Bj,  — I
is defined as the composite X~ "B — X" — X7"¥"(I) = I with the first map induced
by the operad morphism F,, — Com — I and the second map an iteration of the projection
T°(XI) — 1. In [Freldl 8.21, 9.4] the first author shows that € is a quasiisomorphism, hence
Y""BY, is a cofibrant replacement of I. From this one deduces that, for an E,-algebra A which
is cofibrant as a differential graded k-module, there is an isomorphism

HP"(Ask) = Ho ("B (A))
for 1 < n < oo (see [Frelll 8.22, 9.5]).

The twisted module modeling iterated bar complexes with coefficients. We now define
the twist 9p on M ® B, (A) which will incorporate the action of the nonunital commutative
algebra A on the symmetric A-bimodule M. As we will see the general case follows from the
case of universal coefficients M = Ugyn(A) = A;. We first recall the definition of the universal
enveloping algebra associated to Com. Note that this is a special case of the notion of enveloping
algebras associated to operads, which we will discuss in Proposition

Definition 2.1. We denote by Ug,y, the algebra in right Com-modules given by Uy (i) =
Com(i+ 1), i.e. Ueom (i) = k for all ¢ > 0 with trivial ¥;-action, see e.g. [Fre09, 10.2.1]. Equiv-
alently,

UCom(Q) =k
for all finite sets e. Denote by p. the generator of Com(e) = k. Set fo=rfu {+} and denote
the generator i, € Ucom(f) = Com(f U+) by ,u,?. Then the multiplication in Uggyy, is

pe - uf =
while the right Com-module structure is given by
He O Bt = Heupife)
for e € e.
Observe that Ay = Ucom ©com A. Hence
Ucom(A) ® B"(A) = (Ucom ® Biom) ocom A
and it suffices to define

89: UCom & Bgom — UCom ® Bgom'

Before giving the definition of this twisting differential, we check that Ugyp, @ (T™ 0 Com) is a
free Ugom-module in right Com-modules, and we examine the generating Y,-module T closer.
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Definition 2.2. Let P be an operad and (U, uy, 1i7) an associative unital algebra in right P-
modules with P-action vy: U o P — U. The category yMod(Mp) of left U-modules in right
P-modules consists of right P-modules (M, yr) equipped with a left U-action pp: UM — M
which is a morphism of right P-modules. The morphisms of this category are morphisms of
right P-modules which preserve the U-action.

Proposition 2.3. Let M be a X.-module. The free object in yMod(Mp) generated by M is
U ® (M oP) with U-action given by

pu®(MoP)
=

U U® (MoP) U® (MoP)

and right P-module structure defined by

Y R(Moyp)
—5

U&(MoP))oP —— (UoP)®(MoPoP) U® (MoP).

In the following, for a map f: M — N from a X,-module M to N € yMod(Mp) we will
denote by
0p:U® (MoP)— N
the associated morphism in yMod(Mp). We will use the same notation for morphisms defined
on free right P-modules, which version applies will be clear from the context.
Let 1 < n < co. By definition, we have 7" = (T°X)™(I) and hence, this object has an
expansion such that

T'e)= P ST e)® - ST (e)

g:gu...uﬂ

and with

T'(e) = (I1%) (&)= @ k-0

g:€e—S

for |e| = s. For n = 1 it is obvious that 7" (e) has generators corresponding to decorated 1-level
trees (t = [r1],0: e = [r1]). Forn > 1, let s21 ® - ® sz € ST (e1) ® --- @ ST (ey).
Then the corresponding n-level tree is the n-level tree with [ vertices in level 1 such that the
ith vertex is the root of the n — 1-level tree defined by z;. Hence elements in 7" (e) correspond
to n-level trees with leaves decorated by e. Consequently, as a k-module T o Com is generated
by planar fully grown n-level trees in T™ with leaves labeled by elements in Com.

Definition 2.4. The morphism g : Ucom @ (T™0Com) — Ucom@(T™oCom) in ., Mod(Mcom)
is induced by a map
0: T" — Ucom @ (T™ o Com)

which we define as follows: for (t,0) € T"(e) with t = [ry)] SELINPECIN [r1] labeled by
o:e— [ry] we set
0(t,o) = Z (fl)s"’ﬂc_l,u?g—%z)} ® (t\ =, O':T—l(x))
0<l<7”n_1,
[t 01>1,

z=min f;; 1(I)

D (D) ® (\ g 0p).
0<I<rn—1
[t D11,
y=max fr, ' (1)
The sign (—1)*~¢ is determined by counting the edges in the tree ¢ from bottom to top and from
left to right. Then s, ; is the number assigned to the edge connected to the ith leave. These
signs can be thought of as originating from the process of switching the map M ® XA — M of
degree —1 past the suspensions in the bar construction.
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A tedious but straightforward calculation yields that 6 is indeed a twisting cochain:
Lemma 2.5. The map 6 defines a twisting cochain on Ucom ® Bg,,,,, i.e. we have (0p 4+ Ucom &
dy)? = 0.

The suspension morphism X 55, — B™L commutes with the twists 9 defined on B¢, and

Com
Bg;;i, hence we can extend the above definition to n = oco.

Proposition 2.6. The twist 0y extends to a twisting differential on Ugop, @ X™°Bg0, .

Let ny: k — Ucom(0) denote the unit map of Ugop. We want to lift 0 +Ucom ® 0y = Op1ny ey
to Ucom ® Bj. To achieve this we mimick the construction that is used in [Frelll, 2.4] to lift 0,
to Bj. The following proposition extends [Frelll, 2.5].

