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Abstract. We define a notion of homotopy Segal cooperad in the category

of E∞-algebras. This model of Segal cooperad that we define in the paper,

which we call ‘homotopy Segal E∞-Hopf cooperad’, covers examples given by
the cochain complex of topological operads and provides a framework for the

study of the homotopy of such objects.

In a first step, we consider a category of Segal E∞-Hopf cooperads, which
consist of collections of E∞-algebras indexed by trees and equipped with co-

product operators, corresponding to tree morphisms, together with facet op-

erators, corresponding to subtree inclusions. The coproduct operators model
coproducts of operations inside a tree. The facet operators are assumed to

satisfy a Segal condition when we take a partition of a tree into subtrees. The
homotopy Segal cooperads that we aim to define are formed by integrating

homotopies in the composition schemes of the coproduct operators. For this

purpose, we replace the functorial structure that governs the composition of
the coproduct operators by the structure of a homotopy functor which we

shape on a cubical enrichment of the category of E∞-algebras. (We then use

a particular model of the category of E∞-algebras which we associate to the
chain Barratt–Eccles operad.)

We prove that every homotopy Segal E∞-Hopf cooperad in our sense is

weakly-equivalent to a strict Segal E∞-Hopf cooperad. We also define a notion
of homotopy morphism of homotopy Segal E∞-Hopf cooperads. We prove that

every homotopy Segal E∞-Hopf cooperad admits a cobar construction and that

every homotopy morphism of homotopy Segal E∞-Hopf cooperads induces a
morphism on this cobar construction, so that our approach provides a lifting

to the context of E∞-algebras of classical homotopy cooperad structures that

are modeled on the bar duality of operads when we work in a category of
differential graded modules.

Introduction

The goal of this paper is to provide an effective framework for the study of homo-
topy models of operads. Various models of∞-operads in simplicial sets and in topo-
logical spaces have been introduced in the literature. The model that we propose
in this paper elaborates on the Mandell model of the homotopy of spaces [12, 13],
which takes place in the category of E∞-algebras.

By passing from spaces to E∞-algebras, we replace operads by cooperad struc-
tures, which are dual to operad in the categorical sense. In a first step, we define a
notion of strict Segal E∞-Hopf cooperad, which is close to an E∞-algebra counter-
part of the Cisinski–Moerdijk notion of dendroidal space [3, 4]. In a second step,
we define a notion of homotopy Segal E∞-Hopf cooperad. The idea is to integrate
homotopies in the composition schemes that govern the structure of our objects.

Date: November 22, 2020.
1991 Mathematics Subject Classification. Primary: 18N70; Secondary: 55U10, 18M70.

1



2 BENOIT FRESSE AND LORENZO GUERRA

This notion of homotopy Segal E∞-Hopf cooperad is the model that we aim to
define and study in the paper.

If we forget about E∞-algebra structures and focus on operads and cooperads
defined in a category of differential graded modules, then we can use the bar duality
theory to define notions of homotopy operads and of homotopy cooperads. The bar
duality approach enables authors to apply effective methods of perturbation the-
ory (like the basic perturbation lemma) for the study of homotopy operads and of
homotopy cooperads. We prove that every homotopy Segal E∞-Hopf cooperad ad-
mits a cobar construction, and hence, defines a homotopy cooperad in the classical
sense. We also define a notion of homotopy morphism of homotopy Segal E∞-Hopf
cooperads and we prove that every homotopy morphism induces a morphism on
the cobar construction. Hence, our notion of homotopy Segal E∞-Hopf cooperad
provides a lift of the homotopy cooperads that are defined in terms of the cobar
construction when we forget about E∞-algebra structures and work in a category
of differential graded modules.

The idea of our construction goes as follows. We work with the (chain) Barratt–
Eccles operad, denoted by E hereafter, which defines an E∞-operad in the category
of differential graded modules. We take the category of algebras over the Barratt–
Eccles operad as a model for the category of E∞-algebras in differential graded
modules. By the main result of the article [1], the normalized cochain complex of
a simplicial set N∗(X) is endowed with an action of this operad. The object N∗(X),
equipped with this particular E∞-algebra structure, defines a representative of the
Mandell model of the space X.

The Barratt–Eccles operad is endowed with a diagonal. This observation implies
that the Barratt–Eccles operad acts on tensor products, and therefore, that the
category of algebras over the Barratt–Eccles operad inherits a monoidal structure
from the category of differential graded modules. But this monoidal structure is
only symmetric up to homotopy, because the diagonal of the Barratt–Eccles operad
is only homotopy cocommutative. For this reason, we can hardly define cooperads
in the ordinary sense in the category of algebras over the Barratt–Eccles operad.
To work out this problem, a first idea is to define homotopy cooperads in terms
of a functor on the category of trees, which represent the composition schemes of
operations in an operad. We follow this idea to define the notion of a strict Segal
E∞-Hopf cooperad. We explicitly define a strict Segal E∞-Hopf cooperad as a
functor from the category of trees to the category of E∞-algebras equipped with
facet operators that model subtree inclusions. The morphisms of E∞-algebras that
we associate to the tree morphisms model the composition structure of our objects.
We will therefore refer to these morphisms as the coproduct operators attached to
our object.

We prove that every strict Segal E∞-Hopf cooperad is weakly-equivalent (quasi-
isomorphic) to a strict cooperad in the ordinary sense when we forget about E∞-
algebra structures and transport our objects to the category of differential graded
modules. We use a particular feature of the category of algebras over the Barratt–
Eccles operad to simplify the definition of this forgetful functor: the coproduct of
any collection of objects in this category is weakly-equivalent to the tensor product
(in general, in a category of algebras over an E∞-operad, such results are only valid
for cofibrant objects). We use a version of the Boardman–Vogt W -construction to
establish this result.
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We already mentioned that the notion of a strict Segal E∞-Hopf cooperad is close
to Cisinski–Moerdijk’s notion of a dendroidal space [3, 4]. (We also refer to [10] for
the definition of an analogous notion of homotopy operad in the differential graded
module context). The facet operators of our definition actually correspond to the
outer facets of dendroidal spaces, while the coproduct operators correspond to the
inner facets. The main difference lies in the fact that we do not take a counterpart
of operadic units and arity zero terms in our setting. The paper [2], about the bar
duality of operads in spectra, also involves a notion of quasi-cooperad, which forms
an analogue, in the category of spectra, of our strict cooperads.

To define a notion of a homotopy cooperad, an idea is to replace the category
of trees by a resolution of this category (actually, a form of the Boardman–Vogt
construction). We then replace our functors on trees by homotopy functors in order
to change the functoriality relation, which models the associativity of the coproduct
operators, into a homotopy relation. The resolution of the category of trees has
a cubical structure. We actually define our homotopy functor structure by taking
a cubical functor on this category, by using a cubical enrichment of the category
of E∞-algebras. In the context of algebras over the Barratt–Eccles operad, this
cubical enrichment can be defined by using tensor products A ⊗ Ik, k ≥ 0, where
Ik represents the cellular cochain algebra of the k-dimensional cube [0, 1]k. We
equivalently have Ik = N∗(∆1)⊗k, where we consider the k-fold tensor product
of the normalized cochain complex of the one-simplex ∆1. The cubical functor
structure that models the composition structure of our homotopy Segal cooperads
can then be defined explicitly, in terms of homotopy coproduct operators associated
to composable sequences of tree morphisms and with values in tensor products
with these cubical cochain algebras Ik, k ≥ 0. This is exactly what we do in
the paper to get our model of homotopy Segal E∞-Hopf cooperads. To carry out
this construction, we crucially use that the object Ik is endowed with an action of
the Barratt–Eccles operad and is equipped with compatible connection operators,
which we associate to certain degeneracies in the category of trees. Note that in
comparison to other constructions based on dendroidal objects (see for instance the
study of homotopy operads in differential graded modules of [10]), we keep strict
associativity relations for the facet operators corresponding to subtree inclusions.
To conclude the paper, we also prove that every homotopy Segal E∞-Hopf cooperad
is weakly-equivalent to a strict Segal E∞-Hopf cooperad

Previously, we mentioned that we use a comparison between coproducts and
tensor products to define a forgetful functor from Segal E∞-Hopf cooperads to
Segal cooperads in differential graded modules. However, the map that provides
this comparison, which is an instance of an Alexander–Whitney diagonal, is not
symmetric. For this reason, we consider shuffle cooperads (in the sense of [5]) rather
than symmetric cooperads when we pass to Segal cooperads in differential graded
modules. Briefly recall that a shuffle (co)operad is a structure that retains the
symmetries of the composition schemes of operations in a (co)operad, but forgets
about the internal symmetric structure of (co)operads.

The category of shuffle operads and the dual category of shuffle cooperads were
introduced by Vladimir Dotsenko and Anton Khoroshkin in [5], with motivations
coming from the work of Eric Hoffbeck [9], in order to define an operadic counterpart
of the classical notion of a Gröbner basis. This theory provides an effective approach
for the study of the homotopy of the bar construction of operads (in connection
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with the Koszul duality theory of Ginzburg–Kapranov [8]), because one can observe
that the (co)bar complex of a (co)operad only depends on the shuffle (co)operad
structure of this object (co)operad (when we forget the symmetric group actions).

We give brief recollections on the tree structures and on the conventions on
trees that we use all along this paper in a preliminary section. We also briefly
review the definition of cooperads in terms of functors defined on trees in this
section. We study the strict Segal cooperad model afterwards, in Section 1. Then
we explain our definition of homotopy Segal E∞-Hopf cooperads. We address the
study of this notion in Section 2. We devote an appendix to brief recollections on the
definition of the Barratt–Eccles operad and to the proof of the crucial statements on
algebras over this operad that we use in the definition of homotopy Segal E∞-Hopf
cooperads (the weak-equivalence between coproducts and tensor products, and the
compatibility of connections with the algebra structure of cubical complexes).

We work in a category of differential graded modules over an arbitrary ground
ring k all along this paper, where a differential graded module (a dg module for
short) generally denotes a module over the ground ring M equipped with a decom-
position of the form M =

⊕
∗∈Z M∗ and with a differential δ : M → M such that

δ(M∗) ⊂ M∗−1. We therefore assume that our dg modules are equipped with a
lower grading in general, but we may also consider dg modules that are naturally
equipped with an upper grading M =

⊕
∗∈Z M

∗ and with a differential such that

δ(M∗) ⊂ M∗+1. We then use the classical equivalence M∗ = M−∗ to convert the
upper grading on M into a lower grading. We equip the category of dg modules with
the standard symmetric monoidal structure, given by the tensor product of dg mod-
ules, with a sign in the definition of the symmetry operator that reflects the usual
commutation rule of differential graded algebra. We call weak-equivalences the
quasi-isomorphisms of dg modules and we transfer this class of weak-equivalences
to every category of structured objects (algebras, cooperads) that we may form
within the category of dg modules.

We take the category of algebras over the chain Barratt–Eccles operad, denoted
by E , as a model for the category of E∞-algebras in dg modules. We use the
notation E Alg for this category of dg algebras. We also adopt the notation ∨ for
the coproduct in E Alg . We refer to the appendix §A for detailed recollections on
the definition and properties of the chain Barratt–Eccles operad, and for a study
of the properties of the coproduct, notably the existence of a weak-equivalence
EM : A ⊗ B ∼−→ A ∨ B that we use in our constructions. We also use that the
normalized cochain complex of a simplicial set N∗(X) inherits the structure of an
E -algebra. We refer to [1] for the definition of this E -algebra structure. (We give
brief recollections on this subject in §A.) We also adopt the notation Σr for the
symmetric group on r letters all along the paper.

The authors acknowledge support from the Labex CEMPI (ANR-11-LABX-
0007-01) and from the FNS-ANR project OCHoTop (ANR-18CE93-0002-01).

0. Background

The first purpose of this section is to briefly explain the conventions on trees
that we use all along the paper. Then we briefly recall the definition of the notion
of a shuffle cooperad, which is intermediate between the notion of a non-symmetric
cooperad and the notion of a symmetric cooperad. The idea of shuffle cooperads
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is to retain the symmetries of the composition schemes of cooperads (based on
trees), but to forget about the internal symmetric structure of our objects, as we
already explained in the introduction of the paper. This construction is possible for
cooperads with no term in arity zero, because the trees that we consider in this case
have a natural planar embedding (and as such, have trivial automorphism groups).

In what follows, we mainly consider shuffle cooperads (rather than shuffle oper-
ads), and our main interest for this notion lies in the observation that the category
shuffle cooperads is endowed with a cobar complex functor, which is the same as
the cobar complex functor on the category of cooperads when we forget about the
internal symmetric structure of our objects.

0.1. Recollections and conventions on the categories of trees. In general,
we follow the conventions of the book [7, Appendix A] for the definitions that
concern the categories of trees.

To summarize, we consider the categories, denoted by Tree(r) in [7, §A.1], whose
objects are trees T with r ingoing edges e1, . . . , er numbered from 1 to r (the leaves),
one outgoing edge e0 (the root), and where each inner edge e is oriented from a
source vertex s(e) to a target vertex t(e) so that each vertex v has one outgoing
edge and at least one ingoing edge. The morphisms of Tree(r) are composed of
isomorphisms and of edge contractions, where we assume that the isomorphisms
preserve the numbering of the ingoing edges. The assumption that each vertex in
a tree has at least one ingoing edge implies that our trees have a trivial automor-
phism group (see [7, §A.1.8]). In what follows, we use this observation to simplify
our constructions. Namely, we can forget about isomorphisms by picking a repre-
sentative in each isomorphism class of trees, and we follow this convention all along
the paper.

The set of vertices of a tree T ∈ Tree(r) is denoted by V (T) whereas the set of
edges is denoted by E(T). The set of inner edges (the edges which are neither a

leaf nor a root) is denoted by E̊(T). For a vertex v ∈ V (T), we use the notation rv
for the set of edges e such that t(e) = v.

The symmetric group Σr acts on the category of r-trees Tree(r) by renumbering
the ingoing edges. In what follows, we also consider a version of the category of
trees Tree(r) where the ingoing edges of the trees are indexed by an arbitrary finite
set r, and not necessarily by an ordinal, so that the mapping r 7→ Tree(r) defines a
functor from the category of finite sets and bijections between them to the category
of small categories. The categories of trees are endowed with composition operations
◦i : Tree(k)×Tree(l)→ Tree(k+ l−1), which provide the collection Tree(r), r > 0,
with the structure of an operad in the category of categories. These composition
operations have a unit, the 1-tree ↓∈ Tree(1), with a single edge which is both the
root and a leave, but we put this tree aside actually, and we do not consider it in
our forthcoming constructions.

Recall that we call r-corolla the r-tree Y ∈ Tree(r) with a single vertex v, one
outgoing edge with this vertex v as a source, and r ingoing edges targeting to
v. We also consider corollas Y ∈ Tree(r) whose sets of ingoing edges are indexed
by arbitrary finite sets r. To each vertex v in a tree T, we can associate an rv-
corolla Yv ⊂ T, with v as vertex, the ingoing edges of this vertex in T as set of
ingoing edges, and the outgoing edge of v as root. The existence of a tree morphism
f : T→ S is equivalent to the existence of a decomposition T = λS(Σv, v ∈ V (S)),
where λS denotes a treewise operadic composition operation, shaped on the tree S,
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of subtrees Σv ⊂ T, v ∈ V (S), that represent the pre-image of the corollas Yv ⊂ S,
v ∈ V (S), under our morphism. For tree with two vertices Γ, the composition T =
λΓ(Σu,Σv) is equivalent to a operadic composition operation T = sh∗(Σu ◦i Σv),
where sh∗ denotes the action of a permutation, associated to a partition of the
form {1 < · · · < r} = {i1 < · · · < îp < · · · < ik} q {j1 < · · · < jl}, which reflects
the indexing of the leaves in the tree Γ. The index ip is a dummy composition
variable which we associate to the inner edge of this tree Γ. We can insert this
dummy variable at the position such that ip−1 < j1 < ip+1 inside the ordered set

{i1 < · · · < îp < · · · < ik} ⊂ {1 < · · · < r} in order to work out the symmetries of
this operation (we go back to this topic in the next paragraph).

Each r-tree T ∈ Tree(r) has a natural planar embedding, which we determine
as follows. Let {eα, α ∈ rv} be the set of ingoing edges of a vertex v ∈ V (T). Each
edge eα can be connected to a leaf eiα through a chain of edges eα = eα0

, eα1
, . . . ,

eαl = eiα , such that t(eαk) = s(eαk−1
), for k = 1, . . . , l. Let mα ∈ {1, . . . , r} be

the minimum of the indices iα of these leaves eiα that lie over the edge eα in the
tree T. We order the set of ingoing edges eα, α ∈ rv, of our vertex v by taking
eα < eβ when mα < mβ . We perform this ordering of the set of ingoing edges
for each vertex v ∈ V (T) to get the planar embedding of our tree. We have an
obvious generalization of this result for the trees T ∈ Tree(r) whose ingoing edges
are indexed by a set r equipped with a total ordering. The existence of this natural
planar embedding reflects the fact that the automorphism group of any object T is
trivial in our categories of trees Tree(r).

0.2. Recollections on the treewise definition of cooperads and of shuffle
cooperads. Throughout the paper, we mainly use a definition of cooperads in
terms of collections endowed with treewise composition coproducts. We refer to
[7, Appendix C] or [11, Section 5.6], for instance, for a detailed account of this
combinatorial approach to the definition of a cooperad.

In the paper, we more precisely use that a cooperad C is equivalent to a collection
of contravariant functors on the categories of trees C : T 7→ C (T) such that C (T) =⊗

v∈V (T) C (Yv), for all T ∈ Tree(r) and where the morphism ρT→S : C (S)→ C (T)

induced by a tree morphism f : T → S also admits a decomposition of the form
ρT→S =

⊗
v∈V (S) ρΣv→Yv

when we use the relation T ' λS(Σv, v ∈ V (S)). In the

standard definition, the definition of the structure of a cooperad is rather expressed
in terms of the coproduct operations ρΣv→Yv

which generate the general operators
ρT→S associated to the tree morphisms f : T → S. (We review this reduction of
the definition later on in this paragraph.) The consideration of general coproduct
operators ρT→S in the definition of a cooperad is motivated by the definition of the
category of Segal cooperads in the next section.

In the definition of a symmetric cooperad, we assume, besides, that the symmet-
ric group Σr acts on the collection C (T), in the sense that a natural transformation
s : C (T) → C (sT), T ∈ Tree(r), is associated to each permutation s ∈ Σr, where
T 7→ sT denotes the action of this permutation on the category of trees Tree(r).
Then we require that the decomposition C (T) =

⊗
v∈V (T) C (Yv) is, in some natural

sense, preserved by the action of the symmetric groups. Note that we can again
extend the definition of the functor underlying a cooperad C to the categories of
trees Tree(r) whose leaves are indexed by arbitrary finite sets r. We then consider
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an action of the bijection of finite sets to extend the action of the permutations on
ordinals.

Recall that Yv denotes the corolla generated by a vertex v in a tree T. The object
C (Y) associated to a corolla Y only depends on the number of leaves of the corolla
(since all corollas with r leaves are canonically isomorphic). Thus the decomposi-
tion relations of the above definition imply that our functor is fully determined by
a sequence of objects C (r), r > 0, equipped with an action of the symmetric groups
Σr, so that C (Y) = C (r) for a corolla with r-leaves, together with coproduct oper-
ations C (r) = C (Y)→ C (T), which we associate to the tree morphisms with values
in a corolla T→ Y. Furthermore, these coproduct operations can be generated by
coproduct operations with values in a term C (Γ) such that Γ is a tree with two
vertices, because every tree morphism T → S can be decomposed into a sequence
of edge contractions, which are equivalent to the application of tree morphisms of
the form Γ→ Y, inside the tree T.

In this equivalence, we can still consider a collection C (r) indexed by arbi-
trary finite sets r, and take C (Y) = C (r) for a corolla Y whose set of leaves is
indexed by a finite set r. Note that such a consideration is necessary in the ex-
pression of the decomposition C (T) =

⊗
v∈V (T) C (Yv), because we then take an

arbitrary set to index the edges of the corollas Yv, which correspond to the in-
going edges of the vertices of our tree (but we go back to this observation in the
next paragraph). If we unravel the construction, then we get that the 2-fold co-
products C (r) = C (Y) → C (Γ) are equivalent to coproduct operations of the form
◦∗ip : C (r)→ C (ru)⊗ C (rv) with ru = {i1, . . . , ip, . . . , ik} and rv = {j1, . . . , jl} such

that {i1, . . . , îp, . . . , ik}q{j1, . . . , jl} = r. (We then retrieve the dual of the classical
partial product operations associated to an operad.)

Recall that we assume by convention that the vertices of our trees have at least
one ingoing edge. (For this reason, we assume that the sequence of objects C (r),
which underlies an operad, is indexed by positive integers r > 0.) This convention
enables us to order the ingoing edges of each vertex in a tree whose leaves are
indexed by an ordinal r = {1 < · · · < r}, and as a consequence, to get rid of the
actions of the symmetric groups in the construction of the tensor product C (T) =⊗

v∈V (T) C (Yv) (since we can use such a canonical ordering of the edges of the

corolla Yv to fix a bijection between the indexing set of this set of edges rv and an
ordinal {1 < · · · < rv}). The idea, explained in [6], is to order the ingoing edges
according to the minimum of the index of the leaves of the subtree that lie over
each edge.

This observation is used to define the notion of a shuffle cooperad. Indeed, a
shuffle cooperad explicitly consists of a collection of contravariant functors on the
categories of trees C : T 7→ C (T) with the same operations and structure properties
as the classical symmetric cooperads, but where we forget about the actions of
permutations. If we express the definition in terms of 2-fold coproducts, then we
get that a shuffle cooperad consists of a collection C (r), r > 0, equipped with
coproducts ◦∗ip : C ({1 < · · · < r}) → C ({i1 < · · · < ip < . . . , ik}) ⊗ C ({j1 < · · · <
jl}), associated to partitions {i1 < · · · < îp < · · · < ik} q {j1 < · · · < jl} = {1 <
· · · < r} such that ip−1 < j1 < ip+1 (see [5]). These partitions are equivalent to the
pointed shuffles of [9].

Note that we can extend the ordering of the ingoing edges of each vertex in a tree
to an ordering of the vertices themselves. We use this observation in our definition
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of the forgetful functor from the category of Segal cooperads in E∞-algebras to the
category of Segal cooperads in dg modules.

0.3. Counits, connected cooperads and local conilpotence. In the standard
definition of a cooperad, we assume that the coproducts ◦∗ip satisfy natural counit

relations with respect to a counit morphism which we associate to our objects,
but we forget about this counit morphism and about the counit conditions in the
definition of the previous paragraph. The cooperads that we consider are actually
equivalent to the coaugmentation coideal of coaugmented cooperads. If we start
with the standard definition of a cooperad (where we have a counit), then we should
take components of the coaugmentation coideal of our cooperad C in the defini-
tion of the treewise tensor products C (T) =

⊗
v∈V (T) C (Yv) and of the treewise

coproducts ρT→S : C (S)→ C (T).
In the definition of cooperads, one often has to assume the validity of a local

conilpotence condition. In the treewise formalism, this local conilpotence condition
asserts that for every element x ∈ C (S) in the component of a cooperad C associated
to a tree S ∈ Tree(r), we can pick a non-negative integer Nx ∈ N such that ]V (T) ≥
Nx ⇒ ρT→S(x) = 0, for every tree T ∈ Tree(r). This condition ensures that the
map ρ : C (S) → ∏

T→S C (T) induced by the collection of all coproducts ρT→S :

C (S)→ C (T) factors through the sum
⊕

T→S C (T).

In what follows, we may actually need a stronger connectedness condition, which
we define by requiring that the components of our object C (T) vanishes when the
tree T contains at least one vertex with a single ingoing edge. For an ordinary
cooperad, this requirement is equivalent to the relation C (1) = 0. In general, this
connectedness condition implies that our object C reduces to a structure given

by a collection of functors T 7→ C (T) on the subcategories T̃ree(r) ⊂ Tree(r)
formed by trees T where all the vertices have at least two ingoing edges (in [7,
§A.1.12] the terminology ‘reduced tree’ is used for this subcategory of trees). The
conilpotence of the cooperad C then follows from the observation that for any given

tree S ∈ T̃ree(r), we have finitely many morphisms such that T→ S in T̃ree(r). We
say that a cooperad is connected when it satisfies this connectedness requirement

C (1) = 0, or equivalently, when T 6∈ T̃ree(r)⇒ C (T) = 0.
In what follows, we will similarly say that a Segal cooperad C when it satisfies

the same treewise condition T 6∈ T̃ree(r) ⇒ C (T) = 0. We mainly use the local
conilpotence and the connectedness condition in our study of the W -construction
of (Segal) shuffle dg cooperads and in our definition of the cobar construction for
homotopy Segal shuffle dg cooperads.

1. The category of strict Segal E∞-Hopf cooperads

We study the category of Segal E∞-Hopf cooperads in this section. We devote
our first subsection to the definition of this category. We then study strict Segal dg
cooperads, which are structures, defined within the category of dg modules, which
we obtain by forgetting the E∞-algebra structures attached to the definition of a
Segal E∞-Hopf cooperad. We also explain the definition of an equivalence between
our Segal dg cooperads and ordinary dg cooperads. We devote the second subsection
of this section to these topics. We study the cobar complex of Segal dg cooperads
afterwards, in a third subsection. We eventually explain a correspondence between
operads in simplicial sets and Segal E∞-Hopf cooperads. We prove that we can
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retrieve a completion of operads in simplicial sets from a corresponding Segal E∞-
Hopf cooperad. We devote the fourth subsection of the section to this subject.

Recall that we use the notation E for the chain Barratt–Eccles operad and that
E Alg denotes the category of algebras in dg modules associated to this operad.

1.1. The definition of strict Segal E∞-Hopf cooperads. We begin our study
by defining the objects of our category of Segal E∞-Hopf cooperads. We actu-
ally define beforehand a notion of Segal E∞-Hopf pre-cooperad, which consists of
objects equipped with all the operations that underlie the structure of a Segal E∞-
Hopf cooperads (coproduct and facet operators), and then we just define a Segal
E∞-Hopf cooperad as a Segal E∞-Hopf pre-cooperad whose facet operators satisfy
an extra homotopy equivalence condition (the Segal condition). We make these
definitions explicit in the first paragraph of this subsection. We explain the defi-
nition of morphisms of Segal E∞-Hopf cooperads afterwards in order to complete
the objectives of this subsection. We are guided by the combinatorial definition of
cooperads in terms of trees, which we briefly recalled in the overview of §0.2.

Definition 1.1.1. We call (strict) Segal E∞-Hopf shuffle pre-cooperad the struc-
ture defined by a collection of E -algebras

A(T) ∈ E Alg , T ∈ Tree(r), r > 0,

equipped with

– coproduct operators

ρf :T→S : A(S)→ A(T),

defined as morphisms of E -algebras, for all tree morphisms f : T → S,
and which satisfy the following standard functoriality constraints ρ

S
=−→S

=

idA(S) and ρT→U ◦ρU→S = ρT→S, for all pairs of composable tree morphisms
T→ U→ S,

– together with facet operators

iΣ,S : A(Σ)→ A(S),

also defined as morphisms of E -algebras, for all subtree embeddings Σ ⊂
S, and which satisfy the following functoriality relations iS,S = idS and
iΘ,S ◦ iΣ,Θ = iΣ,S, for all Σ ⊂ Θ ⊂ S,

– and where we also assume the verification of a compatibility relation be-
tween the facet operators and the coproduct operators. We express this
compatibility relation by the commutativity of the following diagram:

A(S)
ρf // A(T)

A(Σ)

iΣ,S

OO

ρf|
f−1 Σ // A(f−1 Σ),

if−1 Σ,T

OO

for all f : T → S and Σ ⊂ S, where f−1(Σ) ⊂ T denotes the subtree such
that V (f−1 Σ) = f−1V (S) and we consider the obvious restricted morphism
f |f−1 Σ : f−1 Σ→ Σ.

