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ABSTRACT. The goal of this memoir is to prove that the bar complex B(A)
of an E-infinity algebra A is equipped with the structure of a Hopf E-infinity
algebra, functorially in A. We observe in addition that such a structure is
homotopically unique provided that we consider unital operads which come
equipped with a distinguished 0-ary operation that represents the natural unit
of the bar complex. Our constructions rely on a Reedy model category for
unital Hopf operads. For our purpose we define a unital Hopf endomorphism
operad which operates functorially on the bar complex and which is universal
with this property. Then we deduce our structure results from operadic lifting
properties. To conclude this memoir we hint how to make our constructions
effective and explicit.
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Introduction

This memoir is a sequel of the article [B1] in which we proved that the classical
bar complex B(A) can be equipped with the structure of an E.-algebra if A is an
FE ., algebra.

To be precise we consider operads in the category of differential graded modules
(dg-modules for short) and an E..-operad refers to a dg-operad &£ equivalent to
the operad of associative and commutative algebras C. An E,-algebra refers to an
algebra over any given F.-operad. Similarly one considers A.-operads, defined as
dg-operads equivalent to the operad of associative algebras A, and A..-algebras,
defined as algebras over an A,.-operad. For our purpose we fix a specific model
K of an A,-operad. Namely we consider the classical chain operad of Stasheff’s
associahedra. The classical notion of an A.-algebra, defined by a collection of
higher associative products p, : A®"™ — A, is equivalent to the structure of an
algebra over this A, operad. Recall that the bar complex is defined precisely
for algebras equipped with such operations. For any FE.,-operad £ there exists a
homotopically unique morphism K — £. Once we fix such a morphism any &£-
algebra is provided with the structure of a K-algebra and hence has an associated
bar complex B(A).

In [B1] we consider only the chain structure of the bar complex B(A). But,
classically, one identifies B(A) with the tensor coalgebra generated by XA, the
suspension of the augmentation ideal of A. One observes in addition that the bar
differential 0 : B(A) — B(A) is defined by a coalgebra coderivation so that the bar
complex B(A) forms a dg-coalgebra. Therefore a natural aim consists in extending
the constructions of [B1] in the framework of dg-coalgebras.

For this purpose we consider operads in the ground symmetric monoidal category
of dg-coalgebras, usually called Hopf operads, and algebras over operads in this
category. The algebras over a Hopf operad P in the category of dg-coalgebras are
usually referred to as Hopf P-algebras. In fact, one can incidentally forget coalgebra
structures and consider algebras over Hopf operads in the underlying category of
dg-modules and similarly for other structures. Therefore, as a general rule, the
objects defined in the category of dg-coalgebras are referred to by the qualifier
Hopf. Otherwise we consider tacitely an underlying structure in the category of
dg-modules.

For a commutative algebra the classical shuffle product of tensors defines a mor-
phism of differential graded coalgebras —: B(A) ® B(A) — B(A). Consequently,
the bar complex of a commutative algebra B(A) is equipped with the structure of
a commutative Hopf algebra. The goal of this memoir is precisely to extend this
structure result to E-algebras.

Sketch of the memoir results. Recall briefly that a Hopf operad P is defined by
a collection of dg-coalgebras P(r), acted on by the symmetric group %, equipped
with operad composition products P(r) @ P(n1) ® --- @ P(n,) — P(n1 + - +n,)
which are morphisms in the category of coalgebras. Similarly, a Hopf P-algebra
consists of a dg-coalgebra I' equipped with evaluation products P(r) ® I'®" — T’
which are morphisms in the category of coalgebras (we refer to for detailed
recalls).

Observe that the bar coalgebra I' = B(A) is equipped with a natural unit
morphism F — B(A). Therefore, for the purposes of this memoir, it is natural
to consider unital Hopf operads, equipped with a distinguished unital operation
* € P(0), and operad actions P(r) @ B(A)®" — B(A) for which the unital opera-
tion * : F — B(A) agrees with the natural unit of the bar complex F — B(A). This
unit requirement gives the analogue of a boundary condition for the construction
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of operad actions on B(A). Indeed, if we restrict ourself to non-negatively graded
Hopf operads, then the unit requirement implies the assumption of the uniqueness
theorem of [BI].

As in [B1] we consider also connected operads which, in the unital context, satisfy
P(0) =T and P(1) =F.

To recapitulate, we suppose given an F..-operad £ in the category of dg-modules,
equipped with a fixed operad morphism X — P, where K denotes Stasheff’s chain
operad, and we consider the bar coalgebra B(A) for A an algebra over £. Then
let Q denote a unital non-negatively graded Hopf F,-operad. Our main goal is to
prove the following theorem:

Theorem A.

(a) The bar complex of an E-algebra B(A) can be equipped with the structure of
a Hopf Q-algebra functorially in A and so that the unital operation Q(0) —
B(A) agrees with the natural unit of the bar complex F — B(A) provided
that Q is a Reedy cofibrant object in the category of unital Hopf E-operads.

(b) Any such Q-algebra structure where Q is connected and non-negatively
graded satisfies the requirement of the uniqueness theorem of [B1]. More
explicitly, if the unit condition of claim (a) is satisfied and the operad Q
1s connected and non-negatively graded, then, for a commutative algebra A,
the Q-algebra structure of B(A) reduces automatically to the classical com-
mutative algebra structure of B(A), the one given by the shuffle product of
tensors.

The proof of the existence claim (a) follows the same lines of argument as in
the framework of dg-modules. Namely we introduce first a universal unital Hopf
operad, the Hopf endomorphism operad of the bar construction Hoprndg, which
operates functorially on the bar complex of algebras over a given operad P. More
precisely, we prove the following result:

Theorem B. Let P denote an operad (in dg-modules) equipped with an operad
morphism IC — P, where KC denotes Stasheff’s chain operad. There is a universal
unital Hopf operad Q = HoprndE such that the bar complex of a P-algebra B(A)
is equipped with the structure of a Hopf algebra over Q, functorially in A € P Alg.
More precisely, the Hopf operad Hoprndg operates on the coalgebra B(A) func-
torially in A € P Alg and so that the unital operation x : F — B(A) agrees with
the unit of B(A). Furthermore, we have a one-to-one correspondence between such
Hopf operad actions and morphisms of unital Hopf operads p : Q — Hoprndg.

For the sake of completeness, we should point out that the map P +— Hoprndg
defines a functor on the category of operads under K.

As in the context of dg-modules, any coalgebra I" has an associated endomor-
phism Hopf operad defined by

HopfEndp(r) = HopfHom (T'®",T')

where HopfHom(K, L) denotes an appropriate internal hom-object in the category
of coalgebras. By definition a Hopf Q-algebra structure is equivalent to a Hopf
operad morphism Q — HopfEndp. One can adapt this construction for unital
coalgebras so that HopfEndp forms a unital Hopf operad and a morphism p :
Q — HopfEnd preserves the distinguished unital operations if and only if in the
equivalent Hopf Q-algebra structure the unital operation * : F — I' agrees with the
unit of T'.

The Hopf endomorphism operad of the bar construction is defined by the coend
of the bifunctors

HopfEnd (4 (r) = HopfHom/(B(A)®", B(A))
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where A ranges over the category of P-algebras. The assertions of theorem [B
are immediate from this construction. Notice that this endomorphism operad is
Z-graded and non-connected, like any endomorphism object.

The classical commutative algebra structure of the bar complex gives a morphism
Ve:C— Hoprnd% and the existence assertion of theorem |A|is equivalent to the
lifting problem:

Hoprnd}g .

"
B
—
~
~

~ - vc
Q == ¢ —> HopfEnd$,

As in [B1] we introduce another universal operad HopfOpE7 the Hopf operad of
natural operations of the bar complex, that forms a suboperad of HoprndE and
that agrees with this one only if the ground field is infinite. In general this operad is
endowed with better homotopical properties than the Hopf endomorphism operad
Hoprndg. More specifically, we prove the following property:

Theorem C. The functor P — HopfOpg maps a fibration, respectively an acyclic
fibration, of (non-unital) operads under K to a Reedy fibration, respectively an
acyclic Reedy fibration, of unital Hopf operads.

In this statement and in theorem [A]we refer to a particular model structure on the
category of Hopf operads, the Reedy model structure, in which we have cofibrations,
fibrations and weak-equivalences endowed with the classical lifting properties. In
fact, we introduce a new model structure that differs from the general adjoint model
structures considered in [4] and which is more appropriate in the unital context.
Usually, for a solvable operadic lifting problem

A-Lop

7
zl h// lp
7 g
B——0Q
the lifting h : B(r) — P(r) can be constructed effectively by induction on r € N.
In the unital context one can observe that the operadic composites with a unital
operation * € P(0) provide the underlying ,-module of a unital operad P with

operations 0; : P(r) — P(r — 1) that decrease the operadic arity. Consequently, in

the inductive construction, one can assume that the composites B(r) LN P(r) 2,
P(r—1) are specified so that the lift-component h : B(r) — P(r) is indeed obtained
by lifting a matching morphism

(1,p) = P(r) — MP(r) xmg(r) Q(r)

for a natural notion of matching objects associated to unital operads. Accordingly,
for our purposes it is natural to let an operad morphism p : P — Q be a fibration
if for all » € N the matching morphism (p,p) : P(r) — MP(r) Xy gy Q(r) is a
fibration in the underlying ground category (in the category of dg-coalgebras for
Hopf operads, dg-modules otherwise). We call this class of fibrations the Reedy
fibrations in order to distinguish them from the classical fibrations. We have also a
class of Reedy cofibrations characterized by the left lifting property with respect to
acyclic Reedy fibrations as usual, where we consider the usual weak-equivalences.
We prove precisely that these class of morphisms define a model structure on unital
operads.

To be precise, we prove the axioms of a model structure only for non-negatively
graded unital Hopf operads. But we mention that an endomorphism operad HopfOpg
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is Z-graded like any endomorphism object. In fact, we extend abusively the notion
of a fibration, respectively of an acyclic fibration, to such operads by the left-lifting
property requirement. Precisely, we let a morphism of (possibly Z-graded) unital
Hopf operads be a fibration, respectively acyclic fibration, if it satisfies the left-
lifting property with respect to acyclic cofibrations, respectively cofibrations, of
non-negatively graded unital Hopf operads. Equivalently, we have a truncation
functor try which gives a right adjoint to the category embedding of N-graded uni-
tal Hopf operads into the category of all Z-graded unital Hopf operads. Abusively,
we let a morphism of unital Hopf operads be a fibration, respectively an acyclic
fibration, if its truncation defines a fibration, respectively an acyclic fibration, in
the category of non-negatively graded unital Hopf operads.

Finally, the existence claim of theorem [A]is a corollary of theorem [C] Explicitly,
we observe that the Hopf operad morphism V. :C — Hoprnd% associated to the
classical shuffle algebra structure factorizes through HopfOp%. Then we consider
the lifting problem

HopfOp% — Hoprnd%

7
- ~
—~
—~
—~

~ vC
Q = ¢ —> HopfOp$% — HopfEnd$

which has automatically a solution if Q is cofibrant as the augmentation of an
E-operad £ -3>C induces an acyclic fibration of unital Hopf operads

HopfOp% —3>HopfOp$,

by theorem [C]

Notice that the commutative operad forms a final object in the category of Hopf
operads. For the uniqueness claim we observe that any morphism of unital Hopf
operads V : Q — HopfOp% where Q is connected and non-negatively graded makes
the diagram

Q

|
C —~ HopfOp%

commute. As a consequence, for a given F.,-operad £, any morphism of unital
Hopf operads V : Q — HopfOpr such that Q is connected and non-negatively
graded defines a lifting of V. :C — HopfOp%.

Toward effective constructions. The lifting process can be made effective for
certain F, operads. Indeed we observed in [I1] that the bar complex of an algebra
over the so-called surjection operad X forms a Hopf algebra over the Barratt-
Eccles operad £. This structure result gives an explicit instance of a morphism
£ — HopfOp),f . Recall that the surjection operad is an instance an F.,-operad in
the category of dg-modules and the Barratt-Eccles operad is an instance of a Hopf
E-operad. We are particularly interested in these operads as, on one hand, we
proved in [3] (see also [19]) that the surjection operad, as well as the Barratt-Eccles
operad, operates on the cochain complex of simplicial sets C*(X), and, on the other
hand, we observed in [B1] that the bar complex B(C*(X)) is equivalent as an E
algebra to C*(2X), the cochain complex of the loop space of X.

Nevertheless the Barratt-Eccles operad is not cofibrant and theorem [A] does
not apply to this operad. Ome could check that the bar complex of an algebra
over the Barratt-Eccles operad is not acted on by the Barratt-Eccles operad itself.
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Therefore we consider the so-called Boardman-Vogt’ construction @ = W (&) which
provides an explicit cofibrant replacement of the Barratt-Eccles operad and for
which theorem [A] applies. Indeed for the Barratt-Eccles operad £ a lifting V :
W) — HopfOpr can be constructed by an explicit induction process so that
we can obtain effectively a Hopf W(E)-algebra structure on the bar complex of
algebras over the Barratt-Eccles operad. This morphism seems to factorize through
a simplicial decomposition Wa = Wa (€) (in fact the chain operad associated to the
simplicial Boardman-Vogt construction of the simplicial Barratt-Eccles operad) of
the Boardman-Vogt dg-operad W = W(€). To be more precise, we seem to have
closed formulas for a morphism Vs : Wa — HopfOp]VBVA that fits a commutative
diagram

Wa LN HopfOpg/A .

L,

Wno ~ HopfOp%

This result, obtained as an application of explicit formulas given in this memoir,
should be confirmed and published in a subsequent article.

Further prospects. The functorial constructions addressed in this memoir and
in the previous article have the drawback to yield only global formulas, valid for
all algebras in a category. But one would like to control the structure of the bar
construction for algebra subclasses or for a particular subclass of operations. Our
idea to address this issue is to introduce cellular operads obtained by a limit-colimit
decomposition of an F..-operads. To motivate this idea, observe that a quotient
Q of an operad P is associated to a subcategory of the category of P-algebras; a
suboperad R is associated to a larger category of algebras as the R-algebras support
less operations. To generalize this process, we shall consider functor operads (in
the sense of [20]) on an operad in the category of categories. In the text, we give a
few indications on how our constructions might be extended to this context.

The crux is to provide the operad of universal bar operations with appropriate
cellular structures. As such, the cell categories that one would like to consider have
to be motivated by the internal structure of the operad of universal bar operation
itself. A good example includes the G-cellular operads of [Il [2] that give rise to
sequences of E,-operads.

Memoir organization. The first part of this memoir (sections [§1{32)) is of a gen-
eral interest. In this part, we give a comprehensive account of Reedy model cate-
gories of unital operads. The general theory is set in[§I} The main theorems regard-
ing the Reedy model category of unital operads in dg-modules and dg-coalgebras,
the model categories used in the memoir, are also stated in this section. Section
is devoted to the Boardman-Vogt construction, a construction which returns ex-
plicit cofibrant replacements in operad categories. Though we do not use this
construction explicitly in the memoir, we give a detailed account of it for the sake
of completeness and for subsequent references.

The goal of the second part of the memoir (sections [§1{52]), is to define precisely
the universal Hopf operads introduced in the memoir introduction and to study
the internal structure of these objects. The first section of this part, section
is still of general interests: we define an appropriate notion of cocellular objects
in order to obtain classes of effective fibrations in the context of Z-graded dg-
coalgebras. The core of the memoir is formed by section in which we prove
our main theorem sketched in the introduction. Namely: we define the internal
hom object HopfHom (K, L) of coalgebras; we prove the existence of the universal



THE UNIVERSAL HOPF OPERADS OF THE BAR CONSTRUCTION 9

Hopf endomorphism operad HoprndE; we define the suboperad of universal bar
operations HopfOpE and we study the structure of these objects; more specifically,
we prove that the functor P — HopfOp7BD preserves fibrations and acyclic fibrations;
then we prove our main existence and uniqueness theorem.

In the last part of this memoir (section , we give an elementary interpreta-
tion of the structure results obtained in [§4 More particularly, we make explicit
a recursive construction that yields an effective E..-structure on the bar complex.
For motivations, we suggest the reader to have a glance at the introduction of this
section and theorems before to start a thorough reading of the memoir.

We refer to the section introductions for detailed sketches of the content of each
part.
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The operadic framework
§1. ON UNITAL AND HOPF OPERADS

§1.1. Introduction and general conventions. In general the objects that we
consider belong to the category of dg-modules over a ground ring F, always assumed
to be a field, and fixed once and for all.

We adopt the conventions of [B1] except that in this memoir we may find more
convenient to deal with augmented unitary algebras instead of non-unitary algebras.
To be precise, as we equip the bar construction B(A) with a Hopf algebra structure,
we find better to assume Bg(A) = F so that the functor A — B(A) targets to a
category of augmented unitary objects. On the other hand, the complex B(A) is
more naturally defined for a non-unitary algebra A. Therefore we shall assume
on the contrary that the source of the functor A — B(A) lives in a category of
non-unitary objects.

Anyway, as stated in the memoir introduction, we shall consider unital operads P
which come equipped with a distinguished unital operation * € P(0) that generates
P(0) so that P(0) = F « (for an operad in a module category, the usual case for the
operads considered in this memoir). As explained in [BIl §3.2.1], this assumption
P(0) = F implies that the ground field F defines the initial object in the category
of P-algebras. In this context an augmented P-algebra refers simply to an algebra
A equipped with a fixed P-algebra morphism ¢ : A — F. The kernel of this
augmentation morphism defines the augmentation ideal of A, denoted by A. Recall
that A is an algebra over the reduced operad P such that P(r) = 0 if r = 0 and
P(r) = P(r) otherwise. Furthermore, the map A + A defines an equivalence of
categories from the category of augmented P-algebras to the category of P-algebras.

On the other hand, we consider always unitary operads P, equipped with a unit
operation 1 € P(1). In the literature, the unital and unitary terminologies are used
interchangeably. The reader should not be confused: in this memoir, we use always
these terminologies in the sense specified in this introduction.

As in [Bl], we may consider connected operads for which the module P(1) is
spanned by 1 € P(1). In general the connectedness assumption is not necessary
but it can simplify certain constructions.

Naturally, a morphism of unital operads is assumed to preserve the unital op-
eration * € P(0). Accordingly, there is an initial object in the category of unital
operads * defined explicitly by *(r) = F for » = 0,1 and #(r) = 0 otherwise. The
category of augmented algebras over this initial operad is equivalent to the category
of dg-modules since any augmented algebra over *x has the form V, = F@V for a
dg-module V. Observe that the category of unital operads is also endowed with a
terminal object given by the commutative operad C (see .

The aim of this section is to fix our conventions in regard to unital and Hopf
operads and to prove the fundamental properties of the categories formed by these
objects. More specifically, as explained in the memoir introduction, we introduce
a new model structure for unital operads which gives an appropriate framework
for the constructions of Hopf operad actions on the bar complex. Recall briefly
that our model category structure is deduced from a generalization of the classical
Reedy constructions and differs from the model structure defined in [4] like classical
Reedy model structures differ from adjoint model structures.

Here is the plan of this section. For our purposes we need more insights into the
structure of the underlying 3.,-module of a unital-operad and we devote the next
subsection [§1.2)to this topic. Then we perform the construction of the Reedy model
structure of unital operads in two steps: first, in we define a model structure
at the X,-module level; then in we transfer this structure to unital operads
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by the classical adjunction process. In the last subsection we generalize these
constructions to unital Hopf operads after recalls and precisions on this notion.

§1.2. On A,-modules and unital operads. Classically, one observes that the
operadic composites with a unital operation 9;(p) = po; *, defined fori = 1,... r if
p € P(r), provide the underlying ¥.-module of a unital operad P with morphisms
0; : P(r) — P(r — 1) such that 0;0; = 0;-10; for ¢ < j. The structure of a
preoperad, introduced in [I], consists precisely of a 3 ,-module M equipped with such
morphisms 9; : M (r) — M(r—1). Asexplained in loc. cit. one can observe that the
structure of a preoperad is equivalent to a contravariant functor M : AS® — Mod,
where A, denotes the category formed by the finite sets r = {1,...,r} and the
injective maps u : {1,...,7} — {1,...,s}. In this memoir we prefer to adopt the
terminology of a A,-module for this structure which is more consistent with our
terminology of a X,-module for a collection of ¥,-modules. Similarly, the set of
morphisms w : {1,...,r} — {1,...,s} in A, is denoted by A so that A} = X,.
In this memoir, we consider tacitely only right A.-modules, that are contravariant
functors on the category A,, in contrast to left A,-modules that are covariant
functors. Accordingly, the A,-action on a A,-module restricts naturally to a right
action of the symmetric groups X,. On the other hand, we assume by convention
that a 3,-module is acted on by permutations on the left, but left and right actions
are equivalent for group actions and this convention difference does not create any
actual difficulty.