Proposition 2.7. Let R, S be operads equipped with differentials dgr and ds and let U be an
algebra in right R-modules. Suppose there are maps

v C R i )
such that ¥ is a morphism of operads, ¢ is a chain map and
Yr=1id, drv—vdr =id— 1y and v =0.
Let K = G ® X, be a free Xx-module and
:G—=-U®(KoS)
a twisting cochain which additionally satisfies

dyg(ros)B+ Bde =0 and 93B8=0

with dyg(koes) and dg denoting the differentials on U ® (K 0 S) and G.
If K,U and S are nonnegatively graded there ezists a twisting cochain o: K — U ® (K o R)
such that

U (KoR) 24U (KoR)
JU@(Kow) J{U®(Kow)
1s)
U (KoS)——U® (K oS).

Proof. Extend the homotopy v: R — R to ) : R® — R®! by setting
!

o) — Z(_l)z‘—l(“p)®z’—1 ® v ®idd
i=1

and extend ¢ to i) : S¥! — R®! by setting

i — @
We have K o R = @, G(i) ® R®" since K is X,-free, and similarly K oS = @, G (i) ©® S,
We can then define

U@ KoR)-U®(KoR) and :U®(KoS)—=>UR(KoR)
as 7 = idy @ P> G(I) ® 70 and 7 = idy ® Do G @ i), Note that with this definition, we
get:
(U (Kow)i=id, §(7)=idygxor) — iU @ (Kod)) and (U (K o)) =0,

We define a: G — U @ (K o R) by setting ag = 783,

Qo = Z V0,  and a:Zam.

a+b=m—1 m=0
8



Observe that §: K — U ® (K oS) lowers the degree in K by at least 1, hence o, lowers the
degree in K by m + 1. Since K is bounded below, « is well defined. Then for m > 1

U@ (Koy)am=U(Kovy) Y  00a,0=0,
a+b=m—1

while (U ® (K o1))ag = 3, hence
U (Koy))a=p

and the diagram above commutes. To show that 0, is indeed a twisting differential one shows
by induction that

6(am) = Z aozaaln

a+b=m—1

which then yields the claim for a. O

Recall that the Barratt-Eccles operad has an extension to finite sets and bijections given by
E(e) = k < Bij(e,r)!™ > .

In our constructions we will need to choose a distinguished element in Bij(e,r) for all e, cor-
responding to an ordering of e. We fix a choice of a family (7.)cenij such that for e C Ny the
element 7, corresponds to the canonical order.

Proposition 2.8. [Frelll 1.4] The trivial fibration from the Barratt-Eccles operad E to the
commutative operad Com

v: E — Com,

which we explicitly define by

He, l = 0,
E > ey — =
(€)1 2 (o0 ) {07 140,

admits a section v: Com — E. This section is a morphism of arity-graded differential graded
modules defined by

Com(e) 3 pe — Te,
In addition, we have a k-linear homotopy v: EE — E between 11y and idg, given by the mapping
E(Q)l > (0’0, ey O'l) — (O'[), ey O, Tg),

and such that v = 0. (Note that this is not a homotopy retract of operads since v does not
even preserve the action of bijections.)

Hence we can lift 9y + Ucom ® 0 as desired:

Proposition 2.9. For 1 < n < oo, there is a map A: X7 "T" — Ucom @ (X7"T™ o E) which
induces a twisting differential 0y such that

1s)
Ucom ® (EinTn o E) —X> Ucom ® (EinTn o E)

UCom®(ZnTnow)Jr
Ucom @ (X7"T"™ o Com)

lUCOm@)(Z"T”ow)

99+Ucom®0
e e, Ucom ® (37T o Com)

commautes.



Reminder on the complete graph operad. Asin [Frell] we will use that E is equipped with
a cell structure indexed by complete graphs to prove that 9y restricts to Ugom ® (X7 "T" 0 E,)
for 1 < n < co. In this subsection we revisit the relevant definitions and results concerning this
cell structure. The complete graph operad and its relation to F,-operads has been discussed
by Berger in [Be96]. We assume that n < oo in this and the next subsection.

Definition 2.10. Let e be a finite set with r elements. A complete graph x = (o,u) on e
consists of an ordering o: e — {1,...,r} together with a symmetric matrix @ = (tef)e, ree Of
elements p.y € Ng with all diagonal entries 0. We think of o as a globally coherent orientation
of the edges and of y.r as the weight of the edge connecting e and f.

Example 2.11. The complete graph

on the set {e, f, g} corresponds to
o:{e f,9} —{1,2,3}, o(e) =3,0(f) =2,0(9) =1
and Hef = Oa,ueg = 47:“’fg =3.

For o as above and e, f € e let 0.5 =id € X2 if 0(e) < o(f). Otherwise, define o.f to be the
transposition in Xo.

Definition 2.12. The set of complete graphs on e is partially ordered if we set

(o,p) < (0, 1)
whenever for all e, f € e either p.r < ,u’ef or (ef, flef) = (Uéf,péf). The poset of complete
graphs on e is denoted by K(e).

Proposition 2.13. [Be96] The collection K = (K(e))e of complete graphs forms an operad in

posets: A bijection w: e — €' acts by relabeling the vertices. The partial composition

oc: K(e) x K(f) = K(eU f\{e})

is given by substituting the vertex e in a complete graph (o,u) € K(e) by the complete graph
(1,v) € K(f), i.e. by inserting (T,v) at the position of e, orienting the edges between g € e\ {e}
and g' € f like the edge between g and e and giving them the weight pige.