We say that a Segal E∞-Hopf shuffle pre-cooperad A is a Segal E∞-Hopf shuffle
cooperad when it satisfies the following extra condition (the Segal condition):
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(*) The facet operators iΣv,T : A(Σv) → A(T) associated to a tree decomposi-
tion T = λS(Σv, v ∈ V (S)) induce a weak-equivalence

iλS(Σ∗)
:
∨

v∈V (S)

A(Σv)
∼−→ A(T)

when we pass to the coproduct of the objects A(Σv) in the category of
E -algebras. We refer to this weak-equivalence iλS(Σ∗)

as the Segal map

associated to the decomposition T = λS(Σv, v ∈ V (S)).

We finally define a Segal E∞-Hopf symmetric (pre-)cooperad as a Segal E∞-Hopf
shuffle (pre-)cooperad A equipped with an action of the permutations such that
s∗ : A(sT) → A(T), for s ∈ Σr and T ∈ Tree(r), and which intertwine the facets
and the coproduct operators attached our object.

We have the following statement, which enables us to reduce the verification of
the Segal condition to particular tree decompositions.

Proposition 1.1.2. For any Segal E∞-Hopf shuffle pre-cooperad A, we have an
equivalence between the following statements:

(1) The Segal condition holds for all tree decompositions T = λS(Σv, v ∈ V (S)).
(2) The Segal condition holds for all tree decompositions of the form T =

λΓ(Σu,Σv) = Σu ◦i Σv, where we take an operadic composition along a tree
with two vertices Γ equivalent to the performance of an operadic composi-
tion product Σu ◦i Σv of a pair of trees Σu,Σv ⊂ T (we abusively omit the
action of the shuffle permutation that we associate to general composition
operations of this form, see §0.1).

(3) The Segal condition holds for all decompositions of trees into corollas T =
λT(Yv, v ∈ V (T)). �

We now define morphisms of strict Segal E∞-Hopf cooperads.

Definition 1.1.3. A morphism of Segal E∞-Hopf shuffle (pre-)cooperads φ : A→
B is a collection of E -algebra morphisms φT : A(T) → B(T), T ∈ Tree(r), r > 0,
which preserve the action of the facets and coproduct operators on our objects in
the sense that:

(1) the diagram

A(S)
φS //

ρT→S

��

B(S)

ρT→S

��
A(T)

φT // B(T)

commutes for all tree morphisms T→ S,
(2) the diagram

A(S)
φS // B(S)

A(Σ)
φΣ //

iΣ,S

OO

B(Σ)

iΣ,S

OO

commutes for all subtree embeddings Σ ⊂ S.
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If A and B are Segal E∞-Hopf symmetric (pre-)cooperads, then φ : A → B is
a morphism of Segal E∞-Hopf symmetric (pre-)cooperads when φ preserves the
action of permutations on our objects in the sense that

(3) the diagram

A(sT)
φs T //

s∗

��

B(sT)

s∗

��
A(T)

φT // B(T)

commutes, for all s ∈ Σr and T ∈ Tree(r).

The morphisms of Segal E∞-Hopf shuffle (pre-)cooperads can obviously be com-
posed, as well as the morphisms of Segal E∞-Hopf symmetric (pre-)cooperads, so
that we can form a category of Segal E∞-Hopf shuffle (pre-)cooperads and a cat-
egory of Segal E∞-Hopf symmetric (pre-)cooperads. In what follows, we adopt
the notation E Hopf sh SegOpc for the category of Segal E∞-Hopf shuffle cooperads
and the notation E Hopf Σ SegOpc for the category of Segal E∞-Hopf symmetric
cooperads.

1.2. The forgetting of E∞-structures. To any Segal E∞-Hopf cooperad A, we
can associate a Segal cooperad in dg modules by forgetting the E∞-algebra structure
attached to each object A(T). We examine this construction in this subsection. We
need to assume that the vertices of our trees are totally ordered in order to make
the construction of the forgetful functor from Segal E∞-Hopf cooperads to Segal
dg cooperads work. For this reason, we restrict ourselves to Segal shuffle cooperads
all along this subsection, though our definition of Segal dg cooperads makes sense
in the symmetric setting.

Definition 1.2.1. We call Segal shuffle dg pre-cooperad the structure defined by
a collection of dg modules

A(T) ∈ dg Mod , T ∈ Tree(r), r > 0,

equipped with

– coproduct operators

ρf :T→S : A(S)→ A(T),

defined as morphisms of dg modules, for all tree morphisms f : T→ S, and
which satisfy the same standard functoriality constraints as in the case of
Segal E∞-Hopf shuffle cooperads,

– together with Segal maps

iλS(Σ∗)
:
⊗

v∈V (S)

A(Σv)→ A(T),

defined as morphisms of dg modules, for all tree decompositions T =
λS(Σv, v ∈ V (S)), and such that for the trivial decomposition T = λY(T),
we have iλY(T) = idA(T), while for nested decompositions T = λU(Θu, u ∈
V (U)) and Θu = λSu

(Σv, v ∈ V (Su)), u ∈ V (U), we have

iλU(Θ∗)
◦ (

⊗
u∈V (U)

iλSu
(Σ∗)

) = iλS(Σ∗)
,
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where we consider the composite decomposition T = λS(Σv, v ∈ V (S)) with
S = λU(Su, u ∈ V (U)),

– and where we still assume the verification of a compatibility relation be-
tween the Segal maps and the coproduct operators. We express this dg
module version of the compatibility relation by the commutativity of the
following diagram:

A(S)
ρf // A(T)

⊗
u∈V (U) A(Σu) ⊗

u∈V (U) ρf|f−1 Σu

//

iλU(Σ∗)

OO

⊗
u∈V (U) A(f−1 Σu)

iλU(f−1 Σ∗)

OO

for all tree morphisms f : T→ S and decompositions S = λU(Σv, v ∈ V (U)),
where we consider the pre-image f−1 Σv ⊂ T of the subtrees Σv ⊂ S.

We then say that a Segal shuffle dg pre-cooperad A is a Segal shuffle dg cooperad
when the following Segal condition holds:

(*) The Segal map iλS(Σ∗)
is a weak-equivalence

iλS(Σ∗)
:
⊗

v∈V (S)

A(Σv)
∼−→ A(T),

for every decomposition T = λS(Σv, v ∈ V (S)).

We still define a morphism of Segal shuffle dg (pre-)cooperads φ : A → B as a
collection of dg module morphisms φT : A(T)→ B(T) that preserve the coproduct
operators ρT→S and the Segal maps iλS(Σ∗)

in the obvious sense. We use the notation
dg sh SegOpc for the category of Segal shuffle dg cooperads, which we equip with
this notion of morphism.

The forgetful functor from the category of strict Segal E∞-Hopf shuffle cooperads
to the category of Segal shuffle dg cooperads essentially ignores the E∞-structures
attached to our objects. However, Definition 1.1.1 uses the coproduct of E -algebras
∨, while Definition 1.2.1 uses the tensor product ⊗. To pass from one to the other,
we need to use the natural transformation EM described in Construction A.3.

Proposition 1.2.2. Let A be a strict Segal E∞-Hopf shuffle cooperad, with coprod-
uct operators ρT→S : A(S) → A(T) and facet operators iΣ,S : A(Σ) → A(S). The
collection A(T), T ∈ Tree(r), equipped with the coproduct operators inherited from
A and the Segal maps given by the composites⊗

v∈V (S)

A(Σv)
EM−−→

∨
v∈V (S)

A(Σv)
iλS(Σ∗)−−−−→ A(T),

for all tree decompositions T = λS(Σv, v ∈ V (S)), is a Segal shuffle dg cooperad.

Proof. We easily deduce from the associativity of the facet operators in the defini-
tion of a Segal E∞-Hopf shuffle cooperad (§1.1.1) that the Segal maps of E -algebras
iλS(Σ∗)

:
∨
v∈V (S) A(Σv) → A(T) satisfy natural associativity relations, which par-

allel the associativity relations of the Segal maps of Segal shuffle cooperads in dg
module. (By the universal properties of coproducts, we are left to verifying such
a relation on a single summand of our coproducts.) We use the associativity of
the transformation EM to pass from this associativity relation on coproducts to
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the associativity relation on tensor products which is required in the definition of
Segal shuffle dg cooperad. We eventually deduce from the result of Proposition A.4
that the dg cooperad version of the Segal condition for A is equivalent to the Segal
condition of strict Segal E∞-Hopf cooperads. �

Remark 1.2.3. Note that the definition of the Segal map in the construction of
this proposition requires to pick an order on the vertices of the tree S since the
transformation EM is not commutative.

We immediately see that an ordinary shuffle dg cooperad, in the sense of the
definition of §0.2, is equivalent to a Segal shuffle dg cooperad where the Segal

maps define isomorphisms iλS(Σ∗)
:
⊗

v∈V (S) A(Σv)
'−→ A(T). We aim to prove that

every Segal shuffle dg cooperad is weakly-equivalent to such an ordinary shuffle dg
cooperad. We then need to assume that our Segal shuffle dg cooperad satisfies the
connectedness condition of §0.3. Namely, we have to assume that A(T) = 0 when
the tree T is not reduced (contains at least one vertex with a single ingoing edge).
Recall that we say that A is connected when it satisfies this condition.

We use a version of the Boardman–Vogt W -construction in order to establish the
existence of our equivalences. We explain the definition of this construction in the
next paragraphs. We first explain the definition of a covariant functor of cubical
cochains on the category of trees. We will pair this functor with the contravariant
functor underlying a Segal shuffle dg cooperad to define the W -construction.

In fact, we do not need the full connectedness condition for the definition of
the Boardman–Vogt W -construction of a Segal shuffle dg cooperad A, because the
definition makes sense as soon as the coproduct operators of our object fulfill the
local conilpotence property of §0.3 (which is implied by the connectedness condition,
but can be satisfied in a broader context). We will explain the definition of the
Boardman–Vogt W -construction in this setting.

Construction 1.2.4. Fix S ∈ Tree(r). For a tree morphism T→ S, equivalent to
a treewise decomposition T = λS(Σv, v ∈ V (S)), we set:

�∗(T /S) =
⊗

e∈E̊(Σv),v∈V (S)

N∗(∆1)︸ ︷︷ ︸
=:Ie

,

where we associate a factor Ie = N∗(∆1) to every inner edge of a subtree Σv ⊂ T

(recall that E̊(Θ) denotes the set of inner edges, which we associate to any tree Θ
in our category).

This collection of dg modules �∗(T / S) defines a covariant functor on the over
category of tree morphisms T → S, where T ∈ Tree(r). Recall that the cochain
complex N∗(∆1) is given by N∗(∆1) = k 0]⊕k 1] k 01], with the differential such that
δ(0]) = −01] and δ(1]) = 01] (see §A.5). We use that a composite of tree morphisms
T → U → S is equivalent to a double decomposition U = λv∈V (S)(Sv, v ∈ V (S))
and T = λu∈V (U)(Σu, u ∈ V (U)), which yields T = λv∈V (S)(Θv, v ∈ V (S)), with
Θv = λu∈V (Sv)(Σu, u ∈ V (Sv)). We define

∂T→U / S : �∗(T /S)→ �∗(U / S)

as the morphism of dg modules induced by the identity mapping on the factors Ie
associated to the edges such that e 6∈ E̊(Σu), for all u ∈ V (U), and by the map
d0 : Ie → k such that d0(1]) = 1 and d0(0]) = d0(01]) = 0 on the factors Ie
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associated to the edges e such that we have e ∈ E̊(Σu), for some u ∈ V (U) (the
edges which collapse when we pass to U).

The collection �∗(T / S) also defines a contravariant functor on the under cat-
egory of tree morphisms T → S, when we fix T ∈ Tree(r) instead of S ∈ Tree(r).
For tree morphisms T→ U→ S as above, we then consider the map

ρT /U→S : �∗(T / S)→ �∗(T /U)

induced by the identity mapping on the factors Ie associated to the edges such that
e ∈ E̊(Σu), for some u ∈ V (U), and by the map d1 : Ie → k such that d1(0]) = 1
and d1(1]) = d1(01]) = 0 on the factors Ie associated to the edges e such that

e 6∈ E̊(Σu), for all u ∈ V (U).
We easily check that the above constructions yield associative covariant and

contravariant actions on our collection of dg modules �∗(T / S), which, in addition,
commute to each other. We accordingly get that our mapping (T→ S) 7→ �∗(T /S)
defines a covariant functor on the comma category of tree morphisms T→ S.

Remark 1.2.5. The application of the face operator d0 for the definition of the co-
variant functor structure on the collection �∗(T /S) and the application of the face
operator d1 for the definition of the contravariant functor structure is converse to
the usual convention for the definition of the W -construction. This choice is moti-
vated by our choices regarding the definition of the cobar construction of homotopy
Segal dg cooperads, which are themselves forced by the definition of connections in
the category of E -algebras, and by a seek of coherence between the definition of the
W -construction and the definition of the cobar construction of (homotopy) Segal
dg cooperads, which we need in order to be able to compare the W -construction
with the cobar construction.

We now address the definition of the W -construction.

Construction 1.2.6. Let A be a Segal shuffle dg pre-cooperad. We assume that
the treewise coproduct operators on A satisfies the local conilpotence condition
of §0.3. We set:

Wc(A)(S) = eq(
⊕

T→S �
∗(T / S)⊗ A(T)

d0 //
d1
//
⊕

T→U→S �
∗(U /S)⊗ A(T)

s0

vv
),

where we take the equalizer eq of the map d0 induced by the covariant action
�∗(T / S) → �∗(U /S) of the tree morphisms T → U and of the map d1 induced
by the contravariant action A(U)→ A(T) on our tensors. (The reflection map s0 is
given by the projection onto the summands such that T = U.) We may equivalently
use the following end-style notation for this equalizer:

Wc(A)(S) =

∫ ′
T→S

�∗(T / S)⊗ A(T),

where the notation
∫ ′

refers to the consideration of sums (rather than products)
in the above equalizer definition of our object. We note that this additive end is
well defined because the local conilpotence condition implies that the contravariant
action operations A(U) → A(T) land in a sum when T varies, while the covariant
action operations �∗(T / S)→ �∗(U / S) land in a sum because each tree morphism
T→ S has finitely many factorizations T→ U→ S.
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The objects Wc(A)(S) inherit natural coproduct operators ρWU→S : Wc(A)(S) →
Wc(A)(U) by covariant functoriality of the objects �∗(T / S). Besides, we have, for
each tree decomposition S = λU(Σu, u ∈ V (U)), a natural Segal map

iWΣ∗,S :
⊗

u∈V (U)

Wc(A)(Σv)→ Wc(A)(S),

induced by the following operators on our additive end⊗
u∈V (U)

�∗(Θu /Σu)⊗ A(Θu)→ �∗(λU(Θu)/ S)⊗ A(λU(Θu)),

where we fix a collection of tree morphisms Θu → Σu, u ∈ V (U), which we put
together on U in order to get a tree morphism λU(Θu)→ λU(Σu) = S, and we use
the obvious isomorphism

⊗
u∈V (U) �

∗(Θu /Σu) ' �∗(λU(Θu)/ S) together with the

Segal map iλU(Θ∗)
:
⊗

u∈V (U) A(Θu)→ A(T) on A for the tree T = λU(Θu).

We check that the above construction provide the object Wc(A) with a well-
defined Segal dg cooperad structure later on. We define, before carrying this ver-
ification, a decomposed version of the W -construction. The idea is to replace the
contravariant functor A(T) in the definition of the W -construction by a decomposed
version of this functor, which we construct in the next paragraph.

Construction 1.2.7. We again assume A that is a Segal shuffle dg pre-cooperad.
For a tree morphism T→ S, equivalent to a treewise decomposition T = λS(Σv, v ∈
V (S)), we set:

A(T / S) =
⊗

v∈V (S)

A(Σv).

The collection of these objects inherits the structure of a contravariant functor
on the over category of tree morphisms T → S, where we fix the tree S ∈ Tree(r)
and T varies. We proceed as follows. Let f : U → T be a tree morphism, which
we compose with the above morphism T → S to get U → S. In this case, for
the decomposition U = λS(Θv, v ∈ V (S)), we have Θv = f−1 Σv ⊂ U denotes the
pre-image of the subtree Σv ⊂ T under the morphism f : U→ T. Furthermore, we
can identify our morphism f : U→ T. with the morphism λS(Θv)→ λS(Σv) which
we obtain by putting together the morphisms f |Θv : Θv → Σv on the tree S. We
just define the decomposed coproduct operator

ρU→T / S : A(T / S)→ A(U /S)

as the tensor product of the coproduct operators ρΘv→Σv
: A(Σv) → A(Θv) which

we associate to these restrictions f |Θv : Θv → Σv.
The collection A(T / S) also defines a covariant functor on the under category

of tree morphisms T → S, when we make the tree S vary and we fix T ∈ Tree(r).
We consider a composable sequence of morphisms T → U → S. We write U =
λv∈V (S)(Sv) for the decomposition equivalent to the morphism f : U → S and
T = λu∈V (U)(Σu) for the decomposition equivalent to the morphism T → U.
Then the decomposition equivalent to the composite morphism T → S reads T =
λv∈V (S)(Θv, v ∈ V (S)) with Θv = λSv

(Σu, u ∈ V (Sv)), for v ∈ V (S). The operator

iT /U→S : A(T /U)→ A(T /U)
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of the covariant action of f : U→ S on our collection is given by the tensor product
of the Segal maps iλSv

(Σ∗)
:
⊗

u∈V (Sv) A(Σu) → A(Θv) which we associate to the

decompositions Θv = λSv
(Σu, u ∈ V (Sv)).

We easily check that the above constructions yield associative covariant and
contravariant actions on our collection A(T / S), which, in addition, commute to
each other. We accordingly get that our mapping (T → S) 7→ A(T / S) defines a
contravariant functor on the comma category of tree morphisms T→ S.

We can now proceed to the definition of our decomposed W -construction.

Construction 1.2.8. Let A be a Segal shuffle dg cooperad. We assume that A
satisfies the local conilpotence condition of §0.3 as in Construction 1.2.6. We set:

Wcdec(A)(S) =

∫ ′
T→S

�∗(T / S)⊗ A(T / S),

where the notation
∫ ′

refers to the same additive end construction as in Construc-
tion 1.2.6, and we consider the decomposed contravariant functor A(T / S) defined
in the previous paragraph. We note again that this additive end is well defined
because the local conilpotence condition implies that the decomposed coproduct
operators A(T / S)→ A(U /S) land in a direct sum when U varies, like the coprod-
uct operators A(T) → A(U) in Construction 1.2.6 (and yet because the covariant
action on �∗(T / S) involves finitely many terms on each term of the end).

The coproduct operators ρWU→S : Wcdec(A)(S) → Wcdec(A)(U) are defined by using

the covariant functoriality of the objects �∗(T / S) and A(T / S). For each tree
decomposition S = λU(Σu, u ∈ V (U)), we define the Segal map

iWΣ∗,S :
⊗

u∈V (U)

Wc(A)(Σu)→ Wc(A)(S),

termwise, by the morphisms⊗
u∈V (U)

�∗(Θu /Σu)⊗ A(Θu /Σu)→ �∗(λU(Θu)/S)⊗ A(λU(Θu)/ S),

associated to the collections of tree morphisms Θu → Σu, u ∈ V (U), which we get
by tensoring the same isomorphisms

⊗
u∈V (U) �

∗(Θu /Σu) ' �∗(λU(Θu)/S) as in

Construction 1.2.6 with parallel isomorphisms
⊗

u∈V (U) A(Θu /Σu) ' A(λU(Θu)/ S),

which we associate to the objects of Construction 1.2.7.

We have the following observation, which can be used to give a reduced de-
scription of both the W -construction Wc(A) and the decomposed W -construction
Wcdec(A).

Lemma 1.2.9. The additive end equalizers in the definition of the W -construction
Wc(A) in Construction 1.2.6 and in the definition of the decomposed W -construction
Wcdec(A) in Construction 1.2.8 split when we forget about differentials, so that the
terms of these objects have a reduced description of the form:

Wc(A)(S) =
⊕
T→S

L�∗(T /S)⊗ A(T),

Wcdec(A)(S) =
⊕
T→S

L�∗(T /S)⊗ A(T / S),
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where, for a tree morphism T→ S equivalent to a tree decomposition such that T =
λv∈V (S)(Σv, v ∈ V (S)), we define L�∗(T /S) ⊂ �∗(T /S) by the tensor product:

L�∗(T /S) =
⊗

e∈E̊(Σv),v∈V (S)

(k 0] ⊕ k 01])︸ ︷︷ ︸
=:I̊e

.

(Thus, we just drop the factors 1] from the normalized cochain complexes Ie =
N∗(∆1) in the expression of the object �∗(T / S).)

Proof. This lemma readily follows from the fact that the terms $ = σ ⊗ α ∈
�∗(T / S) ⊗ A(T) (respectively, $ = σ ⊗ α ∈ �∗(T / S) ⊗ A(T /S)) with 1] factors
in the additive end definition of the object Wc(A)(S) (respectively, Wcdec(A)(S)) are
determined by the equalizer relations, which identify such terms with the image
of tensors of the form $′ = σ′ ⊗ α′ ∈ L�∗(T′ / S) ⊗ A(T′) (respectively, $′ =
σ′ ⊗ α′ ∈ L�∗(T′ /S) ⊗ A(T′ / S)) under the action of coproduct operators, where
σ′ is defined by withdrawing the factors 1] from σ ∈ �∗(T /S) and T′ is the tree
obtained by contracting the edges e that correspond to such factors in T. Indeed,
we then have σ′ = ∂T→T′ / S(σ) and, in the case of W -construction Wc(A), from the
zigzag of morphisms

�∗(T / S)⊗ A(T)

∂T→T′ / S⊗id ))

�∗(T′ / S)⊗ A(T′)

id ⊗ρT→T′uu
�∗(T′ /S)⊗ A(T)

,

which we extract from our equalizer, we see that we have the identity σ′⊗α = σ′⊗
ρT→T′(α

′) ⇒ α = ρT→T′(α
′). We argue similarly in the case of the decomposable

W -construction. �

We now check the validity of the definition of our Segal shuffle dg pre-cooperad
structure on theW -construction Wc(A) in Construction 1.2.6 and on the decomposed
W -construction Wcdec(A) in Construction 1.2.8. We use the following straightforward
observation (see [7, Appendix A]).

Lemma 1.2.10. Let S = λU(Σu, u ∈ V (U)) be a tree decomposition. There is
a bijection between the set of collections of composable pairs of tree morphisms
{Θu → Tu → Σu, u ∈ V (U)} indexed by V (U) and the set of composable pairs of
tree morphisms Θ→ T→ S, which associates the morphisms λU(Θu, u ∈ V (U))→
λU(Tu, u ∈ V (U)) → λU(Σu, u ∈ V (U)) = S to any such collection {Θu → Tu →
Σu, u ∈ V (U)}. �

Theorem-Definition 1.2.11. The objects Wc(A) and Wcdec(A), equipped with the
coproduct operators and the Segal maps defined in Construction 1.2.6, form Segal
shuffle dg pre-cooperads, to which we respectively refer as the W -construction and
the decomposed W -construction of the Segal shuffle dg (pre-)cooperad A.

For the decomposed W -construction Wcdec(A), we get in addition that the Segal
maps define isomorphisms

iλS(Σ∗)
:
⊗

v∈V (S)

Wcdec(A)(Σv)
'−→ Wcdec(A)(T),

for all tree decompositions T = λS(Σv, v ∈ V (S)), so that Wcdec(A) is identified with
a shuffle dg cooperad in the ordinary sense.
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Proof. The associativity of the coproduct operators on Wc(A) and Wcdec(A) is im-
mediate from the definition of these morphisms in terms of associative actions on
the terms of our additive ends in Construction 1.2.6 and Construction 1.2.8. We
similarly check the validity of the associativity condition for the Segal maps that
we attach to our objects. We also deduce the compatibility between the Segal maps
and the coproduct operators from termwise counterparts of this relation.

To establish that Segal maps define isomorphisms in the case of the decomposed
W -construction, we use the reduced expression of Lemma 1.2.9, the fact that the
tensor products of this reduced expression have a factorization of the form

L�∗(T / S)⊗ A(T / S) = (
⊗

e∈E̊(Σv),v∈V (S)

I̊e)⊗ (
⊗

v∈V (S)

A(Σv))

'
⊗

v∈V (S)

(
⊗

e∈E̊(Σv)

I̊e

︸ ︷︷ ︸
=L�∗(Σv /Yv)

⊗ A(Σv)︸ ︷︷ ︸
=A(Σv /Yv)

)

and the bijective correspondence of Lemma 1.2.10. �

Theorem 1.2.12. If A is a connected Segal shuffle dg pre-cooperad A (where we
use the connectedness condition of §0.3), then we have a zigzag of natural transfor-
mations of Segal shuffle dg pre-cooperads

A
∼−→ Wc(A)← Wcdec(A)

where the morphism on the left-hand side is a weak-equivalence termwise.
If A satisfies the Segal condition (and, therefore, is a Segal shuffle dg cooperad A),

then the morphism on the right-hand side of this zigzag is also a weak-equivalence
and the W -construction Wc(A) also satisfies the Segal condition, so that A is, as a
Segal shuffle dg cooperad, weakly-equivalent to a shuffle dg cooperad in the ordinary
sense.

Proof. We address the definition of the morphism β : A→ Wc(A) first. We consider
the dg module morphisms βT→S : A(S)→ �∗(T / S)⊗ A(T) defined by pairing the
coproducts ρT→S : A(S)→ A(T) associated to the morphisms T→ S with the unit
morphisms η : k→ Ie of the cochain algebras Ie = N∗(∆1) in �∗(T / S). We readily
check that these morphisms βT→S : A(S) → �∗(T /S) ⊗ A(T) induce a morphism
with values in the additive end of Construction 1.2.6. (We just note that the local
conilpotence condition implies again that the collection of these morphisms land in
the sum of the objects �∗(T / S) ⊗ A(T) when T varies.) We accordingly get a dg
module morphism β : A(S)→ Wc(A)(S), for each tree S. We easily deduce from the
associativity of the coproduct operators that these morphisms commute with the
coproduct operators on A and on Wc(A)(S). We similarly prove that our morphisms
preserve the Segal maps by reducing the verification of this claim to a termwise
relation. We therefore get a well defined morphism of Segal shuffle dg cooperads
β : A→ Wc(A) as requested.

We now check that this morphism defines a termwise weak-equivalence β :
A(S)

∼−→ Wc(A)(S). For this purpose, we use the reduced expression of the W -
construction given in Lemma 1.2.9, and we take a filtration of our object by the
number of vertices of the trees T in this expansion. We see that the terms of the
differential given by the map δ(0]) = −01] in the normalized cochain complexes
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Ie = N∗(∆1) preserve this grading, as well as the term of the differential induced
by the internal differential of the dg modules A(T), but the terms of the differential
given by the map δ(1]) = 01] increase the number of vertices when we pass to the
reduced expansion. We just take the spectral sequence associated to our filtration
to neglect the latter terms and to reduce the differential of our object to the terms
given by the maps δ(0]) = −01] and the internal differential of the dg modules A(T).