In this subsection we make explicit the relationship between X,-modules and
A-modules and between non-unital operads and unital operads. To be precise, we
consider the following categories:

(a) the category X, Modg formed by the non-unital X.-modules — the X,-
modules M such that M(0) = 0; the category X, Mod(l) formed by the
unitary objects of X, Mody — a unitary object in X, Modg consists of a X,-
module M € ¥, Modj equipped with a unit element 1 € M(1); and the
category X, Modé /C formed by unitary objects M € ¥, Mod(l, equipped
with an augmentation ¢ : M — C over the underlying X,-module of the
reduced commutative operad C;

(b) the category ALY Modgy formed by the non-unital A.-modules — the A,-
modules M such that M(0) = 0; the category AS® Modg formed by the
unitary objects of A;® Modg — a unitary object in AS® Modg consists of
a A,-module equipped with a unit element 1 € M(1); and the category
AP Mod} /C formed by unitary objects M € X, Mod} equipped with an
augmentation e : M — C;

(c) the category Op(l) formed by the non-unital unitary operads P — the unitary
operads P such that P(0) = 0; and the category Op(l) /C formed by the
operads P € Opé equipped with an augmentation € : M — C over the
reduced commutative operad C;

(d) the category Opl formed by the wunital unitary operads P — the unitary
operads P such that P(0) = F* for a distinguished operation * € P(0).

Observe that the unit of a X,-module is equivalent to a ¥,-module morphism 7 :
I — M, where * denotes the non-unital ¥,-module such that (1) = F and I(r) =0
for 7 # 1. Accordingly, the category of augmented unitary ¥,-modules X, Mod;, /C
is defined by a comma category and similarly for the category of augmented unitary
A,-modules AP Modg, /C.
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The connections between these categories can be summarized by a diagram of
categorical adjunctions

__F _
5, Modg /C ——= Op} /C .

I—l

AP Mod;, /C p— Op:

For the upper horizontal adjunction we consider the obvious forgetful functor which
maps a non-unital operad P to its underlying 3,-module. The unit element is
given by the unit operation 1 € P(1). This functor has a left-adjoint defined by
the classical free operad functor M +— F(M) — we refer to for recalls and
more precision. In our context this free object is equipped with a natural operad
morphism € : F(M) — C induced by the ¥,-module augmentation € : M — C so
that F induces a functor F : ¥, Modj /C — Opg /C. For the bottom horizontal
adjunction we consider simply unital versions of these functors — we refer to
for explicit definitions. For vertical adjunctions we consider the canonical forgetful
functor from A,-modules to ¥,-modules and the functor P — P which maps a
unital operad P to the associated reduced operad P defined in the introduction of
this section. One observes readily that these functors preserve colimits and limits
and hence have both a left and a right adjoint. At the module level this adjunction
is an instance of a general adjunction relation

o

e
R Mod £=2- §°° Mod
L
associated to a morphism of small categories ¢ : R, — S,. Recall simply that the
(right) S.-module associated to a (right) R.-module M, also denoted by ¢t M =
M ®r, S, respectively .M = Homg, (S«, M), can be defined by a coend, respec-

tively end, formula. Namely:
M ®r. S.(y) = / M(z) ® 85,
TER

TER
respectively Homp, (8*,M)(y)=/ M(a:)sff(m)7

where the notation K ® V, respectively V¥ refers to the classical tensor product,
respectively mapping object, of a dg-module V' with a set K. (As explained in
[B1], our conventions for ends and coends are converse to the usual one: we use
superscripts for ends and subscripts for coends.)

To begin our constructions we study the connection between the category of
unital and non-unital operads.

§1.2.1. Unitary operads versus non-unital operads. In fact, if we reverse the defini-
tion of the reduced operad P, then, for a unital operad P, we obtain the relation

F if r =
pry=d =0
P(r) otherwise.

Furthermore, the operad composition products o; : P(s) @ P(t) — P(s +t — 1)
are determined for s,¢ > 1 by the composition products of the reduced operads P.
As a consequence, the structure of P is completely determined by the associated
reduced operad P and by morphisms 9; : P(r) — P(r — 1) that keep track on the
composite with the unital operation * € P(0) at the level of the reduced operad P.
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Observe in addition that a unital operad comes equipped with augmentation
morphisms € : P(r) — F which map an operation p € P(r) to the composite
p(*,...,*) € P(0) and such that €d; = € for all i. As a byproduct, these augmen-
tation morphisms give rise to an operad morphism € : P — C, where C denotes the
operad of commutative algebras (recall that C(r) = F for r € N), so that any unital
operad P is canonically augmented over the commutative operad C. Hence the
commutative operad C defines the terminal object in the category of unital operad
as mentioned in the introduction of this section.

Finally, our observations prove that a unital operad P is equivalent to a non-
unital operad P equipped with morphisms &; : P(r) — P(r—1) fori=1,...,r and
r > 2, such that the associativity and commutativity properties of operad composi-
tion products are satisfied for the operations 0; = — o; %, and with an augmentation
morphism € : P — T that preserves all operadic composites including the composites
with the unital operation *. As a byproduct, one can prove that the functor P — P
creates small colimits in the category of unital operads. Explicitly, for a diagram
of unital operads P, one observes readily that the colimit colim, P, is equipped
with canonical operations 0; and with an augmentation e : colim, P — F induced
by the corresponding operations of the unital operads P,. As a consequence, this
colimit is associated to a unital operad an this operad defines necessarily the colimit
of the operads P, in the category of unital operads.

§1.2.2. The adjunction between X,-modules and non-unital operads. As explained
in the introduction of this subsection, we consider the obvious forgetful functor
from the category of non-unital unitary operads Opy, to the category of non-unital
unitary ¥.-modules ¥, Mod; which maps an operad P € Op; to its underlying
Y..-module.

The left adjoint of this functor is given by a variant of the classical free op-
erad F(M) defined in the literature. Namely, in the unitary context, the univer-
sal morphism 7 : M — F(M) is supposed to map the unit of M to the unit of
the free operad and hence to define a morphism in the category of unitary .-
modules. Furthermore, the adjunction relation supposes that an operad morphism
¢+ F(M) — P is associated to a X,-module morphism f : M — P that pre-
serves unit elements. Equivalently, for the universal property, one assumes that
the ¥,-module morphisms f : M — P that preserve unit elements have a unique

factorization
7
7/
f\{ s &7

F(M)

M

such that ¢ : F(M) — P is an operad morphism. Accordingly, the free operad
associated to a unitary X,-module has to be defined by a quotient of the classical
free operad associated to a non-unitary 3,-module. Explicitly, for a unitary ¥,-
module M we make the internal unit 1 € M (1) equivalent to the unit of the free
operad in F(M). Up to this quotient process we refer to our article [12], from
which we borrow our conventions, for an explicit construction of the free operad
that follows closely the original constructions of [I3, [I5]. The definition of tree
structures that occur in this construction is also recalled in [§2:2] for the purposes
of Boardman-Vogt’ W-construction. Recall that F (M) can be defined simply by
the modules spanned by formal expressions (... ((z1 0;, Z2) 045 . .. Z;—1) 0;; & which
represent composites of generators 1 € M (ny),...,x; € M(n;).
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§1.2.3. On unitary and non-unitary X,-modules. In fact, in our context, we could
replace unitary Y,-modules by equivalent non-unitary Y,-modules. Explicitly, re-
call that we consider ¥,-module which are augmented over the reduced commu-
tative operad C. For such Y,-modules we have a canonical splitting M (1) =
M(l)@lﬁ‘ 1, where M(l) denotes the cokernel of the morphism 7 : F — M (1) defined
by the unit element 1 € M (1). Indeed, since C(1) = F, the morphism 7 : F — M (1)
has a canonical left-inverse given by the augmentation € : M (1) — C(1).

Consequently, if we let M denote the non-unitary ,-module such that M (0) =0,
M(l) = coker(n : F — M(1)) and M(r) = M(r) for r > 1, then the map
M — M defines an equivalence from the category X, Mod} /C, formed by uni-
tary 2,-modules augmented over the reduced commutative operad, to the category
3. Modg / E, formed by non-unitary ¥,-modules which are augmented over the aug-
mentation ideal of the commutative operad. Furthermore, the free operad F(M)
associated to a unitary ¥,-module M is clearly isomorphic to the free operad F (M )
associated to the equivalent non-unitary ¥ ,-module M.

For our purpose it is more natural to deal with unitary objects and we do not
use this relationship. Nevertheless one can conclude immediately from these ob-
servations that the free operad functor M +— F(M) satisfies the same homological
properties as the free operad F (M ). For instance, the functor M — F(M) maps
weak-equivalences of unitary Y,-modules to weak-equivalences of operads.

§1.2.4. The adjunction between A,-modules and unital operads. The functor M —
F«(M) considered in the introduction of this subsection is defined as the left adjoint
of the functor P — P from the category of unital operads Opl to the category of
augmented non-unital unitary A,-modules ASY Modg /é. The operad F.(M) asso-
ciated to a given non-unital module can also be characterized by the usual universal
property. In fact, the reduced operad associated to F.(M) can be identified with
the usual free operad F (M) so that

F ifr=20,

Fo(M)(r) = {]—'(M)(r) otherwise.

Accordingly, for s,t > 1 the composition products o; : F.(M)(s) @ F.(M)(t) —
Fo(M)(s+t—1) are given by the usual formal composition process of the free
operad. The composites with the unital operation —o; * : F,.(M)(r) — F.(M)(r—
1) are induced by the morphisms 0; : M(r) — M(r — 1) for r > 2 and by the
augmentation morphism e : M(r) — F for r = 1. Explicitly, for a generator
x € M(r) weset o x =¢(z) if r =1, x0; % = 9;(x) for r > 2 and we observe that
these operations — o; * : M (r) — F.(M)(r — 1) have a unique extension to F, (M)
that satisfies the commutativity properties of operad composition products.

§1.2.5. On unital A.-modules. Sometimes we can find convenient to consider unital
unitary A.-modules — explicitly, unital A,-modules N such that N(0) = Fx for a
distinguished element * € N(0) such that 91(1) = *. Equivalently, a unital A,-
module consists of a A,-module N equipped with a unit morphism 7 : x — N,
where * denotes the underlying A,-module of the initial unital operad, such that
n:F — N(0) is iso. Clearly, the underlying A.-module of a unital operad is unital.

Observe that a unital A,-module N is equipped with a canonical augmentation
€ : N — C like a unital operad. Explicitly, the map p — p(x,...,*) defined for a
unital operad in[§1.2.1] can be identified with the A,-module operation 7 : N(r) —
N(0) associated to the initial map 7o : @ — {1,...,r}. If we assume N(0) = T,
then this operation gives a morphism from N to the constant A,-module F, that
represents the underlying A.-module of the commutative operad C.
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The definition of the reduced operad can also be extended to unital A,-modules.
Explicitly, for a unital A,-module N we consider the A,-module N such that N(0) =
0 and N(r) = N(r) for > 1. Clearly, this object forms a non-unital unitary A.-
module. Since any unital A,-module is augmented over C, the map N — N defines
a functor (=)~ : A% Mod! — A2’ Mod} /C, where AP Mod? denotes the category
of unital unitary A,.-modules.

The functor N — N has clearly a left adjoint M ~— M, . Explicitly, the unital
A,-module M associated to an augmented non-unital A,-module M is defined by
My(0) =F and My (r) = M(r) for r > 1. The operations 9; : My (r) — My (r)
are induced by the corresponding operations of M and by the augmentation € :
M(1) — F. Clearly, these functors yield inverse adjoint equivalences of categories:

(=)+ : A% Mod} =—= A% Mod : (=) .

§1.2.6. Connected unital operads. As mentioned in the section introduction, we
may consider connected unital operads P such that the module P(1) is spanned by
the operad unit 1 € P(1). Let Op; denote the category formed by these objects.
The category embedding il : Op? — Op’ preserves clearly colimits and limits and
hence admits both a right and a left adjoint denoted by s! : Opl — Op’ and
¢l : Opl — Op? respectively. We give an explicit construction of these functors in
the next paragraph. We check in addition that the adjunction unit 7 : P — sl il (P),
respectively the adjunction augmentation € : c! ii(Q) — @, is an isomorphism for
all connected unital operad P, respectively Q. Consequently, we have an adjunction
ladder:

1

C*

<
.1
1*
Op; —— Op!
1

S*
-~

such that clil = Id = s!il. In forthcoming constructions non-connected operads
Q can be replaced by the associated connected object s1(Q). Therefore we could
restrict ourself to connected unital operads.

To conclude, the map P + P and the free operad M +— F,(M) restrict to
adjoint functors

F.:dg A% Mod; /C =2 dgOpt : (—)7,

where AS” Modj, denotes the category formed by the connected non-unital unitary
A,-modules, the non-unital unitary A.-modules M such that M (0) =0 and M (1) =
F.

§1.2.7. The adjunction between connected and mon-connected unital objects. We
give an explicit construction of the connected operad s!(Q) € OpZ, respectively
cl(P) € Opi, associated to a unital operad Q € Opi, respectively P € Opi. In
fact, we define an adjunction ladder for the underlying categories of unital unitary

A,-modules:

1
C

*

-

21
op * 1x op 1
AP Mod;, —— AP Mod, .
1
S*

-

One can check readily that the connected unital unitary A,-module s}(Q) € Mod
associated to a unital operad Q € Op! forms a suboperad of Q and similarly the
A,-module cl(P) € Mod} forms a quotient operad of P. Hence, for operads, the
map Q — s1(Q), respectively P — sl(P), gives rise to a right, respectively left,

adjoint of the category embedding il : Op* — Op?.
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For r > 1 and i = 1,...,r, we consider the A,-module operation n} : N(r) —
N(1) associated to the map n; : {1} — {1,...,r} such that n;(1) = i. For an
operad we have equivalently n}(p) = p(*,...,1,...,%), where unital operations

are substituted to the entries k # i of the operation. For r > 1, let s1(N)(r) denotes
the submodule of N(r) defined by the pullback diagram

s;(N)(r)— = = N(r)

I
| \L(Tlf)z
A

IFXT %XT N(]_)X"’
in which we consider the morphism 1 : F — N(1) defined by the unit element 1 €
N(1). One checks readily that these dg-modules s1(N)(r) define a A,-submodule
of N. Furthermore, any morphism of unitary unital A,-module f : M — N such
that M is connected factorizes through s! (V) since we have a commutative diagram

M(1)=F -~ N(1)

for all i = 1,...,7. Therefore the functor N ~ s!(N) satisfies the adjunction
relation Hom pop yjoq1 (ir (M), N) = Hom or Mod= (M, sL(N)). According to this con-
struction, we have clearly M = slil (M) for any connected unital unitary A,-
module M.

The other connected A,-module cl(M) associated to a unital unitary A,-module
M can clearly be defined by ci(M)(r) = F for r = 0,1 and c(M)(r) = M(r)
for r > 2. For r = 2, the operations 81,02 : c}(M)(2) — F are given by the

augmentation morphism e : M(2) — F. The relation clil(N) = N, that holds for
a connected A,-module N, is also immediate from this definition.

§1.3. The Reedy model structure for A,-modules. The aim of this section is
to prove the following theorem:

Theorem §1.A. The category of (N or Z-graded) dg-A.-modules dg ASF Mod is
equipped with the structure of a cofibrantly generated model category such that a
morphism f : M — N is a weak-equivalence, respectively a cofibration, if f de-
fines a weak-equivalence, respectively a cofibration, in the category of dg-X.-modules
dg ¥, Mod.

In this statement we consider the category dg A® Mod formed by all A,-modules
which do not satisfy necessarily M (0) = 0. On the other hand, for our purposes we
need a model structure on the category of non-unital A.-modules dg AS® Mody and
on the associated comma category of augmented unitary A,-modules dg AP Modé /C.
In fact, we use the following claim in order to equip dg AL® Mody with the structure
of a model subcategory of dg AZ¥ Mod:

§1.3.1. Proposition. The category embedding iy : dg A%’ Mody — dg A% Mod
admits a left and a right adjoint

CA

0

<0
iA
dg AJ¥ Modg s dg AP Mod
A

S0
-

such that ci) ié\ =1Id =s) i([)\. Furthermore, the functor iy ¢ preserves cofibrations
and all weak-equivalences in dg AJ¥ Mod.
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Proof. The proof of this proposition is straightforward. The construction of non-
unital A,-modules ¢} (M), respectively si (NV), is similar to the construction of the
connected unital A,-module cl(M), respectively s:(N), given in

Explicitly, for ¢) (M) we set simply ¢ (M)(r) = 0 for r = 0 and cj(M)(r) =
M(r) for r > 1. According to this construction, the functor cé\ preserves clearly
cofibrations, acyclic cofibrations and all week-equivalences in dg A7° Mod.

For s (N) we consider the operation 13 : N(r) — N(0) associated to the map
no:®— {1,...,r}. Then, for r > 0, we set explicitly sj (N)(r) = ker(ng : N(r) —
N(0)). More categorically, the module s} (N)(r) can be defined by the pullback
diagram

BN = == N ).
I
I
\
0

Then, assuming theorem we obtain:

§1.3.2. Proposition. The category of non-unital dg-A.-modules dg AS¥ Modg
forms a model subcategory of dg A® Mod so that a morphism f : M — N is a
weak-equivalence, respectively a cofibration, a fibration, of non-unital dg-A,-modules
if and only if f defines a weak-equivalence, respectively a cofibration, a fibration,
in dg AP Mod.

Furthermore, this category is cofibrantly generated by the morphisms ci (i) :
cd(A) — ¢} (B) associated to a generating set of cofibrations, respectively acyclic

cofibrations, in dg AS® Mod.

Proof. This assertion is a straightforward consequence of the adjunction relation
and the invariance of c{)\ with respect to cofibrations and weak-equivalences. O

The category of augmented unitary ASP-modules dg AS® Mod} /C, which is a
comma, category associated to dg AP Mody, is equipped with a canonical induced
model structure as usual.

In fact, theorem holds for a category of A,-objects in any cofibrantly gener-
ated model category and not only in the category of dg-modules. Therefore we make
our arguments as general as possible though we consider explicitly only dg-modules
(and dg-coalgebras in the next section).

In a first stage we make explicit the definition of a fibration in the category of
A.-modules. Then we prove that the lifting properties (M4.i-ii) are satisfied, we
specify generating collections of cofibrations and acyclic cofibrations and we deduce
the factorization properties (M5.i-ii) from the classical small objects argument. The
properties (M1-3) are inherited from the ground model category.

The general idea of our construction is provided by a generalization of the clas-
sical Reedy model structure in the presence of automorphisms. To be precise, in
the usual definition of Reedy structures one considers functors F' : I — C on a
fixed small category I equipped with a grading and a decomposition I = 77,
where the direct Reedy category 7, respectively the inverse Reedy category 7,
denote subcategories of I formed by collections of morphisms that increase, respec-
tively decrease, the grading. One can observe that classical constructions, given in
Reedy’s original article [22] and in the modern monographs [17, [1§], still work for a
category I that contains automorphisms and such that any morphism f € I has a
unique decomposition f = cuf in which a € 7, e T and u is an automorphism.
This extension of Reedy structures does not seem to occur in the literature in full
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generality though an instance is supplied by the strict model category of I'-spaces
defined in [7]. Therefore we give detailed arguments for the category I = AP. By
contravariance, we have in this case T = K)ip for a Reedy direct subcategory of A,
and T is trivial. The latter property simplifies some constructions.