Definition 2.14. [Frelll 3.4,3.8] Let (P(e))e be a collection of functors K(e) — dg-mod. Such
a collection is called a K-operad if for all finite sets e and all bijections w: ¢ — e there is a
natural transformation P(e) — P(e’) with components

Pli — Pn.w

for k € K(e), as well as partial composition products given by natural transformations

oc: P(e) @ P(f) = Ple\{et U [f)

for e € e with components
Oc: P @ Py — PHOEH/7
satisfying suitable associativity, unitality and equivariance conditions. A morphism P — P’
consists of natural transformations with components P, — P.. commuting with composition
and the action of bijections.
Similarly, a right K-module R over a K-operad consists of collections (R(e)). together with
natural transformations R, — R for all bijections w: ¢ — e with components

R, — Ry,
10



as well as natural transformations

oc: Ple) ® R(f) — R(e\ {e} U f)

with components
0¢: Ry @ Py — Rnoem’
for e € e satisfying again suitable associativity, unitality and equivariance conditions.

Proposition 2.15. [Erelll 3.4,3.8] There is an adjunction
colim: Ogg-mod m—— kO const

between the category Oug-mod Of operads in differential graded k-modules and the category xO
of K-operads defined as follows: For a given K-operad P let

(colim P)(e) = colim,cxc(e) P,
while for an ordinary operad Q we set
const(Q), = 9Qle)
for k € K(e). We say that an operad Q has a K-structure if Q@ = colimP. A similar adjunction
exists between the category of right K-modules over a K-operad P and the category of right

modules over colim P, and we call right modules of the form colim R right colim P-modules with
IC-structure.

Example 2.16. [Frelll 3.5] Besides considering constant K-operads the main example we are
interested in is the Barratt-Eccles operad E. Concretely, for a finite set e with r elements and
k= (o,u) € K(e) an element (wo,...,w;) € Bij(e,r) is in & if for all e, f € e the sequence

((Wo)efv R (wl)ef)

has either less than p.; variations or has exactly p.r variations and (w;)er = ocf. Observe that
in

L

Y
v C E Com,
the map v respects the K-structures on E and Com and that for xk = (7¢, 1) we have
t(Com,) C E, and v(Ey) C E.

Definition 2.17. Let K, (r) be the poset of complete graphs x = (o, i) such that p;; <n —1
for all pairs ¢,j € r. This defines a filtration

Kic---CcK,CKys1 C--- CK=colim, K,
of IC by suboperads.

Remark 2.18. Considering K-structures allows more control over the operads in question. A
closer look at the KC-structure of E yields that colimyex, Ex = Epn: If z = (wo,...,w;) € Eﬁl
is in Ey, then ((wo)ij,- - ., (w;)i;) has at most n — 1 variations for all 4,j € r. Hence « € E,; for
k = (wy, p) with peg =n —1 for all 4,5 € r. This will allow us to show that the differentials we
are interested in restrict to E,.

Descending the twisted module to F,-modules. We assume that n < oo in this subsec-
tion. In [Erell] the first author constructs a twisting differential d. on ¥7"7™ o E. It is then
shown that 0, descends to X7™"T™ o E, by using that 7™ can be interpreted as a K-diagram
and that hence X7"71" o F is a right E-module with K-structure. We aim to prove a similar
statement for the twisting differential d). To achieve this, we will use the same IC-structures,
hence we now recall the relevant definition.

For a complete graph x = (o,1) € K(e) and f C e let k|f = (0/, upxs) be the complete
subgraph of k with f C e as vertex set together with the ordering o’: {1,...,|f|} — f defined
by the composite B B

(L} —— oY) 2 [

11



Proposition 2.19. [Erelll 4.2] There is a K-diagram associated to T™ defined as follows: For
n=1and k= (o,u) € K(e) set T" =k -o C T (e). For general n and x = (o,pn) € K(e) an
element
s11® - @81 EXT" e @@ BT He) CT(ET" ey U---Ug)

is in 1 if the following conditions hold:

(a) For 1< i<l we have that x; is an element of T:“;l.

(b) Ife, f € e with ey < n — 1 then there exists i such that e, f € e;.

(c) Ife, f € e with pey =n —1 and if e € e;, f € e with i < j then ooy = id.

Remark 2.20. The idea behind this definition is the following (see [FrApp]): Interpreting
t € T"(e) as a tree, the smallest complete graph « with ¢ € T has vertices ordered like the
inputs of ¢ and weights ji.¢ such that n — 1 — p.r equals the level on which the paths from e
and f to the root first join.

For a K-operad P and k a complete graph let (7" o colim P),, be generated as a k-module by
elements t(p1,...,p;) € T™ o colim P such that ¢t € T, p; € Py, with £'(k1,...,%;) < k. This
makes T" o colim P a right colim P-module with K-structure.

Lemma 2.21. The twist Oy satifies
8.9((Tn o Com)ﬁ) C @ Ucom({e}) & (Tn o Com),ﬂ(g\{e})
ece
for k= (0, 1) € K(e).
Proof. We proceed by induction. For n = 1 we see that = € T} if and only if = corresponds to

the 1-level tree t,(e1,...,e,) with 7 leaves decorated by e1,...,e,, where 07 1(i) = e;. If r > 1
the map 6 sends t,(e1,...,e,) to

—N{Uel} ®tr—1(e2,...,er) + (—1)TM{U5T} @ tr—1(e1,...,er—1).
Denote by ag") the morphism 9y defined on T* o Com. For n > 1 observe that

aén)(sxl ® - @ SsTyp) = Z:I:sa:l ®-® s@énfl)(xj) ® - Q sy
J

for s71 ® - @ sz, € (XTI H®T. Let a; € T}:_l for all 7. By the induction hypothesis

(1) € @D Ucom(fe}) @ (T o Com) iz (e

ecf,
which yields the claim. O

We already noted that 7™ is ¥,-free: There are graded modules G(e) with T"(¢) = G(e) @ Xe.
The functor G is defined inductively by

£1.
Intuitively, G associates to a finite set e the set of trees with |e| leaves with a tree t € G(r)
having degree equal to the number of its edges. The inclusion G"(e) — T"(e) is given by
mapping a tree ¢ to the tree with leaves labeled by e according to the chosen order 7.