The acyclicity of the cochain complex I̊e = (k 0]⊕k 01], δ(0]) = −01]) implies that
all terms of our reduced expansion have a trivial homology, except the term asso-
ciated to the identity morphism T = S → S for which we have L�∗(S / S) = k.
Hence, our map β : A(S) → Wc(A)(S) induces an isomorphism on the first page of
the spectral sequence associated to our filtration, and we conclude from this result
that β : A(S) → Wc(A)(S) defines a weak-equivalence of dg modules, as requested.
Note simply that the connectedness assumption of the theorem implies that the
object Wc(A)(S) reduces to a finite sum, for any given tree S, because we have only
finitely many morphism T → S such that T is reduced, and for which the object
A(T) does not vanish (see §0.3). This observation ensures that no convergence issue
occurs in this spectral argument.

We obviously define our second morphism α : Wcdec(A) → Wc(A) termwise, by
taking the tensor product of the identity map on �∗(T / S) with the morphism

A(T / S) =
⊗

v∈V (S)

A(Σv)
iλS(Σ∗)−−−−→ A(T) (∗)

given by the Segal map on A, where we consider the decomposition T = λv∈V (S)(Σv)
equivalent to the morphism T → S. We just check that these maps (∗) define a
morphism of bifunctors on the comma category of tree morphisms T→ S to obtain
that they induce a well-defined map on our additive end, which also commutes with
the action of our coproduct operators on Wcdec(A) and Wc(A). We easily deduce, from
the associativity relations of the Segal maps, that the maps (∗) intertwine the action
of the Segal operators in on Wcdec(A) and Wc(A) and hence, define a morphism of
shuffle dg pre-cooperad.

We again use the spectral sequence determined by the filtration by the number
of vertices of trees in the reduced expansions of Lemma 1.2.9 to study the effect
of our map in homology. We use that the first page of the spectral sequence is
given by these reduced expansions with the differential inherited from our objects
A(T / S) and A(T) and from the terms δ(0]) = −01] of the differential on the

factors I̊e ⊂ Ie = N∗(∆1). We immediately deduce that our morphism induces an
isomorphism on the first page of this spectral sequence as our maps (∗), which we
pair with the identify of the object L�∗(T / S) in our reduced expansions, are weak-
equivalences when we assume that A satisfies the Segal condition. We conclude from
this observation that our morphism α : Wcdec(A) → Wc(A) defines a termwise weak-
equivalence of Segal shuffle dg pre-cooperads. (We again use the connectedness
assumption to ensure that no convergence issue occurs in this spectral sequence
argument.)

Finally, the existence of such a weak-equivalence of Segal shuffle dg pre-cooperads
α : Wcdec(A)

∼−→ Wc(A) immediately implies that Wcdec(A) fulfills the Segal condition,
and hence, defines a Segal shuffle dg cooperad, since the Segal maps for Wc(A) are
weakly-equivalent to the Segal maps for Wcdec(A), which are isomorphisms by the
result of Proposition 1.2.11. �
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1.3. The application of cobar complexes. In this subsection, we describe a
cobar construction for Segal shuffle dg (pre-)cooperads. This is a construction
that, from the structure of a Segal shuffle dg pre-cooperad A produces an operad
in dg modules Bc(A). We make explicit the definition of the structure operations
of the cobar construction Bc(A) in the next paragraph. We check the validity of
these definitions afterwards. We eventually make a formal statement to record the
definition of this dg operad Bc(A).

Construction 1.3.1. We define the graded modules Bc(A)(r) which form the com-
ponents of the cobar construction Bc(A) by the following formula:

Bc(A)(r) =
⊕

T∈Tree(r)

Σ−]V (T) A(T),

where Σ is the suspension functor on graded modules. We also have an identity
Σ−]V (T) A(T) =

(⊗
v∈V (T) 01]v

)
⊗A(T), where we associate a factor of cohomological

degree one 01]v to every vertex v ∈ V (T). We just need to fix an ordering choice
on the vertices of our tree to get this representation, as a permutation of factors
produces a sign in the tensor product

⊗
v∈V (T) 01]v.

To every pair (T, e), with T ∈ Tree(r) and e ∈ E̊(T), we associate the map

∂(T,e) : Σ−]V (T)+1 A(T /e)→ Σ−]V (T) A(T)

given by the coproduct operator ∂(T,e) = ρT→T /e on A(T /e), where T /e is defined
by contracting the edge e in T, together with the mapping 01u≡v 7→ 01u⊗01v in the
tensor product 01u≡v ⊗

⊗
x∈V (T /e)\{u≡v} 01]x, where u and v respectively denote

the source and the target of the edge e in T, while u ≡ v denotes the result of the
fusion of these vertices in T /e. (Note that V (T /e) = V (T) \ {u, v} q {u ≡ v}.) To
perform this construction, we put the factor 01u≡v associated to the merged vertex
x = u ≡ v in front position of the tensor product

⊗
x∈V (T /e) 01]x, using a tensor

permutation if necessary (recall simply that such a tensor permutation produces
a sign). The other option is to transport the map 01u≡v 7→ 01u ⊗ 01v over some
tensors in order to reach the factor 01u≡v inside the tensor product

⊗
x∈V (T /e) 01]x.

This operation produces a sign too (because this map 01u≡v 7→ 01u⊗01v has degree
1 and therefore the permutation of this map with a tensor return a sign). Both
procedures yield equivalent results. Then we take

∂ =
∑
(T,e)

∂(T,e),

the sum of these maps ∂(T,e) associated to the pairs (T, e).
The next lemma implies that this map ∂ defines a twisting differential on Bc(A)(r),

so that we can provide Bc(A)(r) with a dg module structure with the sum δ + ∂ :
Bc(A)(r) → Bc(A)(r) as total differential, where δ : Bc(A)(r) → Bc(A)(r) denotes
the differential induced by the internal differential of the objects A(T) in Bc(A)(r).

We now fix a pointed shuffle decomposition {1 < · · · < r} = {i1 < · · · < îp <
· · · < ik} q {j1 < · · · < jl} associated to the composition scheme of an operadic
composition product ◦ip , which we can also represent by a tree with two vertices
Γ. For a pair of trees T ∈ Tree({i1 < · · · < ik}) and S ∈ Tree({j1 < · · · < jl}), we
consider the map

◦S,T
ip

: Σ−]V (S) A(S)⊗ Σ−]V (T) A(T)→ Σ−]V (S ◦ip T) A(S ◦ip T)
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yielded by the Segal map iS ◦ip T : A(S) ⊗ A(T) → A(S ◦ip T) associated to the

decomposition of the grafting S ◦ip T = λΓ(S,T), together with the obvious tensor

identity
⊗

u∈V (S) 01]u ⊗
⊗

v∈V (T) 01]v =
⊗

x∈V (S ◦ip T) 01]x, which we deduce from

the relation V (S ◦ip T) = V (S)q V (T). Then we consider the composition product

◦ip : Bc(A)({i1 < · · · < ik})⊗ Bc(A)({j1 < · · · < jl})→ Bc(A)({1 < · · · < r})
defined by the sum of these maps ◦S,T

ip
associated to the pairs (S,T). We check in

a forthcoming lemma that these operations preserve our differentials, and hence,
provide our object with well-defined dg module operations.

We first check the validity of the definition of our twisting differential on the
cobar construction. We have the following more precise statement.

Lemma 1.3.2. We have the relations ∂2 = δ∂ + ∂δ = 0 on Bc(A)(r), where δ :
Bc(A)(r) → Bc(A)(r) denotes the differential induced by the internal differential of
the objects A(T) (as we explained in the above construction).

Proof. The identity δ∂+∂δ = 0 reduces to the termwise relations δ∂(T,e) +∂(T,e)δ =
0, which in turn, are reformulation of the fact that the coproduct operators ρT→T /e

are morphisms of dg modules.
We check that the relation ∂2 = 0 holds on each summand Σ−]V (T) A(T) ⊂ Bc(A)

in the target of our map. Note that E̊(T /e) = E̊(T)\{e}. Hence the components of
∂2 which land in Σ−]V (T) A(T) are defined on a summand Σ−]V (S) A(S) ⊂ Bc(A) such

that S = T /{e, f}, for some e, f ∈ E̊(T), e 6= f , and are given by the composites:

Σ−]V (T)+1 A(T /e)
∂(T,e)

((
Σ−]V (T)+2 A(T /{e, f})

∂(T /e,f)

55

∂(T /f,e) ))

Σ−]V (T) A(T)

Σ−]V (T)+1 A(T /e)

∂(T,f)

66

.

Both composites are given by composite coproduct operators such that

ρT→T /e ◦ ρT /{e,f}→T /e = ρT /{e,f}→T = ρT→T /f ◦ ρT /{e,f}→T /f

by functoriality of the object A. We just note that the above composites differ
by an order of tensor factors 01 to conclude that these composite coproducts occur
with opposite signs in ∂2, and hence, cancel each other. The conclusion follows. �

We check the validity of our definition of the composition products on the cobar
construction. We have the following more precise statement.

Lemma 1.3.3. The composition products ◦ip of Construction 1.3.1 preserve both
the cobar differential ∂ and the differential δ induced by the internal differential
of the object A on the cobar construction Bc(A), and hence, form morphisms of dg
modules.

Proof. We prove that ◦ip commutes with the differentials on each summand A(S)⊗
A(T) of the tensor product Bc(A)({i1 < · · · < ik})⊗ Bc(A)({j1 < · · · < jl}), where
S ∈ Tree({i1 < · · · < ik}), T ∈ Tree({j1 < · · · < jl}). We just use that the Segal
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maps, which induce our composition product componentwise, are morphisms of dg
modules to conclude that ◦ip preserves the internal differentials on our objects. We
focus on the verification that ◦ip preserves the cobar differential. We set Θ = S ◦ip T

and we consider a tree Θ′ such that Θ = Θ′ /e for an edge e ∈ E̊(Θ′) which is
contracted in a vertex in Θ. This vertex comes either from S of from T. In the first
case, we have Θ′ = S′ ◦ip T, for a tree S′ ⊂ Θ′ such that e ∈ E̊(S′) and S′ /e = S

(we can actually identify S′ ⊂ Θ′ with the pre-image of the subtree S ⊂ Θ under
the morphism Θ′ → Θ′ /e = Θ). In the second case, we have Θ′ = S ◦ip T′, for a

tree T′ ⊂ Θ′ such that e ∈ E̊(T′) and T′ /e = T (we can then identify T′ ⊂ Θ′

with the pre-image of the subtree T ⊂ Θ under our edge contraction morphism
Θ′ → Θ′ /e = Θ). The compatibility between the Segal maps and the coproduct
operators imply that the following diagrams commute:

A(S′ /e)⊗ A(T)

ρS′→S′ /e⊗id
��

iS′ /e◦ipT

// A(S′ /e ◦ip T)

ρS′→S′ /e

��
A(S′)⊗ A(T)

iS′ ◦ip T

// A(S′ ◦ip T)

, A(S)⊗ A(T′ /e)

id ⊗ρT′→T′ /e

��

iS ◦ip T′ /e
// A(S ◦ip T′ /e)

ρT′→T′ /e

��
A(S)⊗ A(T′)

iS′ ◦ip T

// A(S ◦ip T′)

.

This yields the relation ∂(S′ ◦ip T,e) ◦ ◦S′ /e,T
ip

= ◦S′,T
ip
◦ (∂(S′,e) ⊗ id) in the first case

and the relation ∂(S ◦ip T′,e) ◦ ◦S,T′ /e
ip

= ◦S,T′

ip
◦ (id ⊗∂(T′,e)) in the second case. By

summing these equalities with suitable suspension factors proves that ∂ defines a
derivation with respect to ◦ip . �

We immediately deduce from the associativity of the Segal maps that the com-
position products of Construction 1.3.1 satisfy the associativity relations of the
composition products of an operad. We therefore get the following concluding
statement:

Theorem-Definition 1.3.4. The collection Bc(A) = {Bc(A)(r), r > 0} equipped
with the differential and structure operations defined in Construction 1.3.1 forms
a shuffle operad in dg modules. This operad Bc(A) is the cobar construction of the
Segal shuffle dg (pre-)cooperad A. �

Remark 1.3.5. In the case of an ordinary dg cooperad, we just retrieve the cobar
construction functor of the classical theory of operads C 7→ Bc(C ), which goes from
the category of locally conilpotent (coaugmented) dg cooperads to the category of
(augmented) dg operads. (Recall simply that we drop units from our definitions so
that our cooperads are equivalent to the coaugmentation coideal of coaugmented
cooperads, whereas our cobar construction is equivalent to the augmentation ideal
of the classical unital cobar construction.) By classical operad theory, we also have
a bar construction functor P 7→ B(P), which goes in the converse direction, from
the category of (augmented) dg operads to the usual category of locally conilpotent
(coaugmented) dg cooperads. For a locally conilpotent Segal shuffle dg pre-cooperad
A, we actually have an identity Wcdec(A) = B Bc(A), where we consider the decom-
posed W -construction of the previous subsection and the cobar operad Bc(A), such
as defined in this subsection.

1.4. The strict Segal E∞-Hopf cooperad associated to an operad in sim-
plicial sets. In this subsection, we study a correspondence between the category
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of operads in simplicial sets and the category of Segal E∞-Hopf cooperads. In a
first step, we explain the construction of the structure of a strict Segal E∞-Hopf
cooperad on the normalized cochain complex of a simplicial operad.

Construction 1.4.1. Let P be a (symmetric) operad in the category of simplicial
sets s Set . Let N∗ : s Setop → E Alg be the normalized cochain complex functor,
where we consider on N∗(−) the E -algebra structure defined in [1] (see also our
overview in §A). For a tree T ∈ Tree(r), we set P(T) =

∏
v∈V (T) P(rv). Then we

set:

AP(T) = N∗(P(T)).

We equip this collection with the coproduct operators ρT→S : AP(S) → AP(T) in-
duced by the treewise composition products on P and with the facet operators iΣ,S :
AP(Σ)→ AP(T) induced by the projection maps

∏
v∈V (T) P(rv)→

∏
v∈V (Σ) P(rv),

for Σ ⊂ T. We also have operators s∗ : AP(sT)→ AP(T), associated to the permu-
tations s ∈ Σr, which are induced by the corresponding action of the permutations
s∗ : P(T)→ P(sT) on our simplicial sets.

Proposition 1.4.2. Let P be an operad in s Set. The collection AP(T), equipped
with the coproduct operators and facet operators defined in the above construction,
and with our action of permutations, defines a strict Segal E∞-Hopf symmetric
cooperad. Moreover, the construction is functorial in P.

Proof. The associativity of the coproduct maps is a direct consequence of the as-
sociativity of the products in P and of the functoriality of the normalized cochain
complex N∗(−). The associativity of the facet operators and their compatibility
with the coproducts also follows from the counterpart of these relations at the sim-
plicial set level and from the functoriality of the normalized cochain complex N∗(−),
and similarly as regards the compatibility between the action of permutations, the
coproduct operators and the facet operators.

We only need to prove the Segal condition. By Proposition 1.1.2, we can reduce
our verifications to the case of a decomposition T = λΓ(Σu,Σv) over a tree with
two internal vertices Γ. We observe that, as our facet operators are induced by
simplicial projections, there is a commutative diagram:

AP(Σu) ∨ AP(Σv) = N∗(P(Σu)) ∨ N∗(P(Σv))
iλΓ(Σu,Σv)

// AP(T) = N∗(P(Σu)× P(Σv))

N∗(P(Σu))⊗ N∗(P(Σv))

EM

ll

AW

OO
,

where AW denotes the classical Alexander–Whitney product AW : N∗(X)⊗N∗(Y )→
N∗(X×Y ). Both maps EM and AW are weak-equivalences (the map EM by Propo-
sition A.4). Hence iλΓ(Σu,Σv) is also a weak-equivalence. The conclusion follows. �

The normalized cochain complex functor N∗ : s Setop → E Alg admits a left ad-
joint G : E Alg → s Setop, which is defined by the formula G(A) = MorE Alg(A, N∗(∆•)),
for all A ∈ E Alg (see [12] for a variant of this construction). This pair of adjoint
functors also defines a Quillen adjunction between the Kan model category of sim-
plicial sets and the model category of E -algebras (we refer to [1] for the definition
of the model structure on the category of E -algebras). By the main result of [12],
if we take k = F̄p as ring of coefficients, then the object L G(N∗(X)), which we
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obtain by applying the normalized cochain complex functor to a connected sim-
plicial sets X ∈ s Set and by going back to simplicial sets by using the derived
functor L G(−) of our left adjoint G(−) = MorE Alg(−, N∗(∆•)), is weakly-equivalent
to the p-completion of the space X (under standard nilpotence and cohomological
finiteness assumptions).

We aim to examine the application of this adjoint functor construction to our
Segal E∞-Hopf cooperads. We need to form resolutions of our objects with the
category of Segal E∞-Hopf symmetric cooperads with cofibrant E∞-algebras as
components to give a sense to the application of the derived functor G to our objects.
We rely on the following observation.

Lemma 1.4.3. Let R : E Alg → E Alg be a functorial cofibrant replacement functor
on the model category of E -algebras (which exists because the category of E -algebras
is cofibrantly generated). If A ∈ E Hopf Σ SegOpc is a Segal E∞-Hopf symmetric
pre-cooperad, then the collection R(T) = RA(T) ∈ E Alg, T ∈ Tree(r), r > 0,
inherits a Segal E∞-Hopf symmetric pre-cooperad structure by functoriality. If A
satisfies the Segal condition and is such that the objects A(T) are cofibrant as dg
modules, then R = RA also satisfies the Segal condition, and hence, forms a Segal
E∞-Hopf symmetric cooperad.

Proof. The first claim, that the collection R(T) = RA(T) ∈ E Alg , T ∈ Tree(r),
r > 0, inherits a Segal E∞-Hopf symmetric pre-cooperad structure, is immediate.
To establish that RA also satisfies the Segal condition, we just use the result of
Proposition A.4 (we merely need the extra assumption that the objects A(T) are
cofibrant as dg modules, like the cofibrant E -algebras RA(T), to get that the weak-

equivalences RA(T)
∼−→ A(T) induce a weak-equivalence when we pass to a tensor

product). �

The application of the functor G(−) to the Segal E∞-Hopf symmetric cooperad
RA defined in this proposition returns a Segal symmetric operad in the category of
simplicial sets, where a Segal symmetric operad is the obvious counterpart, in the
category of simplicial sets, of our notion of a Segal E∞-Hopf symmetric cooperad
(we just have to dualize the definition).

We mention in the introduction of this paper that such structures are close
to Cisinski–Moerdijk’s notion of a dendroidal Segal space (see [3]). We can also
check that every Segal symmetric operad is weakly-equivalent to an operad in the
ordinary sense. We can proceed along the lines of Cisinski–Moerdijk’s dendroidal
nerve construction or use a counterpart, in the category of simplicial sets, of the
W -constructions of §1.2. We then get that every Segal symmetric operad in the
category of simplicial sets P is connected to an ordinary symmetric operad Wdec(P)
by a zigzag of natural weak-equivalences of Segal symmetric operads:

P
∼←− W(P)

∼−→ Wdec(P).

We record the following straightforward consequence of our statements to conclude
this subsection.

Proposition 1.4.4. We assume k = F̄p and we consider normalized cochains with
coefficients in this field, so that N∗(X, F̄p) represents the Mandell model of the space
X in the category of E -algebras. We use the notation G(−) for the adjoint functor
of N∗(−), from the category of E -algebras to the category of simplicial sets.
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(1) Let P be a symmetric operad in simplicial sets. We consider the Segal E∞-
Hopf symmetric cooperad AP = N∗(P(−)) given by the resolution of Proposi-
tion 1.4.2 and its resolution RA in the category of Segal E∞-Hopf symmet-
ric cooperads. If P consists of connected nilpotent spaces with a cohomology
H∗(−, F̄p) of finite dimension degreewise, then the object G(RAP) defines a
Segal symmetric operad in simplicial sets such that G(RAP)(T) = P(T)∧p ,
for each tree T ∈ Tree(r), r > 0, where we consider the p-completion of the
space P(T). Thus, if we apply our functor Wdec(−) to this Segal symmet-
ric operad G(RAP) then we get a model of the p-completion P(−)∧p in the
category of ordinary operads.

(2) If we have a pair of symmetric operads in simplicial sets P and Q which
satisfy these connectedness, nilpotence and cohomological finiteness assump-
tions, then the existence of a weak-equivalence AP ∼ AQ at the level of the
category of Segal E∞-Hopf symmetric cooperads implies the existence of a
weak-equivalence P(−)∧p ∼ Q(−)∧p at the level of the p-completion of our
operads. �

2. The category of homotopy Segal E∞-Hopf cooperads

We study the homotopical version of Segal E∞-Hopf cooperads in this section.
The informal idea is to require that the coproduct operators satisfy the associativity
relation ρT→U◦ρU→S = ρT→S only up to homotopy. We construct a model to govern
the homotopies that govern these associativity relations and the compatibility rela-
tion between these homotopies and the facet operators. We explain our definition
of homotopy Segal E∞-Hopf cooperad with full details in the first subsection of
this section. We then examine the forgetting of E∞-algebra in the definition of this
structure, as in a study of strict homotopy E∞-Hopf cooperads, and we examine
the application of the cobar construction to homotopy Segal cooperads. We devote
our second and third subsection to these topics. We study a homotopy version
of morphisms of Segal E∞-Hopf cooperads afterwards, in a fourth subsection, and
we eventually prove, in the fifth subsection, that every homotopy Segal E∞-Hopf
cooperad is weakly equivalent to a strict Segal E∞-Hopf cooperad.

We still take the category of algebras E Alg associated to the chain Barratt–
Eccles operadE as a model of a category of E∞-algebras in dg modules all along
this section.

2.1. The definition of homotopy Segal E∞-Hopf cooperads. We define ho-
motopy Segal E∞-Hopf cooperads essentially along the same plan as strict Segal
E∞-Hopf cooperads. We still define a notion of homotopy Segal E∞-Hopf pre-
cooperad beforehand, as a structure equipped with operations that underlie the
definition of a homotopy Segal E∞-Hopf cooperad. We define the notion of a
homotopy Segal E∞-Hopf cooperad afterwards, as a Segal E∞-Hopf pre-cooperad
equipped with facet operators that satisfy the Segal condition. In comparison to the
definition of strict Segal E∞-Hopf cooperads, we mainly consider higher coproduct
operators, which we use to govern the homotopical associativity of the composi-
tion of coproduct operators. We use a complex of cubical cochains, which we define
from the cochain algebra of the interval I = N∗(∆1), in our definition scheme of this
model of higher coproduct operators. We explain the definition of the structure of
this complex of cubical cochains in the next preliminary construction. We address
the definition of homotopy Segal E∞-Hopf cooperads afterwards. We explain a
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definition of strict morphisms of homotopy Segal E∞-Hopf cooperads to complete
the objectives of this subsection. (These strict morphisms are particular cases of
the homotopy morphisms that we define in the fourth subsection of the section.)

Construction 2.1.1. We define our cubical cochain algebras Ik, k ∈ N, as the
tensor powers of the cochain algebra of the interval:

Ik = I ⊗ · · · ⊗ I︸ ︷︷ ︸
k

, I = N∗(∆1).

We make the Barratt–Eccles operad acts on these tensor products through its diag-
onal ∆ : E → E ⊗E and its action on each factor I = N∗(∆1) so that our objects Ik

inherit a natural E -algebra structure (see Construction A.3 and Construction A.5).
We can identify the object Ik with the cellular cochain complex of the k-cube

�k. We define face operators diε : Ik → Ik−1, for 1 ≤ i ≤ k and ε ∈ {0, 1}, and
degeneracy operators si : Ik−1 → Ik, for 0 ≤ i ≤ k, which reflect classical face and
degeneracy operations on the topological cubes �k. We determine these operators
from the maps

N∗(∆1)
dε−→ N∗(∆0) = k, ε ∈ {0, 1} and k = N∗(∆0)

s0−→ N∗(∆1),

induced by simplicial coface and codegeneracy operators of the 1-simplex dε : ∆0 →
∆1 and s0 : ∆1 → ∆0, and from the connection of Construction A.5

N∗(∆1)
∇∗−−→ N∗(∆1)⊗ N∗(∆1),

which we associate to the simplicial map min : ∆1 × ∆1 → ∆1 such that min :
(s, t) 7→ min(s, t) on topological realization.

Recall briefly that we have an identity N∗(∆1) = k 0] ⊕ k 1] ⊕ k 01], where 0]

and 1] denote elements of (cohomological) degree 0, dual to the classes of the
vertices 0, 1 ∈ ∆1 in the normal chain complex N∗(∆

1), whereas 01] denotes an
element of (cohomological) degree 1 dual to the class of the fundamental simplex
01 ∈ ∆1. This cochain complex N∗(∆1) is equipped with the differential such that
δ(0]) = −01] and δ(1]) = −01]. The face operators d0, d1 : N∗(∆1) → N∗(∆0) = k
are defined by the formulas d0(0]) = 0, d0(1]) = 1, d1(0]) = 1, d1(1]) = 0, and
d0(01]) = d1(01]) = 0, while the degeneracy operator s0 : k = N∗(∆0) → N∗(∆1)
is defined by the formula s0(1) = 0] + 1]. We refer to Construction A.5 for the
explicit definition of the connection ∇∗ on basis elements. We mainly use that this
connection satisfies relations of the form (d1⊗ id) ◦∇∗ = s0d1 = (id ⊗d1) ◦∇∗ and
(d0 ⊗ id) ◦ ∇∗ = id = (id ⊗d0) ◦ ∇∗, which reflect the identities min ◦(d1 × id) =
d1s0 = (min ◦ id)× d1 and min ◦(d0 × id) = id = (min ◦ id)× d0 at the topological
level.

We number our factors from right to left in our cubical cochain algebras

Ik = N∗(∆1)
k

⊗ · · · ⊗ N∗(∆1)
1

and we use this numbering convention to index our face and degeneracy operators
(the superscript in the notation of the faces diε indicates the factor of this tensor
product on which we apply a simplicial face operator dε and the superscript in the
notation of the degeneracies sj similarly indicates the factor of the tensor product
Ik−1 on which we apply a simplicial degeneracy or a connection operator). We
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precisely define the face operators of our cubical cochain algebras diε : Ik → Ik−1,
i = 1, . . . , k, ε = 0, 1, by the formula:

diε = id⊗k−i⊗dε ⊗ id⊗i−1

and our degeneracy operators sj : Ik−1 → Ik, j = 0, . . . , k, by the formulas:

s0 = id⊗k−1⊗s0,

sj = id⊗k−j−1⊗∇∗ ⊗ id⊗j−1 for j = 1, . . . , k − 1,

sk = s0 ⊗ id⊗k−1,

We are now ready to define our main objects.

Definition 2.1.2. We call homotopy Segal E∞-Hopf shuffle pre-cooperad the struc-
ture defined by a collection of E -algebras

A(T) ∈ E Alg , T ∈ Tree(r), r > 0,

equipped with

– homotopy coproduct operators

ρT→Tk→···→T1→S : A(S)→ A(T)⊗ Ik,
defined as morphisms of E -algebras, for all composable sequences of tree
morphisms T → Tk → · · · → T1 → S, k ≥ 0, and which satisfy the face
and degeneracy relations depicted in Figure 1-3,

– together with facet operators

iΣ,S : A(Σ)→ A(S),

defined as morphisms of E -algebras again, for all subtree embeddings Σ ⊂ S,
and which satisfy the usual functoriality relations iS,S = idS and iΘ,S◦iΣ,Θ =
iΣ,S for all Σ ⊂ Θ ⊂ S,

– and where we also assume the verification of compatibility relations between
the facet operators and the coproduct operators, which we express by the
commutativity of the diagram of Figure 4.