In the next sections we call the model structure supplied by theorem [§1.A] the
Reedy model structure in order to distinguish this model category from the classi-
cal adjoint model structure (the cofibrantly generated model category of [I7), Sec-
tion 11.6]) from which it differs. To be precise, recall that the classical adjoint
model structure is defined by a transfer of model structures from dg-modules to
A,-modules through a composite adjunction

&1 i

_—

dg Mod" L dg 3. Mod < dg AP Mod .

Explicitly, one let a morphism f : M — N defines a weak-equivalence, respec-
tively a fibration, in the adjoint model category dgAS® Mod if ¢'¢'(f) defines a
weak-equivalence, respectively a fibration, in dg Mod". According to this defini-
tion, the Reedy model category and the adjoint model category have the same
weak-equivalences but different cofibrations and fibrations. In fact, a Reedy fibra-
tion defines a fibration in the adjoint model category and hence the Reedy model
category has less fibrations but more cofibrations than the adjoint model category.
As a byproduct, the identity functor yields a pair of adjoint derived equivalences
between the two homotopy categories. Thus the Reedy model structure of A,-
modules is different but Quillen equivalent to the adjoint model structure like a
classical Reedy category (see [I7, Section 15.6]).

§1.3.3. The category A.. Recall that a A,-module is equivalent to a contravariant
functor on the category A, formed by the finite sets r = {1,...,r} and the injective
maps v : {1,...,7r} — {1,...,s}. This equivalence is also a consequence of the
decomposition of A, into a direct subcategory and a subcategory of isomorphisms
that we make explicit in this paragraph.

Namely let X* denote the subcategory of A whose morphisms a € K)i are the
non-decreasing injections o : {1,...,7} — {1,...,s}. One observes readily that
any morphism u € A has a unique X*E*—decomposition u = o in which o € X,
and a € K)i Moreover, the category X)* is the category generated by the injections
di:{1,...,r—1} = {1,...,7} that avoid i € {1,...,r} endowed with the relations
did = d'd?~! for i < j. With respect to permutations ¢ € ¥,, we have also
a relation of the form od’ = d°(D9;(c) which gives the X*E*—decomposition of
u = od’. As a consequence, as stated in the introduction the structure of
a A,-module is indeed equivalent to a 3,-module equipped with operations 9; :
M(r) — M (r — 1) that satisfy the relations above.

Anyway the category X* forms clearly a direct Reedy category and we have a
generalized Reedy decomposition A, = X*Z*. As explained previously, we adapt
the classical construction of Reedy model structures to this context. In the next
paragraphs we let A,.,., respectively X*Q., denote the comma category of mor-
phisms a : ' — r in A,, respectively A, such that ' < r. Observe that the
X*E*—decomposition property implies readily that K}*<r is cofinal in A, ...

§1.3.4. Matching modules and fibrations of A.-modules. In order to obtain an ex-
plicit characterization of fibrations we need to introduce a notion of a matching
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object in the category of A,-modules. Explicitly, the matching object of a A,-
module is defined by the collection of dg-modules MM (r), r € N, such that

MM (r) = hma:yi@ M(r"),
where the limit ranges over the category A.., or, equivalently, over the category
X)*Q which is cofinal in A,., by the observation of the previous paragraph. As
usual the dg-module MIM (r) can equivalently be defined by an equalizer

d[)
MM (r) = ker( [Ti<ic, M(r —1) == [11<;ejc, M(r = 2)),
dl

where dO(Il)l = (&-xj)iq and dl(l’z)z = (Gj_lxi)iq.

The matching modules are endowed with natural morphisms p : M (r) — MM (r)
induced by the morphisms a* : M(r) — M(r') on the component of the limit
indexed by ae € A7,. Explicitly, if we represent an element of the limit by a collection
(Za)a, where a € A7, then, for x € M(r), we have pu(z), = a*(x) € M(r’). The
matching module MM is also equipped with a canonical A,-module structure such
that p: M — MM defines a morphism of A,-modules. Explicitly, for any morphism
u:r — s, if welet y = (yg)s denote an element of MM (s) = limg M (s’), then we
have an associated element u*(y) = (v*(y)a)a in MM (r) = lim, M (r') which can
be defined by the collection: v*(y)a = Yua-

We let a morphism of A,-modules p: M — N be a fibration if, for all € N, the
natural morphism

(k,p) = M(r) — MM (r) <y () N(r)
defines a fibration in the category of dg-modules and hence in the category of X..-
modules for the classical model structure of ¥,-modules.

As stated previously, the properties (M1-3) of a model category are inherited
from the ground category of dg-modules. The first non-trivial verification is sup-
plied by the following claim:

§1.3.5. Claim. The properties (Mj.i-ii) hold for the class of weak-equivalences, cofi-

brations and fibrations specified in theorem and paragraph [§1.3.4. Ezplicitly,
in a commutative diagram of A,-modules

AT,

7 Va2 p
7/

BT>N

the lift h : B — M exists provided that p is an acyclic fibration (M4.i), respectively
provided that i is an acyclic cofibration (M].ii).

Proof. In both cases we construct by induction over r € N a morphism h : B(r) —
M (r) that commutes with the action of morphisms u € A’ such that s > r. Explic-
itly, if the morphisms h are defined for s < r, then we have a well defined induced
morphism A : MB(r) — MM (r) so that we obtain a commutative diagram

A(r) —: M(r)
ZI _ ho- - i(um)
B(r) —— MM (r) <y () N(r)

in the category of X,-modules.
The right-hand side morphism is a fibration of ¥,-modules by definition and
the left-hand side morphism a cofibration. If i is an acyclic cofibration, then, by
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definition, the left-hand side morphism is obviously an acyclic cofibration as well
so that the lift exists in this case since the lifting property (M4.ii) is known to be
satisfied in the adjoint model category X,-modules.

If p is an acyclic cofibration, then we claim that the right-hand side morphism
is also an acyclic fibration. In fact, if we forget the symmetric group action, then
the dg-modules MIM () can be identified with the matching modules of the functor

underlying M on the direct Reedy category X* Therefore we deduce from the
classical theory that the morphism (u,p) : M(r) — MM (r) Xmn¢y N(r) defines
an acyclic fibration in the category of dg-modules (see for instance [I7, Proposition
15.3.14]) and hence in the category of ¥,-modules. Finally, the lift exists in this
case as well again since the lifting property (M4.i) is known to be satisfied in the
adjoint model category ¥,.-modules.

By construction, our morphism A : M (r) — N(r) makes the diagram

M(r) —"— N(r)

L

MM (r) —— MN(r)

commute. This property implies immediately that h commutes with all morphisms
a € A} such that s < r and hence with all morphisms a € A since h is X,-
equivariant as well by construction. O

Now we aim to define generating cofibrations and acyclic cofibrations in the cate-
gory of A,-modules so that we can deduce (M5.i-ii) from the small object argument.
For this purpose we extend the tensor product of dg-modules with simplicial sets
C ® K to A.-sets and we consider for K the obvious generators of the category of
A -sets supplied by the classical Yoneda lemma and the associated latching A,-sets
that give representatives for the matching space modules. We define these objects
explicitly in the nexts paragraphs.

§1.3.6. Generating A.-sets. As usual, for any object » € N, we have a canonical
A,-set, denoted by A", defined by the functor corepresented by r and such that
A" (s) = AL for r € N. By definition, the map r — A" defines a covariant functor
from A, to the category of A,-sets. Therefore we can form the associated latching
object which are defined explicitly by the colimit
LA" =colim . A".

o’ —r
As usual for a functor, this colimit can be determined pointwise so that LA"(s) is
determined by the equivalent colimit in the category of sets:

LA"(s) = colim - A:/ for all s € N.
(6N

r'—r
As in the definition of a matching module, we can assume that the colimit ranges
—
over the category A, or, equivalently, over the category A .., which is cofinal

in Au<,. We have a canonical morphism A : LA™ — A" for r € N. In fact, this
morphism is either trivial or an isomorphism. To be precise, we obtain:

§1.3.7. Observation.
(a) For s < r, we have LA(s) = A"(s) = AL and A : LA"(s) — A"(s) is an
isomorphism.
(b) For s =1, we have LA"(r) =0 and A" (r) = AL =%, so that A : LA"(r) —
A" (r) is an initial morphism in the category of sets.
(¢) For s >r, we have LA"(s) = A"(s) = 0.



THE UNIVERSAL HOPF OPERADS OF THE BAR CONSTRUCTION 21

Proof. The assertions (b-c) are immediate since A%, = ) for s > r and only assertion
(a) deserves a verification. In fact, for s < r, the map

Aicolim - AT — AT

ar’'—r

admits a canonical section that maps an element u € A} to the identity morphism
id € A? in the component of the colimit indexed by u : s — r. One checks
readily that this section gives also a left-inverse for the map A, so that A is an
isomorphism. O

§1.3.8. The tensor product with a A,-set. In general the tensor product C ® A of
an object C' with a A,-set A is the A,-module defined by the coproducts

C®Alr) = @ C.

acA(r)

In the context of dg-modules the tensor product C'® A(r) can be also be represented
by the tensor product of C' with the free module spanned by the set A(r). Hence
an element of C'® A(r) can be represented by a tensor ¢ ® «, where ¢ € C and
a € A(r).

For a morphism ¢ : C' — D in the category of dg-modules, we form the pushout
of A,.-modules

C ® LA™ D @ LA"

| |

CON ——=CON Prgrar DOLA

and we consider the natural morphism

C®A" EB DRLA" — D®A"
CRLA"™

induced by i @ A" : CQA" - DA  and DX : DQLA" — D® A". We
prove precisely that such morphisms give a set of generating arrows in the category
of A,.-modules:

§1.3.9. Lemma. The morphisms
CoA P DOLA" - DeA
C®LA™

associated to a generating set of cofibrations, respectively acyclic cofibrations, of the
category of dg-modules i : C'— D define a generating set of cofibrations, respectively
acyclic cofibrations, in the category of A.-modules.

The proof of this lemma is split up into a sequence of claims and can be compared
with the classical construction of [I7, Section 15.6]. First, we observe that the
morphisms considered are indeed cofibrations, respectively acyclic cofibrations, in
the category of A,-modules:

§1.3.10. Claim. Ifi: C — D is a cofibration, respectively an acyclic cofibration,
in the category of dg-modules, then the associated morphism

CoA P DOLA - DeA
CRLA"

is a cofibration, respectively an acyclic cofibration, in the category of A.-modules.
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Proof. This assertion is a consequence of observation Explicitly, from this
statement one deduces that the morphism

CoA(s) € DLA(s) » DA (s)
CQLA™(s)
is an isomorphism for s < r, can be identified with i®¥,. : C®X, — DRX, fors =r
and vanishes for s > r. Consequently, this morphism is a cofibration, respectively
an acyclic cofibration, of ¥ ;-modules in all cases: this assertion is trivial in the

cases s < r and s > r and holds by definition (of cofibrations in the category of
Y ,-modules) in the case s = r. 0

Then we check that the sets of arrows introduced in the lemma detect acyclic
fibrations, respectively fibrations. For this purpose we observe that the tensor
products C ® A" and C ® LA™ are characterized by natural adjunction relations.
Namely:

§1.3.11. Observation. For a dg-module C and a A.-module M, we have the ad-
jJunction formulas
Homdg AP MOd(C’ ® Ar, M) = Homdg MOd(C’, M(’r’))
and  Homgg por voq (C ® LA™, M) = Homgg Moa (C, MM (7))
and the morphism

Homdg ASP Mod (C ® Arv M) % Homdg AP Mod(c ® ]L’Ar7 M)

induced by the latching morphism A : LA™ — A" agrees with the morphism induced
by the matching morphism p: M(r) — MM (r).

Proof. These adjunction claims are formal consequences of the definition of the
A,-sets A", LA" and of the Yoneda lemma. O

As a corollary, we obtain:

§1.3.12. Observation. For a morphism of A.-modules p : M — N, the lifting
problem

COAN Degrar D @LA" —=M

~
—
—~
- p
—
—
—

D®A" N

is equivalent to an adjoint lifting problem

C——=M(r)

_ 7
l - - i(#’p)

D ——MM(r) @mn () N(r)
in the category of dg-modules.

Proof. This observation is a formal consequence of the adjunction relations of ob-

servation [§1.3.11] O

This observation implies immediately that the arrows introduced in lemma/|31.3.9
detect acyclic fibrations and fibrations and achieve the proof of that statement. [

The next claim is a consequence of lemma [31.3.9 and of the classical small object
argument:
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§1.3.13. Claim. The properties (Mb5.i-ii) hold for the class of weak-equivalences,
cofibrations and fibrations specified in theorem [§1.A| and paragraph[§1.5. Explic-
itly, any morphism of A.-modules ¢ : M — N admits a factorization ¢ = pi such
that i is a cofibration and p an acyclic fibration (M5.i), respectively such that i is
an acyclic cofibration and p a fibration (M5.i1).

Proof. The arguments are classical. We refer to [I7], Section 10.5]. O
This claim achieves the proof of theorem O

§1.4. The Reedy model structure for unital operads. In this section we
check that the Reedy model structure of A,-modules can be transferred to operads
through the adjunction

F.:dgA°? Mod} /C = dgOpl: (-)~
defined in [§1.2:4] Explicitly, we have the following theorem:

Theorem §1.B. The category of (N or Z-graded) unital operads dg Op! is equipped
with the structure of a cofibrantly generated model category such that a morphism
¢ : P — Q is a weak-equivalence, respectively a fibration, if ¢ forms a Reedy weak-
equivalence, respectively a Reedy fibration, in the category of A.-modules dg ASY Modé.

The cofibrations are characterized by the left lifting property with respect to
acyclic fibrations as usual.

Our model structure differs from the adjoint model structure defined in [5] like
the Reedy model structure of A,-modules differs from the adjoint model structure.
Nevertheless one can observe again that the identity functor yields a pair of adjoint
derived equivalences between the two model categories.

Theorem follows from the general transfer principle considered in loc. cit.
since we observe in lemma that the category of A,-modules is cofibrantly
generated and the scheme of the proof of theorem is classical. As in [4], we
have essentially to check that the following property is satisfied:

§1.4.1. Claim. Suppose given a pushout of unital operads

Fo(C) P

iIN ij
such that i : F«(C) — F.(D) is a morphism of free operads induced by an acyclic

cofibration of A,-modules i : C>=">D. The morphism j : P — Q is a weak-
equivalence as well.

Proof. This property is inherited from the analogous property of non-unital oper-
ads, for which we can refer to [ [I6], since we observe that the functor Q — Q
from the category of unital operads to the category of non-unital operads creates
pushouts. O

According to the transfer principle (see [4}[9]), this verification achieves the proof
of theorem O

Theorem holds for the category of connected unital dg-operads dg Op;. In
this case we consider the category dg A°P Mod}, /C, introduced in formed by
the augmented non-unital unitary A.-modules M such that M (1) = F. According
to observations of this paragraph, we have an adjunction relation between this
category and connected unital operads:

F.:dg AP Modg, /C = dgOp : (=)~
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Furthermore, the functor P + P creates also pushouts in dgOp%, so that the
argument above remains valid for dg Op}.

On the other hand, one can deduce from the adjunction relations of [f1.2:7] that
the category of connected unital dg-operads dgOp; forms a model subcategory
of dgOpl so that a morphism of connected unital dg-operads defines a Reedy
cofibration, respectively a Reedy fibration, a weak-equivalence, in dg Op} if and only
if it defines a Reedy cofibration, respectively a Reedy fibration, a weak-equivalence,
in dg Op’. As a byproduct, we have the following statement:

§1.4.2. Fact. The functor sl : dgOpl — dgOp*, right adjoint to the category

embedding il : dgOpl — dgOp?, preserves fibrations, acyclic fibrations and all
weak-equivalences between fibrant operads.

This claim could also be deduced from an analogous assertion for A,-modules
since operad fibrations, respectively weak-equivalences, are just fibrations, respec-
tively weak-equivalences, in the A,-module category. To be precise, the state-
ment above is implied by the analogous assertion for the category embedding
il : dg A% Mod? — dg AP Mod..

§1.5. On Hopf A,-modules and unital Hopf operads. Recall that the notion
of an operad makes sense in any symmetric monoidal category. In this memoir,
if no category is specified, then an operad refers to an operad in the category of
dg-modules dg Mod since this category forms our ground monoidal category. On
the other hand, as explained in the introduction, we consider also Hopf operad
structures which are precisely operads in the category of augmented coassociative
dg-coalgebras, denoted by CoAlg%. The purpose of this section is to make clear
the structure of a Hopf operad and to prove the analogue of theorem for Hopf
operads. Namely we prove that unital Hopf operads form a model category.

§1.5.1. On (unital) Hopf operads. Explicitly, a Hopf operad consists of a collection
of coalgebras P(r) € CoAlg such that the operad composition products o; : P(s)®
P(t) — P(s+t — 1) define morphisms in CoAlg? as well as the isomorphisms w :
P(r) — P(r) defined by the action of permutations w € %,.. As usual for bialgebra
structures, one can equivalently assume that the diagonals A : P(r) — P(r) @ P(r)
define an operad morphism, where the tensor product P(r) @ P(r) is equipped with
place-by-place composition products. The distinguished unital operation * € P(0)
and the operad unit 1 € P(1) are supposed to define group-like elements in P.

One can observe that the composition products preserve the coalgebra augmen-
tations € : P(r) — F if and only if these morphisms define a morphism to the operad
of commutative algebras C. Accordingly, any Hopf operad P is automatically aug-
mented over the commutative operad C. Furthermore, for a unital Hopf operad P,
we deduce from these observations that the coalgebra augmentations agree with
the augmentation morphisms € : P(r) — F introduced in the introduction of this
section and defined by the operadic composites e(p) = p(x, ..., *).

Similarly, a Hopf algebra over P refers to an algebra over P in the category of
augmented coassociative dg-coalgebras. Hence a Hopf algebra consists of a coal-
gebra ' € CoAlg} equipped with evaluation products P(r) @ I'®” — I" that form
morphisms in CoAlg? . As stated previously for the composition products of a Hopf
operad, one can equivalently assume that the diagonal of I" defines a morphism of
P-algebras A : I' — I' ® I', where the tensor product I' ® I" is equipped with a
diagonal action of P(r).

If P is a unital Hopf operad, then a Hopf P-algebra I' comes equipped with a
unit morphism 7 : F — T yielded by the unital operation * € P(0). Consequently,
the underlying coalgebra of a Hopf algebra over a unital operad defines an object
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in the category CoAlg? of augmented unitary coalgebras. By convention, if a given
augmented unitary coalgebra I' is equipped with the structure of a Hopf P-algebra,
where P is a unital Hopf operad, then we assume that the unit of I' agrees with
the unital operation.

§1.5.2. Hopf A.-modules. Observe that the underlying A.-module of a unital Hopf
operad defines a A ,-object in the category of augmented coassociative dg-coalgebras.
This structure is called a Hopf A.-module according to our usual conventions.
Clearly, a Hopf A,-module I' is automatically augmented over the constant A,-
module since the coalgebra augmentation gives a morphism ¢ : I' — F as in the
case of unital Hopf operads.

To recapitulate, the forgetful functor of unital operads P ~— P, considered
in restricts to a functor from the category of unital Hopf operads to the
category of non-unital unitary Hopf A,-modules. In the converse direction, if a
unitary A,-module I' is equipped with a coalgebra structure, then the associated
free unital operad F,(T') can be equipped with the structure of a unital Hopf operad
so that F. () satisfies the usual universal property for Hopf A,-modules. In fact,
since the diagonal of a Hopf operad is supposed to define an operad morphism, the
diagonal of a formal composite v = (... ((71 %, ¥2) iy --.) 05, Vi in F.(T') can be
written

A(’Y) = Z ( - ((’71 Oiy r}é) Oig - - ) 04, ’Yl/ ® ( .- ((’Yi/ Oiy fyé/) Oig - - ) O4y ’yl”’
Y155
where A(v;) =3 7 ® ;" denotes the diagonal of v; in I'(r).

To conclude, the forgetful functor from unital Hopf operads to unital operads cre-
ates free objects. As a consequence, for unital Hopf operads, we have an adjunction
relation

F. : dg AS? HopfMod, = dg HopfOp; : (),
where F, denotes the free operad functor defined in One can observe in
addition that the forgetful functor creates also all small colimits in the category of
unital Hopf operads since the forgetful functor from the category of coalgebras to
the category of dg-modules has this property.