We now deduce from Proposition [2.21| that 0y restricts to Ucom ® (X7"1™ o E,,). Note that
the Lemmata and Proposition [2.24] are completely analougous to [Ere04) 5.2], [Fre04)
5.3] and [Fre04] 5.4].

For a complete graph s denote by G} the arity-graded k-submodule of G™ generated by
elements g € G" with g € T}

G" = @(EG”_l)@)i forn >0, and G%e)= {k’ le:
€

i>1 )
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Lemma 2.22. The map Ag satisfies
MG C D Ueomle) @ (T 0 B)y,
e=e'Lle! B
for k= (1¢, 1) € K(e) with e C Ny.
Proof. We know that Ao = 7(6 + ny ® 7) and that
0(17) © @D Ueom({e}) ® (I o Com)y., ...

ece
while according to [Frelll 4.6]
(mu @ Y)(G) C Ucom (D) @ (T o Com),..
But by [Frelll, 4.5] (T" o Com), is spanned by elements t(ci,...,¢) with t € T, ¢; € Comy,
such that x; is also of the form (Tg(i),ﬂ(i)) for some e(Y c Ny. Hence we find that
(T" o t)((T" 0o Com)y) C (IT" 0 E)y.
Observe that e\ (e} = (Te\ (e}, #). Hence
(Ucom ® (T o L))(@ Ucom({e}) ® (T" o Com),{‘e\{e}) - @ Ucom({e}) ® (T" o E)nle\{e}
e€e - e€e -
as well. This proves the claim. O
Lemma 2.23. The twist 0y satisfies
a)\(UvCom & (Tn o E)n) C @ UC0m ® (Tn © E)fi\e/
e'Ce B
for all k € K(e) with e C Ny.
Proof. We show by induction that
Orn (Ucom @ (T" 0 E)x) € €D Ueom @ (T" 0 )y,
e'Ce R
for all m. Let t(er,...,¢)) € (T" o E),. Then there are ' € K(f) and ; € K(f,) such that
t €Tl and e; € By, with £/(k1,..., k) < K.
Note that (T" o E)(e) = @5, T"(i) ®x, (E®(e)), hence we can assume that &’ = (idy, 1)
and t € G,,. Writing down the definition of d), and using Lemma yields that 9y, maps
Ucom @ (T" o E)y, to Ugom ® @{i1<m<ij}:g,q(T" o E)H/|i(,§i17...7,%]_). Since

Hl‘i(/ﬂil, ceey /ﬁj) < H|L1|_|...|_,L_
j

the claim holds for m = 0. For m > 0 recall that
Oy =D 70x0n,

a+b=m—1
The induction hypothesis yields that

a>\aa/\b(UC’om & (Tn © E)li) C @ Ucom ® (Tn © E)”IQ"

Since

Pu®tler,...,e)) =Y Fudt(wler),. .. uh(ei1),v(e), €irt,. .. e)

for £ € T™ and y, € E the same reasoning as in Lemma [2.22] together with our assumptions on
the interaction between 1, ¢, v and the K-structure yields the claim. (]

Proposition 2.24. We have

8)\(UCom & (Tn © En)) C UCom X (Tn o En)
13



Proof. We need to show that 0\(T™) C Ucom ® (T™ o E,,). Observe that for every r > 0 and
£ € T"(r) there is a complete graph £ = (o, ) with & € T such that p.; < n—1 for all vertices
e, f. Hence

@@%ﬂ:&@MM%Mﬂw:mM%&@QB%m®@%EMJ.

e'Cr
But
Colimﬁelcn(z)(@ Ucom @ (T" o E'),qe,)
e'Cr R
=Ucom ® @ COhmnGlCn(g) (Tn o E)n\e/
e'Cr B
CUCom X @(Tn o En>(§/)7
e'Cr
since k(K1,...,K;) € K, implies k1, ..., Kk € Kp. O

3. FROM MODULES OVER OPERADS TO QUILLEN HOMOLOGY

The model category of left modules over an algebra in right modules over an operad.
Let P be an operad and U an algebra in right P-modules. We will define a model structure
on yMod(Mp) by applying the standard method to transport cofibrantly generated model
categories along adjunctions to the adjunction

F=U®—: Mp vMod(Mp): V

with V' the corresponding forgetful functor. This model structure will allow us to compare
Ucom @ X7 "Bj, with a standard resolution for computing E,-homology.

We start by determining the FI- and F'J-cell complexes, where F'I (respectively F.J) is the
set of maps

UR(i®(FoP): U (CR(F,oP)) »U (D& (F.oP))

with i: C' — D a generating cofibration (respectively a generating acyclic cofibration) in dg-mod

and
) EE], D=7
Eﬂ)_{a 1 #r.

Recall that the generating cofibrations in dg-mod are of the form S9! — D% and the acyclic

cofibrations are of the form 0 — D%, with Sj:ll =k, Sld_l = 0 otherwise and D¢ the acyclic

chain complex with Dé‘Ll = Dg =k and Dld otherwise. Also note that the underlying differential

graded module of the direct sum of left U-modules in right P-modules is the direct sum of their
underlying differential graded modules. Using this yields the following observations.