We again say that a Segal E∞-Hopf shuffle pre-cooperad A is a Segal E∞-Hopf
shuffle cooperad when the facet operators satisfy a Segal condition, which reads
exactly as in the context of strict Segal E∞-Hopf shuffle cooperad:

(*) The facet operators iΣv,T : A(Σv) → A(T) associated to a tree decomposi-
tion T = λS(Σv, v ∈ V (S)) induce a weak-equivalence

iλS(Σ∗)
:
∨

v∈V (S)

A(Σv)
∼−→ A(T)

when we pass to the coproduct of the objects A(Σv) in the category of
E -algebras.

We also define a homotopy Segal E∞-Hopf symmetric (pre-)cooperad as a homotopy
Segal E∞-Hopf shuffle pre-cooperad A equipped with an action of the permutations
such that s∗ : A(sT) → A(T), for s ∈ Σr and T ∈ Tree(r), and which intertwine
the facets and the homotopy coproduct operators attached our object.

Note that the statement of Proposition 1.1.2, where we reduce the verification of
the Segal condition to various particular cases, obviously holds for homotopy Segal
E∞-Hopf cooperads too.
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A(S)
ρT→Tk→···→T1→S //

ρ
T→...T̂i···→S **

A(T)⊗ Ik

id ⊗di0
��

A(T)⊗ Ik−1

Figure 1. The compatibility of homotopy coproducts with 0-
faces. The diagram commutes for all sequences of composable tree
morphisms T → Tk → · · · → T1 → S and for all 1 ≤ i ≤ k, where

T̂i means that we delete the node Ti and we replace the morphisms
Ti+1 → Ti → Ti−1 by their composite Ti+1 → Ti−1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A(S)
ρT→Tk→···→T1→S //

ρTi→···→T1→S

��

A(T)⊗ Ik

id ⊗di1
��

A(T)⊗ Ik−1

A(Ti)⊗ Ii−1

ρT→Tk→···→Ti
⊗id

// A(T)⊗ Ik−i ⊗ Ii−1

'

OO

Figure 2. The compatibility of homotopy coproducts with 1-
faces. The diagram commutes for all sequences of composable tree
morphisms T→ Tk → · · · → T1 → S and for all 1 ≤ i ≤ k.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A(S)
ρT→Tk−1→···→T1→S

//

ρT→Tk−1→... Tj=Tj ···→T1→S
**

A(T)⊗ Ik−1

id ⊗sj
��

A(T)⊗ Ik

Figure 3. The compatibility of homotopy coproducts with degen-
eracies. The diagram commutes for all sequences of composable
tree morphisms T → Tk−1 → · · · → T1 → S and for all 0 ≤ j ≤ k
(with the convention that T0 = S in the case j = 0 and Tk = T in
the case j = k).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A(S)
ρT→Tk→···→T1→S // A(T)⊗ Ik

A(Σ)
ρ
(f0...fk)−1(Σ)→(f0...fk−1)−1(Σ)→···→f−1

0 (Σ)→Σ

//

iΣ,S

OO

A((f0 . . . fk)−1(Σ))⊗ Ik
i(f0...fk)−1(Σ),T⊗id

OO

Figure 4. The compatibility between coproducts and facet oper-
ators. The diagram commutes for all sequences of composable tree

morphisms T
fk−→ Tk

fk−1−−−→ · · · f1−→ T1
f0−→ S and for all subtrees

Σ ⊂ S.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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A(T)⊗ Ik−1

id ⊗sj
��

id

��

A(S)

ρT→Tk−1→···→T1→S

33

ρT→···→Tj=Tj→···→S

//

ρT→Tk−1→···→T1→S
++

A(T)⊗ Ik

id ⊗di0
��

A(T)⊗ Ik−1

Figure 5. The coherence of the face and degeneracy relations of
the coproduct operators with respect to the relation sjdi0 = id
between the cubical face and degeneracy operators for i = j, j + 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A(S)

ρT→···→S

��

ρT→Tk−1→···→T1→S
//

ρT→···→Tj=Tj→···→S

,,
ρTj→···→T1→S

��

A(T)⊗ Ik−1

id ⊗sj
��

A(T)⊗ Ik

id ⊗dj1
��

A(Tj)⊗ Ij−1
ρT→···→Tj=Tj

⊗id
//

ρT→···→Tj ,,

A(T)⊗ Ik−1

A(T)⊗ Ik−1

id ⊗dj1
// A(T)⊗ Ik−j−1 ⊗ Ij−1

id ⊗s0⊗id

OO

Figure 6. The coherence of the face and degeneracy relations
of the coproduct operators with respect to the relation sjdi1 =
s0 ⊗ idIj for i = j.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A(S)

ρT→···→S

��

ρTj→···→S

��

ρT→Tk−1→···→T1→S
//

ρT→···→Tj=Tj→···→S

,,
ρTj=Tj→···→T1→S

��

A(T)⊗ Ik−1

id ⊗sj
��

A(T)⊗ Ik

id ⊗dj+1
1

��
A(Tj)⊗ Ij

ρT→···→Tj
⊗id

// A(T)⊗ Ik−1

A(Tj)⊗ Ij−1

ρT→···→Tj
⊗id

//

id ⊗sj
OO

A(T)⊗ Ik−j−1 ⊗ Ij−1

id ⊗ id ⊗sj

OO

A(T)⊗ Ik−1

id ⊗dj1

22

Figure 7. The coherence of the face and degeneracy relations
of the coproduct operators with respect to the relation sjdi1 =
idIk−j ⊗sj for i = j + 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Remark 2.1.3. The faces and degeneracy operators on our complex of cubical
cochain algebras satisfy the following system of identities:

djεd
i
η = diηd

j−1
ε , for i < j, ε, η ∈ {0, 1},

sjdiε =



diεs
j−1, for i < j, ε ∈ {0, 1},

id , for i = j, j + 1 and ε = 0,

s0 ⊗ idIj , for i = j, ε = 1, using Ik−1 = Ik−j−1 ⊗ Ij ,
idIk−j ⊗sj , for i = j + 1, ε = 1, using Ik−1 = Ik−j ⊗ Ij−1,

di−1
ε sj , for i > j + 1, ε ∈ {0, 1},

sjsi = sisj+1, for i ≤ j.

We easily check that a multiple application of face and degeneracy relations of Fig-
ure 1-3 for the coproduct operators of homotopy Segal E∞-Hopf shuffle cooperads
lead to coherent results with respect to these identities. For instance, we have the
double face relation

(id ⊗dj0di0) ◦ ρT→Tk→···→T1→S = ρ
T→Tk→···T̂j ···T̂i···→T1→S

= (id ⊗di0dj−1
0 ) ◦ ρT→Tk→···→T1→S,

which expresses the coherence of the face relations of Figure 1 with respect the
double 0-face identity dj0d

i
0 = di0d

j−1
0 in our complex of cubical cochain algebras.

We get similar easy results for the other double face identities djεd
i
η = diηd

j−1
ε

and the other commutation relations between the face and degeneracy operators
sjdiε = diεs

j−1, sjdiε = di−1
ε sj , and sjsi = sisj+1, while the coherence of the face

and degeneracy relations of the coproduct operators with respect to the relations
sjdi0 = id , for i = j, j + 1, and sjdj1 = s0 ⊗ idIj , s

jdj+1
1 = idIk−j ⊗sj follows from

the commutativity of the diagrams of Figure 5-7.

We have the following obvious notion of strict morphism of homotopy Segal
E∞-Hopf shuffle (pre-)cooperads and of homotopy Segal E∞-Hopf symmetric (pre-
)cooperads, which generalize the definition of morphism of strict Segal E∞-Hopf
shuffle (pre-)cooperads and strict Segal E∞-Hopf symmetric (pre-)cooperads in §1
Definition 2.1.4. A (strict) morphism of homotopy Segal E∞-Hopf shuffle (pre-
)cooperads φ : A→ B is a collection of E -algebra morphisms

φT : A(T)→ B(T), T ∈ Tree(r), r > 0,

which

(1) preserve the action of all coproduct operators on our objects, in the sense
that the diagram

A(S)
φS //

ρT→Tk→···→T1→S

��

B(S)

ρT→Tk→···→T1→S

��
A(T)⊗ Ik

φT⊗id // B(T)⊗ Ik

commutes, for all sequences of composable tree morphisms T → Tk →
· · · → T1 → S,
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(2) and the action of facet operators, so that we have the same commutative
diagram as in the case of morphisms strict Segal E∞-Hopf shuffle (pre-
)cooperads:

A(S)
φS // B(S)

A(Σ)
φΣ //

iΣ,S

OO

B(Σ)

iΣ,S

OO
,

for all subtree embeddings Σ ⊂ S.

If A and B are homotopy Segal E∞-Hopf symmetric (pre-)cooperads, then we say
that φ : A→ B is a morphism of Segal E∞-Hopf symmetric (pre-)cooperads when φ
also preserves the action of permutations on our objects (we express this condition
by the same commutative diagram as in the case of strict E∞-Hopf cooperads).

These strict morphisms of homotopy Segal E∞-Hopf shuffle (pre-)cooperads can
obviously be composed, as well the strict morphisms of homotopy Segal E∞-Hopf
symmetric (pre-)cooperads, so that we can form a category of homotopy Segal
E∞-Hopf shuffle (pre-)cooperads and a category of homotopy Segal E∞-Hopf sym-
metric (pre-)cooperads as morphisms. In what follows, we adopt the notation
E Hopf sh SegOpc for the category of homotopy Segal E∞-Hopf shuffle cooperads
and the notation E Hopf Σ SegOpc for the category of homotopy Segal E∞-Hopf
symmetric cooperads.

We can modify the above definition to assume that the preservation of coproduct
operators holds up to homotopy only, just as we assume that the coproduct oper-
ators satisfy associativity relations up to homotopy in a homotopy Segal E∞-Hopf
pre-cooperad. This idea gives the notion of homotopy morphism, which we study
in Subsection 2.4.

2.2. The forgetting of E∞-structures. We now study the structure in dg mod-
ules that we obtain by forgetting the E∞-algebra structure attached to each object
in the definition of a homotopy Segal E∞-Hopf cooperad. We follow the same plan
as in Subsection 1.1, where we examine the parallel forgetting of E∞-algebra struc-
tures in strict Segal E∞-Hopf cooperads. In the previous subsection, we assume
that the associativity of the coproduct operators only holds up to homotopy for the
definition of a homotopy Segal E∞-Hopf cooperad, but we keep the same notion of
facet operators as in the case of strict Segal E∞-cooperads. In the case of homo-
topy Segal cooperads in dg modules, we retain the homotopy associativity relation
of the coproduct operators of homotopy Segal E∞-Hopf cooperads, and we retrieve
the expression of the Segal map that we obtained from the structure of the facet
operators in the definition of strict Segal dg cooperads. We

We again need to assume that the vertices of our trees are totally ordered in
order to make the construction of the forgetful functor from homotopy Segal E∞-
Hopf cooperads to homotopy Segal dg cooperads work. For this reason, we restrict
ourselves to Segal shuffle cooperads all along this subsection (as in our study of
strict Segal cooperads in dg modules).

Definition 2.2.1. We call homotopy Segal shuffle dg pre-cooperad the structure
defined by a collection of dg modules

A(T) ∈ dg Mod , T ∈ Tree(r), r > 0,



32 BENOIT FRESSE AND LORENZO GUERRA

equipped with

– homotopy coproduct operators

ρT→Tk→···→T1→S : A(S)→ A(T)⊗ Ik,
defined as morphisms of dg modules, for all composable sequences of tree
morphisms T → Tk → · · · → T1 → S, k ≥ 0, and which satisfy the same
face and degeneracy relations, expressed by the commutative diagrams of
Figure 1-3, as the homotopy coproduct operators of Segal E∞-Hopf shuffle
cooperads,

– together with Segal maps

iλS(Σ∗)
:
⊗

v∈V (S)

A(Σv)→ A(T),

defined as morphisms of dg modules, for all tree decompositions T =
λS(Σv, v ∈ V (S)), and which satisfy the same functoriality relations as
the Segal maps of strict Segal cooperads in dg modules, namely, for the
trivial decomposition T = λY(T), we have iλY(T) = idA(T), and for nested

decompositions T = λU(Θu, u ∈ V (U)) and Θu = λSu
(Σv, v ∈ V (Su)),

u ∈ V (U), we have

iλU(Θ∗)
◦ (

⊗
u∈V (U)

iλSu
(Σ∗)

) = iλS(Σ∗)
,

where we again consider the composite decomposition T = λS(Σv, v ∈
V (S)) with S = λU(Su, u ∈ V (U)),

– and we now assume the verification of the compatibility relations depicted
in Figure 8, for the Segal maps and the higher coproduct operators.

We also say that a homotopy Segal shuffle dg pre-cooperad A is a homotopy Segal
shuffle dg cooperad when the Segal maps satisfy the following Segal condition (the
same Segal condition as in the case of strict Segal dg cooperads):

(*) The Segal map iλS(Σ∗)
is a weak-equivalence

iλS(Σ∗)
:
⊗

v∈V (S)

A(Σv)
∼−→ A(T),

for every decomposition T = λS(Σv, v ∈ V (S)).

We still consider a notion of strict morphism of homotopy Segal shuffle dg (pre-
)cooperads, which we obviously define as a collection of dg module morphisms
φT : A(T)→ B(T) that preserve all homotopy coproduct operators ρT→Tk→···→T1→S

and the Segal maps iλS(Σ∗)
. We use the notation dg sh SegOpc for the category of

Segal shuffle dg cooperads, which we equip with this notion of morphism.

There is a forgetful functor from the category of homotopy Segal E∞-Hopf co-
operads to the category of homotopy Segal shuffle dg cooperads, which is similar to
the one that we have in the strict case. To be more precise, we have the following
proposition, which represents the homotopy counterpart of the result of Proposi-
tion 1.2.2.

Proposition 2.2.2. Let A be a homotopy Segal E∞-Hopf shuffle cooperad, with
coproduct operators ρT→Tk→···→T1→S : A(S)→ A(T)⊗ Ik and facet operators iΣ,S :
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A(S)
ρT→Tk→···→T1→S // A(T)⊗ Ik

(⊗
v∈V (U) A(Σv)

)
⊗
(⊗

v∈V (U) I
k
)iλU((f0...fk)−1(Σ∗))
⊗µ

OO

⊗
v∈V (U) A(Σv) ⊗

v ρ(f0...fk)−1(Σv)→(f0...fk−1)−1(Σv)→···→Σv

//

iλU(Σ∗)

OO

⊗
v∈V (U)

(
A((f0 . . . fk)−1(Σv))⊗ Ik

)'

OO

Figure 8. The compatibility between coproducts and Segal maps.
The diagram commutes for all sequences of composable tree mor-

phisms T
fk−→ Tk

fk−1−−−→ · · · f1−→ T1
f0−→ S and for all decompositions

S = λU(Σv, v ∈ V (U)). The map µ : (
⊗

v∈V (U) I
k) → Ik on the

right hand side vertical arrow is given by the associative product
of the E -algebra Ik.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A(Σ) → A(S). The collection A(T), T ∈ Tree(r), equipped with the coproduct
operators inherited from A and the Segal maps given by the following composites⊗

v∈V (S)

A(Σv)
EM−−→

∨
v∈V (S)

A(Σv)
iλS(Σ∗)−−−−→ A(T)

(the same composites as in Proposition 1.2.2), for all tree decompositions T =
λS(Σv, v ∈ V (S)) is a homotopy Segal shuffle dg cooperad.

Proof. The face and degeneracy relations for the homotopy coproduct operators
are directly inherited from the homotopy Segal E∞-Hopf shuffle cooperad A, as we
do not change the coproduct operator in our forgetful operation. The functoriality
relations of the Segal maps and the Segal condition follows from the same arguments
as in Proposition 1.2.2 since the definition of the Segal maps is the same as in the
strict case. The compatibility between the homotopy coproduct operators and the
Segal maps follows from the commutativity of the following diagram,⊗

v∈V (U) A(Σv)⊗
v∈V (U) ρ(f0...fk)−1(Σv)→···→f−1

0 (Σv)→Σv

��

EM // ∨
v∈V (U) A(Σv)∨

v∈V (U) ρ(f0...fk)−1(Σv)→···→f−1
0 (Σv)→Σv

��⊗
v∈V (U)

(
A((f0 . . . fk)−1(Σv)⊗ Ik)

) EM //

'
��

∨
v∈V (U)

(
A((f0 . . . fk)−1(Σv))⊗ Ik

)
∑
v

(
i(f0...fk)−1(Σv),T⊗id

)
��(⊗

v∈V (U) A((f0 . . . fk)−1(Σv))
)
⊗
(⊗

v∈V (U) I
k
)

EM⊗EM

��

A(T)⊗ Ik

(∨
v∈V (U) A((f0 . . . fk)−1(Σv))

)
⊗
(∨

v∈V (U) I
k
) iλU(Σ∗)⊗∇

33
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where ∇ =
∑
v id :

∨
v I

k → Ik denotes the codiagonal of the E -algebra Ik, we
use that the composite ∇ ◦ EM :

⊗
v I

k → Ik is identified with the associative
product µ :

⊗
v I

k → Ik and we consider the Segal map of E -algebras iλU(Σ∗)
:∨

v∈V (U) A((f0 . . . fk)−1(Σv))→ A(T). �

The normalized cochain complex of the k-cube Ik = N∗(∆1)⊗k is identified with
the sum of the top dimensional element 01]⊗k with the image of cubical face op-
erators. We use this observation to determine the homotopy coproducts of homo-
topy Segal dg cooperads in the following lemma. For a morphism of dg modules
α : X → Y ⊗ Ik, we let α� : X → Y be the homomorphism of graded modules of
degree k given by the component of the map α with values in Y ⊗ 01]⊗k ⊂ Y ⊗ Ik,
where we consider the top dimensional element 01]⊗k ∈ N∗(∆1)⊗k of the cubical
cochain complex Ik = N∗(∆1)⊗k, so that we have:

α(x) = (−1)k deg(x)α�(x)⊗ 01]⊗k + tensors with a factor of dimension < k in Ik,

for any x ∈ X. We also write δ(α�) = δα� − (−1)kα�δ for the differential of this
homomorphism.

Lemma 2.2.3. (1) Let A be a homotopy Segal shuffle dg cooperad. The graded
homomorphism of degree k

ρ�T→Tk→···→T1→S : A(S)→ A(T)

that we associate to the dg module morphism ρT→Tk→···→T1→S : A(S) →
A(T) ⊗ Ik, for any sequence of composable tree morphisms T → Tk →
· · · → T1 → S, satisfies the relation

δ(ρ�T→Tk→···→T1→S) =

k∑
i=1

(−1)i−1ρ�T→Tk→···→Ti
◦ ρ�Ti→···→T1→S

−
k∑
i=1

(−1)i−1ρ�
T→···→T̂i→···→S

.

(*)

Moreover, if we have a degeneracy Tj = Tj+1 in our sequence of tree mor-
phisms, for some 0 ≤ j ≤ k (with the convention that Tk+1 = T and
T0 = S), then we have the relation

ρ�T→Tk→...Tj+1=Tj ···→T1→S = 0. (**)

(2) Let now A(T), T ∈ Tree(r), r > 0, be any given collection of dg modules
equipped with graded homomorphisms ρ�T→Tk→···→T1→S : A(S) → A(T), of

degree k, and which satisfy the relations (*)-(**) of the previous statement.
Then there is a unique collection of morphisms of dg modules ρT→Tk→···→T1→S :

A(S)→ A(T)⊗Ik, which extend these maps on the summands A(T)⊗01]⊗k

and satisfy the face and degeneracy relations of homotopy coproduct opera-
tors of Figure 1-3.

Proof of assertion 1. We use the identities

(Ik)−k = k 01]⊗k

(Ik)1−k =

k⊕
i=1

( ⊕
ε∈{0,1}

k 01]⊗k−i ⊗ ε] ⊗ 01]⊗i−1
)
,
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and the relations

diε(01]⊗k−j ⊗ η] ⊗ 01]⊗j−1) =

{
01]⊗k−1, if i = j and ε ≡ η + 1 mod 2,

0, otherwise,

which implies that we have a formula of the form:

α(x) = (−1)k deg(x)α�(x)⊗ 01]⊗k

+

k∑
i=1

 ∑
ε∈{0,1}

(−1)(k−1) deg(x)((id ⊗diε+1) ◦ α)�(x)⊗ 01]⊗k−i ⊗ ε] ⊗ 01]⊗i−1


+ tensors with a factor of dimension < k − 1 in Ik,

for any morphism α : X → Y ⊗Ik and any x ∈ X, where we consider the homomor-
phism of graded modules ((id ⊗diε+1) ◦ α)� : X → Y associated to the composite

(id ⊗diε+1)◦α : X → Y ⊗Ik−1 (and we obviously take the face operator diε+1 indexed
by the residue class of ε+ 1 mod 2). We deduce from the differential formula

δ(01]⊗k−i ⊗ ε] ⊗ 01]⊗i−1) = (−1)k−i+ε+101]⊗k

that the projection of the relation δ(α(x)) = α(δ(x)) onto Y ⊗ 01]⊗k ⊂ Y ⊗ Ik is
equivalent to the following relation:

δ(α�(x)) +

k∑
i=1

( ∑
ε∈{0,1}

(−1)i+ε((id ⊗diε+1)α)�(x)
)

= (−1)kα�(δx).

The relation of our statement (*) then follows from the compatibility of coproducts
with the face operators (the relations of Figure 1-2).

If we have Tj = Tj+1 for some j, then the morphism ρT→Tk→···→T1→S factors

through the image of a degeneracy A(T) ⊗ sj : A(T) ⊗ Ik−1 → A(T) ⊗ Ik by the
compatibility of the coproducts with the degeneracies (the relations of Figure 3)
and this requirement implies the vanishing relation ρ�T→Tk→···→T1→S = 0 since Ik−1

is null in dimension k. �

Proof of assertion 2. The operators ρT→Tk→···→T1→S : A(S) → A(T) ⊗ Ik are de-

fined by induction on k. If k = 0, then we take ρT→S = ρ�T→S. The compatibility
conditions of Figure 1-3 are tautological in this case.

If k > 0, then defining a morphism of dg modules ρT→Tk→···→T1→S : A(S) →
A(T)⊗Ik amounts to defining a morphism of dg modules ρ′T→Tk→···→T1→S : A(S)⊗
N∗(∆

1)⊗k → A(T).
Let dεi : N∗(∆

1)⊗k−1 → N∗(∆
1)⊗k denote the coface operators attached to the

cubical complex N∗(∆
1)⊗k dual to the face operators diε : N∗(∆1)⊗k → N∗(∆1)⊗k−1

that we considered so far. We let ρ′T→Tk→···→T1→S(x⊗01⊗r) = ρ�T→Tk→···→T1→S(x),

and we define inductively:

ρ′T→Tk→···→T1→S(x⊗ d0
i (σ)) = ρ′

T→···→T̂i→···→S
(x⊗ σ),

ρ′T→Tk→···→T1→S(x⊗ d1
i (σ)) = ρ′T→···→Ti

(ρ′Ti→···→S ⊗ id(x⊗ σ)),

where we use the factorization σ ∈ N∗(∆
1)⊗k−1 ⇒ σ = σ′ ⊗ σ′′ ∈ N∗(∆

1)⊗k−i ⊗
N∗(∆

1)⊗i−1. We deduce from the compatibility of the homotopy coproducts with
the face operators that our coproduct operator is necessarily given by these formulas
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and this observation proves the uniqueness of the coproduct operators extending
our maps ρ�T→Tk→···→T1→S. We may also use the observations of Remark 2.1.3 to

check that our maps satisfy the compatibility relations of Figure 1-3 on the whole
dg modules A(T)⊗ Ik.

We only need to prove that the map ρT→Tk→···→T1→S or equivalently the map
ρ′T→Tk→···→T1→S commutes with the differential. We proceed by induction on k.

For k = 0 the statement is obviously equivalent to relation (*). For k > 0, the
relation δ(ρ′T→Tk→···→T1→S(x ⊗ σ)) = ρ′T→Tk→···→T1→Sδ(x ⊗ σ) follows from the

induction assumption in the case σ = (dεi)(τ), for some 1 ≤ i ≤ k, ε ∈ {0, 1},
τ ∈ N∗(∆

1)⊗k−1, and reduces to relation (*) when σ = 01⊗k. The conclusion
follows. �

2.3. The application of cobar complexes. The aim of this Subsection is to
extend the cobar construction of Subsection 1.3 to homotopy Segal dg cooperads.
We follow the same plan.

We make explicit the definition of the structure operations of the cobar con-
struction Bc(A) associated to a homotopy Segal shuffle dg cooperad A in the next
paragraph. We check the validity of these definitions afterwards and we record the
definition of this dg operad Bc(A) to conclude this subsection. We assume all along
this subsection that A is a homotopy Segal shuffle dg cooperad. We also assume
that A is connected in the sense that we have A(T) = 0 when the tree T is not
reduced (has at least one vertex with a single ingoing edge). This condition implies
that every object A(S) is the source of finitely many nonzero homotopy coproducts
ρT→···→S : A(S) → A(T) ⊗ Ik, because the set of tree morphisms T → S with T
reduced and S fixed is finite.

Construction 2.3.1. We define the graded modules Bc(A)(r) which form the com-
ponents of the cobar construction Bc(A) by the same formula as in the strict case

Bc(A)(r) =
⊕

T∈Tree(r)

Σ−]V (T) A(T),

but we now take a cobar differential that involves terms given by higher coproduct
operators and which we associate to multiple edge contractions. We precisely con-
sider the set of pairs (T, e), where T ∈ Tree(r) and e = (e1, . . . , em) is an ordered

collection of pairwise distinct edges ei ∈ E̊(T). To any such pair, we associate the
sequence of tree morphisms such that

σ(T, e) = {T→ T /e1 → T /{e1, e2} → · · · → T /{e1, e2, . . . , em}}.

and the map of degree −1

∂(T,e) : Σ−]V (T)+m A(T /{e1, . . . , em})→ Σ−]V (T) A(T)

given by top component of the homotopy coproduct ρσ(T,e)

∂(T,e) = ρ�σ(T,e),

such as defined in Lemma 2.2.3.
Recall that the object Σ−]V (T) A(T) is identified with a tensor product

Σ−]V (T) A(T) =
( ⊗
v∈V (T)

01]v
)
⊗ A(T),
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where we associate a factor of cohomological degree one 01]v to every vertex v ∈
V (T). In the definition of our map ∂(T,e), we also perform blow-up operations

01]u≡v 7→ 01]u ⊗ 01]v,

for each edge contraction step T /{e1, . . . , ei−1} → T /{e1, . . . , ei−1, ei}, where u and
v represent the vertices of the edge ei in the tree T /{e1, . . . , ei−1}, and u ≡ v repre-
sents the result of the fusion of these vertices in T /{e1, . . . , ei−1}. The performance
of this sequence of blow-up operations, in parallel to the application of the map
ρ�σ(T,e), enables us to pass from the tensor product Σ−]V (T)+m A(T /{e1, . . . , em}) =(⊗

x∈V (T /{e1,...,em}) 01]x
)
⊗A(T /{e1, . . . , em}) to Σ−]V (T) A(T) =

(⊗
x∈V (T) 01]x

)
⊗

A(T). This operation may involve a sign, which we determine as in the strict case
in Construction 1.3.1.