§1.5.3. The model category of coalgebras. According to [14], the category of non-
negatively graded dg-coalgebras over a field is equipped with the structure of a
model category such that a morphism ¢ : C' — D is a weak-equivalence, respectively
a cofibration, if ¢ defines a weak-equivalence, respectively a cofibration, in the
category of dg-modules. (Recall that a morphism of dg-modules over a field is a
cofibration if and only if it is injective.) Furthermore, this category has a set of
generating cofibrations, respectively acyclic cofibrations, defined by the collection
of injective morphisms i : C' — D such that D is spanned by a finite, respectively
countable, set of homogeneous elements.

As specified in[§1.3] the Reedy model structure of theorem [§1.A] can be defined in
any cofibrantly generated ground model category. In particular, for the A,-objects
in the category of dg-coalgebras we obtain the following theorem:

Theorem §1.C. The category of N-graded Hopf dg-A.-modules dg A¥ HopfMod
is equipped with the structure of a cofibrantly generated model category such that
a morphism ¢ : C — D is a weak-equivalence, respectively a cofibration, if ¢ de-
fines a weak-equivalence, respectively a cofibration, in the category of dg-X.-modules

dg ¥, Mod.

This model structure for Hopf A,-modules is also cofibrantly generated. To
be more explicit, as in the ground category of dg-modules, we have the following
lemma:
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§1.5.4. Lemma. We have a generating set of cofibrations, respectively acyclic cofi-
brations, in the category of Hopf A.-modules defined by morphisms

C®N‘@)D®MVHD®N
CRLA"™

associated to a generating set of cofibrations, respectively acyclic cofibrations, of the
category of dg-coalgebrasi: C — D. O

Recall simply that the forgetful functor creates colimits in the category of coal-
gebras so that the tensor products C ® K, where K is a A,-set, as well as the
coproducts C' ® A" @Prgrar D ® LA” have the same realization in the category of
dg-coalgebras as in the category of dg-modules.

§1.5.5. The matching coalgebra of a Hopf A.-module. The fibrations can be charac-
terized by the right lifting property as usual but, as in the context of dg-modules,
one can introduced an appropriate matching object in the category of Hopf A,-
modules so that a morphism of Hopf A,-modules p : C' — D is a fibration if and
only if the morphisms

(Hap) : C(T) - MC(T) XMD(T‘) D(’I’)

define a fibration in the category of dg-coalgebras for all » € N. The matching
object of a Hopf A,-module MC is defined by the same limit as in the category of
dg-modules
MC(r) = lim c(r'),
ar'—r

where « ranges over morphisms « € A7, such that ' < r, except that we perform
this limit in the category of dg-coalgebras. This matching object MC(r) can also
be defined by an equalizer as in the category of dg-modules, but an equalizer of
dg-coalgebras. Namely:

0

MC(r) = ker( ngz’gr Cr—1) % H1§i<j§r C(r—2) )

As in the context of A*-modules, we have an induced model structure on the
subcategory of dg A¥ HopfMod formed by non-unital Hopf A*-modules I'. First,
we observe that the adjunction relation of proposition [31.3.1] can be extended in
the coalgebra context so that we have an adjunction ladder:

<o
<
A

dg A HopfMod,, . dg AP HopfMod .
A

So
-

In fact, the non-unital object ¢/ (C), respectively s (D), associated to a Hopf A.-
module C, respectively D, can be obtained as in the dg-module context except that
in the definition of s) (D) we perform the pullbacks

56(D)(r) = = > D(r) .

! *
b

0——D

in the category of coalgebras. As in the context of A,-modules, we observe that the
functor ig cl preserves cofibrations and all weak-equivalences of Hopf A,-modules.
Then we obtain:
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§1.5.6. Proposition. The category of N-graded Hopf A.-modules dg ASF HopfMod,,
forms a model subcategory of dg A® HopfMod so that a morphism f : C — D
is a weak-equivalence, respectively a cofibration, a fibration, in dg AL HopfMod,,
if and only if f defines a weak-equivalence, respectively a cofibration, a fibration,
in dg AS® HopfMod.

Furthermore, this category is cofibrantly generated by the morphisms ci (i) :
c)(A) — ¢} (B) associated to a generating set of cofibrations, respectively acyclic
cofibrations, in dg ASY HopfMod. O

As in the ground category of dg-modules, we obtain that the functor
sé\ : dg AP HopfMod — dg AZP HopfMod,,

preserves fibrations, acyclic fibrations and weak-equivalences between fibrant ob-
jects by adjunction.

The category of unitary objects dg A” HopfModg is also equipped with the
canonical model structure of a comma category.

Now we check that the results of can be extended to the category of unital
Hopf operads. Explicitly, the Reedy model structure of (non-unital) Hopf A.-
modules can be transferred to unital Hopf operads through the adjunction

F. : dg A%’ HopfModg = dg HopfOp? : (=)~
so that we obtain the following theorem:

Theorem §1.D. The category of N-graded unital Hopf dg-operads dg HopfOp! is
equipped with the structure of a cofibrantly generated model category such that a
morphism ¢ : P — Q is a weak-equivalence, respectively a fibration, if ¢ forms
a Reedy weak-equivalence, respectively a Reedy fibration, in the category of Hopf
A.-modules dg A2” HopfMod.

As in the case of unital operads, we check simply that the assumptions of the
transfer principle are satisfied. Essentially, we check the following property:

§1.5.7. Claim. Suppose given a pushout of unital Hopf operads

F.C) L p

I

such that i : F(C) — F.(D) is a morphism of free operads induced by an acyclic

cofibration of Hopf A.-modules i : C>—>D. The morphism j : P — Q is a weak-
equivalence as well.

Proof. In fact, this property is clearly inherited from the category of unital operads
since we observe in[§1.5.2] that the forgetful functor creates the free functor F, and
the small colimits in the category of unital Hopf operads. O

§1.5.8. Connected unital Hopf operads. As in the context of operads in dg-modules,
we can consider connected unital Hopf operads P characterized by P(1) = F and
the full category HopfOp* formed by these objects. The category embedding il :
HopfOp* < HopfOp! admits also a left and a right adjoint cl,s! : HopfOp! —
HopfOp? such that clil =Id = slil.

In fact, we can consider the underlying categories of unital unitary Hopf A,-
modules which are associated to these operad categories and for which we have an
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adjunction ladder:

1
C*

-
-1
ASP HopfMod % ASP Hopﬂ\/{odi .
L

Then one checks readily that the connected unital unitary Hopf A.-module s1(Q),
respectively cl(P), associated to an operad Q, respectively P, forms a Hopf sub-
operad of Q, respectively a quotient operad of P, and the maps Q + s!(Q) and
P s cl(P) supply required adjoint functors at the operad level.

The connected Hopf A,-module sl(NN) associated to a unital unitary Hopf A.-
module N € A% HopfMod! can be defined by the same pullback diagrams as in
the category of dg-modules

s:(N)(r) = = = N(r)
|
\|V . l(m)z
Fxr 4>N(1)XT

except that we consider cartesian products in the category of coalgebras and we
perform these pullbacks in the same category. The other Hopf A.-module cl(M)
is obtained by the same obvious construction as in the category of dg-modules.
Namely we set ct(M)(r) = F for r = 0,1 and c!(M)(r) = M(r) for r > 2. The
operations 9; : cL(M)(r) — ct(M)(r — 1) are given either by the corresponding
operations or by the augmentation of M.

As in the context of operads in dg-modules, we observe that theorem holds
for the category of connected Hopf operads. More precisely, we obtain that the
category of connected unital dg-operads dg HopfOp: forms a model subcategory
of dg HopfOp. such that a morphism of connected unital dg-operads defines a Reedy
cofibration, respectively a Reedy fibration, a weak-equivalence, in dg HopfOp} if
and only if it defines a Reedy cofibration, respectively a Reedy fibration, a weak-
equivalence, in dg HopfOpi. Furthermore, we have:

§1.5.9. Fact. The functor s. : dgHopfOp. — dgHopfOp:, right adjoint to the
category embedding it : dg HopfOp* — dgHopfOpl, preserves fibrations, acyclic
fibrations and all weak-equivalences between fibrant operads.

In fact, since fibrations, respectively weak-equivalences, of unital Hopf operads
are just fibrations, respectively weak-equivalences, of Hopf A,-modules, we can also
deduce this claim from the same assertion at the level of Hopf A,-modules. To be
precise, the statement above is implied by the analogous assertion for the category
embedding il : dg A2’ HopfMod! — dg AP HopfMod..

§1.6. Prospects: cellular operads. As explained in the memoir introduction,
one might be willing to extend the results of this section to operads equipped with
a good cellular structure. In regard to our construction, a good notion is supplied
by functor operads on an operad O in Reedy categories. Explicitly, we assume that
O cousists of a sequence of categories equipped with a Reedy decomposition O(r) =
(_’5(7“)2(7")(5(7“), where 5(7‘) is a direct Reedy category, 5(7“) is an inverse Reedy
category and X(r) consists of isomorphisms, preserved by the operad structure.
Recall that an operad functor in a category C consists of a functor F : O — C
equipped with a suitable generalization of an operad structure (see [20]). The
definitions of this section can be generalized to this context. One has simply to
consider the appropriate generalization of the notion of a A.-module (functors
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M : AO — C, where AO denotes a semi-direct product of categories) and the
corresponding matching and latching structures.

§2. ON BOARDMAN-VOGT’ W-CONSTRUCTION

§2.1. Introduction. The model category structure implies the existence of Reedy
cofibrant replacements in the category of unital Hopf operads. As long as we deal
with abstract structure results this purely existence theorem meets our needs. But
for effective issues we need to have explicit cofibrant replacements. For the sake of
completeness (we do not really use the constructions of this section in the memoir)
and for subsequent references, we introduce in this section a differential graded
analogue of the Boardman-Vogt W-construction that fulfils this need. Explicitly,
we define a functor P — W (P), from the category of connected unital dg-operads
to itself, endowed with the following features:

Theorem §2.A (Compare with Berger-Moerdijk [5], Boardman-Vogt [6]).

(a) The operad W (P)is equipped with a natural morphism € : W(P) — P which
18 a weak-equivalence of dg-operads.

(b) The operad W (P) is quasi-free as a unital operad. To be more explicit,
the operad W(P) is defined by a free operad F.(W'(P)) equipped with a
differential

§+0: F(W'(P)) = F(W'(P))

which is given by the addition of a homogeneous derivation 8 : F.(W'(P)) —
F.(W'(P)), determined by the operad structure of P, to the canonical dif-
ferential 6 : F.(W'(P)) — F.(W'(P)), induced by the internal differential
of P. Furthermore, the morphism ¢, : W(P) — W(P’) associated to an
operad morphism ¢ : P — P’ is the morphism of quasi-free operads induced
by the morphism of A-modules ¢, : W' (P) — W'(P’) associated to ¢. The
morphism ¢, : W(P) — W(P') defines a cofibration in the Reedy model
category of operads provided that ¢ : P — P’ forms a cofibration in the
model category of A.-modules.

(¢) If an operad P is equipped with the structure of a Hopf operad, then the
associated W -construction can still be equipped with a coassociative diagonal
functorially in P so that P — W(P) defines a functor from the category
of connected unital Hopf operads to itself. Moreover, the augmentation € :
W(P) — P defines a weak-equivalence of unital Hopf operads.

We refer to[§2.3.10] for the general definition of a quasi-free object in the category
of unital operads.

In fact, as observed by Berger-Moerdijk in [5], an analogue of the Boardman-
Vogt W-construction can be defined in any monoidal model category equipped with
a good interval I. Our differential graded W-construction can be identified with an
instance of this general W-construction for the category of dg-modules, respectively
for the category of dg-coalgebras. On the other hand, the classical topological
Boardman-Vogt W-construction, introduced in [6], is defined by a cellular complex.
Our differential graded W-construction is precisely the chain complex defined by
this cellular object.

In this section, we give a precise account of the definition of W (P), though
this construction is not original, in order to give insights into the structure of this
operad in the unital context. To be precise, we have to check that W (P) that
yield cofibrant resolutions in the Reedy model category as stated in theorem [§2.A]
An analogous statement for the adjoint model structure is proved in [5] but, for
our purpose, we give other arguments. The Boardman-Vogt construction is by
definition a cellular object in the ground model category. In [5l [6] the authors deal
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only with this cellular structure. In this memoir, we prove that the Boardman-Vogt
construction W (P) defines a cellular object in the category of operads. Explicitly,
we prove the following theorem that implies the cofibrancy claim of theorem [§2.A}

Theorem §2.B. The Boardman-Vogt construction W (P) is the colimit of a se-
quence of (Hopf) operads

« = WL P) L WOy L L 2 w(p) 2
. — colimg W%(P) = W(P)
obtained by pushouts

lid :jd
a4 N
F(DYP) == = Wi(P)

where i : F.(CHP)) — F.(DYP)) is a morphism of free operads associated to a
morphism of unitary (Hopf) A.-modules i% : C4(P) — D4(P).

This decomposition is functorial in P and in addition the canonical morphism
of unitary (Hopf) A.-modules

(i4,¢) : C(P") € D*(P) — DU(P")
C4(P)

associated to an operad morphism ¢ : P — P’ is a weak-equivalence, respectively a
Reedy cofibration, if ¢ defines a weak-equivalence, respectively a Reedy cofibration,
in the category of A.-modules. In particular, the morphism i% : C4(P) — D(P) is
a Reedy cofibration if the operad P forms a Reedy cofibrant object in the category
of A.-modules.

The decomposition of theorem [§2.B]is referred to as the operadic cellular decom-
position of the Boardman-Vogt operad W (P).

Theorem holds in the general framework of [5]. Nevertheless, for simplicity,
we make our construction explicit and we give comprehensive proofs only in the
context of dg-modules and dg-coalgebras.

We need to recall conventions and results on trees that give the structure of the
W -construction. We devote the next subsection to this topic. We achieve the
definition of the W-construction in the differential graded context and we prove the
assertions of theorem in We define the operadic cellular decomposition
of W(P) and we prove theorem in of this section. The figures referred to
in the text are displayed in the appendix subsection ?77.

As explained, the subsection [§2.3] does not provide any original result. Never-
theless our presentation differs from [5] [6] at some points since we aim to introduce
another cellular structure on the Boardman-Vogt construction.

Recall again that we do not really use the constructions of this section in the
memoir. In regard to the needs of the next parts, this section can be skipped in
a first reading. The account of this section is motivated by the sake of references
in view of effective constructions of operad actions which are postponed to future
articles.
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§2.2. Cell metric trees. In the topological context the space W (P)(r) defined by
Boardman-Vogt in [6] is a cubical cellular complex formed by trees whose vertices
are labeled with operations of P and whose edges are equipped with a length. The
authors of [5] consider in fact a generalization of this cellular construction in other
categories than topological spaces.

As stated in the section outline, the aim of this subsection is to recall our conven-
tions for tree structures, borrowed from [12], so that we can make precise the defini-
tion of W(P). In addition we prove that the metric trees considered by Boardman-
Vogt form a cellular complex endowed with good homotopical properties.

Recall that we consider nothing but the chain complex of Boardman-Vogt’ cel-
lular construction. As a byproduct, one can observe simply that W (P) is equipped
with a diagonal and forms a Hopf operad if P is so because W (P) is defined by a
cubical cellular complex.

§2.2.1. The chain interval. In this memoir we let I denote the standard cellular
complex of the topological interval [0,1]. Explicitly, the dg-module T is generated
by elements 0,1 in degree 0, by an element 01 in degree 1 and is equipped with the
differential such that §(01) = 1 — 0. One should not be confused by this notation
0 for a basis element because we consider only basis elements in I. Recall that I
defines a cylinder object in the category of dg-modules. To be explicit, we have
a morphism n° : F — I, respectively ' : F — I, that maps the ground field to
the submodule F 0 C I, respectively F1 C I, and an augmentation € : I = F that
cancels 01 € I and such that € -n° = ¢- 7! = Id.

In addition we have a morphism of dg-modules g : I® I — I induced by the map
(s,t) — max(s,t) of the topological interval. Explicitly, this morphism satisfies

p(0,00=0,  p(01,0)=pu(0,01) =01,  4u(0,1) = u(1,0) = p(1,1) =1

and vanishes in the other cases.
Observe that I is equipped with a coassociative diagonal A : T — I® 1T defined
by the classical formulas

A(0)=0®0, A(l)=1®1, and A(01)=0®01+01®1.

One checks readily that the morphisms n°, ', € and y are morphisms of dg-coalgebras.

Recall that, according to [4], the background of the Boardman-Vogt construction
is provided by a monoidal model category equipped with an interval. The dg-
module I is precisely the standard interval in the category of dg-modules and in the
category of dg-coalgebras.
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§2.2.2. Tree structures. As specified in the introduction, for tree structures, we
adopt the conventions of our article [I2] and we refer to this reference for more
precision.

Recall that an r-tree refers to an abstract tree 7 defined by a set of vertices
V() and by a set of edges E(7), oriented from a source to a target, equipped with
one outgoing edge (the root of the tree) that targets to an element denoted by 0
and r ingoing edges (the leaves of the tree) in one-to-one correspondence with the
elements of {1,...,7} that give the source of these edges (see figure [1)).

Formally the source of an edge e € £(7) is specified by an element s(e) € V(7)1
{1,...,r} and the target by an element t(e) € V(7)II{0}. For x € V(r)II{1,...,7},
we assume that there is one and only one edge e € E(7) with source s(e) = x, so
that the functions s,t define a tree properly, and we assume that there is one and
only one edge such that ¢(e) = 0, so that this edge represents the root of the tree.
The leaves of T are the edges with source s(e) € {1,...,r}.

Recall that the tree structure is uniquely determined by a partition V(7) II
{1,...,r} =l ev(ruyoy Lv: indexed by the set V(7)L1{0}, characterized by z € I,
if and only if x and y are respectively the source and the target of an edge of the
tree. Hence the component I, associated to a vertex v represents the set of entries
of the vertex v in the tree 7. In the example represented in figure [5| we have
V(1) = {v1,v2,v3,04}, and Iy = {v1 }, I,, = {1,va,v3}, L, = {3,va}, Iy, = {4,5},
I,, ={2,6}.

The set of internal edges of the tree T, denoted by E’(7), consists of the edges e
which are neither a leave or the root of 7. Thus an edge e is internal if and only if
s(e), t(e) € V(7).

§2.2.3. Tree morphisms and edge contractions. In our construction we consider a
category of r-trees, denoted by ©(r), in which a morphism f : 7 — 7’ is defined by
a contraction of internal edges e € F(7). Formally, a morphism of r-trees f : 7 — 7/
is defined by a pair of maps fy : V() I1{0,1,...,r} — V() 11{0,1,...,r} and
fe: E(t) — E(r")I1V(7') endowed with the following properties:

(a) the map fy is the identity on {0,1,...,7};

(b) for an edge e € E(7) such that e € f 'V (') we have fy(s(e)) = fv(t(e)) =
fe(e);

(c) f(fr an edge e € E(7) such that e € f;'E(7") we have fy(s(e)) = s(fu(e))
and fy (t(e)) = t(fE(e)).

An example of a tree morphism is represented in figure[2] In this example the map
fv is defined by fv(vs) = fy(va) = we and fy(v1) = fy(v2) = wy. Observe that
the previous assertions imply that the map fy is onto and fgr induces a one-to-one
correspondence between f,'E(7') C E(r) and E(r'). Moreover, the map fg is
clearly uniquely determined by fy and conversely.

Intuitively, the edges e € E(7) such that e € f5'V(r') are contracted to the
vertex v/ = fg(e) by the morphism f : 7 — 7/ and the other edges are preserved.
Our assumptions imply that the leaves and the root are fixed by a morphism of
r-trees and, as a consequence, only internal edges are allowed to be contracted.
Furthermore, we can observe that the subsets f;,'(v') C V(7) and f5'(v') C E(7)
associated to a vertex v’ € V(7') determine a subtree o, of 7. In addition the entry
set of v’ can be identified with the image under the map fy of the entry set of this
subtree o, (we refer to [I2] for the formal definition of these notions). In fact,
the tree 7/ can be determined by a generalization of the quotient process of [12].
Namely, if we perform a sequence of quotients by the subtrees o, for v’ € V(7'),
then we obtain the tree 7/ up to isomorphism.
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Clearly, a morphism of r-trees is an isomorphism if and only if the map fy is
one-to-one and fp defines a one-to-one correspondence between edge sets.