Proposition 3.1. An FI-cell attachment in yMod(Mp) is an inclusion K — (K & G, 0) with
G=U® (M oP) for a free ¥.-module M with trivial differential and 0: G — K. An FJ-cell
attachment in yMod(Mp) is an inclusion K — K & G’ with G' =U @ (@, D" ® (F, o P)).

Corollary 3.2. A relative FI-cell complex in yMod(Mp) is an inclusion
K— (Ko U®®(MoP)),0)

with M a 3-free ¥,-module with trivial differential, such that K & (U @ (M oP)) is filtered by
Gy, A < K for a given ordinal k, with O(Gy) C Ga—1 and Gy = K. A relative FJ-cell complex
in yMod(Mp) is the same as an FJ-cell attachment.

Now we are in the position to prove that the adjunction between ;yMod(Mp) and the category
of right P-modules gives rise to a model structure on yMod(Mp).
14



Theorem 3.3. Let P be cofibrant in dg-mod. Let yMod(Mp) be the category of left U-
modules in right P-modules. Then yMod(Mp) is a cofibrantly generated model category with
weak equivalences and fibrations created by V: yMod(Mp) — Mp. The generating (acyclic)
cofibrations F'I and F'J are of the form

U (C®(F.oP))=U®(D®(F.oP))
with C'— D a generating (acyclic) cofibration in dg-mod.

Proof. The category yMod(Mp) is complete and cocomplete with limits and colimits created
by yMod(Mp) — Mp. Let f be a relative F'.J-cell complex. Since V creates colimits, we have
that f = F(g) for a relative J-cell complex g, which is an acyclic cofibration by [Fre09) 11.1.8].
But the functor F' sends acyclic cofibrations to weak equivalences by [BMR) Lemma 5.6]. The
small object argument holds trivially for F'J since the domains of F'J are all 0. The domains of
FI are of the form U @ (D' ® (F, o P)), hence a morphism to K € yMod(Mp) is equivalent to
picking an element x € K (r) of degree [. If K = colimy, L) is a relative F'I-cell-complex, it is
clear that = € Ly for some A < k. But since Ly € yMod(Mp) we see that U @ (D! @ (F, o P))
as a whole gets mapped to Ly. Hence by theorem [Hi03| 11.3.2] the category yMod(Mp) is a
model category with the properties stated above. O

By [Fre09, 11.1.8] Corollary [3.2] implies:

Corollary 3.4. Let (U®(MoP),0) be a quasifree object in yMod(Mp) such that M is X -free
and such that there is an ordinal k and a filtration (G\)a<x 0f U@ (M oP) with O(Gx) C Gx—1.
Then (U @ (M o P),0) is cofibrant. In particular such quasifree objects in yMod(Mp) which
are bounded below as chain complexes are cofibrant.

Finally we examine how an operad morphism Q — P allows us to compare left modules in
right @-modules and in right P-modules.

Proposition 3.5. Given a morphism Q — P of operads, let (V, uy,ny) be an algebra in right
Q-modules and (N, pun,vn) € vMod(Mg). Then V og P is an algebra in right P-modules with
multiplication

~ ooP
(VOQP)®(VOQP);>(V®V)OQP%VOQP

and unit defined via the inclusion V.— V og P. Furthermore, N og P is a left V og P-module
in right P-modules with structure maps

(VogP)® (N ogP) —— (V& N)og P S N og P

and
(Nog P)P = N og (PP) 2% N og P.

For categories of right modules a morphism of operads gives rise to a Quillen adjunction, see
[Ere09, Theorem 16.B]. In our setting we have a similar result:

Proposition 3.6. Let V' be an algebra in right Q-modules. A morphism Q — P of operads
gives rise to an adjunction

—og P: yMod(My) VogPMod(Mop): res,

where for M € yoopMod(Mp) the structure maps of res(M) are defined by restricting the right
P-module structure to Q and via the map V. — VogP. If P and Q are cofibrant as differential
graded modules in each arity, this is a Quillen adjunction.
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The twisted module with coefficients associated to the operadic bar construction.
We now use the operadic bar construction to obtain an object in r,,, Mod(Mg, ) which can
be used to calculate HF»(A; Ay). We then show that this object admits a trivial fibration to
0}k which will allow us to compare it with (Ucom, @ (27T 0 Ey,), 0).

Com>
We first review the right P-modules modeling the universal enveloping algebra and the module

of Kahler differentials.

Proposition 3.7. (see [Fre09, 10.2]) Set Up(i) = P(i + 1). This is a right P-module with
structure map given by

Ve (P;P1s - - pi) = VP (P31, D1 - - i)
for p € Up(i),p; € P. Furthermore, Up is an associative algebra in right P-modules with
multiplication induced by the partial composition o1. We will write
p(p17 <oy Di—1, 2, Piy - - 7plfl)
for the element vy, (p- (1--+);p1, ..., pi—1) € P[1] with (1---) € E; the cyclic permutation. Note
that for any P-algebra A we have that Up(A) = Up op A with the induced algebra structure.

For the following proposition we assume that P(i) is a k-module to avoid additional signs.