Finally, we take:

∂m =
∑

(T,(e1,...,em))

∂(T,(e1,...,em)), for m ≥ 1, and ∂ =
∑
m≥1

∂m.

(We just use the connectedness condition on A to ensure that this sum reduces to
a finite number of terms on each summand Σ−]V (T) A(T) of our object Bc(A)(r).)
We prove next that this map ∂ also defines a twisting differential on Bc(A)(r),
so that we can again provide Bc(A)(r) with a dg module structure with the sum
δ + ∂ : Bc(A)(r) → Bc(A)(r) as total differential, where δ : Bc(A)(r) → Bc(A)(r)
denotes the differential induced by the internal differential of the objects A(T) in
Bc(A)(r) (as in the case of the cobar construction of strict Segal dg cooperads).

We equip the object Bc(A) with composition products

◦ip : Bc(A)({i1 < · · · < ik})⊗ Bc(A)({j1 < · · · < jl})→ Bc(A)({1 < · · · < r}),

which we define exactly as in the strict case. We explicitly define ◦ip as the sum of
the maps

◦S,T
ip

: Σ−]V (S) A(S)⊗ Σ−]V (T) A(T)→ Σ−]V (S ◦ip T) A(S ◦ip T)

yielded by the Segal map iS ◦ip T : A(S)⊗A(T)→ A(S ◦ip T) associated to the com-

position operation S ◦ip T = λΓ(S,T) in the category of trees, where S ∈ Tree({i1 <
· · · < ik}) and T ∈ Tree({j1 < · · · < jl}). In a forthcoming lemma, we also check
that these operations preserve the above differential, and hence, provide our object
with well-defined operations in the category of dg modules.

We first check the validity of the definition of the twisting differential announced
in our construction. This result is a consequence of the following more precise
lemma.

Lemma 2.3.2. We have the relation δ∂m + ∂mδ +
∑m−1
i=1 ∂i∂m−i = 0, for each

m ≥ 1.

Proof. If m = 1, then the statement reduces to δ∂1 + ∂1δ = 0, and we readily
check, as in the case of the cobar construction of Segal dg cooperads, that this
relation is equivalent to the fact that the coproducts of degree zero ρT→S = ρ�T→S

are morphisms of dg modules. We now prove the statement for m > 1. From
Equation (*) of Lemma 2.2.3, we see that, for every tree T and every sequence of
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internal edges e = (e1, . . . , em), we have:

δ∂(T,e) + ∂(T,e)δ =

m−1∑
i=1

±ρ�
T→···→ ̂T /{e1,...,ei}→···→T /{e1,...,em}

+

m−1∑
i=1

±ρ�T→···→T /{e1,...,ei} ◦ ρ
�
T /{e1,...,ei}→···→T /{e1,...,em}

Then, by taking the sum of these expressions over the set of pairs (T, e), we obtain
the formula:

δ∂m + ∂mδ =
∑
(T,e)

i=1,...,m

±ρ�
T→···→ ̂T /{e1,...,ei}→···→T /{e1,...,em}

+

m−1∑
i=1

(∑
(T,e)

±ρ�T→···→T /{e1,...,ei} ◦ ρ
�
T /{e1,...,ei}→···→T /{e1,...,em}︸ ︷︷ ︸

=∂i∂m−i

)
.

In the first sum of this formula, the term that corresponds to the removal of the
node T /{e1, . . . , ei−1, ei} and the term that corresponds to the removal of the node
T /{e1, . . . , ei−1, ei+1} for the pair (T, (e1, . . . , ei−1, ei+1, ei, ei+2, . . . , em)) with ei
and ei+1 switched are equal up to a sign. We readily check that these signs are
opposite, so that these terms cancel out in our sum. The conclusion of the lemma
follows. �

We still check the validity of our definition of the composition products.

Lemma 2.3.3. The twisting map ∂ and the differential δ induced by the internal
differential of the object A on the cobar construction Bc(A) form derivations with
respect the composition products of Construction 2.3.1, so that these operations ◦ip
define morphisms of dg modules.

Proof. We generalize the arguments used in Lemma 1.3.3. We again prove that
◦ip commutes with the differential on each summand Σ−]V (S) A(S) ⊗ Σ−]V (T) A(T)
of the tensor product Bc(A)({i1 < · · · < ik}) ⊗ Bc(A)({j1 < · · · < jl}), where
S ∈ Tree({i1 < · · · < ik}), T ∈ Tree({j1 < · · · < jl}). We can still use that the
Segal maps, which induce our composition product componentwise, are morphisms
of dg modules to conclude that ◦ip preserves the internal differentials on our objects.
We therefore focus on the verification that ◦ip preserves the twisting differential ∂.

We set Θ = S ◦ip T and we consider a tree Θ′ such that Θ = Θ′ /{e1, . . . , em}
for an sequence of edges e1, . . . , em ∈ E̊(Θ′). We then have Θ′ = S′ ◦ip T′, where S′

and T′ represent the pre-image of the subtrees S ⊂ Θ and T ⊂ Θ under the map
Θ′ → Θ′ /{e1, . . . , em}, and S = S′ /{eα1 , . . . , eαr}, T = T′ /{eβ1 , . . . , eβs}, for the
partition {eα1

, . . . , eαr} q {eβ1
, . . . , eβs} = {e1, . . . , em} such that eα1

, . . . , eαr ∈
E̊(S′) and eβ1

, . . . , eβs ∈ E̊(T′). We may note that one the component of this
partition can be empty (we take by convention r = 0 or s = 0 in this case).

The compatibility between the Segal maps and the coproduct operators in Fig-
ure 8 together with the degeneracy relations of Figure 3 imply the commutativity
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of the following diagram:

A(S)⊗ A(T)
ρσ(S′,e|

S′ )
⊗ρσ(T′,e|

T′ )//

iS ◦ip T

��

A(S′)⊗ Ir−1 ⊗ A(T′)⊗ Is−1

(id ⊗sm−β∗ )⊗(id ⊗sm−α∗ )

��
A(S′)⊗ Im−1 ⊗ A(T)⊗ Im−1

'
��

A(S′)⊗ A(T′)⊗ Im−1 ⊗ Im−1

iS′,T′,Θ⊗µ
��

A(Θ)
ρσ(Θ′,e)

// A(Θ′)⊗ Im−1

,

where we set e|S′ = (eα1
, . . . , eαr ) and e|T′ = (eβ1

, . . . , eβs) for short, and sm−α∗ =

sm−α1sm−α2 · · · sm−αr , sm−β∗ = sm−β1sm−β2 · · · sm−βs . (These composites cor-
respond to the positions of the degeneracies when we take the pre-image of the
subtrees S,T ⊂ Θ under the sequence of tree morphisms Θ′ → Θ′ /{e1} → · · · →
Θ′ /{e1, . . . , em} = Θ.)

Note that we may have r = 0 or s = 0 and our diagram is still valid in these
cases. (We then take I−1 = k by convention and s0 : I−1 → I0 denotes the identity
map.) We actually have three possible cases:

– r = 0: In this case all the edges of our collection e belong to T′, we have
S = S′, and the commutativity of the diagram implies that ∂θ′,e ◦ iS ◦ip T =

iS ◦ip T′ ◦ (id ⊗∂T′,e).

– s = 0: In this mirror case, all the edges of our collection e belong to S′, we
have T = T′, and we get ∂θ′,e ◦ iS ◦ip T = iS′ ◦ip T ◦ (∂S′,e ⊗ id).

– r, s ≥ 1: in this case, the composite of the vertical morphisms on the right
hand side of the diagram does not meet A(S′ ◦ip T′)⊗01]⊗m−1, because the

product of degeneracies carries Ir−1⊗Is−1 to a submodule of Im−1⊗Im−1

concentrated in dimension < m − 1, whose image under the product can
not meet 01]⊗m−1, so that we have ∂θ′,e ◦ iS ◦ip T = 0.

From these identities, we obtain the derivation relation ∂m ◦ ◦ip = ◦ip ◦ (∂m ⊗
id + id ⊗∂m), valid for each m ≥ 1. The conclusion follows. �

We still immediately deduce from the associativity of the Segal maps that the
composition products of Construction 2.3.1 satisfy the associativity relations of
the composition products of an operad. We therefore get the following concluding
statement:

Theorem-Definition 2.3.4. The collection Bc(A) = {Bc(A)(r), r > 0} equipped
with the differential and structure operations defined in Construction 2.3.1 forms
a shuffle operad in dg modules. This operad Bc(A) is the cobar construction of the
connected homotopy Segal shuffle dg (pre-)cooperad A. �

2.4. The definition of homotopy morphisms. We devote this section to the
study of homotopy morphisms of Segal cooperads. We always assume that our tar-
get object is equipped with a strict Segal cooperad structure for technical reasons,
but our source object can be equipped with a general homotopy Segal cooperad
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A(S)
φT→Tk→···→T1→S //

φTk→···→T1→S

��

B(T)⊗ Ik+1

id ⊗dk+1
0

��
B(Tk)⊗ Ik

ρBT→Tk
⊗id

// B(T)⊗ Ik

A(S)
φT→Tk→···→T1→S //

φ
T→···T̂i···→S ++

B(T)⊗ Ik+1

id ⊗di0
��

B(T)⊗ Ik

Figure 9. The compatibility of homotopy morphisms with 0-
faces. The diagrams commute for all sequences of composable tree
morphisms T → Tk → · · · → T1 → S and for all 1 ≤ i ≤ k, where

T̂i means that we delete the node Ti.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A(S)
φT→Tk→···→T1→S //

ρAT→Tk→···→S

��

B(T)⊗ Ik+1

id ⊗dk+1
1

��
A(T)⊗ Ik

φT⊗id
// B(T)⊗ Ik

A(S)
φT→Tk→···→T1→S //

ρATi→···→T1→S

��

B(T)⊗ Ik+1

id ⊗di1
��

A(Ti)⊗ Ii−1

φT→Tk→···→Ti
⊗id
// B(T)⊗ Ik−i+1 ⊗ Ii−1

'
// B(T)⊗ Ik

Figure 10. The compatibility of homotopy morphisms with 1-
faces. The diagrams commute for all sequences of composable tree
morphisms T→ Tk → · · · → T1 → S and for all 1 ≤ i ≤ k.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A(S)
φS //

φS=S ++

B(S)

id ⊗s0
��

B(S)⊗ I1

A(S)
φT→Tk→···→T1→S //

φT→Tk→··· Tj=Tj ···→T1→S ++

B(T)⊗ Ik+1

id ⊗sj
��

B(T)⊗ Ik+2

Figure 11. The compatibility of homotopy morphisms with de-
generacies. The diagrams commute for all sequences of composable
tree morphisms T→ Tk → · · · → T1 → S and for all 0 ≤ j ≤ k+1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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A(S)
φS // B(S)

A(Σ)
φΣ //

iΣ,S

OO

B(Σ)

iΣ,S

OO

Figure 12. The preservation of facet operators by the underly-
ing maps of homotopy morphisms. The diagram commutes for all
subtrees Σ ⊂ S.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A(S)
φT→Tk→···→T1→S // B(T)⊗ Ik+1

A(Σ)
φ
(fk...f0)−1(Σ)→···→f−1

0 (Σ)→Σ

//

iAΣ,S

OO

B((fk . . . f0)−1(Σ))⊗ Ik+1

iB
(fk...f0)−1(Σ),T

⊗id

OO

A(sT)
φs T //

s∗

��

B(sT)

s∗

��
A(T)

φT // B(T)

Figure 14. The preservation of the action of permutations by the
underlying maps of homotopy morphisms. The diagram commutes
for all s ∈ Σr and T ∈ Tree(r).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A(S)
φT→Tk→···→T1→S // B(T)⊗ Ik+1

A(Σ)
φ
(fk...f0)−1(Σ)→···→f−1

0 (Σ)→Σ

//

iAΣ,S

OO

B((fk . . . f0)−1(Σ))⊗ Ik+1

iB
(fk...f0)−1(Σ),T

⊗id

OO

Figure 15. The homotopy compatibility of homotopy morphisms
with facet operators. The diagram commutes for all subtrees Σ ⊂ S

and for all sequences of composable tree morphisms T
fk−→ Tk

fk−1−−−→
. . .

f1−→ T1
f0−→ S.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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structure. We explain the definition of these homotopy morphisms in the context
of E∞-Hopf cooperads first. We examine the forgetting of E∞-structures after-
wards and then we study the application of homotopy morphisms to the cobar
construction.

Definition 2.4.1. We assume that B be a strict Segal E∞-Hopf shuffle cooperad
while A can be any homotopy Segal E∞-Hopf shuffle cooperad. We then define a
homotopy morphism of homotopy Segal E∞-Hopf shuffle cooperads φ : A → B as
a collection of E -algebra morphisms

φT : A(T)→ B(T), T ∈ Tree(r), r > 0,

referred to as the underlying maps of our homotopy morphism, together with a
collection of higher morphism operators

φT→Tk→···→T1→S : A(S)→ B(T)⊗ Ik+1,

defined in the category of E -algebras as well and associated to sequences of compos-
able tree morphisms T → Tk → · · · → T1 → S, so that the compatibility relations
with the face and degeneracy operators expressed by the diagrams of Figure 9-11
hold, as well the compatibility relations with the facet operators expressed by the
diagrams of Figure 12-13. (For the underlying maps of our homotopy morphism,
we just retrieve the relation of Definition 1.1.3.) When A and B are symmetric
cooperads, we say that φ : A→ B defines a homotopy morphism of homotopy Segal
E∞-Hopf symmetric cooperads if we have also the compatibility relations with the
action of permutations expressed by the diagrams of Figure 9-11 (For the underlying
maps of our homotopy morphism, we just retrieve the relation of Definition 1.1.3.)

We also have a version of this definition for homotopy Segal shuffle dg cooperads,
without E∞-structure.

Definition 2.4.2. We assume that B be a strict Segal shuffle dg cooperad while
A can be any homotopy Segal shuffle dg cooperad. We then define a homotopy
morphism of homotopy Segal shuffle dg cooperads φ : A → B as a collection of
morphisms dg modules

φT : A(T)→ B(T), T ∈ Tree(r), r > 0,

to which we again refer as the underlying maps of our homotopy morphism, together
with a collection of higher morphism operators

φT→Tk→···→T1→S : A(S)→ B(T)⊗ Ik+1,

defined in the category of dg modules as well and associated to sequences of compos-
able tree morphisms T → Tk → · · · → T1 → S, so that we have the compatibility
relations with respect to the face and degeneracy operators expressed by the dia-
grams of Figure 9-11 (as in the case of homotopy morphisms E∞-Hopf cooperads),
together with the compatibility relations with respect to the Segal maps expressed
by the diagrams of Figure 16-17.

We have the following statement, which is the homotopy version of the result
of Lemma 2.2.3, and which can be proved by the same arguments. We still write
α� : X → Y for the homomorphism of graded modules of degree k associated to
a morphism of dg modules α : X → Y ⊗ Ik such that α(x) = (−1)k deg(x)α�(x) ⊗
01]⊗k + tensors with a factor of dimension < k in Ik.
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A(S)
φS // B(S)

⊗
v∈V (U) A(Σv)

⊗
v∈V (U) φΣv //

iAΣ∗,S

OO

⊗
v∈V (U) B(Σv)

iBΣ∗,S

OO

Figure 16. The preservation of Segal maps by the underlying
map of homotopy morphisms of homotopy Segal dg cooperads.
The diagram commutes for all tree decompositions S = λU(Σv, v ∈
V (U)).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A(S)
φT→Tk→···→T1→S // B(T)⊗ Ik+1

⊗
v∈V (U) B((fk . . . f0)−1(Σv))⊗

(⊗
v∈V (U) I

k+1
)iB

(fk...f0)−1(Σ∗),T
⊗µ

OO

⊗
v∈V (U) A(Σv)

⊗
v φ(fk...f0)−1(Σv)→···→f−1

0 (Σv)→Σv //

iAΣ∗,S

OO

⊗
v∈V (U)

(
B((fk . . . f0)−1(Σv))⊗ Ik+1

)'

OO

Figure 17. The homotopy compatibility of homotopy morphisms
of homotopy Segal dg cooperads with the Segal maps. The diagram
commutes for all tree decompositions S = λU(Σv, v ∈ V (U)) and

for all sequences of composable tree morphisms T
fk−→ Tk

fk−1−−−→
. . .

f1−→ T1
f0−→ S.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Lemma 2.4.3. (1) Let φ : A→ B be a homotopy morphism of homotopy Segal
shuffle dg cooperads, where we still assume that B is a strict Segal shuffle
dg cooperad as in Definition 2.4.2. The graded homomorphism of degree
k + 1

φ�T→Tk→···→T1→S : A(S)→ A(T)

that we associate to the dg module morphism φT→Tk→···→T1→S : A(S) →
A(T) ⊗ Ik+1, for any sequence of composable tree morphisms T → Tk →
· · · → T1 → S, satisfies the relation

δ(φ�T→Tk→···→T1→S) = (−1)k+1ρBTk→Sφ
�
Tk→···→T1→S

+

k∑
i=1

(−1)iφ�
T→···→T̂i→···→S

+ (−1)kφT ◦ ρA�
T→Tk→···→T1→S

−
k∑
i=1

(−1)iφ�T→Tk→···→Ti
◦ ρA�

Ti→···→T1→S.

(*)
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Moreover, if we have a degeneracy Tj = Tj+1 in our sequence of tree mor-
phisms, for some 0 ≤ j ≤ k (with the convention that Tk+1 = T and
T0 = S), then we have the relation

φ�T→Tk→...Tj+1=Tj ···→T1→S = 0. (**)

(2) In the converse direction, if we have a collection of dg module morphisms
φT : A(T) → B(T), T ∈ Tree(r), r > 0, together with a collection of dg

graded homomorphisms φ�T→Tk→···→T1→S : A(S) → A(T), of degree k + 1,

which satisfy the relations (*)-(**) of the previous statement, then there is
a unique collection of morphisms of dg modules φT→Tk→···→T1→S : A(S)→
A(T)⊗ Ik, which extend these maps on the summands A(T)⊗ 01]⊗k+1 and
satisfy the face and degeneracy relations of homotopy morphism operators
of Figure 9-11. �

We now prove that any homotopy morphism of homotopy Segal shuffle dg coop-
erads φ : A → B, as in Definition 2.4.2, gives rise to an induced morphism on the
cobar construction φ∗ : Bc(A)→ Bc(B). We address the definition of this morphism
in the next paragraph. We assume all along this study that a homotopy morphism
φ : A → B is fixed, with A a homotopy Segal shuffle dg cooperad and B a strict
Segal shuffle dg cooperad. We need to assume that the object A is connected in
order to give a sense to the cobar construction Bc(A) (see §2.3). We also need to
assume that B is connected in the construction of our morphisms. We therefore
assume that these connectedness conditions hold in the rest of this subsection.

Construction 2.4.4. The underlying maps of our homotopy morphism φ : A→ B
induce morphisms of graded modules between the components of the cobar con-
struction:

φT : Σ−]V (T) A(T)→ Σ−]V (T) A(T).

In addition to these maps, we consider morphisms

φ(T,e) : Σ−]V (T)+m A(T /{e1, . . . , em})→ Σ−]V (T) B(T).

associated to the pairs (T, e), where T is a tree and e = (e1, . . . , em) is an ordered

collection of pairwise distinct edges ei ∈ E̊(T), as in Construction 2.3.1. To define
the latter maps, we again consider the sequence of composable tree morphisms

σ(T, e) = {T→ T /e1 → T /{e1, e2} → · · · → T /{e1, . . . , em}},

which we associate to any such pair (T, e) in Construction 2.3.1, and we set

φ(T,e) = φ�σ(T,e),

where we take the top component of the morphism φσ(T,e) (such as defined in
Lemma 2.4.3). In this construction, we also use the same blow-up process as in
Construction 2.3.1 to pass from the tensor product Σ−]V (T)+m A(T /{e1, . . . , em}) =(⊗

x∈V (T /{e1,...,em}) 01]x
)
⊗A(T /{e1, . . . , em}) to Σ−]V (T) B(T) =

(⊗
x∈V (T) 01]x

)
⊗

A(T), and to determine a possible sign, which we associate to our map φ(T,e). In
what follows, we identify the morphisms φT, induced by the underlying maps of
our homotopy morphism φ : A→ B, with the case m = 0 of these homomorphisms
φ(T,e).
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Finally, we take:

φm =
∑

(T,(e1,...,em)

φ(T,(e1,...,em)), for m ≥ 0, and φ =
∑
m≥0

φm

to get a map

φ∗ : Bc(A)(r)→ Bc(B)(r), for each arity r > 0.

(Note that we use the connectedness condition on B to ensure that the above sum
reduces to a finite number of terms on each summand Σ−]V (T) A(T).) We aim
to prove that this map is compatible with the structure operations of the cobar
construction.

We check the preservation of differentials first. This claim follows from the
following more precise observation.

Lemma 2.4.5. We have the relation

δBφm = φmδ
A + ∂Bφm−1 −

m−1∑
i=0

φi∂
A
m−i,

for all m ≥ 0. where δ = δA, δB denotes the term of the differential of the cobar
construction induced by the internal differential of the objects C = A,B, we denote
by ∂A =

∑∞
m=1 ∂

A
m the twisting map of the cobar construction of the homotopy

Segal shuffle dg cooperad A, while ∂B denotes the twisting differential of the cobar
construction of the strict Segal shuffle dg cooperad A.

Proof. We argue as in the proof of Lemma 2.3.2. We use the relation of Equation (*)
of Lemma 2.4.3 to write

δBφ(T,e) − φ(T,e)δ
A =

m−1∑
i=1

±φ�
T→···→ ̂T /{e1,...,ei}→···→T /{e1,...,em}

− ρBT→T /e1
φ�T /e1→···→T /{e1,...,em}

+

m−1∑
i=0

±φ�T→···→T /{e1,...,ei}ρ
A�
T /{e1,...,ei}→···→T /{e1,...,em}.

Then, by taking the sum of these expressions over the set of pairs (T, e), we obtain
the formula:

δBφm − φmδA =
∑
(T,e)

i=1,...,m

±φ�
T→···→ ̂T /{e1,...,ei}→···→T /{e1,...,em}

+
∑
(T,e)

±ρBT→T /e1
φ�T /e1→···→T /{e1,...,em}︸ ︷︷ ︸
=∂Bφm−1

+

m−1∑
i=0

(∑
(T,e)

±φ�T→···→T /{e1,...,ei} ◦ ρ
A�
T /{e1,...,ei}→···→T /{e1,...,em}︸ ︷︷ ︸

=φi∂m−i

)
.

In the first sum of this formula, the term that corresponds to the removal of the
node T /{e1, . . . , ei−1, ei} and the term that corresponds to the removal of the node
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T /{e1, . . . , ei−1, ei+1} for the pair (T, (e1, . . . , ei−1, ei+1, ei, ei+2, . . . , em)) with ei
and ei+1 switched are again equal up to a sign. We can still check that these signs
are opposite, so that these terms cancel out in our sum. The conclusion of the
lemma follows. �

We now check that our morphisms preserves the composition products. This
claim follows from the following more precise observation.

Lemma 2.4.6. We have the relation φm ◦ ◦ip =
∑
r+s=m ◦ip ◦ (φr ⊗ φs), for all

m ≥ 0.

Proof. The proof is similar to that of Lemma 2.3.3.
For m = 0, the relation follows the commutativity of the diagram of Figure 16

(since ◦ip is defined as a sum of Segal maps). We therefore focus on the case m ≥ 1.

We consider again a summand Σ−]V (S) A(S)⊗ Σ−]V (T) A(T) of the tensor product
Bc(A)({i1 < · · · < ik}) ⊗ Bc(A)({j1 < · · · < jl}), where S ∈ Tree({i1 < · · · < ik}),
T ∈ Tree({j1 < · · · < jl}). The composition product maps ◦ip maps this summand

into Σ−]V (Θ) A(Θ), with Θ = S ◦ip T. The components of the map φm carries

this summand into terms of the form Σ−]V (Θ′) A(Θ′), for trees Θ′ equipped with
a set of internal edges (e1, . . . , em) such that Θ′ /{e1, . . . , em} = Θ. We still have
Θ′ = S′ ◦ip T′ and S = S′ /{eα1

, . . . , eαr}, T = T′ /{eβ1
, . . . , eβs}, for a partition

{eα1 , . . . , eαr} q {eβ1 , . . . , eβs} = {e1, . . . , em} such that eα1 , . . . , eαr ∈ E̊(S′) and

eβ1
, . . . , eβs ∈ E̊(T′). We then have the following commutative diagram:

A(S)⊗ A(T)
φσ(S′,e|

S′ )
⊗φσ(T′,e|

T′ ) //

iS ◦ip T

��

(B(S′)⊗ Ir)⊗ (B(T′)⊗ Is)

id ⊗sm−β∗⊗id ⊗sm−α∗
��

(B(S′)⊗ Im)⊗ (B(T′)⊗ Im)

'
��

B(S′)⊗ B(T′)⊗ Im ⊗ Im

iS′ ◦ip T′⊗µ

��
A(Θ)

φσ(Θ′,e)

// B(Θ′)⊗ Im

(by the relations of Figure 17 and Figure 11). We use the same notation as in the
proof of Lemma 2.3.3 in this diagram and we still consider the morphisms φσ(S′,e|S′ ) :

A(S′ /{eα1 , . . . , eαr})→ A(S′)⊗ Ir and φσ(T′,e|T′ ) : A(T′ /{eβ1 , . . . , eβs})→ A(T′)⊗
Is associated to the sequences of tree morphisms such that σ(S′, e|S′) = {S′ →
S′ /eα1 → · · · → S′ /{eα1 , . . . , eαr}} and σ(T′, e|T′) = {T′ → T′ /eβ1 → · · · →
T′ /{eβ1

, . . . , eβs}}. We also use the notation sm−α∗ = sm−α1sm−α2 · · · sm−αr ,
sm−β∗ = sm−β1sm−β2 · · · sm−βs , and µ : Im ⊗ Im → Im denotes the product of the
dg algebra Im as usual.

We see, by elaborating on the arguments of the proof of Lemma 2.3.3, that the
composite of the right-hand side vertical morphisms of this diagram does not meet
B(Θ′) ⊗ 01]⊗m unless we have {eα1

, . . . , eαr} = {e1, . . . , er} and {eβ1
, . . . , eβs) =

(er+1, . . . , em}. (We have in this case sm−β∗(01]⊗r) = 01]⊗r⊗1⊗s, sm−α∗(01]⊗s) =
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1]⊗r ⊗ 01]⊗s + other terms, and µ(sm−β∗(01]⊗r) ⊗ sm−α∗(01]⊗s)) = 01]⊗m.) We
conclude from this analysis that the composite φ(Θ′,e) ◦◦ip vanishes unless the edge
collection e = (e1, . . . , em) is equipped with an order such that {eα1

, . . . , eαr} =
{e1, . . . , er} and {eβ1

, . . . , eβs} = {er+1, . . . , em}. We get in this case φ(Θ′,e) ◦
◦ip = ◦ip ◦ φ(S′,e|S′ ) ⊗ φ(T′,e|T′ ). and summing over the pairs (Θ′, (e1, . . . , em)) with

Θ′ = S′ ◦ip T′, e1, . . . , er ∈ E̊(S′), er+1, . . . , em ∈ E̊(S′), amounts to summing over

the pairs (S′, (e1, . . . , er)) and (T′, (er+1, . . . , em)) such that S′ /{e1, . . . , er} = S
and T′ /{e1, . . . , er} = T. We therefore obtain the relation of the lemma φm ◦ ◦ip =∑
r+s=m ◦ip ◦ (φr ⊗ φs) when we perform this sum. �

We get the following concluding statement:

Theorem-Definition 2.4.7. The collection of morphisms φ∗ : Bc(A)(r)→ Bc(B)(r),
r > 0, defined in Construction 2.4.4, defines a morphism of shuffle dg operads
φ∗ : Bc(A)→ Bc(B), the morphism induced by the homotopy morphism of connected
homotopy Segal shuffle cooperads φ : A→ B on the cobar construction. �

2.5. The equivalence with strict E∞-cooperads. We devote this final subsec-
tion to proving the following result.

Theorem 2.5.1. Every connected homotopy Segal E∞-Hopf cooperad (either sym-
metric or shuffle) is weakly-equivalent to a connected strict Segal E∞-Hopf cooperad.