One can also observe that a morphism of r-trees f : 7 — 7’ that contracts a
single edge e € E(7) is equivalent to the contraction process 7 — 7/eo defined
n [12]. To be precise, for an internal edge ey € E(7) one considers the tree 7/¢eg
obtained by identifying the source sy = s(eg) and the target tg = t(eg) of e in T
to a single vertex so = to whose entries are defined by the union I, \ {so} II I,
of the entries of sy and ¢y in 7. Hence we have V(7/eg) = V(7)/{so = to} and
E(r/eo) = E(7) \ {eo}. Furthermore, the quotient map (ye,)v : V(1) — V(7/eo)
and the map (ve,)r : E(7) — E(7/e0) 1V (7/eo) such that (ve,)r(eo) = {so =to}
and (7., )E(€e) = e for e # eg defines a morphism of r-trees v, : 7 — 7/e¢ which is
called an edge contraction. As an example, the contraction of the edge v3 — v; in
the tree of figure [I] gives the tree represented in figure [3]

Clearly, a morphism of r-trees is a composite of tree isomorphisms and edge
contractions.

§2.2.4. Tree categories. We call a tree n-reduced if all vertices v € V(1) have more
than n entries. For instance, a tree 7 is called O-reduced if it has no terminal vertex
(a vertex v is terminal if [, = ().

Observe that a 0-reduced r-tree 7 has no automorphism. Accordingly, if we fix
a representative for each isomorphism class of O-reduced tree, then we obtain a
category, denoted by ©'(r), equivalent to the full subcategory of O(r) generated by
0-reduced trees in which all isomorphisms are identities. Hence any morphism in
©’(r) is a composite of edge contractions. Moreover, one can observe that ©'(r)
defines a poset equipped with a terminal element represented by the unique r-tree
7, with one vertex and no internal edge (see figure [4).

The category ©’(r) is also equipped with a natural grading gr : ©'(r) — N given
by the number of internal edges and we let ©/,(r) denote the subcategory of ©(r)
generated by trees of grading < d. Observe that O (r) contains only of the terminal
r-tree 7,.. Clearly, any non-identity morphism of ©'(r) decreases the grading so that
©’(r) defines an inverse Reedy category.

In fact, in the constructions of this section we consider only the subcategory
of ©'(r) formed by 1-reduced r-trees. Therefore we introduce the notation ©"(r)
for this category and we let also ©//(r) denote the subcategory of ©'(r) formed by
1-reduced r-trees with no more than d internal edges.

§2.2.5. Cell metric trees and length tensors. In the definition of the Boardman-Vogt
complex we consider cell metric trees T equipped with a length tensor defined by a
tensor product of interval elements indexed by the internal edges of 7:

A= QR Aee @ I
ecE' (1) e€E'(T)
In fact, we identify abusively a length tensor with a basis element of the tensor
product ®86E,(T) I, so that a length tensor is defined by a map e — A, which
associates to any internal edge e € E’(7) an element A, € I. In the representation
of a tree we decorate the internal edges e by the corresponding length A, as in
figure
The module of length tensors is denoted by
D= ) I.
ecE/ (1)
In fact, this module is nothing but the cellular complex of the cube build on
the internal edges of the tree 7. One observes that the map 7 — D7 can be
extended to a contravariant functor from the category of trees to the category of
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dg-modules. Explicitly, a tree morphism f : 7 — 7’ induces a dg-module morphism
f* : D7 — DT that assigns the length A\ = 0 to the edges e € E'(1) which
are contracted to a vertex by f : 7 — 7’ and preserves the length of the other
edges e € E'(r) which are mapped to an edge of 7. Formally, a morphism of
trees f : 7 — 7' yields a partition E'(1) = f5 V(') II f5'E'(7") and f induces
a bijection from f,'E'(7') to E’(r'). The dg-module morphism f* : D™ — D7 is
given by the tensor product of the canonical isomorphism

QR 1~ Q I

e'er (1) e€fg B/ (1)

with the unit map

® n° ® FO— ® I.

e€fp' V(1) e€fg'V(r) e€fp'V(r)

Hence this morphism identifies the module

Q) 1

e’eE/ (1)

with the module of length tensors

| ® e ® oc Q 1=

e€fp B (1) e€fp'V(r") e€E' (1)

in which the edges e € fb?1V(T'), that are contracted to a vertex in 7/, have length
Ae = 0. As an example, an edge contraction v, : T — 7/eg induces a dg-module
morphism (7e,)* : D7/ — D7 that identifies the module D™/ to the module of
length tensors A € D7 such that A, = 0.

Finally, as our chain interval I, equipped with a coassociative diagonal, defines an
interval in the category of dg-coalgebras and not only to the category of dg-modules,
we observe that the construction of this paragraph gives a functor 7 — D7 from the
category of trees to the category of dg-coalgebras as well. Explicitly, the diagonal
of D7 is given by the composite of tensor products of the diagonal of T with the
obvious tensor permutation:

Q1- Q@ uen>[ Q@ 1]e] ® 1.

e€E'(T) e€E’' (1) e€E'(T) e€E'(T)

Equivalently, in the definition of D7 = &), B (r) I we consider a tensor product
in the monoidal category of dg-coalgebras and not only in the category of dg-
modules. The morphism f* : D™ — D7 induced by a tree morphism defines clearly
a morphism of dg-coalgebras as the definition of f* can be deduced from the axioms
of symmetric monoidal categories.

§2.2.6. Coends over the category of trees. In this section we consider coends

/ P, D"
TEO! (1)

associated to covariant functors 7 — @, from the category of 1-reduced trees O (r)
(see to the category of dg-modules, respectively dg-coalgebras. Recall that
the coends in the category of dg-coalgebras are created in the category of dg-
modules like all colimits.

We aim to determine the homotopy type of these coends. We prove precisely
that f cor(r <I) ® D7 is homotopy equivalent to the object ®. associated to the
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terminal r-tree 7,.. We prove in addition that the coend morphism
(b*:/ P, @D — U, D"
TEO (1) TEO (1)

induced by a functor morphism ¢, : &, — ¥_ forms a cofibration, respectively
an acyclic cofibration, if ¢, : &, — W. is a pointwise cofibration, respectively a
pointwise acyclic cofibration.

For these purposes we assume that the category of contravariant functors from
the category of trees ©”(r) to the category of dg-modules, respectively to the cat-
egory of dg-coalgebras, is equipped with a Reedy model structure. Explicitly, for
contravariant functors 7 — C7 we have a latching object, defined by

LCT = colim C’T/,
T—>7!
and a functor morphism ¢, : C7 — D7 is a Reedy cofibration, respectively an
acyclic Reedy cofibration, if and only if, for each tree 7 € ©”(r), the morphism

(6, :C" LD — D7
LC™
defines a cofibration, respectively an acyclic cofibration, in the ground category.
Fibrations and weak-equivalences are defined pointwise. The definitions are dual
for covariant functors 7 — ®. but we do not consider fibrations and matching
objects explicitly in this case.

Recall that a morphism of dg-coalgebras is a cofibration, respectively an acyclic
cofibration, if and only if it defines a cofibration, respectively an acyclic cofibration,
in the category of dg-modules. The same statement holds for functor morphisms
since colimits and latching objects in the category of dg-coalgebras are created in
the category of dg-modules. As a byproduct, the dg-coalgebra case of the next
statements is always an immediate consequence of the dg-module case. Therefore
we give proofs in the context of dg-modules and omit to give more precision in the
context of dg-coalgebras. On the other hand, one can observe that our assertions
and our arguments can be extended to monoidal model categories including both
the category of dg-modules and the category of dg-coalgebras.

We deduce our results from forthcoming observations about the functor 7 +— D7
defined by the modules of length tensors.

§2.2.7. Homotopy properties of the modules of length tensors. We observe that the
functor 7 — D7 is connected to the constant functor F by equivalences of functors
on ©”(r). To be more explicit, for each tree 7 we have a morphism 70 : F — DT
induced by n° : F — L. One checks readily that n° commutes with the morphisms
f*: D7 — D" induced by a tree morphism f : 7 — 7/ so that nY defines a morphism
of functors on the category of trees. Similarly, one can check that the augmentation
¢ : T — F induces a morphism of functors e, : D7 — F such that e, -n° = Id. Finally,
one can observe that 70 : F — D7 and ¢, : D™ — F are coalgebra morphisms because
soare ' : F — T and € : I — F. We have the following assertion:

§2.2.8. Observation. The morphism 70 : F — D7 is an acyclic Reedy cofibration
in the category of contravariant functors from ©"(r) to the category of dg-modules,
respectively to the category of dg-coalgebras. As a corollary, the morphism e, :
D™ — T, which is right inverse to n°, defines a weak equivalence of functors as
well.

Proof. Recall that n° defines an acyclic Reedy cofibration if and only if the mor-
phism

(n2,\) : FEHLD™ — D"
LF~
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defines an acyclic cofibration in the category of dg-modules for all 7 € ©”(r).
Clearly, for the constant functor we have LF" = 0 if 7 # 7., the terminal r-tree,
and LF™ = F. Hence we obtain

FEPLD =LD" ifr#7 and FEPHLD™ =F=D".
LF™ LF™

(Recall that D™ = F since 7, has no internal edge.) Consequently, the morphism
n? :F — D" is an acyclic Reedy cofibration if an only if the canonical map LD"™ —
D7 is an acyclic cofibration of dg-modules (or dg-coalgebras) for 7 # 7,..

This assertion can be deduced from the axioms of monoidal model categories and
from the general properties of an interval. On the other hand, in the framework of
dg-modules one can observe simply that the dg-module LD7 is identified with the
submodule of D7 spanned by length tensors A = @), A in which some edges have
length A, = 0. Consequently, the quotient D™ /D™ can be identified with a tensor

product of dg-modules F 01 94, F 1 which are clearly acyclic. (]

By the way, we observe in this proof that the natural morphism

LD"7r =colim . D7 — D7
fir'—T
defines an embedding from the latching object LD™ to D”. Accordingly, we have
the following result:

§2.2.9. Observation. The functor 7 — D" defines a Reedy cofibrant object in the
category of contravariant functors from the category of trees ©"(r) to the category
of dg-modules, respectively to the category of dg-coalgebras. O

We can now prove the results announced in [§2.2.6] First, we have the following
assertion that arises as a consequence of observation

§2.2.10. Claim. The coend morphism

772:/ P, F — o, D7
TEO (1) TEO (1)

induced by n° : F — D7 defines an acyclic cofibration of dg-modules, respectively
dg-coalgebras. As a consequence, the morphism €, : D™ — F, which is right inverse
to n°, defines an inverse weak equivalence of dg-modules, respectively dg-coalgebras,

e*:/ o, D" = . QRF
TEO (1) TEO (1)

such that 6*772 = 1Id.

Proof. To be explicit, recall that n : F — D" defines by observation an
acyclic Reedy cofibration of functors on ©”(r). Accordingly, the claim is an instance
of a general statement that can be deduced from the categorical definition of a coend
and from the axioms of monoidal model categories. Explicitly, for a fibration of
dg-modules p : C'—= D the lifting problem

wim Pr @F
Jrco ) P ® —=C

Lk

fTE@”(T‘) (I)T DT — D
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is equivalent to an adjoint lifting problem

F——> Hom(®.,C)

P 7
7]2 - P
-

) Hom(®.,D)

in the category of contravariant functors in 7 € ©”(r). This lifting problem admits
a solution since a fibration of dg-modules p : C' — D induces a Reedy fibration on
internal hom-objects p. : Hom(®,,C)—s= Hom(®,, D) and since n? : F — D7 is an
acyclic Reedy cofibration. Accordingly, our morphism has the left lifting property
with respect to fibrations of dg-modules and the conclusion follows. O

As the category of trees admits a terminal object 7., we obtain in addition:

§2.2.11. Observation. We have an isomorphism fT O, QF D, . O

cor(r)
Accordingly, we obtain finally:

§2.2.12. Lemma. Let 7 — &, denote a covariant functor from the category of trees
to the category of dg-modules, respectively dg-coalgebras.

The morphism €, : D7 — F induces a weak-equivalence of dg-modules, respec-
tively dg-coalgebras,

/ b, ©DT b, OF ~ &,
TEO (1) €x TEO (1)

which has a natural inverse equivalence, such that e,n? = 1d, induced by n° : F —
D7. O

As stated in [§2.2.6] we have also the following assertion which arises as a conse-
quence of observation [§2.2.9t

§2.2.13. Lemma. Let ¢, : &, — U, denote a pointwise cofibration of covariant
functors from the category of trees to the category of dg-modules, respectively to the
category of dg-coalgebras. The associated coend morphism

¢*:/ P, D" — . DT
TEO (1) TEO! (1)

defines a cofibration in the category of dg-modules, respectively in the category of
dg-coalgebras.

Proof. As in the proof of claim [§2.2.10} we observe that a lifting problem in the
category of dg-modules

f‘re@”(r) qDT@D ﬁc )
%l /// ~|p

fTG@”(T‘) \IJT ® DT —— D

where p : C 3> D is an acyclic fibration, is equivalent to an adjoint lifting problem
o, —— Hom (D7, C)
7z
¢>l - - \Lp*
V.~ Hom(D", D)

in the category of functors in 7 € ©”(r). Recall that the modules of length ten-
sors D7 define a Reedy cofibrant object in the category of contravariant functors
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on ©"(r). As a consequence, the natural transformation p. : Hom(D",C) —

Hom(D", D), induced by an acyclic fibration of dg-modules p : C'—= D, defines a
Reedy fibration in the category of covariant functors on ©”(r). Hence we conclude
from our observation that the morphism ¢, : f‘rE@”(r) . D — fTE@,,(r) . DT
satisfies the left lifting property with respect to acyclic fibrations and defines a
cofibration of dg-modules. O

§2.3. The Boardman-Vogt construction. As announced in the section intro-
duction, the purpose of this subsection is to give a precise account of the Boardman-
Vogt construction in the differential graded context and to prove the properties of
this construction asserted in theorem up to the cofibrancy claim in asser-
tion (b).

In our construction, we consider only connected unital operads P such that
P(0) = F and P(1) = F. In this context we set W (P)(0) = F and W(P)(1) = F
so that W(P) is still a connected unital operad. In what follows we give first
the definition of the dg-modules W(P)(r) for » > 2. Then we define the partial
composites o; : W(P)(s) ® W(P)(t) — W(P)(s+t — 1) for operations such that
s,t > 2 and we make a particular case for composites with unital operations. In
view of the construction of [5], the connectedness assumption P(1) = F is not
necessary but simplifies our construction.

The assertion (c¢) of theorem the Hopf operad structure, arises from the
definition of W(P). Only assertions (a) and (b) require an actual proof supplied

by claim [§2:3.9) and claim [§2:3.11] respectively.

§2.3.1. Treewise tensor products. For a finite set I = {iy,...,i,}, we form the mod-
ule P(I) whose elements represent operations in r variables indexed by {i1, ..., }
instead of the integers {1,...,r}. For finite sets I, .J and an element ¢ € I, we have
a partial composite operation o; : P(I) @ P(J) — P(I'\ {i} 11 J).

As in [12), given a tree 7, we let 7(P) denote the module of tensors

r= Q& e Q PUL)

veV(T) veV(r)

that represent labelings of vertices of T by operations p, € P(I,) whose variables
are in bijection with the entry set of the associated vertex I,,. In fact, we shall
consider only 1-reduced trees whose vertices have all at least to 2 entries. Thus, for
the factors p, € P(I,) of a labeling, the set I,, contains at least two elements.

One observes that the map 7 — 7(P) can be extended to a covariant functor
from the category of trees to the category of dg-modules. In particular, for each
internal edge eg € E'(7), we have a natural morphism

(Yeo )« : T(P) = 7/eo(P)

from the labellings of the tree T to the labellings of the tree 7/eg obtained by the
contraction of the edge eg. In general a morphism f. : 7(P) — 7/(P) induced
by a tree morphism f : 7 — 7’ is a composite of edge contractions (v.,). and
isomorphisms. Therefore, for our purposes, it is sufficient to make the morphisms
(Veo )+ explicit. Let sg = s(ep) and tg = t(ep) denote respectively the source and
the target of eg. By definition, the morphism +., preserves the label of vertices
v # Sg, tg which are untouched by the contraction process and labels the collapsed
vertex sp = to in 7/eg by the partial composite py, 0s, ps, € P(It, \ {0} LI I5,) of
the labels py, € P(Ls,),pt, € P(I1,) of the vertices sg and to in 7 (see figure|[7).
Clearly, for the terminal r-tree 7, we have a canonical isomorphism 7,.(P) ~
P(r). Accordingly, for each r-tree 7 the terminal morphism 7 : 7 — 7. induces
a morphism 7, : 7(P) — P(r). Intuitively, a tree labeling represents a formal
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operadic composite of operations and the morphism . : 7(P) — P(r) is defined
by the evaluation of this composite operation in the operad P.

For a Hopf operad P, the construction of this paragraph gives a functor 7 —
7(P) from the category of trees to the category of dg-coalgebras and not only to
the category of dg-modules. Formally, in the definition of 7(P) = &, cy () P(Lv)
we consider a tensor product in the monoidal category of dg-coalgebras and not
only in the category of dg-modules (as in the definition of the module of length
tensors). Hence a morphism of r-trees f : 7 — 7/ induces a coalgebra morphism
f« : T(P) — 7'(P) since the definition of f. can be deduced from the axioms
of symmetric monoidal categories and since a Hopf operad refers precisely to an
operad in the category of coalgebras. Explicitly, for a fixed r-tree 7, the diagonal
of 7(P) = ®,ev(r) P(v) is given by the composite of a tensor product of the
internal diagonal of P with the obvious tensor permutation. Thus, for an element
P = Qev(r) Pv € T(P), we have

Ap=3{ ® r}e{ ® n}erP o),

veV (1) veV (1)

where we consider the expansion A(p,) = > pl @ pl/ of the diagonal of each factor
pv € P(I,). Accordingly, the diagonal of a labeling is represented by the graphical
formula of figure [f]

§2.3.2. The W -construction. In this paragraph we define the chain structure of
the Boardman-Vogt operad W (P). As specified in the subsection introduction,
we set W(P)(0) = F and W(P)(1) = F so that W(P) is still a connected unital
operad. Consequently, in this paragraph and in the next ones, we consider only the
components W (P)(r) such that » > 2 and we define the structure of the reduced
operad associated to W (P). The definition of the partial composition products with
unital operations o; : W(P)(r) @ W(P)(0) — W(P)(r — 1) is postponed to
For r > 2, the module W (P)(r) is defined by the dg-module coend

W(P)(r) = /eeu( (P oD

in which the variable 7 ranges over the category of 1-reduced r-trees ©”(r) intro-
duced in The map P — W(P) defines clearly a functor on the category of
dg-operads.

Equivalently, the module W (P)(r) can be defined by the direct sum

W(P)(r) = P r(P)eD7/=

TEO (1)

together with the relation
PR A= fip® A

for any r-tree morphism f : 7 — 7/. Clearly, the relation = is generated by the
relations p @ (Ve )*A = (Vo )«p @ A associated to edge contractions v, : 7 — 7/eg
since any morphism of ©”(r) is a composite of edge contractions.