Proposition 3.8. (see [Fre09, 10.3]) Let P(i) be concentrated in degree zero for each i > 0.
There is a right P-module Q%) such that Q})(A) = Q%D op A for all P-algebras A. As a k-module

Q%D is generated by expressions

P(Tiys oo dy, oo 1y)
with p € P(l), {i1,...,u} = {1,...,1} and indeterminates x1,...,x;. These have to fulfill
equivariance relations generated by

(p : 0—)(1}17 s ,d.ﬁ[)i, s ,.’Bl) —p(U-(.’L'l, s ,dl’i, s 7$l))
forall o € ¥y with o - (y1,--,91) = Yo-1(1)s - -+ Yo—101))- The right X-action is defined by
(p(xl, ce ,d.’L‘i, ce ,l‘l)) 0 = p(ma(l)a ey dmo’(i)a ce ,1’0.(1))
and the right P-module structure is determined by
(poj Q)(x17'"de’i+m—17"‘7xl+m—1)7 .7 <7’7
p(xla”'udxiv"'vxl) ;4= (pojq)(xlw"adxia"'7$l+m*1)7 .7>Zv
S (poj @)@, s T), =
forp e P(l),q € P(m). The Up-module structure is given by
Q'p(.Tl,...,d.fEi,...,xl) = (pol q)(xlv"wdmi?"wml—i-m)
forq e Up(m) =P(m+1).

Remark 3.9. For an operad P, the right P-module Up modeling universal enveloping algebras
is an algebra in right P-modules and the Kéhler differentials Q%) form a left Up-module in right
P-modules.

Example 3.10. Applied to P = Com we have that
Qbom(e) =k < pe(dze,z,...,2)e €e> .
The morphism induced by a bijection ¢: e — f maps pie(dze, z,...,7) to pp(drye), T, ..., T).
The right Com-module structure is given by B
H(eLs (dze,...,dx,...,x), gHe,
pe(dze, x,. .., )04 By = (elf)\g} J -
Yofef Meup\eydey, @, .. ), g=e

for e, g € e. The algebra Ug,,, acts on Qéom by

,ugU . ,ui(da:f,ac, ce, ) = ngi(dl‘f,x, cey ).
16



We now construct a cofibrant replacement of Q};om via the operadic bar construction, which

we will later compare with the twisted module associated to the iterated bar complex.

Definition 3.11. ([Fre04, 3.1.9]) Let (P,~vp) be an operad with P(0) = 0, P(1) = k. Let P be
the augmentation ideal of P. The reduced bar construction B(P) is the quasifree cooperad

B(P) = (F*(2P),0p)
with 0p: F¢(XP) — F¢(XP) the coderivation of cooperads which corresponds to the map

FE(XP) — P of degree —1 given by

— — (a2 — — 2 — o) —
Fe(EP) —— Fiy) (SP) —— S2P(I;P) — 5 2P~ 5P,

Here ]:(02)(275) denotes the summand %P (I; SP) of weight 2 in the decomposition F¢(XP) =

Di=o .F(CZ.)(EP) of the cofree cooperad.

i Set B(;)(P) = Fi

B(P).

Definition 3.12. ([Fre04] 4.4]) The differential graded P-bimodule B(P,P,P) is given by
B(P,P,P) = (PoB(P)oP,dL+ Or),

with the left and right P-module derivation dz,: P o B(P) o P — P o B(P) o P induced by the
map

(XP). Note that this weight grading is not respected by the differential of

Biy(P) — Bi;_1)(P)(I; £P) — By_1y(P)(I; P)—— B(P) o P.

Here the first map sends an element z € B(P) of the form x = (b;sp1,...,sp,) with sp; € TP
and b € B(P) to

r
Zi((bv SP1y - -5 SPj—1, 17Spj+1a s 7Sp7”); ]-7 sy 17pja ]-7 s 1)
j=1

The left and right P-module derivation dg: P o B(P)o P — P o B(P) o P is induced by the
map

B(P) —— P o B(P)

which maps (sp; b1, ..., bs) € B(P) with sp € ¥P and b; € B(P) to (p;b1,...,bs). For the exact
signs see [Fre04, 4.4.3].

Definition 3.13. ([Ere04, 4.4]) Let P be an operad, L a left P-module and R a right P-module.
The differential graded X,-module B(R, P, L) is given by

B(R,P,L) = Rop B(P,P,P) op L.
We denote by ep the augmentation
eg: B(R,P,L) — Rop L.

The object B(R,P, L) inherits a grading by weight components B(;)(R,P,L) from B(P).
The summand B; (R, P, L) corresponds to expressions in 2 o F¢(XP) o L with i occurences of
elements in P.

From the identity

Op(B) = (Up(B) © Y, })

for a quasifree P-algebra B = (P(Y), 0a) (see e.g. [Hol0, 2.1.1]) and since Ucomog, A = Ucom(A)
for a commutative algebra A we deduce:
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Lemma 3.14. Let 1 < n < oo. If n = oo let €com denote the map E — Com, otherwise let
€com denote the composite E, — E — Com. Given b € B(I, E,,I) considered as an element of
B(E,, E,, E,), assume that Or(b) has an expansion

ar0) =Y ey, ... b)) € B(E,, By, 1)

%

with ¢ € E,,, bgi), e b,(c? € B(I, By, I). Consider the element
Z QRN IR AN )

in Ug, (B(I,En,I1)). We define
893 : Ucom ® B(I, En, En) — Ucom ® B(I, En, En)
to be the morphism in ., Mod(Mg,) induced by
0p(b) = Z Ecom(e(i))(EComEBbgi), e 6ComeBb§i21, x, ecomeBbgi_)H, e €Com€Bb](€?) ® bgi).
1,7
Then for A a commutative algebra in dg-mod we find that
(UCom @ B(Ia Enp, En)7 93) CE, A= Ucom(A) ®UEn(QA) QIE,L(QA)
with Q4 = B(En, Ey, A).