We prove Theorem 2.5.1 by constructing a functor A 7→ Kc(A), from the category
of connected homotopy Segal E∞-Hopf cooperads (symmetric or shuffle) to the
category of strict Segal E∞-Hopf cooperads, and a zigzag of weak-equivalences
between A and Kc(A).

For this purpose, we consider a category Tree�, enriched in dg modules, which
encodes the homotopy coproduct operators of homotopy Segal cooperads. We ex-

plain the definition of this category Tree� in the next paragraph. We have a

morphism of enriched categories Tree� → Tree, where, by an abuse of notation,
we denote by Tree the enriched category in k-modules whose hom-objects are the
k-modules spanned by the set-theoretic tree morphisms. We define our functor
Kc(−) as a homotopy Kan extension, by dualizing a two-sided bar complex over the

enriched category Tree�.
Note that, in our statement, we again assume that our Segal cooperad A is con-

nected in the sense of §0.3. This assumption enables us to simplify our constructions
and to avoid technical difficulties in the verification of our result. We assume that
our cooperads satisfy this connectedness condition all along this section.

Recall that a (homotopy or strict) Segal cooperad A is connected if we have
A(T) = 0 when the tree T is not reduced (has at least one vertex with a single
ingoing edge) and that this condition implies that we can restrict ourselves to the

subcategories of reduced trees, denoted by T̃ree(r) ⊂ Tree(r), r > 0, in the defi-
nition of the structure operations that we associate to our objects. For simplicity,
all along this subsection, we keep the notation Tree for our constructions on tree

categories (for instance, we use the notation Tree� for our enriched category of
trees). Nevertheless, we restrict ourselves to reduced trees, as permitted by our
connectedness assumption on cooperads. In a sense, we actually define full subcat-

egories T̃ree
�

(r) such that T̃ree
�

(T,S) = Tree�(T,S), for any pair of reduced trees
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S,T ∈ T̃ree(r), r > 0, but we left the object Tree�(T,S) undefined when the trees
S and T are not reduced.

Recall that for reduced trees S,T ∈ T̃ree(r), the set of tree morphisms Tree(T,S)
is either empty or reduced to a point (see [7, Theorem B.0.6]). For the enriched
version of this category, we therefore have:

Tree(T,S) =

{
k, if we have a morphism T→ S,

0, otherwise,

for any pair of reduced trees S,T ∈ T̃ree(r), r > 0. Note that we may still write
Tree(T,S) = ∗ in this setting, because we identify the object Tree(T,S) = k with the
terminal object of the category of cocommutative coalgebras, and we can actually
regard Tree as a category enriched in cocommutative coalgebras. This observation,
to which we go back later on, motivates our abuse of notation.

Construction 2.5.2. We define the enriched category Tree� in this paragraph.

We take the same set of objects as the category of reduced trees T̃ree.
In the definition of the hom-objects, we consider the cubical chain complexes

N∗(∆
1)⊗k, dual to the cubical cochain algebras of the definition of homotopy Se-

gal cooperads Ik = N∗(∆1)⊗k. We use the coface operators dεi : N∗(∆
1)⊗k−1 →

N∗(∆
1)⊗k and the codegeneracy operators sj : N∗(∆

1)⊗k → N∗(∆
1)⊗k−1 dual to the

operators diε : Ik → Ik−1, i = 1, . . . , k, ε = 0, 1, and sj : Ik−1 → Ik, j = 0, . . . , k,

considered in Construction 2.1.1. We then have dεi = id⊗k−i⊗dε ⊗ id⊗i−1, s0 =

id⊗k−1⊗s0, sj = id⊗k−j−1⊗∇∗⊗id⊗j−1, for j = 1, . . . , k−1, and sk = sk⊗id⊗k−1,
where dε : k = N∗(∆

0) → N∗(∆
1), ε = 0, 1, and s0 : N∗(∆

1) → N∗(∆
0) = k are the

cofaces and the codegeneracy of the normalized chain complex of the one-simplex,
while ∇∗ : N∗(∆

1)⊗ N∗(∆
1)→ N∗(∆

1) denote the connection of Construction A.5.

We precisely define the dg module Tree�(T,S), which represents the dg hom-

object associated to a pair of reduced trees S,T ∈ T̃ree such that T 6= S in our
enriched category, by the following quotient

Tree�(T,S) =
⊕
k≥0

 ⊕
T→Tk→···→T1→S

N∗(∆
1)⊗kT→Tk→···→T1→S

 / ≡,

where a copy of the cubical chain complex N∗(∆
1)⊗k is assigned to every sequence

of composable tree morphisms T → Tk → · · · → T1 → S, and we mod out by the
relations

d0
i (σ)T→···→S ≡ σT→···T̂i···→S

,

sj(σ)T→···→S ≡ σT→···Tj=Tj ···→S,

where σ denotes an element of the cubical chain complex (of appropriate dimension).
The composition operations of this enriched category

◦ : Tree�(U,S)⊗ Tree�(T,U)→ Tree�(T,S)

are given by

σU→Uk→···→U1→S ◦ τT→Tl→···→T1→U

= (τ ⊗ 0⊗ σ)T→Tl→···→T1→U→Uk→···→U1→S (∗)
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as long as U 6= S and T 6= U. We just take in addition Tree�(S,S) = k to pro-
vide our category with identity homomorphisms. We easily check that the above
formula preserves the relations of our hom-objects and hence gives a well-defined
morphism of dg modules. We immediately see that these composition operations
are associative too.

We can also define the objects Tree�(T,S) in terms of a coend. We then consider
an indexing category � generated by the 0-cofaces d0

i and the codegeneracies sj

attached to our cubical chain complexes and which reflect the face and degeneracy
operations that we apply to the sequences of composable tree morphisms. The
objects of this category are the ordinals k + 2 = {k + 1 > k > · · · > 1 > 0},
with k ≥ 0. The morphisms are the non decreasing maps u : k + 2 → l + 2
such that u(k + 1) = l + 1 and u(0) = 0. The coface d0

i corresponds to the
map d0

i : k + 1 → k + 2 that jumps over i in k + 2, while the codegeneracy sj
corresponds to the map sj : k + 2→ k + 1 such that sj(x) = x for x = 1, . . . , j and
sj(x) = x− 1 for x = j + 1, . . . , k + 2. Then we easily check that the collection of
cubical chain complexes N∗(∆

1)⊗k, equipped with the previously defined operators
d0
i : N∗(∆

1)⊗k−1 → N∗(∆
1)⊗k and sj : N∗(∆

1)⊗k → N∗(∆
1)⊗k−1, defines a functor

k + 2 7→ N∗(∆
1)⊗k on this category �.

In general, we denote by Xk the image of an object k + 2 ∈ � under a (con-
travariant or covariant) functor X over the category �.

For a pair of reduced trees T,S ∈ T̃ree(r) with T 6= S, we also consider the
functor N (T,S) : �op → Set such that

N (T,S)k =
{

T→ Tk → · · · → T1 → S |Ti ∈ T̃ree(r) (∀i)
}
,

where we consider the set of all sequences of composable tree morphisms of length
k + 1 with Tk+1 = T, T0 = S, and we equip this set with the obvious action of the
category � (we adapt the usual definition of the simplicial nerve of a category).
We then have:

Tree�(T,S) =

∫ k+2∈�
k[N (T,S)k]⊗ N∗(∆

1)⊗k,

where k[N (T,S)k] is the k-module generated by the set N (T,S)k. We can also

identify the composition operation of the category Tree� in terms of a termwise
composition operation on this coend which we define by the above formula (∗).

We have well-defined (contravariant) facet operators

iΣ,S : Tree�(T,S)→ Tree�(Θ,Σ),

which we associate to all subtree inclusions Σ ⊂ S, where Θ = f−1(Σ) is the pre-
image of the subtree Σ ⊂ S under the (at most unique) morphism f : T → S. We
define these facet operators on our coend termwise, by the map

iΣ,S : k[N (T,S)k]⊗ N∗(∆
1)⊗k → k[N (Θ,Σ)k]⊗ N∗(∆

1)⊗k

induced by the set-theoretic facet operator N (T,S)k → N (Θ,Σ)k which carries

any sequence of composable tree morphisms T
fk−→ Tk

fk−1−−−→ · · · f1−→ T1
f0−→ S to

the sequence of tree morphisms such that (f0 · · · fk)−1(Σ)→ (f0 · · · fk−1)−1(Σ)→
· · · → f−1

0 (Σ) → Σ, where we use Θ = (f0 · · · fk)−1(Σ). We can also associate a
Segal map

iλU(Σ∗)
: Tree�(T,S)→

⊗
u∈V (U)

Tree�(Θu,Σu),
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to every tree decomposition S = λU(Σ∗), where we set Θu = f−1(Σu), for all factors
Σu ⊂ S. We then take the tensor product of the product of the above set-theoretic
assignments N (T,S)k →

∏
u∈V (U)N (Θu,Σu)k with the map µ∗ : N∗(∆

1)⊗k →⊗
u∈V (U) N∗(∆

1)⊗k induced by the coassociative coproduct of the cubical chain

complex N∗(∆
1)⊗k. We just need to fix an ordering on the set of vertices of our trees

since this coproduct is not associative. We easily check that the facet operators and
the Segal maps satisfy natural associativity relations and are compatible, in some
natural sense, with the composition operation of our enriched category structure.

In the symmetric context, we can also observe that the hom-objects Tree�(T,S)
inherits an action of the symmetric group such that

s∗ : Tree�(T,S)→ Tree�(sT, sS),

for every pair of reduced trees S,T ∈ T̃ree(r), r > 0, and for every permutation
s ∈ Σr, which are induced by the mappings Ti 7→ sTi at the level of the sets
N (T,S)k. These operators are compatible with the enriched category structure (so

that the mapping s∗ : T 7→ sT defines a functor on the enriched category Tree�)
and with the facet operators (but not with the Segal maps with values in the tensor
product, since we need to order the vertices of our trees when we form these maps).

We use that this enriched category in dg modules Tree� can be upgraded to a
category enriched over the category of E -coalgebras.

Proposition 2.5.3. Each object Tree�(T,S) inherits an E -coalgebra structure
from the cubical chain complexes N∗(∆

1)⊗k. The composition products define mor-

phisms of E -coalgebras ◦ : Tree�(T,U) ⊗ Tree�(U,S) → Tree�(T,S) (we switch
the conventional order of the factors of the composition to make the diagonal ac-
tion of the Barratt–Eccles operad compatible with these operations) as well as the

facet operators iΣ,S : Tree�(T,S) → Tree�(Θ,Σ), and the action of permutations

s∗ : Tree�(T,S)→ Tree�(sT, sS) in the symmetric setting.

The constructions of the previous paragraph accordingly give a category Tree�

enriched in E -coalgebras and equipped with facet operators (together with an action
of permutations), which are defined within the category of E -coalgebras and are
compatible with the composition structure of our objects.

Proof. For each k ≥ 2, we use that k[N (T,S)k] inherits a cocommutative coalge-
bra structure (given by the diagonal of the set N (T,S)k) in order to extend the
E -coalgebra structure of the cubical chain complex N∗(∆

1)⊗k to the tensor prod-
uct k[N (T,S)k] ⊗ N∗(∆

1)⊗k. We readily check that this E -coalgebra structure is
compatible with the action of the category � and therefore passes to our coend.
(Recall simply that the forgetful functor from a category of coalgebras to a base
category creates coends.)

We easily check that the composition operations of the category Tree� are also
compatible with the E -coalgebra structure termwise, as well the facet operators.
Then we just pass to the coend to get the conclusions of the proposition. �

We now consider the enriched category in cocommutative coalgebras such that

Tree(T,S) =

{
k, if we have a morphism T→ S,

0, otherwise,
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for any pair of reduced trees S,T ∈ T̃ree(r), r > 0 (with the same abuse of notation
as in the introduction of this subsection). We immediately see that this enriched
category inherits the same structures in the category of cocommutative coalgebras
(facet operators, action of permutations) as the enriched category in E -coalgebras

Tree�. We also have the following observation:

Proposition 2.5.4. (1) The hom-objects of the enriched category Tree� are
endowed with weak-equivalences

ε : Tree�(T,S)
∼−→ k,

which are yielded by the augmentation maps such that ε(1T→S) = 1 and
ε(σT→Tk→···→T0→S) = 0 in cubical dimension k > 0 when T→ Tk → · · · →
T0 → S is non degenerate.

(2) These weak-equivalences also define a morphism of enriched categories

ε : Tree� ∼−→ Tree,

which is compatible with the facet operators and with the action of per-
mutations whenever we consider this extra structure. (We then regard the
enriched category in cocommutative coalgebras Tree as a category enriched
in E -coalgebras by restriction of structure through the augmentation map of
the Barratt–Eccles operad.)

Proof. The morphism ε : Tree�(T,S)
∼−→ k has an obvious section η : k →

Tree�(T,S) given by η(1) = 1T→S. We construct a chain homotopy h : Tree�(T,S)⊗
N∗(∆

1)→ Tree�(T,S) between η ◦ ε = h(−⊗ 1) and id = h(−⊗ 0) to prove that ε
is a weak-equivalence.

We proceed as follows. For k ≥ 0, we consider the map

hk : N∗(∆
1)⊗k ⊗ N∗(∆

1)→ N∗(∆
1)⊗k

defined by the composite

N∗(∆
1)⊗k ⊗ N∗(∆

1)
id ⊗µ∗−−−−→ N∗(∆

1)⊗k ⊗ N∗(∆
1)⊗k

'−→ (N∗(∆
1)⊗ N∗(∆

1))⊗k
(∇max
∗ )⊗k−−−−−−→ N∗(∆

1)⊗k,

where µ∗ is the (k-fold) Alexander–Whitney diagonal and ∇max
∗ = N∗(max)◦EM is

the composite of the Eilenberg–MacLane map with the morphism induced by the
map of simplicial sets max : ∆1 × ∆1 → ∆1 such that max : (s, t) 7→ max(s, t).
(Thus, we consider a mirror of the connection ∇∗ = ∇min

∗ , which we use in the
definition of the codegeneracies of our cubical complex N∗(∆

1)⊗k.)
We claim that these maps preserve the action of the cofaces d0

i and of the code-
generacies sj on the cubical complex N∗(∆

1)⊗k. The preservation of the cofaces d0
i

follows from the formulas ∇max
∗ (1, 01) = 0 and ∇max

∗ (1, τ) = 1 for deg(τ) = 0. The
preservation of the codegeneracies sj is immediate in the cases j = 0 and j = k.
We use the properties of the Alexander–Whitney diagonal and of the Eilenberg–
MacLane map to reduce the verification of the preservation of the codegeneracies
sj such that j = 1, . . . , k− 1 to the case k = 2. We then deduce our claim from the
distribution relation

∇max
∗ (∇min

∗ (σ2 ⊗ σ1)⊗ τ) =
∑
(τ)

∇min
∗ (∇max

∗ (σ2 ⊗ τ ′)⊗∇max
∗ (σ1 ⊗ τ ′′)),



52 BENOIT FRESSE AND LORENZO GUERRA

valid for σ2, σ1, τ ∈ N∗(∆
1), and where we write µ∗(τ) =

∑
(τ) τ

′ ⊗ τ ′′ for the

Alexander–Whitney diagonal of the element τ ∈ N∗(∆
1). (This relation, which

reflects the classical min-max distribution relation, can easily be checked by hand.)
We deduce from these verifications that these maps hk, tensored with the identity

of the factor k[N (T,S)k], induce a well-defined map on our coend h : Tree�(T,S)⊗
N∗(∆

1)→ Tree�(T,S).
We also have hk(σ ⊗ 1) = 1⊗k and hk(σ ⊗ 0) = σ, for each k ≥ 0, and these

identities give the relations η ◦ ε = h(−⊗ 1) and id = h(−⊗ 0) at the coend level.
This verification completes the proof of the first assertion of the proposition, while
an immediate inspection gives the verification of the second assertion. �

This proposition has the following corollary, which we use in our verification that
the homotopy Kan construction returns Segal E∞-Hopf pre-cooperads that satisfy
the Segal condition.

Corollary 2.5.5. The Segal map of Construction 2.5.2 defines weak-equivalence
of dg modules

iλU(Σ∗)
: Tree�(T,S)→

⊗
u∈V (U)

Tree�(Θu,Σu),

for every tree decomposition S = λU(Σ∗), where we again set Θu = f−1(Σu), for
all factors Σu ⊂ S. �

We can reformulate the definition of the structure operators of homotopy Segal

E∞-Hopf shuffle pre-cooperads in terms of the category Tree�. We get the following
result, which follows from formal verifications.

Proposition 2.5.6. Let A be a connected homotopy Segal E∞-Hopf shuffle pre-
cooperad (either symmetric or shuffle). The objects A(T), T ∈ Tree(r), r > 0,

inherit an action of the enriched category Tree�, given by operators

ρ : A(S)⊗ Tree�(T,S)→ A(T),

defined in the category of dg modules, and which preserve the action of the facet
operators in some natural sense (as well as the action of permutations in the sym-
metric setting). The homotopy coproduct operators ρT→Tk→···→T1→S are identified
with the adjoint morphisms of the maps

A(S)⊗ [T→ Tk → · · · → T1 → S]⊗ N∗(∆
1)⊗k

→ A(S)⊗
∫ k+2∈�

k[N (T,S)k]⊗ N∗(∆
1)⊗k︸ ︷︷ ︸

Tree�(T,S)

→ A(T),

which we determine from this action. �

In the case where A is a strict Segal E∞-Hopf shuffle pre-cooperad, we may see

that the action of the enriched category Tree� defined in this proposition factors
through an action of the category enriched in cocommutative coalgebras Tree (which
satisfies the same properties). Thus we just retrieve the obvious functor structure
of the object A in this case.

We now tackle the definition of our homotopy Kan construction. We have to

dualize the structure operations attached to the category Tree�. For this purpose,
we use the following observation.
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Lemma 2.5.7. The dg hom-object Tree�(T,S) forms a free module of finite rank

over the ground ring k, for all trees T,S ∈ T̃ree(r), r > 0.

Proof. Each element of our coend has a unique representative as a (linear combi-
nation) of tensors of the form

[T
6=−→ Tk

6=−→ . . .
6=−→ T1

6=−→ S]⊗ σ ∈ k[N (T,S)k]⊗ N̊∗(∆
1)⊗k,

where N̊∗(∆
1) = k 0⊕k 01. Then we just use that the set of sequences of composable

morphisms of the form T
6=−→ Tk

6=−→ . . .
6=−→ T1

6=−→ S, k ≥ 0, is finite, because each

tree Ti is given by the contraction of a subset of inner edges e ∈ E̊(T), which are
in finite number. �

We can now define the two-sided cobar complex which underlies our homotopy
Kan construction Kc(A). We address this construction in the next paragraph.

Construction 2.5.8. We use the statement of the previous lemma to dualize the

structure operations associated to the enriched category Tree�.

For a pair of trees S,T ∈ Tree(r), r > 0, we let Tree�(T,S)] denote the dual E -

algebra of the E -coalgebra Tree�(T,S). The composition operations of the enriched

category Tree� induce a coproduct map

γ∗ : Tree�(T,S)] →
∏

T→U→S

Tree�(T,U)] ⊗ Tree�(U,S)],

which also forms a morphism of E -algebras, and we also have an augmentation map

η∗ : Tree�(T,S)] → k,

which we take as the identity in the case T = S, as the zero map in the case T 6= S.
The facet operators induce E -algebra morphisms

iΣ,S : Tree�(Θ,Σ)] → Tree�(T,S)],

which preserves the above coproduct and counit operations. Note that the cartesian
product in the definition of the operation γ∗ reduces to a direct sum, since every
morphism T→ S admits finitely many factorizations T→ U→ S. In the symmetric
setting, we also consider E -algebra morphisms

s∗ : Tree�(sT, sS)] → Tree�(T,S)]

given by the action of permutations s ∈ Σr.
For a homotopy Segal E∞-Hopf cooperad, the operations of Proposition 2.5.6

dualize to E -algebra morphisms

ρ∗ : A(S)→
∏

T→S

A(T)⊗ Tree�(T,S)],

which we can also identify with an end of the homotopy coproducts attached to
our object by the adjoint definition of these operations in our Proposition 2.5.6
(we again use a variant of the observations of the previous lemma to obtain that
the tensor product with A(T) distributes over this end). These morphisms are
coassociative and counital with respect to the coproduct and counit operations of

the objects Tree�(T,S)], commute with the action of the facet operators on our

homotopy Segal E∞-Hopf cooperad and on the objects Tree�(T,S)] (and commute
with the action of permutations in the symmetric setting).
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We then let F S(T) ∈ E Alg be a collection of E -algebras, defined for any fixed

tree S ∈ T̃ree(r), for all T ∈ T̃ree(r)/S, and equipped with coproduct operations

γ∗ : F S(T)→
∏

T→U→S

Tree�(T,U)] ⊗ F S(U),

defined in the category of E -algebras, and which are again coassociative and counital

with respect to the coproduct and counit operations of the objects Tree�(T,S)].
We assume that this collection defines a functor in the tree S when S varies and
that we have facet operators

iΣ,S : FΣ(Θ)→ F S(T),

associated to all subtrees Σ ⊂ S, with Θ = f−1(Σ) the pre-image of Σ under the
morphism f : T → S, which again satisfies natural functoriality relations and are
compatible with the coproduct operations. In the symmetric setting, we also as-
sume that we have an action of the permutations s∗ : F s S(sT) → F S(T), which is
compatible with the structure operations attached to our collection. In what fol-

lows, we will take F S(T) = Tree�(T,S)] and F S(T) = Tree(T,S)], the commutative
algebra of functions u : Tree(T,S) → k on the morphism sets of the tree category
Tree(T,S).

For each n ∈ N, we set

Kn(A,Tree�,F S)

=
∏

Tn→···→T0→S

A(Tn)⊗ Tree�(Tn,Tn−1)] ⊗ · · · ⊗ Tree�(T1,T0)] ⊗ F S(T0),

and we equip this object with the coface operators di : Kn−1(A,Tree�,F S) →
Kn(A,Tree�,F S) defined termwise by the maps such that

di =


id ⊗ id⊗n−1⊗γ∗, for i = 0,

id ⊗ id⊗n−i−1⊗γ∗ ⊗ id⊗i−1⊗ id , for i = 1, . . . , n− 1,

ρ∗ ⊗ id⊗n−1⊗ id , for i = n,

and with the codegeneracies sj : Kn+1(A,Tree�,F S) → Kn(A,Tree�,F S) defined
termwise by the maps

sj = id ⊗ id⊗n−j ⊗η∗ ⊗ id⊗j ⊗ id for j = 0, . . . , n.

We easily check that this definition returns a cosimplicial object in the category of
E -algebras. We also have facet operators

iΣ,S : K•(A,Tree�,FΣ)→ K•(A,Tree�,F S),

compatible with the cosimplicial structure, and defined by the termwise tensor
products of facet operators

iΘn,Tn ⊗ iΘn−1,Tn−1
⊗ · · · ⊗ iΘ0,T0

⊗ iΣ,S :

A(Θn)⊗ Tree�(Θn,Θn−1)] ⊗ · · · ⊗ Tree�(Θ1,Θ0)] ⊗ F S(Θ0)

→ A(Tn)⊗ Tree�(Tn,Tn−1)] ⊗ · · · ⊗ Tree�(T1,T0)] ⊗ F S(T0),

where Θi = (f0 · · · fi)−1(Σ), i = 0, . . . , n, denote the pre-image of the subtree Σ ⊂ S

under the tree morphisms Tn
fn−→ · · · f1−→ T0

f0−→ S.
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In the symmetric setting, we still consider an action of permutations

s∗ : K•(A,Tree�,F s S)→ K•(A,Tree�,F S),

defined again by an obvious termwise construction, and compatible with the facet
operators.

We record the outcome of the previous construction in the next proposition:

Proposition 2.5.9. The construction of the previous paragraph returns a collection
of cosimplicial E -algebras

K•(A,Tree�,F S) ∈ E Alg , S ∈ T̃ree(r), r > 0,

equipped with compatible facet operators iΣ,S : K•(A,Tree�,F S)→ K•(A,Tree�,F S),
which satisfies the usual functoriality relations. If the homotopy Segal E∞-Hopf
cooperad A is symmetric and F S(−) is endowed with a symmetric structure as well,

then we also have an action of permutations on our objects s∗ : K•(A,Tree�,F s S)→
K•(A,Tree�,F S) compatible with the symmetric structure and with the facet opera-
tors. �

In the case of a decomposition S = λU(Σu, u ∈ V (U)), we can assemble the
facet operators iσu,S : FΣu

(Θu)→ F S(T) associated to a bicollection of E -algebras
F S(T) ∈ E Alg as in Construction 2.5.8 into a Segal map

iλU(Σ∗)
:
∨

u∈V (U)

FΣu
(Θu)→ F S(T),

and we can define a Segal map similarly on our cosimplicial object K•(A,Tree�,F S)
We say that our bicollection F S(T) ∈ E Alg satisfies the Segal condition when the
above Segal map is a weak-equivalence. We have the following statement.

Proposition 2.5.10. If A is a homotopy Segal E∞-Hopf cooperad and hence sat-
isfies the Segal condition, and if the bicollection F S(T) ∈ E Alg satisfies the Segal
collection as well, then the Segal maps that we associate to our cosimplicial object

K•(A,Tree�,F S) define levelwise weak-equivalences of cosimplicial E -algebras

iλU(Σ∗)
:
∨

u∈V (U)

K•(A,Tree�,FΣu
)
∼−→ K•(A,Tree�,F S),

for all tree decomposition S = λU(Σu, u ∈ V (U)), so that K•(A,Tree�,F S) also
satisfies a form of our Segal condition levelwise.