Recall that the morphism (v,,)* : D7/¢ — D7 identifies D/¢ with the submod-
ule of length tensors A = ®86E,(T) Ae such that A, = 0. Thus, intuitively, the
relation = identifies an element p ® A € 7(P) ® D™ equipped with an edge of length
Ae, = 0 to an element 7., (p) ® A/eg € 7/eo(P) @D7/¢ obtained by the contraction

of ey as represented in figure [ Accordingly, in the context of dg-modules, any el-
ement of W (P)(r) has a normal form p® A € 7(P) @ D" for a uniquely determined

tree 7 such that A\, =1 or A\, = 01 for all internal edges e € E'(7).
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Finally, we observe that W(P)(r) is a dg-coalgebra if P is a Hopf operad. In-
deed we observe in this section that the functor 7 — D7 targets to the category
of coalgebras and not only to the category of dg-modules as well as the functor
7+ 7(P) if P is a Hopf operad. Our claim follows since the forgetful functors from
the category of coalgebras to the category of dg-modules creates coends. These
observations prove also that, for a Hopf operad, the general definition of W (P)(r)
deduced from monoidal model category axioms agrees with our elementary con-
struction of W (P) within the category of dg-modules. Explicitly, in order to define
the diagonal of an element p® A in W (P), we can simply put together the diagonal
of p, represented in figure [§] with the diagonal of X in the cubical complex D7, as
in the representation of figure

§2.3.3. The cellular differential in the W -construction. We make explicit the dif-
ferential of an element of W(P)(r). By definition, the module W (P)(r) is equipped
with a natural differential § : W(P)(r) — W(P)(r) induced by the internal dif-
ferential of the operad P and with a cellular differential 9 : W (P)(r) — W (P)(r)
induced by the differential of the chain interval I. Explicitly, this cellular differen-
tial replaces an edge length A, = 01 by a difference 9(A\.) = 1 — 0. The cellular
differential of an explicit element of W (P)(r) is represented in figure [J] We have
unspecified signs determined by an orientation of the cell associated to the tree T,
equivalent to an ordering of the length tensors X, B(r) Ae, since the differential 0
is supposed to operate on the module D7 = ®66E,(T) I according to the rules of dif-
ferential graded algebra. Notice that, according to these definitions, the dg-module
(W (P)(r), ) forms a cubical complex whose cells are indexed by 1-reduced r-trees.

§2.3.4. The operad structure of the W -construction. Observe that W (P)(r) comes
equipped with a natural action of the symmetric group X, given by the leaf rein-
dexing of r-trees as usual. In this paragraph we define the operadic composition
products

o; : W(P)(s) @ W(P)(t) — W(P)(s +t— 1)

for s,t > 2 and this definition gives the structure of the reduced operad W (P).

The partial composition product o; is deduced from the grafting process of rooted
trees extended to cell metric trees. To begin with we recall the definition of the
tree o o; T obtained by grafting the root of a t-tree 7 to the ith leaf of an s-tree o.
Formally, the vertex set of o o; 7 is defined by the union V(o o;7) = V(o) IV (1) of
the vertices of o and 7 and the edge set by the union F(co;7) = E(o) L1 E(1)/ = of
the edges of o and 7 in which the root ey of 7 and the ith leaf e; of o are identified.
For this new edge {eg = e;}, we set s({eg = e;}) = s(eg) and t({eg = e;}) = t(e;).
The other edges e € E(o) \ {e;} and f € E(7) \ {eo} keep the same source and
target in 0 o; 7. The leaves of o o; T are reindexed as usual so that our construction
produces an s +t — 1-tree o o; 7 from an s-tree o and a t-tree 7.

Observe that the internal edges of o o; 7 are either internal edges of o and 7 or
produced by the grafting {eg = e;} of the root ey of 7 with the ith leaf e; of o.
Consequently, we have a natural morphism

0;: ]D)O’ ® ]D)T N ]D)aoi‘r
that assigns the length A, =c,; = 1 to the new internal edge and preserves the

length of the other edges of o o; 7. Formally, we have a partition E'(c o; 7) =
E'(o) I E' (1) {eg = e;} and the morphism o; is defined by

® 1o ® H}M[ K 1o Q 1]eFi @ L
e€E (o) ecE'(r) e€E (o) e€E/ (1) e€E!(00;T)

One checks readily that this definition gives a morphism of functors in 7 € ©”(r).
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On the other hand, we have also a natural isomorphism
0; 1 0(P) @ 7(P) = 0 o; 7(P)

since V(o o; 7) = V(o) L V(7). The pairing of these morphisms gives the required
composition product on W(P)(r) = [ 7(P) ® D". The representation of this
grafting process is given by figure

One checks readily that the maps o; satisfy the associativity and commutativity
properties of partial composition products of an operad. Clearly, the only example
of a reduced 1-tree is provided by the unit tree | equipped with an empty set of
vertices and only one edge. This object defines a unit for the partial composition
products defined in this paragraph. Accordingly, for » = 1 we can extend the defi-
nition of in order to obtain W (P)(1) = F, coherently with our conventions.

Observe that the definition of o; : o(P) @ 7(P) = o o; 7(P) can be deduced
from the axioms of symmetric monoidal categories so that this morphism defines
a morphism of coalgebras if P is a Hopf operad. Similarly, the morphism o; :
D? @ D™ — D7°7 defines a morphism of coalgebras and not only of dg-modules
because I defines an interval in the category of coalgebras and not only in the
category of dg-modules. From these observations we conclude that the operadic
composition products of the W-construction are morphism of coalgebras so that
W (P) forms a Hopf operad. To conclude, for a Hopf operad P, our construction
returns an operad W (P) in the category of dg-coalgebras. In fact, our construction
agrees with the general construction of [5], defined within the formalism of monoidal
model categories, for the category of dg-coalgebras.

§2.3.5. Unitary operations in the Boardman-Vogt construction. We define now the
partial composites with unital operations

oj : W(P)(r) @ W(P)(0) — W(P)(r —1).

As specified in the introduction, we set W (P)(0) = P(0) = F so that W (P) is still
a connected unital operad. For our purpose we consider an expansion

W(P)(r)=EPr(P)aD/ =
that ranges over all r-trees, unlike the expansion of but which contains more
relations so that this expansion returns the same result for > 1 and W(P)(0) = F
for r = 0. Roughly, we put relations so that any labeling reduces to the labeling of
a reduced tree for » > 1 or to an element of P(0) for r = 0.

Explicitly, let 7 denote a tree equipped with a vertex vg such that I,, is empty
and let eg denote the unique edge such that s(ep) = vo. Thus, for a labeling
P = Quev(r)Pv € 7(P), we have p,, € P(0). An element p®@ A € 7(P) @ D7 is
set to be equivalent to an element of the summand 7/eo(P) ® D7/¢ for the tree
7/ep obtained by contraction of the edge eg according to the process of By
definition, the terminal vertex vy disappears in 7/eqg. Explicitly, we consider the
morphism (e, )« : 7(P) — 7/eo(P) defined inand we let (e, ) : DT — D7/0
denote the dg-module morphism induced by the augmentation € : I — F on the
factor of the tensor product D" = @).cpi(,) [ indexed by the edge eg € E'(7).
Recall that E'(7/eg) = E’'(1) \ {eo} so that we have a morphism

® Her=] ® 1= & I
e€ B/ (7)\{eo} ecE'(1)\{eo} e€B'(7/eo)

For a tensor p® A € 7(P) ® D7, we set precisely
PEX= (Yeo )+(2) ® (Ve ) (A)-
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Let 7 denote a tree equipped with a vertex vy such that I,,, has only one element
and let eg, respectively e, denote the unique edge such that s(eg) = vp, respectively
t(e1) = vo. For a labeling p = &®,cy () Pv, the element p,, € P(ly,) denotes
necessarily the operad unit 1 € P(1). We consider the tree 7\vg in which the vertex
vg is removed. Formally, this tree is defined by the vertex set V(t\vo) = V(1) \{vo }
and by the quotient edge set E(7\vg) = E(7)/{eo = e1} in which the edges ey and
ey are identified. An element p®@ X € 7(P)®D" is set to be equivalent to an element
of the summand 7\v(P) ® D7\". Namely we set

POA= (0u)+(p) © (60g)+(A)

for morphisms (Jy,)« @ 7(P) — 7\vo(P) and (y,)s : D™ — D7\ obtained as
follows. Since P(1) = F, we have an isomorphism

QR PU)= QP

veV(r) veV(T)\{vo}
which yields the required morphism (dy,)« : 7(P) — 7\vo(P). Equivalently, the
tensor (d,,)«(p) is obtained simply by removing the unit element p,, = 1 from
P=Quev(n po. The length tensor (d,,).(A) is defined by (5u,)«(N)e = ft(Aegs Ae, )
for e = {eg = e1} and (dy,)«(A)e = Ae for the other edges of 7\vg. To be precise,
the edges e = eg, e; are not necessarily internal. In this case we set by convention
Ae = 1.

§2.3.6. The homotopy type of the W -construction — assertion (a) of theorem ,
In this paragraph we define the operad equivalence e : W(P) — P specified in the
claim (a) of theorem Recall that the module of length tensors D7 is equipped
with natural equivalences

770 €
F—-D" =SF
such that e,n? = Id and 70 is an acyclic Reedy cofibration. Furthermore, by

lemma [§2.2.12] these morphisms yield inverse equivalences of dg-modules (respec-
tively dg-coalgebras in the Hopf operad context):

7 (P) ~ / ) ® 1F<— ) DT,
TEO (1 ) TG@”(T)

Recall that 7.(P) ~ P(r). Consequently, we obtain morphisms of dg-modules,

respectively dg-coalgebras, n : P — W(P) and € : W(P) — P such that en = Id
and which are endowed with the following properties:

§2.3.7. Claim. The morphism n: P — W(P) defines an acyclic cofibration of dg-
modules, respectively dg-coalgebras. As a consequence, the morphism e : W(P) —
P, which is right inverse to n, defines a weak equivalence of dg-modules, respectively
dg-coalgebras, as well. O

We check that e : W(P) — P defines indeed an operad equivalence. In fact, one
can obtain a more elementary definition for n : P — W(P) and ¢ : W(P) — P.
Namely the morphism 1 : P — W(P) identifies an operation p € P(r) with an
element of 7,.(P), the summand of W(P)(r) = @, cegr () T(P) ® D7/ = associated
to the terminal r-tree 7 = 7,.. In the converse direction, for a tensor

per=[ Q@ rle| ® r|er@ e,
veV (1) ecE' (1)

we have e(p® ) = 0 if A\, = 01 for an edge e € E'(7). Otherwise, if A = 0 or 1 for
all edges e € E'(7), then the morphism e performs the composite of the operations
Py in P. According to this elementary definition, we obtain:
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§2.3.8. Observation. The morphism e : W(P) — P defines a morphism of unital
(Hopf) operads. O

and finally:

§2.3.9. Claim (Assertion (a) of theorem [§2.A). The morphism ¢ : W(P) — P
defines a weak-equivalence of unital (Hopf) operads. O

Notice that n : P — W(P) does not form an operad morphism and give only
a left inverse of € : W(P) — P in the category of dg-modules, respectively dg-
coalgebras if P is a Hopf operad.

§2.3.10. The quasi-free operad property — assertion (b) of theorem . In the
differential context, we have a natural notion of a quasi-free object in the category
of unital operads. Explicitly, a quasi-free unital operad is specified by a pair Q =
(F«(M),0) and represents a free operad F,.(M) equipped with a non-canonical
differential obtained by the addition of a homogeneous derivation of degree —1

0:F(M)— F. (M)

to the natural differential of the free operad 0 : F.(M) — F.(M) induced by the
internal differential of M.

In this paragraph we define a graded A,-module W'(P) such that W(P) =
(F+(W'(P)), ) as claimed by assertion (b) of theorem[§2.A] In fact, this A,-module
W'(P) is defined by a section of the indecomposable quotient of W (P). The con-
struction of this paragraph makes sense only in the differential graded context and
not in the general framework of [5] in which a Boardman-Vogt construction can be
defined.

By definition, an element p ® A € 7(P) ® D7 is decomposable for the operadic
composition product of W(P) if and only if the length tensor A contains edges
of length A, = 1. Therefore we consider the graded module '™ C D" spanned
by length tensors A = @, Ae such that Ao = 0 or A, = 01 for all e € E'(7).
This module is not preserved by the differential of D™ but defines a section of the
quotient dg-module of D7 in which length tensors A that contain edges of length
Xe = 1 are canceled. By an abuse of notation, we identify the section '™ C D7
with this quotient dg-module so that we have a natural morphism of dg-modules
D™ — D'7.

Then let

WP = | o, TP

Clearly, the quotient morphism D7 — ID'7 induces a morphism of dg-modules
W(P) — W'(P) that identifies the module W'(P) with the indecomposable quo-
tient of W(P). On the other hand, the embedding D' < D7 induces an embed-
ding of graded modules W/(P) — W(P) so that W’(P) represents a section of
the indecomposable quotient of the operad W (P). One checks easily that W’ (P)
is preserved by the operadic composites 0; = — o; x supplied by the construction
of Consequently, the module W’(P) forms a graded A,-submodule of W (P).

§2.3.11. Claim (Assertion (b) of theorem [§2.A). The embedding of graded A.,-
modules W'(P) — W (P) induces an isomorphism of graded operads F.(W'(P)) ~
W (P). Consequently, the operad W (P) is quasi-free and we have

W(P) = (F.(W'(P)),0)
for an operad derivation 0 : F.(W'(P)) — F.(W'(P)).
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Proof. In fact, for an element p@\ € 7(P)®D7, the edges of length A, = 1 form the
edges of a tree o whose vertices are the subtrees of 7 cut by these edges precisely.
This process identifies the tensor p @ A € 7(P) ® D™ with an operadic composite
of elements of W/(P) arranged on a tree o and hence with an element of the
free operad generated by W’ (P) according to the classical construction of the free

operad. Therefore we have an isomorphism F, (W'(P)) = W (P) as stated. O

To be more precise, notice that the interval differential 0 admits a splitting
0 = 0p + 01 such that 9y(01) = 0 and 04(01) = 1. Clearly, the component Jy of the
interval differential preserves the module '” C D" and defines the differential of
the associated quotient module. As a consequence, the cellular differential of the
W-construction is endowed with a similar splitting 9 = dy + 0, the component g
preserves W’(P) and 9, is decomposable. Hence the indecomposable quotient of
W (P) can be identified with the graded module W’/(P) equipped with a cellular
differential defined by 9p. In fact, the suspended dg-module (XW'(P),dp) can be
identified with B(P), the operadic bar construction introduced in [I4] (see also
[12, [15]), and W (P) = (F(W'(P)),d) can be identified with B°(B(P)), the cobar-
bar construction of P. In the topological context the suspension of the X ,-space
W'(P) defined by the operadic indecomposable quotient of W (P) is homeomorphic
to the bar construction defined in [8] but the relation with B¢(B(P)) fails in this
context.

Clearly, the module W’(P) is preserved by the morphism ¢, : W(P) — W (P’)
induced by an operad morphism ¢ : P — P’. Hence the map P — W(P) has the
functoriality property claimed by assertion (b) of theorem As explained in
the introduction, we deduce the cofibrancy claim from theorem

§2.4. The cellular decomposition of the W-construction. In this subsection
we define the operadic cellular decomposition of the operad W (P) announced by
theorem Namely we specify suboperads W<¢(P) C W(P) such that W(P) =
colimg W4(P) together with A,-submodules C4(P) Cc We1(P) and D*P) C
W%(P) so that we have an operad pushout

FL(CUP)) s w1 (P .

Lk

Fu(DU(P)) ——=W(P)
For this purpose we consider the quasi-free representation of W (P) defined in§2.3.10
Recall also that the category of trees is equipped with a grading defined by the num-
ber of internal edges and we let ©//(r) denote the full subcategory of ©”(r) formed
by trees 7 € ©"(r) such that gr(7) < d. We consider the graded module

WP (r) = / (P) @ D"
TEO!(r)
that forms clearly a A,-submodule of W’(P). The simplest definition of Wd(’P)
arises from the following straightforward observation:

§2.4.1. Observation. The free unital operad F.(W'd(P)) C F.(W'(P)) is pre-
served by the differential of W(P) = (F.(W'(P)),0). Consequently, the pairs
WYP) = (F.(W'YP)),0) define a nested sequence of quasi-free unital suboper-
ads of W(P) such that W(P) = colimg W%(P).

If P is a Hopf operad, then F.(W'4(P)) C F.(W'(P)) is preserved by the diag-
onal of W(P) as well so that W(P) = (F.(W'4(P)),d) defines a Hopf suboperad
of W(P). 0
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§2.4.2. Skeletal filtration and decomposition of length tensors. For our purposes
we give another equivalent definition of W%(P). This new definition can also be
generalized to the framework of [5] unlike the previous construction of W<(P).
First, we need to introduce a skeletal filtration of D™ which is defined by the
submodules sky; D™ C D7 spanned by the length tensors of degree deg(\) < d. In a
general framework the module sk; D™ is defined by a colimit of tensor products of

the form
{RF0} e {QF1}e{®i}c @ 1
e e e ecE'(1)
with no more than d factors I.

Then, for an element p ® A € 7(P) ® D7, we observe that the relation p® A €
F.(W'Y(P))(r) is equivalent to a condition on the length tensor only A € D7, like
the characterization of a decomposable element given in Explicitly, as
explained in the proof of claim the edges of length A\, = 1 decomposes the
length tensor A € D7 into a composite of elements A, € D™ for subtrees 7, C T
arranged on a tree o. By definition, we have p ® A € F.(W'4(P))(r) if and only if
these length tensors satisfy deg()\,) < d for all u € V(o).

To make our construction more general, we introduce a submodule dec; D™ C D7
spanned by decomposable tensors such that deg(\,) < d. Formally, this dg-module
decy D™ can be defined by a colimit process. For each decomposition of a tree 7
into subtrees 7, as above, we consider the tensor product

® sky D™,

ueV (o)

By definition, we have E'(7) = E'(0) 1 {HuEV(J) E/(Tu)}. Consequently, we have

an embedding
m: Q) skgD™ - Q) I=D"
ueV (o) e€E'(T)

given by n! : F1 — I on the factors associated to an edge e € E'(c). Furthermore,
for each decomposition refinement, we have a similar morphism

Q) skaD™ — Q) skaD™,

u' eV(a’) ueV (o)

that commutes with these embeddings, given by n' : F1 — I on the factors associ-
ated to an edge

ec[[E)N\N]]E ().

The module decy D™ is defined by the colimit of these morphisms for all decom-
positions into subtrees 7,. This module is endowed with a natural embedding
decy D7 < D7 induced by the embeddings above. The assumption A\, € skgy D™
ensures that a length tensor that arises in this colimit satisfies deg(A,) < d. The
colimit process permits to identify an element A\, € D™ that contains an edge of
length (\y)e = 1 to a further decomposition. Hence any element of F,(W’'4(P))(r)
is equivalent to a representative p @ A € 7(P) @ D" such that A € decgD".
To conclude, we obtain: a

§2.4.3. Observation. We have

WAP)(r) = / (P)® decgD. O
TEO! (1)
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Furthermore, observe that we have an isomorphism decg(c o; 7) ~ decq(o) ®
decy(7) for any pair of trees o € ©”(s) and 7 € ©”(¢t). Consequently, the compo-
sition product of W%(P) can be obtained by a generalization of the construction

of [§2.3.4] for the operad W (P).

For our next construction, we record the following assertion which is a tautolog-
ical consequence of the definition of the modules decyD":

§2.4.4. Fact. For a tree 7 € ©"(r), we have natural embeddings

P

Skd_1 DT C— decd_1 D7

[ [\

skyDT “——=decy D™ ——w—D7

1 V

§2.4.5. The cells of the W -construction. In order to define the A,-modules C%4(P)
and D4(P), we consider the skeletal filtration of the module of length tensors D"
introduced in the previous paragraph and the subcategory of ©”(r) formed by trees
with no more than d internal edges. We set precisely

c'py= [ APk d md DRy = [Py eskD
TEO (r

TEO! (1)

We have canonical embeddings

ca(p) —L=wi-1(p

) :
. AN
WP

DI(P) ——> Wi (P)

induced by the embeddings of fact and by the category inclusion ©/(r) C
©"(r). One checks readily that C¢(P), respectively D%(P), is preserved by the
operadic composites with unital operations 9; = — o; * so that the diagram above
defines a commutative diagram of A,-modules. Furthermore, if P is a Hopf operad,
then the dg-module C?%(P), respectively D4(P), is equipped with a natural coal-
gebra structure and we obtain a commutative diagram of Hopf A,-modules. The
modules C4(P) and D4(P) are also unitary and connected since for all d > 0 the
category ©//(1) is reduced to the unit tree.
We consider the commutative square of (Hopf) operads

F.(cl(P)) L w1 (p)

|

Fo(DUP)) ——=W(P)

g9

in which f¢ and g7 are induced by our morphisms of (Hopf) A,-modules f¢ and

g°.