Since (Ucom @ B(I, Ey, Ey), 0pp) is quasifree in ., Mod(Mg, ) we know from Corollary
that (Ucom @ B(I, Ep, Ey), 0py) is cofibrant in ¢7,,, Mod(Mpg).

Proposition 3.15. We define a morphism
ev: (Ucom @ B(I, En, En), 0p) — Qeom
of left Ucom-modules in right E,-modules as follows: Restricted to B(I, E,,I) the map ev is

B(I, By, I) — Bg)(I, Bn, I) = I —— Q4

Com

where the last map sends 1 € I({e}) to pgey(dze). This yields a well defined morphism in
UComMOd(MEn)'

Proof. By definition ev maps B;)([, Eyn,I) to zero for i > 1, hence since B(I, Ey, Ey,) is a
quasifree right F,-module it suffices to show that

ev(0p+ 0L +60p)=0
on By)(I, En,I) C B(I, En, Ey). Let a € Ey(e) = (I 0 Eyol)(e) = Bay(I, En, I)(e). Note that

Op vanishes on By (I, Ey, E;,). Both evdy, as well as evflp map a to

iZGCom )(dxe,z, ..., T),

ece

with opposite signs. O
Lemma 3.16. ([Ere09, 10.3]) There is an isomorphism
Up @1 — Qp
of left Up-modules given by mapping 1 € I({e}) to pise)(dre).
Proposition 3.17. The morphism
ev: (Ucom ® B(I, En, En), 0p) — Qeom

1s a weak equivalence.
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Proof. Filter (Ucom ® B(I, Ep, Ey,), 0p,) by
F? = D Ucom(i) ® B(I, Ey, E)
i2p
and Qéom by
G = @ Im(Ugom (i) @ T)

12p

where Im(Ugom (1) ® I) is the image of Ugym (i) ® I under the isomorphism Ugyp, @ I — Qéom

defined in Lemma [3.16] The morphism ev respects this filtration. We consider the associated
spectral sequences. Observe that the only part of the differential of (Ucom ® B(I, Ep, Ey), Opy,)
that maps FP to FPt! is the part induced by . Hence the E'-term of the spectral sequence
associated to the filtration F' is given by

Bl = Ucom(p) ® Hy(B(, Ey, Ey)).

But the map E'(ev) coincides with the tensor product of the identity and the augmentation
B(1,E,, E,) — I composed with the isomorphism defined in Lemma . According to [Fre04,
4.1.3] this is a quasiisomorphism. U

The proof of the comparison results. We defined a twisting morphism 0y on Ugypm ®
¥7"Bg . in Definition [2.4) and Proposition [2.6|and showed in Proposition that the sum of
Oy and the differential 0, of X" B7  can be lifted to a differential

Or: Ucom ® (E_nTn o En) — Ucom ® (Z_nTn o En)
We will construct a trivial fibration
(Ucom ® (27" 0 Ep), 0) = Qo

which will then allow us to compare (Ugom, @ (271" 0 Ey,), 0x) and (Ucom ® B(1, Ey, Ey), 0p,,)
and to deduce that (M ®4, Ay ® X7"B"(A),0p) computes E,-homology of A with coefficients
in M.

Definition 3.18. For 1 < n < oo we define a morphism
®: (Ueom ® (S7"T" 0 Ey),00) = Uom
in ,,,, Mod(MEg) as follows: Restricted to the generators X~ "1™ let ® be the map

T —— I —— Qb

with the first map given by mapping the element represented by the trunk tree [0] — ... — [0]
labeled by e to 1 € I({e}) and the second map sending 1 € I({e}) to .y (dze).

Lemma 3.19. The map ® is a chain map.

Proof. Observe that ® is zero on ¥~"T"(e) unless e is a singleton. Also note that ® factors as

U®(EinTnoECom)

(Ucom ® (5~"T™ 0 E,,), 83) (Ucom ® (S7"T™ 0 Com), 8 + Ugom ® 8) — Qo

with @ the morphism in y,,, Mod(Mcom) induced by ®js;—npn. A closer look at the maps 0
and ~y reveals that we only have to prove that we have the identity ®(6 + ny ® ) = 0 on the
object X7 "T"(e) and for a labeling set with 2 elements e = {e;, ea}. Consider the decorated
tree t(e1,e2) € T"({e1,e2}) with t = [1] — [0] — ... — [0] decorated by e; and e3. Then ®6 and
®(nu ® ) both map t(e1,e2) to £(ffe; 01 (dTey, T) + e, 01 (dTey, ) With opposite signs. [

Proposition 3.20. The morphism ®: (Ucom®@ (X" "T"0Ey,),0)\) — Qéom 1s a weak equivalence.
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Proof. Recall from the proof of Proposition that we have A = >~ Am with Ao = (0 +
Neom @A) and Ay = > D0a,ap. Hence 9y = Ucom ® O + 0" with 0, the differential
of B} and such that 0’ lowers the arity of Ucom. Filter (Ucom ® (X7 "T" o Ey),05) by the
subcomplexes
FP = B Ucom(i) ® (ST 0 Ey)
12p
and filter Qéom by
G* = P Im(Ueom (i) ® 1.

i2p
Here Im(Ucom (i) ® I) again is the image of Ugopm, (i) ® I under the isomorphism given in Lemma
3.160 The morphism & respects these filtrations. The spectral sequence associated to the
filtration F has E'-term

Ey . = Ucom(p) ® Hy(S "Bp ).