Proof. The Segal maps of the proposition are given, on each term of the cosimplicial

object K•(A,Tree�,F S), by expressions of the form∨
u∈V (U)

(
A(Θu

n)⊗ · · · ⊗ Tree�(Θu
i ,Θ

u
i−1)] ⊗ · · · ⊗ F S(Θu

0 )

)
→ A(Tn)⊗ · · · ⊗ Tree�(Ti,Ti−1)] ⊗ · · · ⊗ F S(T0),

where Θu
i denote the pre-images of the subtree Σ ⊂ S under the tree morphisms

Ti → · · · → T0 → S and we take a tensor product of facet operators on each
factor. We compose this map with the Eilenberg–MacLane map to pass from the
coproduct

∨
u∈V (U) to a tensor product

⊗
u∈V (U) (as in Proposition 1.2.2). We have
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an obvious commutative diagram which enables to identify the obtained Segal map
with a tensor product of the form:( ⊗

u∈V (U)

A(Θu
n)

)
⊗ · · · ⊗

( ⊗
u∈V (U)

Tree�(Θu
i ,Θ

u
i−1)]

)
⊗ · · · ⊗

( ⊗
u∈V (U)

F S(Θu
0 )

)
→ A(Tn)⊗ · · · ⊗ Tree�(Ti,Ti−1)] ⊗ · · · ⊗ F S(T0),

where we take a factorwise tensor product of Segal maps associated to the objects

A(−), Tree�(−,−)] and F S(−). In the case of the objects Tree�(−,−)], we retrieve
the dual of the Segal maps considered in Corollary 2.5.5. These Segal maps are
weak-equivalences therefore, like the Segal maps associated to the objects A(−) and
F S(−) by assumption. The conclusion follows. �

We now focus on the cases F S(−) = Tree�(−,S)],Tree(−,S)]. The coproduct

operation on Tree�(−,−)], such as defined in Construction 2.5.8 gives a natural

transformation Tree�(−,S)] → Tree�(−,T)] ⊗ Tree�(T,S)], which passes to our
cosimplicial object, by functoriality of our construction, and yields a morphism of
cosimplicial E -algebras

ρ∗ : K•(A,Tree�,Tree�(−,S)])→ K•(A,Tree�,Tree�(−,T)])⊗ Tree�(T,S)],

for every pair of objects S,T ∈ T̃ree(r), r > 0. In the case F S(−) = Tree(−,S)], we
similarly get morphisms of cosimplicial E -algebras of the form

ρ∗ : K•(A,Tree�,Tree(−,S)])→ K•(A,Tree�,Tree(−,T)])⊗ Tree(T,S)].

Note that the map Tree�(−,−) → Tree(−,−) of Proposition 2.5.4 induces a nat-
ural transformation in the converse direction between these cosimplicial objects

K•(A,Tree�,F S) that we associate to F S(−) = Tree�(−,S)] and to F S(−) =

Tree(−,S)]. We then have the following result.

Proposition 2.5.11. (1) The above coproduct operations provide the collec-
tion of cosimplicial E -algebras

K•(A,Tree�,Tree�(−,S)]) ∈ c E Alg , S ∈ T̃ree(r), r > 0,

with the coproduct operators of a homotopy Segal E∞-Hopf pre-cooperad
structure. These coproduct operators are compatible with the facet opera-

tors and hence K•(A,Tree�,Tree�(−,S)]) forms a cosimplicial object in the
category of homotopy Segal E∞-Hopf cooperads (shuffle or symmetric when
A is so).

(2) In the case of the cosimplicial object K•(A,Tree�,Tree(−,S)]), we simi-
larly obtain a strict Segal E∞-Hopf pre-cooperad structure compatible with

the cosimplicial structure on K•(A,Tree�,Tree(−,S)]). Furthermore, the

natural transformations Tree(−,S)] → Tree�(−,S)] induce levelwise weak-
equivalences of cosimplicial E -algebras

K•(A,Tree�,Tree(−,S)])
∼−→ K•(A,Tree�,Tree�(−,S)]),

which preserve the homotopy Segal E∞-Hopf pre-cooperad structures, and
hence, which define a levelwise weak-equivalence of cosimplicial objects in
the category of homotopy Segal E∞-Hopf pre-cooperads.
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(3) Both objects K•(A,Tree�,Tree�(−,S)]) and K•(A,Tree�,Tree(−,S)]) also
satisfy the Segal condition levelwise, and hence define (homotopy) Segal
E∞-Hopf cooperads when A does so.

Proof. The first assertion is an immediate consequence of the functoriality proper-
ties of our construction. In the second assertion, we use that the natural transfor-

mation Tree�(−,S)] → Tree(−,S)] is dual to the augmentation map of Proposi-
tion 2.5.4, which is a weak-equivalence by the result of this proposition. The third
assertion follows from the result of Proposition 2.5.10 since Corollary 2.5.5 implies

that the bicollection F S(T) = Tree�(T,S)] satisfies the Segal condition and this is

also obviously the case of the bicollection F S(T) = Tree(T,S)]. �

We use a totalization functor to transform the cosimplicial (homotopy) Segal
E∞-Hopf cooperads of the previous proposition into ordinary (homotopy) Segal
E∞-Hopf cooperads in dg modules.

Construction 2.5.12. Let R• be a cosimplicial object of the category of E -
algebras. We set

N∗(R•) =

∫
n

Rn ⊗ N∗(∆n),

and we equip this object with the E -algebra structure induced by the diagonal E -
algebra structure on Rn⊗N∗(∆n) termwise. If we forget about E -algebra structures,
then we can identify this object with the conormalized complex of cosimplicial dg
modules (see for instance [7, §II.5.0.12 and §II.9.4.6]), and as such, this functor
carries the levelwise weak-equivalences of cosimplicial objects to weak-equivalences
in the category of dg modules.

For a cosimplicial connected (homotopy) E∞-Hopf pre-cooperad K•, the col-
lection N∗(K•(S)), which we obtain by applying this conormalized complex functor
termwise, also inherit the structure of a (homotopy) E∞-Hopf pre-cooperad (shuffle
or symmetric when K• is so) by functoriality of our conormalized complex construc-
tion.

We use the following lemma.

Lemma 2.5.13. Let R• and S• be cosimplicial E -algebras. The E -algebra mor-
phism N∗(R•) ∨ N∗(S•) → N∗(R• ∨ S•) induced by the canonical morphisms R• →
R• ∨ S• and S• → R• ∨ S• is a weak-equivalence.

Proof. We have a commutative diagram

N∗(R•) ∨ N∗(S•) // N∗(R• ∨ S•)

N∗(R•)⊗ N∗(S•)
AW

//

EM

OO

N∗(R• ⊗ S•)

N∗(EM)

OO
,

where the vertical maps are given by the natural transformations between the ten-
sor product and the coproduct in the category of E -algebras, such as defined in
Construction A.3, and the bottom horizontal map AW is the generalization of the
Alexander–Whitney diagonal for the conormalized cochain complex of cosimplicial
dg modules. In the case of cosimplicial dg algebras, this map AW is used to repre-
sent a product operation. The vertical maps EM also identifies tensor products with
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associative products in the coproduct of E -algebras by the definition of Construc-
tion A.3. The commutativity of the diagram readily follows from this interpretation
of our maps.

The vertical maps are weak-equivalences by Proposition A.4. The bottom hori-
zontal map is also a weak-equivalence (by the general theory of the Eilenberg–Zilber
equivalence). Therefore the map of the proposition, which represents the upper hor-
izontal map of our diagram, is also a weak-equivalence. �

This lemma has the following immediate consequence.

Proposition 2.5.14. If R• is a cosimplicial (homotopy) Segal E∞-Hopf pre-cooperad
that satisfies the Segal condition levelwise, then N∗(R•) satisfies the Segal condition
as well, and hence forms (homotopy) Segal E∞-Hopf cooperad in the category of dg
modules. �

Then we have the following statement.

Proposition 2.5.15. Let A be connected homotopy Segal E∞-Hopf cooperad (shuf-
fle or symmetric).

(1) The objects N∗(K•(A,Tree�,Tree�)) and N∗(K•(A,Tree�,Tree)), defined by
taking the totalization of the cosimplicial (homotopy) Segal E∞-Hopf coop-
erads of Proposition 2.5.11, respectively form a homotopy Segal E∞-Hopf
cooperad and a strict homotopy Segal E∞-Hopf cooperad in the category of
dg modules (which is shuffle or symmetric when A is so), and the level-
wise weak-equivalence of Proposition 2.5.11 induces a weak-equivalence of
homotopy Segal E∞-Hopf cooperads

N∗(K•(A,Tree�,Tree(−,S)]))
∼−→ N∗(K•(A,Tree�,Tree�(−,S)])),

when we pass to this totalization.
(2) Furthermore, we have a weak-equivalence of homotopy Segal E∞-Hopf co-

operad (shuffle or symmetric when A is so)

A(S)
∼−→ N∗(K•(A,Tree�,Tree�(−,S)])).

This weak-equivalence is natural in A.

Proof. The first assertion of the proposition immediately follows from the state-
ments of Proposition 2.5.11 and from the result of Proposition 2.5.14.

Thus, we focus on the proof of the second assertion. We define our natural
transformation first. We use that the coproduct map ρ∗ : A(S) → ∏

T→S A(T) ⊗
Tree�(T,S)] which we associate to our object in Construction 2.5.8 defines a coaug-

mentation over the cosimplicial object K•(A,Tree�,Tree�(−,S)]), or equivalently,
a morphism

η : A→ K•(A,Tree�,Tree�(−,S)])

where we regard A as a constant cosimplicial object (see [7, §II.5.4] for an account
of these concepts). We immediately see that this morphism is compatible with the
coproduct operators, with the facets (and with the action of permutations whenever
defined), and hence, defines a morphism of cosimplicial homotopy Segal E∞-Hopf
cooperads (shuffle or symmetric) which yields a morphism of homotopy Segal E∞-
Hopf cooperads in dg modules of the form of the proposition when we pass to
conormalized cochain complexes (we just use that we have N∗(A) = A in the case
of the constant cosimplicial object A).
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The weak-equivalence claim follows from the observation that, in the case FS(−) =

Tree�(−,S)], the cosimplicial object K•(A,Tree�,Tree�(−,S)]) is endowed with an
extra codegeneracy s−1, which is defined by extending the definition of Construc-
tion 2.5.8 to the case j = −1:

s−1 = id ⊗ id⊗n+1⊗η∗.
(We again refer to [7, §II.5.4] for a proof that the existence of this extra codegeneracy
forces the contractibility of the conormalized cochain complex in the cosimplicial
direction, and hence, forces the acyclicity of our map.) This observation finishes
the proof of the proposition. �

Proof of Theorem 2.5.1. We can now conclude the proof of Theorem 2.5.1. The re-
sults of the previous proposition returns a zigzag of weak-equivalences of homotopy
Segal E∞-Hopf cooperads (shuffle or symmetric)

A(S)
∼−→ N∗(K•(A,Tree�,Tree�(−,S)))

∼←− N∗(K•(A,Tree�,Tree(−,S)])),

from which the result follows since the Segal E∞-Hopf cooperad

Kc(A)(S) = N∗(K•(A,Tree�,Tree(−,S)]))

is strict by construction. �

Appendix A. The Barratt–Eccles operad and E∞-algebras

The purpose of this appendix is to prove the results on the category of algebras
over the Barratt–Eccles operad that we use throughout this article. In preliminary
paragraphs, we briefly review the definition of the chain Barratt–Eccles operad
and the definition of the associated category of E∞-algebras. We mostly follow the
conventions of [1] for the definition of this operad and we refer to this article for more
detailed explanations on this subject. We also briefly explain our conventions and
basic definitions on permutations. We devote the next paragraph to this subject.

In §0, we recall the definition of a cooperad without counit and we also forget
about counits in the definition of the notions of Segal cooperad that we consider
all along this paper. But in the Barratt–Eccles operad is more naturally defined
as a unital operad. Therefore we go back to the usual definition of an operad
with unit in this appendix. Similarly, as the Barratt–Eccles operad naturally forms
a symmetric operad, we consider composition products in the standard form ◦i :
E (k) ⊗ E (l) → E (k + l − 1) in this appendix, and not the general operations
◦ip : E ({i1 < · · · < ik}) ⊗ E ({j1 < · · · < jl}) → E ({1 < · · · < r}), since we can
deduce the latter from the former by the action of a shuffle permutation on the
Barratt–Eccles operad (see §0.2).

Recollections A.1 (Conventions on permutations and the associative operad).
We denote the symmetric group on r letters by Σr. We represent a permutation
s ∈ Σr by giving the sequence of its values

s = (s(1), . . . , s(r)).

We use that the collection of the symmetric groups Σr, r ∈ N, form an operad in
sets. The symmetric structure of this operad is given by the left translation action.
The operadic composition u ◦i v ∈ Σk+l−1 of permutations u ∈ Σk and v ∈ Σl is
obtained by inserting the sequence of values of the permutation v = (v(1), . . . , v(l))
at the position of the value i ∈ {1, . . . , k} in the permutation u = (u(1), . . . , u(k)),
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by performing the value shift v(y) 7→ v(y) + i− 1 on the terms of the permutation
v and the shift u(x) 7→ u(x) + l − 1 on the terms of the permutation u such that
u(x) > i. Thus, we have

(u(1), . . . , u(k)) ◦i (v(1), . . . , v(l)) = (u(1)′, . . . , v(1)′, . . . , v(l)′︸ ︷︷ ︸
u(t)

, . . . , u(k)′),

where t is the position of the value i in the sequence (u(1), . . . , u(k)), while v(y)′ and
u(x)′ denote the result of our shift operations so that we have v(y)′ = v(y) + i− 1,
for all terms v(y), we have u(x)′ = u(x) when u(x) < i and u(x)′ = u(x) + l − 1
when u(x) > i.

This operad in sets governs the category of associative monoids. In our construc-
tions, we also use a counterpart of this operad in our base category of modules. This
associative operad As is defined by taking the modules spanned by the sets of per-
mutations As(r) = k[Σr], for r ∈ N, with the induced structure operations. In
what follows, we generally identify a permutation s ∈ Σr with the associated basis
element in As(r). We also use the notation µ ∈ As(2) for the element of the asso-
ciative operad given by the identity permutation on 2 letters µ = id2 ∈ Σ2, which
governs the product operation when we pass to associative algebras. We trivially
have As(0) = k and we can identify the element given by the trivial permutation
∗ = id0 ∈ Σ0 with an arity zero operation which represents a unit for this product
structure.

Recollections A.2 (The Barratt–Eccles operad and E∞-algebra structures). The
chain Barratt–Eccles operad E is defined by the normalized chain complexes of the
homogeneous bar construction of the symmetric groups. Thus, we have:

E (r) = N∗(W (Σr)),

for each arity r ∈ N, where W (Σr) denotes the simplicial such that

W (Σr)n = Σr × · · · × Σr︸ ︷︷ ︸
n+1

,

for each dimension n together with the face and degeneracy operators such that

di(w0, . . . , wn) = (w0, . . . , ŵi, . . . , wn),

sj(w0, . . . , wn) = (w0, . . . , wj , wj , . . . , wn),

for any (w0, . . . , wn) ∈W (Σr)n.
For simplicity, we do not make any distinction between a simplex (w0, . . . , wn) ∈

W (Σr) and the class of this simplex in the normalized chain complex E (r) =
N∗(W (Σr)) in our notation. We just get (w0, . . . , wj , wj , . . . , wn) ≡ 0 for the de-
generate simplices when we pass to the normalized chain complex. The differential
of simplices in E (r) is given by the usual formula:

δ(w0, . . . , wn) =

n∑
i=0

(−1)i(w0, . . . , ŵi, . . . , wn).

The action of the symmetric group Σr on E (r) is induced by the left translation
action of permutations on these simplices. We explicitly have:

s · (w0, . . . , wn) = (sw0, . . . , swn),

for each permutation s ∈ Σr. The operadic composition operations ◦i : E (k) ⊗
E (l)→ E (k+l−1) are given by the composite of a termwise application of operadic
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composition operations on permutations with the Eilenberg–MacLane map when
we pass to normalized chains. For (u0, . . . , um) ∈ E (k) and (v0, . . . , vn) ∈ E (l), we
explicitly have:

(u0, . . . , um) ◦i (v0, . . . , vn) =
∑

(i∗,j∗)

±(ui0 ◦i vj0 , . . . , uim+n
◦i vjm+n

)

where the sum runs over the set of paths {(it, jt), t = 0, . . . ,m+ n} which start at
(i0, j0) = (0, 0) and end at (im+n, jm+n) = (m,n) in an m × n cartesian diagram,
the expression ± denotes a sign which we associate to any such path, and along
our paths, we take the operadic composites uit ◦i vjt ∈ Σk+l−1 of the permutations
uit ∈ Σk and vjt ∈ Σl. (The sign ± is determined by the shuffle of horizontal and
vertical moves which we use when we form our path.) For convenience, we may
also represent such a composite by a picture of the following form:

(u0, . . . , um) ◦i (v0, . . . , vn) =
∑
±


u0 ◦i v0 u1 ◦i v0 · · · um ◦i v0

u0 ◦i v1 u1 ◦i v1 · · · um ◦i v1

...
...

...

u0 ◦i vn u1 ◦i vn · · · um ◦i vn

 ,

where we take the sum of the simplices that we may form by running over all
paths contained in the diagram materialized in our figure. (To be fully explicit,
we take the paths which go from the upper-left corner to the lower-right corner of
the diagram by a shuffle of horizontal moves ux ◦i vy ux+1 ◦i vy and of vertical

moves ux ◦i vy ux ◦i vy+1 .)

Recall that the operad of permutations in sets is identified with the set-theoretic
associative operad (the operad which governs the category of associative monoids).
For the relation W (Σr)0 = Σr for any r ∈ N, we get an operad embedding As ⊂ E
which identifies the module-theoretic version of the associative operad As with the
degree zero component of the Barratt-Eccles operad E . In what follows, we still
use the notation µ ∈ E (2) for the degree 0 operation, represented by the identity
permutation µ = id2 ∈ Σ2, which governs the product operation of associative
algebra structures in the Barratt–Eccles operad. Note that we still have E (0) =
As(0) = k (we take the convention to consider operads with a term in arity zero
throughout this paragraph) and the generating element of this arity zero term
∗ ∈ E (0) also represents a unit operation when we pass to the category of algebras
over the Barratt–Eccles operad.

The Barratt–Eccles operad E is weakly-equivalent to the operad of commutative
algebras Com, and forms, as such, an instance of an E∞-operad. Recall that we
have Com(r) = k, for any r ∈ N. The weak-equivalence E

∼−→ Com is given by
the standard augmentation N∗(W (Σr)) → N∗(pt) = k on the normalized chain

complexes E (r) = N∗(W (Σr)), r ∈ N, and sits in a factorization As ↪→ E
∼−→ Com

of the usual morphism As → Com between the associative operad As and the
commutative operad Com.

We take the category of algebras over the Barratt–Eccles operad to get our model
the category of E∞-algebras. Recall that we have E (0) = k so that our E -algebras
are equipped with a unit, which is represented by the generating element of this
arity zero term of our operad ∗ ∈ E (0).
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By the main result of the article [1], the normalized cochain complex of a simpli-
cial set N∗(X) is endowed with the structure of an algebra over the Barratt–Eccles
operad. This E -algebra structure is functorial in X ∈ s Set , and extends the clas-
sical associative algebra structure of normalized cochains.

Construction A.3 (The diagonal and the action of the Barratt–Eccles operad
on tensor products). In our constructions, we use that the Alexander–Whitney
diagonal on the normalized chain complexes E (r) = N∗(W (Σr)), r ∈ N, induces a
morphism of dg operads ∆ : E → E ⊗E , where E ⊗E is given by the arity-wise
tensor product (E ⊗E )(r) = E (r)⊗ E (r), for any r ∈ N. This map is given by the
usual formula:

∆(w0, . . . , wn) =

n∑
k=0

(w0, . . . , wk)⊗ (wk, . . . , wn),

for any (w0, . . . , wn) ∈ E (r).
The existence of this diagonal implies that a tensor product of E -algebras A⊗B

inherits an E -algebra structure, since we can make an operation π ∈ E (r) act on
A⊗B through its diagonal ∆(π) ∈ E (r)⊗ E (r). We explicitly take:

π(a1 ⊗ b1, . . . , ar ⊗ br) =
∑
(π)

π′(a1, . . . , ar)⊗ π′′(b1, . . . , br),

for all a1⊗b1, . . . , ar⊗br ∈ A⊗B, where we use the expression ∆(π) =
∑

(π) π
′⊗π′′

for the expansion of the coproduct of the operation π ∈ E (r) in the Barratt–Eccles
operad.

In the paper, we also use that we have a morphism of E -algebras

AW : A ∨B → A⊗B,
for any pair of E -algebras A and B, where we adopt the notation ∨ for the coproduct
in the category of E -algebras. This morphism is induced by the inclusions A⊗∗ →
A ⊗ B ← ∗ ⊗ B on each factor of the coproduct A ∨ B, where we still use the
notation ∗ for the unit of the E -algebras A and B. (We will see in the proof of the
next proposition that we can identify this map with an instance of an Alexander–
Whitney diagonal. We therefore adopt the notation AW for this morphism.) We
have a morphism of dg modules which goes in the converse direction

EM : A⊗B → A ∨B,
and which is given by the formula EM(a⊗b) = µ(a, b), for each tensor a⊗b ∈ A⊗B,
where µ(a, b) denotes the product of the elements a ∈ A and b ∈ B in the E -
algebra A∨B. (We are going to see that we can identify this map with an instance
of an Eilenberg–MacLane map.) Note that neither AW nor EM are symmetric,
and actually, the tensor product A ⊗ B does not define a symmetric bifunctor
on the category of E -algebras since the Alexander–Whitney diagonal ∆ : E (r) →
E (r)⊗ E (r) fails to be cocommutative.

We have the following useful property.

Proposition A.4. The above morphisms AW : A∨B → A⊗B and EM : A⊗B →
A∨B satisfy AW EM = id and we have a natural chain homotopy H : A∨B → A∨B
such that δH+Hδ = EM AW− id. Hence, our morphisms induce homotopy inverse
weak-equivalences of dg modules

AW : A ∨B ∼−→ A⊗B and EM : A⊗B ∼−→ A ∨B,
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for all E -algebras A and B.

Proof. We consider the case of free E -algebras first A = E (X) and B = E (Y ). We
represent the elements of a free algebra such as A = E (X) by formal expressions of
the form a = u(x1, . . . , xr), where u ∈ E (r) and x1, . . . , xr ∈ X. We then have the
expressions:

A⊗B = E (X)⊗ E (Y ) =
⊕
p,q

E (p)⊗Σp X
⊗p ⊗ E (p)⊗Σq Y

⊗q,

A ∨B = E (X ⊕ Y ) =
⊕
p,q

E (p+ q)⊗Σp×Σq X
⊗p ⊗ Y ⊗q.

We use that the operadic composite id2(u, v) of permutations u ∈ Σp and v ∈
Σq is identified with the result of a direct sum operation such that u ⊕ v =
(u(1), . . . , u(p), p + v(1), . . . , p + v(q)). Recall that µ = id2 represents the as-
sociative product when we pass to the Barratt–Eccles operad E . For a tensor
a ⊗ b = u(x1, . . . , xp) ⊗ v(y1, . . . , yq) such that u = (u0, . . . , um) ∈ E (p) and
v = (v0, . . . , vn) ∈ E (q), we have µ(a, b) = µ(u, v)(x1, . . . , xp, y1, . . . , yq), where
we take the composite µ(u, v) in the Barratt–Eccles operad. By definition of this
composite in terms of shuffles of termwise composites µ(ui, vj) = ui⊕ vj (we apply
the Eilenberg–MacLane map), we obtain an expression of the following form:

EM(u(x1, . . . , xp)⊗ v(y1, . . . , yq))

=
∑


u0 ⊕ v0 u1 ⊕ v0 · · · um ⊕ v0

u0 ⊕ v1 u1 ⊕ v1 · · · um ⊕ v1

...
...

...

u0 ⊕ vn u1 ⊕ vn · · · um ⊕ vn


︸ ︷︷ ︸

∈E(p+q)

(x1, . . . , xp, y1, . . . , yq),

where the sum runs over all paths that we may form in the diagram of our figure
(as in our representation of the composition of the Barratt–Eccles operad in §A.2).
We use this representation to identify our morphism EM : A⊗B → A∨B with an
instance of an Eilenberg–MacLane map.

The morphism AW : A ∨ B → A ⊗ B, on the other hand, carries any free al-
gebra element c = w(x1, . . . , xp, y1, . . . , yq) such that w = (w0, . . . , wn) ∈ E (p + q)
to the image of the elements x1 ⊗ ∗, . . . , xp ⊗ ∗, ∗ ⊗ y1, . . . , ∗ ⊗ yq ∈ E (X) ⊗
E (Y ) under the action of the operation w on E (X) ⊗ E (Y ), and hence to the
tensor such that AW(w(x1, . . . , xp, y1, . . . , yq)) =

∑
(w) w

′(x1, . . . , xp, ∗, . . . , ∗) ⊗
w′′(∗, . . . , ∗, y1, . . . , yq), where we use the notation ∆(w) =

∑
(w) w

′ ⊗ w′′ for the

expansion of the coproduct of the simplex w in the Barratt–Eccles operad. Thus,
if we assume w = (w0, . . . , wn), then we have

∑
(w) w

′⊗w′′ =
∑n
k=0(w0, . . . , wk)⊗

(wk, . . . , wn). From this analysis, we deduce that our morphism AW is given by
the following Alexander–Whitney type formula:

AW(w(x1, . . . , xp, y1, . . . , yq))

=

n∑
k=0

(w0|I , . . . , wk|I)(x1, . . . , xp)⊗ (wk|J , . . . , wn|J)(y1, . . . , yq),
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where we set I = {1, . . . , p} and J = {1, . . . , q} for short and |I , |J denote the
obvious restriction operations on permutations which we apply to our simplices
termwise. (In this construction, we also use the canonical bijection {p+ 1, . . . , p+
q} ' {1, . . . , q} to identify the permutations of the set {p + 1, . . . , p + q} with
permutations of the set {1, . . . , q}.)

For short, we may adopt the notation x∗ and y∗ for the words of variables
x∗ = x1, . . . , xp and y∗ = y1, . . . , yq that occur in our expression of free algebra
elements. The chain homotopy H can be given by a formula of the following form:

H(w(x∗, y∗)) =
∑

(w0, . . . , wk)

?


wk|I⊕wl|J wk+1|I⊕wl|J · · · wl|I⊕wl|J

wk|I⊕wl+1|J wk+1|I⊕wl+1|J · · · wl|I⊕wl+1|J

...
...

...

wk|I⊕wn|J wk+1|I⊕wn|J · · · wl|I⊕wn|J

 (x∗, y∗),

where ? denotes a “join” operation (given by the obvious concatenation operation
in W (Σ∗)), and the sum runs over the indices 0 ≤ k ≤ l ≤ n, together with
the set of paths {(it, jt), t = k, . . . , n} which start at (ik, jk) = (k, l) and end at
(in, jn) = (l, n) in the l − k × n− l-diagram represented in our figure.

The relation AW EM = id is an instance of the general inversion relation between
the Alexander–Whitney diagonal and the Eilenberg–MacLane map. In our context,
we can also deduce this relation from the observation that the element a⊗b ∈ A⊗B
in a tensor product of E -algebras A and B represents the product of the tensors
a⊗ ∗, ∗ ⊗ b ∈ A⊗B, so that we have the identity a⊗ b = µ(a⊗ ∗, ∗ ⊗ b) in A⊗B.

The proof of the chain homotopy relation δH+Hδ = AW EM− id is straightfor-
ward: the composite AW EM corresponds to the 0-face of the terms with k = 0 in
the expression of H while the identity map corresponds to the n-face of the terms
with k = l = n, and the other faces cancel out when we form the anti-commutator
δ(H) = δH +Hδ.