THE UNIVERSAL HOPF OPERADS OF THE BAR CONSTRUCTION 47

§2.4.6. Claim (First part of theorem [§2.B)). This commutative square defines a
pushout in the category of unital (Hopf) operads.

Proof. We use the relation W% (P) = (F.(W'4(P)),d) in our proof. This argument
is valid only in the differential graded context. Nevertheless one can observe that
the claim holds in the framework of [5] though the proof becomes more technical.
Therefore we give only a few hints below for a general proof of the claim.

Recall that the functor P +— P, from the category of unital operads to the
category of non-unital operads, creates pushouts. Therefore we consider the re-
duced operads associated to W?(P) and the free non-unital operads F(C?(P)) and
F(D%(P)). Recall that the reduced operad of a quasi-free unital operad is still a
quasi-free object in the category of non-unital operad. For the operad W4(P) we
obtain precisely We(P) = (F(W'4(P)),d).

Observe that W/4(P)(r) = W= 1(P)(r)®EY(P)(r), where E4(P)(r) denotes the
submodule of W¢(P)(r) = f‘re@”(r) 7(P)®D" spanned by tensors p@A € 7(P)QD7
such that gr(7) = d and A, = 01 for all edges e € E’(7). Equivalently, the module
E4(P)(r) consists of tensors p@A € 7(P)®D7 such that the length tensor A has a top
degree deg(\) = d. Clearly, the modules E¢(P)(r) form a graded ¥,-modules and
the splitting W/¢(P) = W'?=1(P) @ E4(P)(r) holds in the category of graded ¥,-
modules. Observe that we have a similar splitting D4(P)(r) = C4(P)(r)®E*(P)(r)
for the same ¥,-module E4(P). If we forget about the differential of the quasi-free
operads W4(P), then these observations imply that the diagram of free graded
operads

F(CUP)) —L Fwri-1(p))

|

F(DUP)) — = F(W"(P))

form a pushout. Our claim follows immediately from this assertion. O

For a proof of claim [52.4.6| in the general framework of [5], we use the coend
representation of W%(P) supplied by observation [§2.4.3l One can observe further
that the free operad F,.(D%(P)) is given by a coend of tensor products

®Tu(7)) & SdeT“,

where 7, ranges over collection of trees in ©//(r) arranged on a tree o. This as-
sertion follows from a straightforward interchange of colimits. In addition the map
g% : Fo(DYP)) — W9(P) can be identified with a coend morphism induced by
canonical morphisms

® Tu(P) ® skg D™ — p(P) & decy D,

where p is a tree formed by a composite of the trees 7, along . The free operad
F.(CP)) and the attaching map f¢ : F.(C4P)) — W9 1(P) have a similar
representation. Then one can use a treewise representation of operadic composites
in order to check by hand that W4 () satisfies the universal property of an operad
pushout.

§2.4.7. Claim (Second part of theorem [§2.B)). The morphism of unitary (Hopf)
A-modules

(i'.9) : CU(P") @ DUP) — DU(P")

cd(P)
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associated to an operad morphism ¢ : P — P’ is a weak-equivalence, respectively a
Reedy cofibration, if ¢ defines a weak-equivalence, respectively a Reedy cofibration,
in the category of (Hopf) A.-modules.

Proof. This statement is valid in the framework of [5] like claim but for
simplicity we give arguments that make sense only in the differential graded context.
Consider the module E4(P)(r) C D%(P)(r), introduced in the proof of claim
spanned by tensors p@A € 7(P)®D" such that deg(r) = d and A, = 01 for all edges
e € E'(1). Recall that these modules E4(P)(r) form a ¥,-module and we have a
natural splitting D4(P) = C4(P)® E%(P). In fact, the ¥,-module E4(P), equipped
with a differential 6 induced by the internal differential of P, can be identified with
a quotient object of D?(P) so that we have a short exact sequence

C4(P)>— D4P) — E4(P) .
Observe that the coproduct C%(P’) Dcar D4(P) admits a similar splitting

c'(P') € DUP)=CUP) e EYP)
Ci(P)

so that the morphism of the claim (i¢, ¢) fits a diagram of short exact sequences of
dg-modules

C’d(’P’) B Cd(Pl) @Cd(P’) Dd(P) - Ed(P) ’

e

C4(P!) > DY(P') ———= E(P)

where ¢ : E4(P) — E4(P’) denotes the natural morphism induced by ¢ : P — P’.
By definition, we have

P = @ rPre| Q n]= @ =),

gr(t)=d e€E'(T) gr(t)=d

where the sum ranges over isomorphism classes of reduced r-trees with d internal
edges. Recall that a reduced r-tree has no automorphism (see [§2.2.4). As a con-
sequence, no relation occurs in the expansion above. Hence if ¢ : P — P’ is a
weak-equivalence of operads, then the induced morphism ¢ : E4(P) — E4(P') is a
weak-equivalence of dg-modules and we deduce from the short exact sequence that
the morphism (¢, id) is a weak-equivalence as well, as stated by the claim.

Recall that a morphism ¢ : P — P’ is a Reedy cofibration in the category
of (Hopf) A.-modules if ¢ : P — P’ defines a cofibration in the category of X,-
modules. Furthermore, in this case the morphism ¢ : P — P’ can be decomposed
into a sequence of X,-modules embeddings

P=M_4— My—...— M, — ... — colim, M,, =P’

such that 6(M,) C M,_1 and where M,,_; — M, is a split injective morphism of
Y«-modules with a projective cokernel. The treewise tensor products of can
be defined for elements of a ¥,-modules (see [I2]) so that we have a sequence of
¥,-modules E4(M,,) defined by

EYM,)(r) = @ (M),
gr(t)=d
One can check that the morphisms E%(M,,_;) < E%(M,) are split injective and

have a projective cokernel as well because the symmetric group operates freely
on the treewise tensor products of a free X,-module. Furthermore, the cellular
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differential of D4(P’) satisfies (E4(M,,)) C C4(P’) and we have §(E4(M,)) C
E4(M,,_) for the differential induced by the internal differential of P’. Therefore
the sequence of ¥ ,-module inclusions
CY P& EYP)=CYP )@ EY(M_y)— ...
.= CY P @ EYM,) — ...

.. = colim,, CY(P") @ E4(M,,) = CU(P') @ E*(P')
fulfils our requirements for a cofibration decomposition and show that the morphism
(i,0) : CU(P) P DU(P) — DU(P)

C4(P)
defines a cofibration in the category of X,-modules. This conclusion achieves the

proof of claim O

This claim achieves the proof theorem[§2.B|and, as a byproduct, of the cofibrancy
claim in assertion (b) of theorem O
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§2.5. Appendix: figures.

FIGURE 2. An example of a tree morphism

NS
A

V1 = U3
0

FIGURE 3. An edge contraction
1 2 3 T r
;

FIGURE 4. The terminal r-tree
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2 6
3 \M/ 4 5
N

FIGURE 5. A cell metric tree

1 9 3 4 1 2 3 4 1 2 3 4
NP S S S A v
Pu, Pus A by, Py Py 25N
N = NS N/

Pur Py P,

; % %
F1GURE 6. The diagonal of a labeled tree
1 4 4

N

P,

VZ

Pug

W

2 DPos
01

N

p’Ul O’U2 p’l}z

|

0

FI1GURE 7. The equivalence relation of the W-construction
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9 3 4 1 2 3 4 1 2 3 4
N Ny S
pv2\01 01/pv3 A, + v2\0 o’ " ® v2\01 of b
b &p/ z L V2

vl V1

1 3 4 1 2 3 4
NN
pvz\ /p’U3 p’tiz\ /p’US
+ 0*p/ %01 ® 01p” 1
V1 v1
% %
1 2 3 4 1 2 3
NN
pvg pv3 pv2 pv3
+ \01\ l/o/ ® 1 Q0
P, P,
| |
0 0
1 2 3 1 2
NN
p1)2 p1)3 pvz pvd
+ o1 ,91/ ® I 1
Py Do,
! !
0 0

FI1GURE 8. The diagonal of the W-construction



THE UNIVERSAL HOPF OPERADS OF THE BAR CONSTRUCTION

2 3 4 1 2 3 4 1 2 3 4
N I/ Y I/ \d I/
Doy Dous Doy Dus Doy Dus
o1 o’ 9, + \1\ }01/ + \0\ o
Pv, Pv, Pv,
! |
0 0 0
1 2
Y’ W\ v
v V3 pvz pvs
+ \01\ P + 01 %0/
Poy Pv,
! |
0 0
1 2 3 4 3 4
N I/ I/
pvz\ /pva 1.2 /pvs
=+ 1 N0 + i
Doy Dvy Ovg Pug

0
4 1

NN

X /pv3 Doy - 3 4
+ 01\ %1 + 01 /

le p’Ul O’U3 p’U3
0 0

FIGURE 9. The cellular differential of the W-construction

1 2 1 2 3 4

Y 1 2\ |/
pvg\ 3 \ / pvg\ P,
o1 / o3 Duwy = o1 %1/
P | Doy

(i) 0

F1GURE 10. The operadic composition product of the W-construction

53



54 BENOIT FRESSE

Construction of Hopf operad actions
§3. COFREE COALGEBRAS AND QUASI-COFREE HOPF A,-MODULES

§3.1. Introduction. The goal of this section is to introduce a suitable notion of
cocellular complex in order to obtain an effective class of fibrations in the category of
Hopf operads. Our cocellular objects do not clearly generate the class of fibrations
in the category of Hopf algebras but the Hopf operad of bar operations HopfOpE
defined in the next section (our main device for the construction of operad actions)
has such a cocellular structure. Hence the framework introduced in this section
enables us to prove that the functor P +— HopfOpg maps fibrations, respectively
acyclic fibrations, of dg-operads to fibrations, respectively acyclic fibrations, of
unital Hopf operads. This assertion allows us to deduce the existence of operad
morphisms Q — HopfOpZ from model category arguments.

For simplicity, we perform our constructions in the category of coalgebras first
and we extend our definitions to Hopf A,-modules next.

In our constructions, we consider Z-graded objects which are outside the coal-
gebra model category considered in [§I} Thus, for our purposes, we have to extend
the notion of a fibration and of an acyclic fibration to this context. In fact, we deal
with lifting problems

A—C

/1
s/
B——D

such that i : A — B is a morphism of non-negatively graded objects. Therefore
we distinguish morphisms of (possibly Z-graded) dg-coalgebras ¢ : C — D such
that this lifting problem has a solution for any acyclic cofibration, respectively
cofibration, of N-graded dg-coalgebras i : A — B. Clearly, we can also characterize
such morphisms of Z-graded coalgebras q : C — D by the right lifting property with
respect to a generating set of acyclic cofibrations, respectively cofibrations, of N-
graded dg-coalgebras. By convention we refer abusively to these class of morphisms
q : C'— D as fibrations, respectively acyclic fibrations, of dg-coalgebras.

Equivalently, let dgy CoAlg, respectively dg, CoAlg, denote the category of N-
graded, respectively Z-graded dg-coalgebras. One can observe that the category
embedding iig : dgy CoAlg — dgy CoAlg has a right adjoint sig : dg; CoAlg —
dgy CoAlg. Clearly, a morphism of coalgebras ¢ : C — D forms a fibration, re-
spectively an acyclic fibration, according to the convention above if the associated
morphism sig(q) : sig(C) — sig(D) defines a fibration, respectively an acyclic
fibration in the model category of N-graded dg-coalgebras.

One observes that the category of augmented coalgebras is equipped with cofree
objects characterized by the usual universal property. Namely, for any dg-module
V', we have a coalgebra, denoted by I'(V), equipped with a dg-module morphism
7 : (V) — V such that any dg-module morphism f : T' — I'(V) where T is a dg-
coalgebra admits one and only one factorization f = 7 -V where Vy : I' — I'(V)
is a coalgebra morphism. For our needs we give an explicit construction of this
object I'(V) in The cofree coalgebra is equipped with a natural differential
§ : T'(V) — I'(V) induced by the internal differential of V. For our purposes we
consider quasi-cofree coalgebras which are specified as usual by a cofree coalgebra
I’ = T'(V) equipped with a coderivation 9 : T'(V) — T'(V) such that § + 0 defines
the differential of T'.

Our goal is to give sufficient conditions for a morphism of quasi-cofree coalgebras

Vi (T(V),0a) = (F(W),0p)
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to be a fibration, respectively an acyclic fibration. Explicitly, we observe that the
coderivation of a quasi-cofree coalgebra (I'(V),d,) is equivalent to a morphism
of dg-coalgebras V, : (I'(V),0,) — (A A V), where A AV is the cone of V
in the category of dg-modules. For our purpose we determine the structure of
morphisms V that fit a pullback diagram of the form

(T(V), 0a) L(AYAV) ,

| |

(T(W),98) ——=T (A AW) xpsiaw) D(STAV)
where we consider natural morphisms of cofree coalgebras

D(A'AV) —=T(S' A V)

| |

T(ALAW) —=T(SLAW)

induced by a morphism of dg-modules f : V — W and a canonical morphism
oA—: A'A— — S A—. By immediate categorical arguments, we obtain that V
defines a fibration, respectively an acyclic fibration, of dg-coalgebrasif f : V' — W is
a fibration, respectively an acyclic fibration, of dg-modules. This program is carried
out in This construction admits a natural and straightforward extension to
the category of Hopf A,-modules. For the sake of completeness, we state explicitly
the results that we obtain in this context in
For our needs, we consider morphisms of quasi-cofree coalgebras V¢ : (T'(V), o) —

(T'(W), d3) obtained as the limit of a tower of morphisms

(T(V), Ba) = lim((cky V), 8a) = ...

e — (F(Ckm V)ﬁa) Pm, (F(Ckmfl V)vaa) R
e — (F(Ck,1 V), 8a) =F

such that the maps p,, : (I'(cky, V),04) — (F(ckpm—1V),04) fit coextension dia-
grams as above.

One can observe that any morphism of quasi-cofree coalgebras where V and W
are non-negatively graded has a such a decomposition that arises from the canonical
degreewise filtration of dg-modules. Moreover this argument can also be applied
to the truncation sig V¢ of a morphisms of quasi-cofree coalgebras V¢ because the
truncation functor preserves quasi-cofree objects. In the memoir, we do not give
this general construction. In fact, in the next section, we define only a specific
decomposition

HopfOpg = lim ck,, HopfOpg — ...

- — ckpy, HopfOpg — ¢k HOPfOPE R
- — cko HopfOpg =C,

obtained similarly as the general construction, but more natural in regard to the
Hopf operad of universal bar operations HopfOpg. Then we use this construction
to prove that the functor P — HopfOpg maps an operad fibration, respectively
acyclic fibration, to a fibration, respectively an acyclic fibration, of unital Hopf
operads.
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Here is the plan of this section. In we recall categorical properties of coal-
gebras: existence of small limits, of cofree objects and adjoint functors. This sub-
section does not contain any original result but the explicit constructions recalled
there allows us to introduce a notion of a quasi-cofree object in the category of
coalgebras. In the next subsection we study the structure of quasi-cofree coal-
gebras with the aim to define coalgebra fibrations. In the final subsection we
extend these results to Hopf A,-modules.

§3.2. Cofree coalgebras. As stated, the aim of this subsection is to recall cate-
gorical properties of augmented coassociative coalgebras. For our needs the main
issue is to give an effective construction of cofree objects. For the sake of precision,
we state the definition of these objects in a proposition:

§3.2.1. Proposition. Any dg-module V' has an associated cofree augmented coas-
sociative coalgebra T'(V) equipped with a morphism of dg-modules © : T(V) — V
characterized by the classical universal property. Namely any morphism of dg-
modules f : I' — V where I' is a coalgebra has a unique factorization f = m- Vg
such that Vi : I' = T'(V) is a coalgebra morphism.

We refer to [25] for a proof of this result in the case of non-graded coalgebras,
to [13] for the case of non-negatively graded coalgebras and to [24] for a general-
ization in the context of coalgebras over an operad. In this subsection we give an
explicit realization of I'(V') which is a special instance of the construction of the
latter reference in the case of coassociative coalgebras. As such this subsection does
not contain any original idea and our account is only motivated by the applications
of the next subsection.

As explained in the introduction, we have to deal with Z-graded coalgebras.
Therefore we prove proposition in this framework. On the other hand, our
assertion holds in both the category of Z-graded coalgebras and the category of
N-graded coalgebras. In fact, if V is an N-graded dg-module, then the associated
cofree object in the category Z-graded coalgebras turns out to be N-graded and
gives also a realization of the cofree object cogenerated by V in the category of
N-graded coalgebras.

§3.2.2. An inductive construction. We define a nested sequence of dg-modules
.. -C—>FT+1(V)C—>F,.(V)(—> .. .C_>F1(V) — HZO:O 1V ®n

and we prove that the module I'o (V) = (2, I'+(V) is equipped with a coalgebra
structure and represents the cofree coalgebra cogenerated by V.
The modules I',.(V') are defined by induction. We consider the natural map

{IL,, VE™} @ {I1, VE"} s [, {VE™ @ VO

and the composite

An

K®N {An} ®XKm N =~ (;Vm ®n

where Ay : VN — | - VO™ V@ denotes the deconcatenation of tensors.
In general, the natural map A ® Hj B; — Hj A ® Bj is an embedding provided
that the module A is free over the ground ring. Accordingly, in our context, the
map Vrp is always injective since our ground ring F is supposed to be a field. Notice
that the map Ay is injective as well.
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For r = 1, we set I1(V) = [[,2, V®". By induction, we have a module T, (V)
equipped with an embedding ¢, : T',(V) < [[2, V®". The next module I, 41 (V)
is defined by the fiber product

L1 (V)— = =>T. (V)T (V)
|
I \LVH-LT@LT
\V AH'L’V‘
r(V)—=IL, V" eover}

The composite map Vi - ¢t ® ¢, is injective according to the observations above.
Therefore the map I',11(V) — T'.(V), which is defined by a base extension of
Vi - tr ® Ly, is injective as well.

As announced, we consider the dg-module ' (V) = ()7, I'»(V) equipped with
the embedding oo : Doo (V) — []02, VE™.

§3.2.3. Claim. The module T', (V) is equipped with a diagonal Ay such that we
have a commutative diagram

Too(V) = 2% =T (V)@ Tao(V)

Jboo JVH-%Q@LM

Iy VEN —2% [T, Ve @ ven)

Proof. By definition of I', 1 (V), for r € N, we have maps A, : I', (1 (V) = T (V) ®
I'-(V) which fit a commutative diagram as in the claim statement. Accordingly,
these maps restrict to a map from the intersection I'oo(V) = (o=, I'-(V) to the
module (72 {T'»(V)®TL,(V)} and the claim is a consequence of the next assertion.

O

§3.2.4. Claim. The natural map
Po(V) @ Too(V) = {1 T:(V)} @ {( Ts(V)} = ({TH(V) @ T (V)}

is an isomorphism.

Proof. This map connects submodules of Hmm V®™m & V9" and hence represents
a submodule inclusion. We prove that any element w € (2, {T'»(V) @ I'.(V)}
belongs to (12, {T(V)} & (.2, {T,(V)}.

There is a finitely generated module Qy C I'1(V) such that w € Q1 ® Q4 inside
(V) @Ty(V). If we let Q, = Oy NT,(V), then we have {Q; @ 1} N {T (V) ®
r.(V)} = Q, ® Q. and hence w € (7~ {2 ® Q,.}. On the other hand, since
Q, is finitely generated, the sequence €, is necessary stationary: we have {2, =
Qoo C Too(V) for some 1y < co. Hence the relation w € Q,, ® Q,, implies w €
Too(V) @ T (V). O

§3.2.5. Lemma. The module T'(V) = T'w(V) defines a realization of the cofree
augmented coassociative coalgebra cogenerated by V.

To be precise, the coproduct of T'(V) is given by the map Ax : Too (V) — I'o(V)
of claim the augmentation € : T'(V) — F is defined by the composite of the
embedding too : Too (V) < [1,, VE™ with the projection onto the component n = 0
of the product T],, V®™ and the universal morphism 7 : T'(V) — V is defined by the
composite of Lo with the projection onto the component n = 1.