Let € denote the quasiisomorphism

X "Bg, — 1
exhibited in [Frelll 8.1] for n < oo and in [Frelll ch.9] for n = co. The map ® factors as the
map Ucom @ € followed by the isomorphism from Lemma hence induces an isomorphism
at the E'-stage of the spectral sequences. O

Theorem 3.21. Let 1 < n < oo and let A be a commutative algebra in dg-mod such that A is
cofibrant as a differential graded k-module. Then we have:

HE»(A; Ucom(A)) = Ho(Ay @ X""B™(A), 0p).
Proof. By definition HF"(A; Ugom(A)) is the homology of

Ucom(A) @uy, (@4) Vs, (Q4)

for a cofibrant replacement Q4 of A as an F,-algebra. Since A is a cofibrant in dg-mod, we can
set Q4 = B(Ey, E,, A) (see [Fre09al 2.12]). There exists a lift f such that

(UCom ® B(I7 Ena En)a 893)

e

(Ucom ® (57"T™ 0 E,,), ) ki 0l

Com

commutes since (Ugom @ (X7 "T" o Ey,), 0y) is cofibrant according to Proposition The map
f is a quasiisomorphism of left Ug,p,-modules in right E,-modules. But note that while these
are cofibrant objects in ., Mod(MEg, ) they are not cofibrant as right E,-modules, hence we
can not deduce from [Fre09, 15.1.A] that f o, B is a quasiisomorphism for any F,-algebra B.

However, consider f op, Com and note that — og, Com is the left adjoint in the Quillen
adjunction discussed in Hence —op, Com preserves cofibrant objects and weak equivalences
between them, and therefore f o, Com is a weak equivalence. Now

(UCom ® B(Ia Ena En)a 893> OEn COm % (UCom ® B(Ia En» Com)7 893)
and
(Ucom @ (X7"T" 0 Ey,),0)) og,, Com = (Ugom @ (X7"T™ o Com), Ucom @ 0 + Op)
are quasi-free right Com-modules because Uc,y, is a free right Com-module generated by Y
in arity zero and pY in arity one. Therefore, according to Theorem [Fre09, 15.1.A.(a)], for
a commutative algebra A the map f op, Com ocym A is a quasiisomorphism as well. But for
commutative A we have fop, Comocyym A= fog, Aand Ucom op, A = Ucom(A) = A4. Since
(Ucom @ (X "T" 0 Ey,),0)\) op, A= (A4 @ X"T"(A),0p +ida, ® 0,),

while we know from Lemma [3.14] that

(UCOTI’L ® B(Ia En) En)> 893) OEn A = Ucom(A) ®UEn(QA) QlEn (QA)7
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this yields an isomorphism
HE(A;Ucom(A)) 2 H(Ay @ S7"T"™(A), 09 + ida, ® 95).
O

Theorem 3.22 (Theorem homological case). Let 1 < n < oco. Let A be a commutative

differential graded algebra and let M be a symmetric A-bimodule in dg-mod. We have
HP»(A; M) = H (B (A, M)

provided that A is cofibrant in dg-mod.

Proof. For Q4 a cofibrant replacement of A as an FE,-algebra HF"(A; M) is the homology of
the complex

M ®A+ A+ ®UCom(QA) QIETL (QA)
Again, we set Q4 = B(E,, E,, A) and see that this equals
M ®Ay (A-i- ® B(I’ En, A)? 8‘95)'

Since both AL ® B(I, E,, A) as well as (A4 @ X7"B"(A), 0p) are cofibrant differential graded
Ai-modules, the result follows directly from the quasiisomorphism exhibited in the proof of
Theorem [3.211 O

Theorem 3.23 (Theorem cohomological case). Let 1 < n < co. Let A be a commutative
algebra and let M be a symmetric A-bimodule. We have:

H, (A5 M) = H,(Bly(A, M)
provided that A is cofibrant in dg-mod.

Proof. By definition Hy, (A; M) = H.(Derp(Qa, M)) for a cofibrant replacement Q4 of A as
an E,-algebra. Choose Q4 = B(E,, Ey, A). Since B(E,, E,, A) is quasifree,

Derg, (Qa, M) = (Homy,(B(I, Ey, A), M), 0)
with O(f) the composite

Eno'B(I,Epn,A)
R i

B(I,E,,A) Or, E.(B(I,E,,A)) E.(B(I,E,,A);B(I,E,, A))

En(e.f) En(A, M) ﬂ) M
for f: B(I, By, A) — M, where the first map is defined by using B(I, E,, A) C B(E,, E,, A) =
E.(B(I,E,,A)), the map e¢: B(I,E,,A) C B(E,, E,, A) — A is the standard augmentation,
and 7y is the structure map of the E,-representation M of A. There is a commuting diagram
of differential graded modules

En(e,f)

1%

En(B(I,Ey, A); B(I, E,, A)) En(A; M) m M

l U €
Up. (B(I, En, AY) ® B(I, B, A) — 2% 170 (A) @ M —— Ugom(A) @ M "5 M

with pys defined by M being an FE,-representation of A. The vertical isomorphisms are given
by identifying
p(a:l, e i1, Y, T,y - ,$l> S P(X, Y)
with
p(x1, . i1, 2, Tig 1, -, 2) QY EUp(X) QY
forpe P,x1,...,2; € X and y € Y. Use the identification

(mk(B(Iv EnaA)aM)va) = (mUcom(A)(UCOm(A) ®B(17En7A)7M)>(§)
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The differential d(f) can be calculated to be induced by 8y,. Since (Ay @ B(I, E,, A),dp,)
and (A4 ® X""B"(A), 0y) are cofibrant differential graded A-modules, the quasiisomorphism
exhibited in the proof of Theorem induces a quasiisomorphism from

MA+((A+ ® B(I, En7A)789B)7M)

to
Hom 4, (A4 ® £ "B"(A),8y), M).
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