The morphisms AW and EM, which are defined for all E -algebras A and B, are
obviously functorial. We check that our chain homotopy H is also functorial with
respect to the action of the morphisms of free E -algebras φ : E (X) → E (X) and
ψ : E (Y )→ E (Y ) on the coproduct E (X)∨ E (Y ) = E (X ⊕ Y ). Thus, we establish
that we have the following relation:

H((φ ∨ ψ)(w(x∗, y∗))) = (φ ∨ ψ)(H(w(x∗, y∗))),

for all c = w(x∗, y∗) ∈ E (X ⊕ Y ).
We use that φ = φf : E (X) → E (X) and ψ = ψg : E (Y ) → E (Y ) are induced

by morphisms of dg modules f : X → E (X) and g : Y → E (Y ). We use the
short notation f(xi) =

∑
si(x′i) and g(yj) =

∑
tj(y′

j
) for the expansion of these

free algebra elements f(xi) ∈ E (X) and g(yj) ∈ E (Y ), which we associate to the
factors of a tensor c = w(x1, . . . , xp, y1, . . . , yq). We also write si = (si0, . . . , s

i
di

) and

tj = (tj0, . . . , t
j
ej ), where di and ej are dimension variables. We have the formula:

(φ ∨ ψ)(w(x∗, y∗)) = w(f(x∗), g(y∗)) =
∑

w(s∗, t∗)(x′∗, y
′
∗), (∗)
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where we form the composite w(s∗, t∗) = w(s1, . . . , sp, t1, . . . , tq) inside the Barratt–
Eccles operad. (In this formula, we also use the notation s∗ and t∗ for the words
of simplices s∗ = s1, . . . , sp and t∗ = t1, . . . , tq, as well as the notation x′∗ and
y′∗ for the composite words x′∗ = x′1, . . . , x

′
p and y′∗ = y′

1
, . . . , y′

q
.) We then use

a multidimensional generalization of the picture of §A.2 for the definition of the
operadic composition in the Barratt–Eccles operad. We are going to use that the
shuffles of horizontal and vertical moves, which we carry out in this definition of
operadic composites, satisfy natural associativity and commutativity relations when
we perform a multidimensional application of this operation.

We analyze the expression of the composite (φ∨ψ)(H(w(x∗, y∗))) first. We then
apply the composition operation w′ 7→ w′(s∗, t∗) to the simplices that occur in the
expression of the chain homotopy H(w(x∗, y∗)). We decompose the result of this
operation as a join of simplices, using the join decomposition of the simplices that
occur in the definition of our chain homotopy. We identify the first factor of our
join with a chain of composite permutations wx(s∗α∗ , t

∗
β∗

), where wx runs over the

vertices of the simplex (w0, . . . , wk), which represent the first factor of our join in
the expression of H(w(x∗, y∗)). We take all shuffles of wx-directional moves in the

chain (w0, . . . , wk) with siαi-directional and tjβj -directional moves in subchains of

the simplices si and tj of the form si′ = (si0, . . . , s
i
d′i

) and tj ′ = (tj0, . . . , t
j
e′j

), where

d′i ≤ di and e′j ≤ ej . We identify the second factor of our join with a chain of
composite permutations of the form wx|I(s∗α∗)⊕wy|J(t∗β∗), where wx|I ⊕wy|J runs

over the vertices of the second join factor in the expression of H(w(x∗, y∗)), starting
at wk|I ⊕ wl|J and ending at wl|I ⊕ wn|J . When we pass from the previous join
factor to this second join factor in our computation of (φ ∨ ψ)(H(w(x∗, y∗))), we

carry out a move of the form wk wk|I ⊕ wl|J , and hence, our move has to be

constant in the siαi directions and in the tjβj directions. This observation implies

that we start this simplex at the end point of the chains si′ = (si0, . . . , s
i
d′i

) in

the siαi directions and at the end point of the chains tj ′ = (tj0, . . . , t
j
e′j

) in the tjβj
directions. Thus, to form the chains of composite permutations of our second join
factor, we shuffle wx|I -directional and wy|J -directional moves in the 2-dimensional
diagram (wk|I , . . . , wl|I)×(wl|J , . . . , wn|J) with siαi-directional moves in the chains

si′′ = (sid′i
, . . . , sidi) and tjβj -directional moves in the chains tj ′′ = (tje′j

, . . . , tjej ).

We now analyze the expression of the composite H((φ ∨ ψ)(w(x∗, y∗))), which
we obtain by applying our chain homotopy H to the element (φ ∨ ψ)(w(x∗, y∗)) =∑
w(s∗, t∗)(x′∗, y

′
∗). The simplices of the composite w(s∗, t∗) consist of chains of

composite permutations wx(s∗α∗ , t
∗
β∗

), which we obtain after shuffling wx-directional

moves in the chain w = (w0, . . . , wn) with siαi -directional moves in the chains

si′′ = (si0, . . . , s
i
di

) and tjβj -directional moves in the chains tj ′′ = (tj0, . . . , t
j
ej ).

To form our chain homotopy, we cut this chain at two positions wk(s∗d′∗ , t
∗
e′∗

) =

wk(s1
d′1
, . . . , spd′p

, t1e′1
, . . . , tqe′q ) and wl(s

∗
d′′∗
, t∗e′′∗ ) = wl(s

1
d′′1
, . . . , spd′′p

, t1e′′1
, . . . , tqe′′q ) with

0 ≤ k ≤ l ≤ n and 0 ≤ d′i ≤ d′′i ≤ di, 0 ≤ e′j ≤ e′′j ≤ ej . We take the sub-
chain of permutations running from w0(s∗0, t

∗
0) up to wk(s∗d′∗ , t

∗
e′∗

) to get the first

join factor of our chain homotopy. We exactly retrieve the same chains as in our
decomposition of (φ ∨ ψ)(H(w(x, y))).
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We then form the restrictions wx(s∗α∗ , t
∗
β∗

)|I′ = wx|I(s∗α∗) and wy(s∗α∗ , t
∗
β∗

)|J′ =

wy|J(t∗β∗) where I ′ denotes the terms of the composite permutations wx(s∗α∗ , t
∗
β∗

)

that correspond to the positions of the variables x′∗, whereas J ′ denotes the terms
of the composite permutations wy(s∗α∗ , t

∗
β∗

) that correspond to the positions of

the variables y′∗. We take a chain of direct sums wx(s∗α∗ , t
∗
β∗

)|I′ ⊕ wy(s∗α∗ , t
∗
β∗

)|J′
such that wx(s∗α∗ , t

∗
β∗

) runs from wk(s∗d′∗ , t
∗
e′∗

) up to wl(s
∗
d′′∗
, t∗e′′∗ ), while wy(s∗α∗ , t

∗
β∗

)

runs from wl(s
∗
d′′∗
, t∗e′′∗ ) up to wl(s

∗
d∗
, t∗e∗). (We then take a shuffle of wx(s∗α∗ , t

∗
β∗

)-

directional moves and of wy(s∗α∗ , t
∗
β∗

)-direction moves.) We easily see that this

operation produce a degeneracy in the case where we have e′j < e′′j for some j, be-

cause in this case the subchain of permutations wx(s∗α∗ , t
∗
β∗

) contains a tjβj -direction

move, which produce a degeneracy when we pass to the restriction wx(s∗α∗ , t
∗
β∗

)|I′ =

wx|I(s∗α∗). We similarly see that our operation produce a degeneracy in the case
where we have d′′i < di for some i. We therefore have to assume d′′i = di for all i
and e′j = ej for all j in order to avoid possible degeneracies, and in these cases, we
exactly retrieve the same chains as in our expression of the second join factor in
our decomposition of (φ ∨ ψ)(H(w(x∗, y∗))).

We conclude from this analysis that the expansions of H((φ∨ψ)(w(x∗, y∗))) and
(φ ∨ ψ)(H(w(x∗, y∗))) consist of the same joins of simplices, and therefore these
composites agree, as expected.

To finish the proof of our proposition, we use that every object of the category
of E -algebras has a presentation in terms of a natural reflexive coequalizer of free
E -algebras. If we have a pair of objects A and B, then we can form a commutative
diagram:

E (X1)⊗ E (Y1)
EM
//

����

E (X1) ∨ E (Y1)
AWoo

����

H
__

E (X0)⊗ E (Y0)
EM
//

YY

��

E (X0) ∨ E (Y0)
AWoo

YY

��

H
__

A⊗B
EM

// A ∨BAWoo H__

where we take the presentations of A and B by reflexive coequalizers in the ver-
tical direction and our deformation retract diagram of Alexander–Whitney and
Eilenberg–MacLane maps in the horizontal direction. We use this diagram to check
that our chain homotopy H passes to the quotient and induces a chain homotopy
such that δH +Hδ = EM AW− id on A ∨B, as indicated in our figure. �

Construction A.5 (The action of the Barratt–Eccles operad on the interval, on
cubical cochains and the definition of connections). We already recalled that the
normalized cochain complex of a simplicial set N∗(X) inherits an the structure of an
algebra over the Barratt–Eccles operad. We refer to [1] for the precise definition.
We consider the cochain algebra of the 1-simplex X = ∆1 in our definition of
homotopy Segal E∞-cooperads together with the cubical cochain algebras

Im = N∗(∆1)⊗ · · · ⊗ N∗(∆1)︸ ︷︷ ︸
m
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which we provide with an E -algebra structure, using the action of the Barratt–
Eccles operad on each cochain complex factor N∗(∆1), and the diagonal operation
of Construction A.3.

We study structures attached to the cochain algebra I = N∗(∆1) in this para-
graph. We also consider the normalized chain complex N∗(∆

1), dual to N∗(∆1). We
have

N∗(∆
1) = k 0⊕ k 1⊕ k 01,

where 01 denotes the class of the fundamental simplex of ∆1 in the normalized
chain complex, whereas 0 and 1 denote the class of the vertices of 01. We can
identify k 0 ⊂ N∗(∆

1) with the image of the map N∗(d
1) : N∗(∆

0)→ N∗(∆
1) induced

by the 1-coface d1 : ∆0 → ∆1, while k 1 ⊂ N∗(∆
1) is identified with the image of

the map d0 : N∗(∆
0) → N∗(∆

1) induced by the 0-coface d0 : ∆0 → ∆1. We have
δ(01) = 1− 0. We then have

N∗(∆1) = k 0] ⊕ k 1] ⊕ k 01],

where we take the basis (0], 1], 01]) dual to (0, 1, 01).
We now explain the definition of a connection ∇∗ : N∗(∆1)⊗ N∗(∆1)→ N∗(∆1),

which we use in the construction of degeneracy operators in our definition of homo-
topy Segal E∞-cooperads. We then consider the simplicial map min : ∆1×∆1 → ∆1

defined by the mapping (s, t) 7→ min(s, t) on topological realizations, or equiva-
lently, by the following representation:

∆1

0× 0 1× 0

0× 1 1× 1

∆1

,

where we take the projection onto the diagonal simplex along the lines depicted
in the figure. We take the composite ∇∗ = N∗(min) ◦ EM of the induced map on
normalized chain complexes N∗(min) : N∗(∆

1 ×∆1)→ N∗(∆
1) with the Eilenberg–

MacLane map EM : N∗(∆
1)⊗N∗(∆1)→ N∗(∆

1×∆1). We get the following formulas:

∇∗(0⊗ 0) = ∇∗(1⊗ 0) = ∇∗(0⊗ 1) = 0,

∇∗(1⊗ 1) = 1,

∇∗(1⊗ 01) = ∇∗(01⊗ 1) = 01,

∇∗(0⊗ 01) = ∇∗(01⊗ 0) = 0,

∇∗(01⊗ 01) = 0.

We define our connection on normalized cochains ∇∗ as the dual map of this mor-
phism ∇∗. We accordingly take:

∇∗ = EM ◦ N∗(min) : N∗(∆1)→ N∗(∆1)⊗ N∗(∆1),
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and we can determine this morphism by the following formulas on our basis ele-
ments:

∇∗(0]) = 0] ⊗ 0] + 1] ⊗ 0] + 0] ⊗ 1],

∇∗(1]) = 1] ⊗ 1],

∇∗(01]) = 01] ⊗ 1] + 1] ⊗ 01].

We crucially need the observation of the next proposition in our constructions.

Proposition A.6. The map ∇∗ = EM ◦ N∗(min) : N∗(∆1) → N∗(∆1) ⊗ N∗(∆1)
defined in the above paragraph is a morphism of E -algebras, where we use that the
Barratt-Eccles operad E acts on the tensor product N∗(∆1) ⊗ N∗(∆1) through the
operadic diagonal ∆ : E → E ⊗E and its action on each factor N∗(∆1).

Proof. We go back to the definition of the E -algebra structure of normalized cochain
complexes of simplicial sets in terms of a dual E -coalgebra structure on normalized
chain complexes. We prove that the morphism ∇∗ : N∗(∆

1) ⊗ N∗(∆
1) → N∗(∆

1),
dual to the morphism of our claim, is a morphism of E -coalgebras. We may note
that the Eilenberg–MacLane map EM : N∗(X) ⊗ N∗(Y ) → N∗(X × Y ) does not
preserve E -coalgebra structures in general. Nevertheless, such a statement holds
when on factor is a one-point set, X = ∗ or Y = ∗, because in this case, we
have N∗(X) ' N∗(X) ⊗ k ' N∗(X × ∗) or N∗(Y ) ' k⊗ N∗(Y ) ' N∗(∗ × Y ), and
the Eilenberg–MacLane map reduces to the identity morphism on the functor of
normalized chains. We readily deduce from this observation that our morphism
∇∗ : N∗(∆

1)⊗N∗(∆1)→ N∗(∆
1) preserves E -coalgebra structure on the subcomplex

generated by the tensors σ⊗τ ∈ N∗(∆
1)⊗N∗(∆

1) such that σ ∈ {0, 1} or τ ∈ {0, 1}
since such tensors lie in the image of the coface maps di ⊗ id : N∗(∆0)⊗ N∗(∆

1)→
N∗(∆

1)⊗ N∗(∆
1) and id ⊗di : N∗(∆1)⊗ N∗(∆

1)→ N∗(∆
0)⊗ N∗(∆

1), with i = 0, 1.
We use the notation π∗ : N∗(∆

1)→ N∗(∆
1)⊗r for the operation that we associate

to an element of the Barratt–Eccles operad π ∈ E (r) in the definition of the E -
coalgebra structure on N∗(∆

1). In general, for a tensor σ ⊗ τ ∈ N∗(∆
1)→ N∗(∆

1),
we have the formula:

π∗(σ ⊗ τ) =
∑
(π)

sh(π′∗(σ)⊗ π′′∗ (τ)),

where ∆(π) =
∑

(π) π
′ ⊗ π′′ denotes the coproduct of the operation π, while sh :

N∗(∆
1)⊗r ⊗ N∗(∆

1)⊗r → (N∗(∆1)⊗ N∗(∆1))⊗r is the tensor permutation such that
sh(a1 ⊗ · · · ⊗ ar ⊗ b1 ⊗ · · · ⊗ br) = (a1 ⊗ b1)⊗ · · · ⊗ (ar ⊗ br). Thus the statement
of our claim is equivalent to the following relation:

π∗(∇∗(σ ⊗ τ)) =
∑
(π)

∇⊗r∗ sh(π′∗(σ)⊗ π′′∗ (τ)), (∗)

for π ∈ E (r), and for any σ ⊗ τ ∈ N∗(∆
1)⊗ N∗(∆

1).
We can use the argument of the previous paragraph to establish the validity of

this relation in the case where σ or τ is a vertex 0, 1 ∈ N∗(∆
1). We therefore focus

on the case σ ⊗ τ = 01 ⊗ 01. We then have ∇∗(01 ⊗ 01) = 0, so that the above
equation (∗) reduces to the following vanishing relation:∑

(π)

∇⊗r∗ sh(π′∗(01)⊗ π′′∗ (01)) = 0. (∗′)
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We devote the rest of this proof to the verification of this relation.
The definition of the action of the Barratt–Eccles operad on chains. To carry

out our verification, we have to go back to the explicit expression of the operation
$∗ : N∗(∆

1) → N∗(∆
1)⊗r associated to an element of the Barratt–Eccles operad

$ ∈ E (r) in terms of interval cuts associated to a table reduction of the simplices
of the permutations (s0, . . . , sl) that occur in the expansion of $. We briefly recall
this construction in the general case of a q-dimensional simplex ∆q. We refer to [1]
for details.

The table reduction is a sum of surjective maps s : {1, . . . , r + l} → {1, . . . , r},
which we determine by sequences of values s = (s(1), . . . , s(r+l)), which we arrange
on a table, as in the following picture:

s =

∣∣∣∣∣∣∣∣∣∣∣

s(1), . . . , s(e0 − 1), s(e0)
s(e0 + 1), . . . , s(e1 − 1), s(e1)
...
s(el−2 + 1), . . . , s(el−1 − 1), s(el−1)
s(el−1 + 1), . . . , s(r + l)

.

The caesuras s(e0), . . . , s(el−1), which terminate the rows of the table, are the terms
y = s(x) of the sequence s = (s(1), . . . , s(r+l)) that do not form the last occurrence
of a value y ∈ {1, . . . , r}. Thus, the complement of the caesuras, which consists of
the inner terms of the rows s(ei−1 + 1), . . . , s(ei − 1), i = 0, . . . , l − 1, and of the
terms of the last rows s(el−1 + 1), . . . , s(r+ l), consists of the terms of the sequence
s = (s(1), . . . , s(r + l)) which are not repeated after their position.

The table reduction of a simplex of permutations $ = (s0, . . . , sl) is a sum of
table arrangements of surjections of the following form:

TR(s0, . . . , sl) =
∑

∣∣∣∣∣∣∣∣∣∣∣

s0(1), . . . , s0(r0 − 1), s0(r0)
s1(1)′, . . . , s1(r1 − 1)′, s1(r1)′

...
sl−1(1)′, . . . , sl−1(rl−1 − 1)′, sl−1(rl−1)′

sl(1)′, . . . , sl(rl)
′

,

and which we obtain by browsing the terms of our permutations si, i = 0, . . . , l.
For i = 0, we retain all terms of our permutation s0(1), . . . , s0(x), . . . up to the
choice of a caesura s0(r0), where we decide to stop this enumeration. For i > 0,
in the enumeration of the terms of the permutation si we only retain the values
si(1)′, . . . , si(x)′, . . . that do not occur before the caesura on the previous rows of
our table. For i < l, we again stop this enumeration at the choice of a caesura
si(ri). For i = l, we run this process up to the last term of the permutation sl. We
sum over all possible choices of caesuras.

For 0 ≤ υ0 ≤ · · · ≤ υp ≤ q, we generally denote by υ0 . . . υp ∈ ∆q the p-simplex

defined by taking the image of the fundamental simplex of the q-simplex ∆q under
the simplicial operator u∗ : ∆q

q → ∆q
p associated to the map u : {0 < · · · < p} →

{0 < · · · < q} such that u(x) = υx, x = 0, . . . , p. The notation 0 · · · q, for instance,
represents the fundamental simplex of ∆q.

Each surjection s = (s(1), . . . , s(l + r)) in the table reduction of an element of
the Barratt–Eccles operad $ = (s0, . . . , sl) is used to assign a sum of tensors

s∗(0 · · · q) =
∑
α

±σα(1) ⊗ · · · ⊗ σα(r) ∈ N∗(∆
q)⊗r,
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to the fundamental simplex 0 · · · q ∈ ∆q
q. We proceed as follows. We fix a sequence

of indices 0 = ρ0 ≤ · · · ≤ ρx ≤ · · · ≤ ρr+l = q, which we associate to an interval
decomposition of the indexing sequence of the fundamental simplex:

0 · · · q = ρ0 · · · ρ1|ρ1 · · · ρ2| · · · · · · |ρr+l−1 · · · ρr+l.
For x = 1, . . . , r+ l, we label the interval ρx−1 · · · ρx with the value of the term s(x)

of our surjection s = (s(1), . . . , s(r + l)) in {1, . . . , r}, as in the following picture:

ρ0

s(1)· · ·ρ1|ρ1

s(2)· · ·ρ2| · · · · · · |ρx−1

s(x)· · ·ρx| · · · · · · |ρr+l−1

s(r+l)· · · ρr+l.
Then, for i ∈ {1, . . . , r}, we concatenate the intervals ρx−1 · · · ρx labelled by the

value s(x) = i in order to form the factor σα(i) of our tensor s∗(0 · · · q) ∈ N∗(∆
q)⊗r.

We sum over all possible choices of indices 0 = ρ0 ≤ · · · ≤ ρx ≤ · · · ≤ ρr+l = q.
The image of the simplex 0 · · · q ∈ N∗(∆

q) under the operation $ : N∗(∆
q) →

N∗(∆
q)⊗r associated to an element of the Barratt-Eccles operad $ ∈ E (r) is given

by the sum of the tensors s∗(0 · · · q) ∈ N∗(∆
q)⊗r, where s runs over surjections that

occur in the table reduction of $.
In general, we can determine the action of the operation $∗ : N∗(X)→ N∗(X)⊗r

on an element σ ∈ N∗(X) in the normalized chains of a simplicial set by using that σ
is represented by a simplex σ ∈ Xq such that σ = σ̂(0 · · · q) for some simplicial map

σ̂ : ∆q → X. Indeed, by functoriality of the operation $∗ : N∗(X) → N∗(X)⊗r,
we have the identity $∗(σ) = N∗(σ̂)⊗r($∗(0 · · · q)) in N∗(X)⊗r. But we do not
use really this correspondence in the follow-up, because we are going to focus on
the computation of the tensors $∗(σ) ∈ N∗(X)⊗r for the fundamental simplex of
the 1-simplex 01 ∈ ∆1. We study the terms that may remain in the expansion of
$∗(01) ∈ N∗(∆

1)⊗r after the reduction of the factors σα(i) ∈ N∗(∆
1) associated to

degenerate simplices in ∆1.
The reduction of degenerate simplices for the action of the Barratt–Eccles operad

on the 1-simplex 01 ∈ N∗(∆
1). In general, in order to get non-degenerate simplices

σα(i) in the above definition of the tensors s∗(0 · · · q) ∈ N∗(∆
q)⊗r, we have to assume

that we have a strict inequality ρx < ρy−1 +1 for each pair x < y such that s(x) and
s(y) represent consecutive occurrences of a value s(x) = s(y) = i in our surjection
s(1), . . . , s(r + l).

In the case q = 1, we must have 0 = ρ0 = · · · = ρt−1 < ρt = · · · = ρp = 1,
for some index choice t. Then we associate an interval 01 to the term s(t) of our
surjection s, an interval of length one 0 to the terms s(x) such that x < t, and an
interval of length one 1 to the terms s(x) such that x > t. In this context, the
only possibility to get a tensor product of non degenerate simplices is to assume
that s(t) lies the last row of our table. Indeed, we can observe that no caesura
s(ei) should be associated to an interval 1 or 01, because in the case where such an
interval 1 or 01 is labelled by the value of a caesura s(ei), the next occurrence of
this value should be associated to the interval 1, producing a degeneracy · · · 11 · · ·
when we perform the concatenation operation. Now, if we assume that all caesuras
s(ei) are associated to the interval 0, then the term s(t) associated to the interval
01 necessarily occurs after the last caesura, and hence, necessarily lies on the last
row of our table.

In the case of the table reduction of a simplex of permutations $ = (s0, . . . , sl),
we get that the interval 01 is associated to a term sl(t

′) = sl(t)
′ which we retain in

the sequence of values of the permutation sl on the last row of our table reduction.
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The interval of length one 1 can only be labelled by the value of terms sl(x)′ that
occur after sl(t)

′ on the last row of our table. The values of the terms sl(x) such
that x < t′ in the permutation sl(x) can not occur at such positions. Therefore, the
occurrences of these values in our table reduction can only be decorated by intervals
of length one 0, and produce either a vertex σα(i) = 0 or a degenerate element when

we perform our concatenation operation.
This analysis implies that the tensors σα(1) ⊗ · · · ⊗ σα(r), which occur in the ex-

pansion of a coproduct $∗(01) ∈ N∗(∆1)⊗r, $ = (s0, . . . , sl), satisfy the following
repartition constraint (when no degeneracy occurs):

σα(i) =

{
0, for i = sl(1), . . . , sl(t

′ − 1),

01, for i = sl(t
′),

where sl(t
′) = sl(t)

′ is the term of the permutation sl(1), . . . , sl(r) that we associate
to the interval 01 in our interval decomposition process. Note also that (in non
degeneracy cases) we necessarily have:

σα(i) = 01, for the values of the caesuras i = s∗(e∗)
′

in our table reduction of the simplex $ = (s0, . . . , sl),

since the values of the caesuras are repeated in our table (and hence lead to simplices
of positive dimension when we perform our interval concatenation).

The verification of the vanishing relation. We go back to the operations π′∗ :
N∗(∆

1) → N∗(∆
1)⊗r and π′′∗ : N∗(∆

1) → N∗(∆
1)⊗r associated to the factors of a

coproduct ∆(π) =
∑

(π) π
′ ⊗ π′′ in the expression of our equation (∗′).

Recall that, for an element π = (w0, . . . , wn) ∈ E (r), we have by definition
∆(π) =

∑
k(w0, . . . , wk)⊗ (wk, . . . , wn). We fix a term of this coproduct π′⊗ π′′ =

(w0, . . . , wk)⊗(wk, . . . , wn), and interval decompositions that fulfill the conditions of
the previous paragraph for some table reductions of the simplices π′ = (w0, . . . , wk)
and π′′ = (wk, . . . , wn). We consider the associated tensors σ′(1) ⊗ · · · ⊗ σ′(r) and

σ′′(1)⊗ · · ·⊗σ′′(r) in the expansion of π′∗(01) and π′′∗ (01). We consider the case k < n

first.
Let i = wk(t′) be the term of the permutation wk to which we associate the

interval 01 in the table reduction of π′ = (w0, . . . , wk), so that we have σ′(i) = 01

(in a non degeneracy case). If this term i = wk(t′) occurs on the first row of
our table reduction of the simplex π′′ = (wk, . . . , wn), then we have either σ′′(i) = 0

(when wk(t′) occurs before the caesura) or σ′′(i) = 01 (when the caesura is at wk(t′)).

In both cases, we have ∇∗(σ′(i) ⊗ σ′′(i)) = 0 since ∇∗(01 ⊗ 01) = ∇∗(0 ⊗ 01) = 0

by definition of our map ∇∗, and therefore such a choice results in a zero term
in the expression ∇∗ sh(π′∗(01) ⊗ π′′∗ (01)). If, on the contrary, we take the caesura
j = wk(r′′k) before the value i = wk(t′) occurs in our table reduction of the simplex
π′′ = (wk, . . . , wn), then this means that the value j = wk(r′′k) occurs before i =
wk(t′) in the permutation wk, and in this case, we have by our previous analysis
σ′(j) = 0 when we form the coproduct π′∗(01). We then have ∇∗(σ′(j) ⊗ σ′′(j)) = 0

(since ∇∗(0 ⊗ 01) = 0), We still conclude that our choice results in a zero term in
the expression ∇∗ sh(π′∗(01)⊗ π′′∗ (01)).

In the case k = n⇒ deg(π′′) = 0, we just consider the value j = wn(t′′) to which
we assign an interval 01 in our construction of the tensor π′′∗ (01), and we argue
similarly: if t′ < t′′, then we have σ′′(i) = 0, so that ∇∗(σ′(i)⊗σ′′(i)) = ∇∗(01⊗0) = 0;
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if t′ = t′′, then we have σ′(i) = σ′′(i) = 01 and ∇∗(σ′(i) ⊗ σ′′(i)) = ∇∗(01 ⊗ 01) = 0; if

t′ > t′′, then we have σ′(j) = 0 and ∇∗(σ′(j) ⊗ σ′′(j)) = ∇∗(0⊗ 01) = 0.

In all cases, we conclude that our choices result in a zero term in ∇⊗r∗ sh(π′∗(01)⊗
π′′∗ (01)). Hence, we do obtain the vanishing relation

∑
(π)∇⊗r∗ sh(π′∗(01)⊗π′′∗ (01)) =

0, and this result finishes the proof of our proposition. �
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