Proof. Observe that the diagonal A, specified in claim [§3.2.3|is coassociative sim-
ply because the deconcatenation of tensors is componentwise coassociative. One
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checks similarly that the composite of the embedding o : I'o(V) — [], V®"
with the projection onto the component n = 0 of the product [], V®™ defines an
augmentation for the diagonal A,

We check the universal property of a cofree coalgebra. Let I' be a coalgebra
equipped with a morphism of dg-modules f : I' — V. Consider the map ﬁf ' —
[1,, V®" which maps an element v € I" to the collection of tensors {f®™ - A"(v)},
where A"(y) € I'®" denotes the n-fold diagonal of v € T.

We claim that this map v ¢ admits a sequence of factorizations

r

V.=V,
Voo Vi1 Vv,

F@(v)c_>. . .Cﬁpr+l(v)c_>pr(v)c_>. . -C—>F1(V) — Hn y®n
Indeed, by induction, we are given a map V, : I' — I'.(V) such that ¢, - V,. = ﬁf.
Observe that the map V makes the diagram

r S Il

l%f lvl-y%f®$f
[y Vo =511, (V@ very

commute and, as a consequence, our map V, : ' — T'.(V) fits a commutative
diagram

F*>F®F
m*
\ L1 (V) = - = =D, (V) @ T (V)
Vr \ ‘
\\ | J/Vn-w@w
NY

T, (V) 2% [T, VO™ @ VEr)

Accordingly, the existence of V, 41 : I' — ',y (V) follows from the fiber product
definition of ', 11 (V).
According to this construction, the resulting map

r Y, ﬁ L. (V)=Tu(V)

commutes with the diagonal of I'so(V). Hence we conclude that the map f :
I' — V lifts to a coalgebra morphism Vo : I' — I'o(V). The next assertion
implies any coalgebra morphism V : I' — T'o(V) that lifts the map f : T — V
defines a factorization of the map ﬁf : T — [, V®™ through I'eo (V). Therefore
the uniqueness property of the coalgebra lifting follows from the injectivity of the
canonical embedding too : Lo (V) < ], V®™. This observation achieves the proof

of lemma [33.2.5 O

§3.2.6. Observation. The embedding 1o : Too(V) — T[,, V®" can be identified
with the composite

n ﬂ_®n
Pae(V) 1255 [ rac(v)® £ [T Ve,

where A denotes the n-fold diagonal of the cofree coalgebra.
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Proof. This assertion is an immediate consequence of the definition of the diagonal

given in claim O

Recall that the category of augmented coassociative coalgebras is denoted by
CoAlgf . Beside the construction of cofree coalgebras, we recall that CoAlg} has
all small limits. Our constructions are standard for a category of coalgebras over a
comonad. First, we have the following classical result:

§3.2.7. Lemma. The forgetful functor from CoAlgS to the category of dg-modules
creates the equalizers which are reflexive in the category of dg-modules.

Proof. Explicitly, we consider a pair of coalgebra morphisms
d’,d" : T — 1!

together with a map s° : I'' — T'? such that s°d° = s°d' = Id.

One checks readily that ker(d® — d') @ ker(d” — d') is the equalizer of the mor-
phisms

(dodded T°eT° -TteTl!

in the category of dg-modules. Indeed, if the ground ring is a field, then we have
ker(d° — d*) @ ker(d® — d') = ker((d° — d') ® Id) Nker(Id ®(d® — d')). On the other
hand, the relation (d°®@d° —d* ®d*)(y) = 0 implies (Id ®s°)(d°®@d° —d' @ d*)(y) =
(d° ® Id —d! ® Id)(7y) = 0 and symmetrically (Id ®d® — Id ®d')(y) = 0. Hence, for
a reflexive pair, we have

ker(d° @ d° — d* @ d') = ker(d® — d*) @ ker(d® — d*).

One deduces from this observation that ker(d® — d') forms a subcoalgebra of I'°
and the lemma follows. O

Then we obtain:
§3.2.8. Lemma. The category of augmented coalgebras CoAlg’ has small products.

Proof. This assertion is classical for coalgebras over a comonad. In fact, one can
observe that a product [[, X, can be defined by a reflexive coequalizer of cofree
objects. Namely:

SO

0 N
HX = ker( T(J], Xo) —=T([1, ['(X4a)) ),

where d° is induced by the coalgebra structure morphisms p, : X, — I'(Xy)
and d! is the composite of the comonad coproduct v : I'(X) — I'(I'(X)) of the
cofree coalgebra functor with the morphism (pa ). : I'(I'(J], Xa)) — T(I], I'(Xa))
induced by the canonical projections. O

Observe also that CoAlg? comes equipped with a final object which is defined
by the ground field * = [ since any coalgebra I' € CoAlg? is supposed to be
augmented over F.

By standard categorical constructions, the existence of all small limits can be
deduced from these particular cases (reflexive equalizers, small products and the
final object). Hence we obtain the expected proposition:

§3.2.9. Proposition. The category of augmented coalgebras CoAlg% has all small
limats. O
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As recalled in the introduction of this section, the model structure used in this
memoir has been defined for N-graded coalgebras only; we have to consider Z-graded
coalgebras but we shall deal only with lifting problems

A—C

7
/
B——=D
such that i : A — B is a morphism of non-negatively graded objects. In fact, one

can use the following proposition in order to put such problems into an N-graded
framework:

§3.2.10. Proposition. The category embedding iig : dgy CoAlg} — dgy CoAlg?
has a right adjoint sig : dgy CoAlgf — dgy CoAlg?.

In fact, the construction of this functor sﬂirg : dgy CoAlg} — dgy CoAlg? is not
essential for our purposes and we do not use this functor explicitly. Therefore we can
skip the detailed verification of this proposition. On the other hand, the proposition
is a straightforward consequence of the special adjoint functor theorem. Recall
simply that colimits in a coalgebra category are created in the ground category of
dg-modules. As a consequence, the functor iig preserves colimits. The category
of dg-coalgebras has also a set of generators. One can observe more precisely that
any Z-graded coalgebra is a colimit of finite dimensional coalgebras as in the non-
graded framework, for which we refer to the classical book [25], or as in the N-graded
framework, for which we refer to the article [I3]. In fact, the proof given in these
references can be extended to the Z-graded context.

One can also adapt the classical arguments used for another adjoint functor
in in order to obtain an explicit realization of the functor sig . Namely recall
first that we have a standard truncation functor on dg-modules. Then, for a cofree
coalgebra I'(V'), we are clearly forced to set sig V)= F(sig V). One checks that

the map V +— T (sig V') extends appropriately to a functor on the full subcategory
of CoAlgi formed by cofree coalgebras. Finally, in the general case, the truncation
sig K of a coalgebra K is obtained by an equalizer of cofree coalgebra truncations
since any coalgebra K is the equalizer of a natural pair of cofree coalgebra mor-
phisms associated to K.

As mentioned in the introduction, one can also check that the truncation functor
preserves quasi-cofree coalgebras, the generalization of cofree coalgebras that we
define in the next subsection.

§3.3. Quasi-cofree coalgebras and coextension diagrams. In the differential
graded context, the cofree coalgebra I'(V') is equipped with a natural differential
§ : T(V) — I'(V) induced by the internal differential of V. As explained in the
introduction of this section, we consider quasi-cofree coalgebra structures defined
by a cofree coalgebra I' = I'(V') equipped with a coderivation 0 : T'(V) — I'(V)
such that ¢ + 0 defines the differential of T'.

The following useful assertion generalizes a classical result for the tensor coalge-
bra:

§3.3.1. Lemma. For any homogeneous morphism « : T'(V) — V| there is a unique
coderivation 0y : T'(V) — I(V) such that a = w0,

Assume that the morphism o : I'(V') — V is homogeneous of degree —1. The sum
d + 0o defines a differential on T'(V') so that T = (T'(V), d,) defines a quasi-cofree
coalgebra if and only if we have the relation

d(a) + ady =0
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in Hom(I'(V'),V'). Furthermore, the morphism of graded coalgebras Vs : K — T'(V)
induced by a homogeneous morphism f: K — V of degree 0 defines a morphism of
differential graded coalgebras Vi : K — T', where I' = (I'(V'), 0o, if and only if we
have the relation

0(f)+aVy=0
in Hom(K,V).
Proof. The construction of d, is similar to the construction of the coalgebra mor-
phism V; : K — I'(V) associated to a morphism of dg-modules f : K — I'(V). In
particular, we deduce the existence of d, from our realization of the cofree coalge-
bra I'(V) = I'w(V). Explicitly, we consider the morphism 9, : I'(V) — [], V®"
which maps an element v € I'(V) to the collection

{r" T @aer® T AM(y)}
One checks readily that this morphism fits a commutative diagram

L(V)® (V)

ié}y ivn(&x@lﬂ@&)
[Ty VEY —2% [, Ve @ very

and, as in the proof of lemma we deduce from this property that 5a restricts
to morphisms

r'v)

01=04
Oco Or+1 9, !

Poo(V)e— =T (V)1 (V) - ——=T(V) = [, V"

such that 0, = 0w defines a coderivation of I'(V') = ' (V). In fact, for a coderiva-
tion, the relation a = md, implies that the composite of d, with the embedding
loo : Too (V) = T],, V®™ agrees with the map 5&- Therefore the coderivation 0,
is uniquely characterized by this relation o = 7d,. The verification of the other
assertions of the lemma is similar and straighforward. ]

As explained in the introduction of this section, we aim to determine the struc-
ture of morphism of quasi-cofree coalgebras V¢ : (I'(V'), 04) — (I'(W), 03) that fit
a pullback diagram of the form

(F(V)vaoz) F(Al N V)

| |

(F(W),ag) R F(Al A W) XD(SIAW) F(Sl A V)

First, we define precisely the dg-modules A' A E and S' A E that occur in this
construction. In fact, we consider nothing but the classical cone and suspension
functors in the category of dg-modules.

§3.3.2. The cone sequence of a dg-module. Explicitly, for a dg-module E (possibly
Z-graded), we let A A E, respectively S* A E, denote the quotient I®E/0 @ E,
respectively IQE/0® E ® 1 ® E, of the tensor product of E with the classical
interval I of the category of dg-modules. Recall that this dg-module I is spanned
by homogeneous elements 0, 1,01 of degree deg(0) = deg(1) = 0 and deg(01) =1
respectively and the differential 0 : I — I is defined by 8(01) =1 — 0 (see [§2.2.1).
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Equivalently, the dg-module A! A E can be defined by
A'NE=01RE®1®E.

The differential of A’ AE can be decomposed into a natural differential § : A'AE —
A' A E induced by the internal differential of E and an extra term 9 : A' A E —
A' A E induced by the differential of I. By definition, this differential O maps a
tensor 01 ® x € 01 ® E to a corresponding element 1 ® x € 1 ® E and vanishes on
the other component of A' A E. We have similarly

S'ANE=010F
so that S' A E can be identified with the suspension of E.

Clearly, we have a natural morphism of dg-modules c A E : A'AE — S'AE
which can be identified with the projection onto the component 01® E of A'AE =
01® E®1® E. We have also a natural embedding d' : E — A! A E which identifies
the dg-module E with the component 1 ® E of A A E.

We begin our constructions with the following simple observation:

§3.3.3. Observation. Any quasi-cofree coalgebra T' = (T'(V'), 04) is endowed with a
morphism of dg-modules 7o : T — A AV such that mo(v) = 01 @ a(y) + 1 @ o (),
fory e (V).

Proof. One can observe precisely that the commutation of « with differentials, given
by the commutativity of the square

F(V)$'A1/\Va

5+8ai 5+6i

D(V) —> Al AV
is equivalent to the relation 6(a) + ad, = 0 of lemma [§3.3.1 O
In fact, we have the following general assertion:

63.3.4. Fact. A map é:U — A' AE, where U is a dg-module, defines a dg-module
morphism if and only if we have é(u) = —01®4d(e)(u)+1Re(u), for a homogeneous
map e : U — E of degree 0.

In the previous observation the differential of U = (I'(V),d,) includes the
coderivation d,. Hence the differential of the homogeneous map m,, : I'(V) — V is
given by 07, — Ted — 0o = 0 — a0 = —a.

These assertions yield also to the following useful observation:

§3.3.5. Observation. Suppose given a dg-module morphism © : K — AYAV, where
K is a dg-coalgebra, and consider the equivalent homogeneous map v : K — V. The
coalgebra map V, : K — I'(V) induced by v : K — V defines a morphism to the
quasi-cofree coalgebra T = (I'(V), 0,) if and only if it makes commute the diagram

K
| ~
V| \
N
L(V) —= A AV
In addition this assertion holds as soon as the composites of U and wo,V,, with oAV :
A'AV = SYAV agree.

Proof. These claims are immediate: we have by definition 7, V, () = 01®aV,(z)+
1 ® v(z) so that the relation 7,V, = ¥ is equivalent to the relation oV, = —d(v)

of lemma [§3.3.1 O
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§3.3.6. Coalgebra coextensions. We consider now a morphism of quasi-cofree coal-
gebras

Vi (T(V),04) — (T(W),0p)

induced by a morphism of dg-modules f : V' — W. As this morphism f is supposed
to commute with the internal differentials of V and W, the relation of lemma[§3.3.1]
that gives the commutation of V; with quasi-cofree coalgebra differentials, is equiv-
alent to fa = BVy.

Assume that the diagram

(T(V),05) —= Al Avﬂ;sl AV

p_ -7
Vfl _ - lsl/\f

(C(W),08) =AY AW — 5= S AW

admits a lifting p : (D(W),d3) — S' AV in the category of dg-modules. Observe
that the composite p, = 0 AV -7, is given by po () = 01 @ (), for all v € T'(V),
and similarly for pg = 0 AW - 3. As a consequence, if f is epi, then the existence
of p is equivalent to the existence of a lifting map 4’ : I'(V) — W in the diagram

since one can set p(vy) = 01 ® () and the epimorphism assumption implies that
p commutes automatically with differentials.
Anyway, in this situation, we have a diagram of dg-module morphisms

T

(L(V),08) ———= A AV
Vfi l(Al/\f,o/\V)
(T(W),08) —= A AW Xgiaw STAV

(7a.p)

and we can consider the associated diagram of coalgebra morphisms

v"'a
(T'(V),0a) D(A'AV)
Vfi l(vAl/\f7VU/\V)
(T(W), 0p) Vv D(AY AW) xpsiawy T(ST A V)
Vo

We obtain:

§3.3.7. Claim. The diagram above forms a pullback in the category of dg-coalgebras.
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Proof. We suppose given a pair of coalgebra morphisms V; : K — I'(A* A V) and
Vw: K — (T(W),0w) that fit the commutative diagram

\\

\

\ Vfl i(VAl/\fyva/\V)

AN
N\ (F(W),aﬂ) F(AI A W) XF(SI/\W) F(Sl A V)

T(ATAV)

(Vg V)

and we check the existence of a unique filling morphism V, : K — (I'(V'), 9,) that
fits this diagram. According to the fact the coalgebra morphism Vg : K —
(A AV) is equivalent to a morphism of dg-modules ¥ : K — A AV such that
(z) = =01 ® §(v)(z) + 1 ® v(x) for a homogeneous map v : K — V of degree 0.
We check that this map v induces a morphism of coalgebras V, : K — (I'(V), 04)
that provides a filling morphism in our diagram.

The commutativity of the diagram

(P(V).80) —> (AT AV) ——= AT AV

\LVf \LVAI/\f ‘LAl/\f

N(D(W),85) —= DA AW) —= AL AW

\M‘/

T8

gives A' A f -0 =75 - V,, and from this relation we deduce the identity fv = w.
As a consequence, for the induced coalgebra maps, we obtain V;V, = V,,. Then
the commutativity of the diagram

K
\ Vs

(T(V),00) —=T(A'AV) —= Al AV

lVf lvwv ia/\\/

N(T(W), 85) — = D(SLAV) ——> §L AV

\\’//

p

gives c AV -0 = p-Vy, = p-Vy-V, By the very definition of p, we have
p-Vy=0ANV -7, Hence we obtain the relation c AV -0 =0 AV -7y - V,. By
observation this assertion implies that V, defines a coalgebra morphism to
the quasi-cofree coalgebra (I'(V'),d,) and we have in addition V; = V,_V,. As
we obtain also V,Vy = V,,, this observation completes the proof of the existence
of a filling morphism V,. As this filling morphism is clearly unique, this achieves

the proof of claim [§3.3.7] O
Observe that we have the identity
C(A" AW) xpsiaw) D(STAV) =T(A" AW xgiaw ST AV)
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in the category of coalgebras. Moreover, the morphism (Vaiaf, Voay) involved in
the construction of [§3.3.6] can be identified with the morphism of cofree coalgebras
induced by the dg-module morphism

(A'ANf,o AV):AYAV = AP AW xgiaw STAV.

For our purposes we give a more explicit form to this morphism. Namely we have
the following simple assertion:

63.3.8. Observation. The dg-module A* A\W x giaw ST AV can be identified with
the direct sum 01 @V &1 W equipped with a differential given by the sum of the
internal differentials of V- and W with an extra term 0 such that 9(01 ®@v) =1®wv,
forallveV.

The morphism (AYAf,o AV) : ALAV — AYAW x g1 SYAV s also identified
with the direct sum

(01®1d,1®f)
-

NevVveleV NeVoeleWw

where we consider the identity map 01 @ Id : 01 ® V. — 01 ® V' and the map
1 f:10V = 1@ W on the components of AL AV. O

From this observation we obtain immediately:

63.3.9. Claim. If f : V — W s a fibration, respectively an acyclic fibration, of
dg-modules, then so is (A* A f,o AV) : AYAV — AYAW xgiap STAV. O

By adjunction, the morphism of cofree coalgebras
Vaiafonvy  TATAV) S T(AYAW xgiaw ST AV)

associated to (A' A f,o A V) defines a fibration, respectively an acyclic fibration,
in the category of dg-coalgebras if f is so. As a corollary, by standard arguments,
we obtain:

§3.3.10. Lemma. In the situation of [§3.3.6, if f is a fibration, respectively an
acyclic fibration in the category of dg-modules, then V¢ defines a fibration, respec-
tively an acyclic fibration in the category of dg-coalgebras. (|

§3.3.11. Functorial coextensions. For our purposes we need a relative version of the
result of lemma [§3.3.10] To be precise, we consider now a commutative square of
quasi-cofree coalgebra morphisms

e (D(V), O

(T(V), )
vy Vg
(TD(W), 5) —> (T(W'), 9p)

yielded by a commutative square of dg-module morphisms

V*U>V/ .

I

W v w!
In [§3.3.6] we observed that V satisfies the commutation relation 3V = fo and so
does V- since f, respectively f’, is supposed to commute with internal differentials

of dg-modules. Similarly, as V, and V,, are supposed to be morphisms of dg-
coalgebras induced by morphisms of dg-modules v and w, we obtain a commutative
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cube:

rw)—= 174

SN

v —— v

rw) 2w

N, N\

r[w) ——mw’

As in[§3.3.6] we assume the existence of liftings p and p’ of the coderivation maps.
Naturally we assume in addition that these liftings commute with the morphisms
V, and V,, and hence fit the commutative cube above. Clearly, if f and ¢ are
epi, then this functoriality requirement is automatically satisfied. Anyway, in this
situation, the maps v and w yield a morphism between the coalgebra pullbacks
associated to Vy and V.. Explicitly, these coalgebra pullbacks form the back and
front square of a commutative cube. By pulling back the front corners of this cube,
we obtain a commutative square

(L'(V),0a) D(ALAV)

(vavv)l l

(T(W),95) X(D(W"),851) (L(V"),00r) —=T(A' AW x2 S'AV x2 ALAVY)

in which the bottom right hand-side corner can be defined precisely by the limit of
the corner diagram of cofree coalgebras

I(StAV)

N\

DA AV) ——=T(ST A V)

DA AW) — | —=T(S* A W)

NN

DA AW') ——= (ST A W)

§3.3.12. Observation. The cartesian product (I'(W),03) X w).a,) (I'(V'),0ar)
can be identified with the quasi-cofree coalgebra (I'(X), 0) such that X = W xy/ V'
and where the coderivation Oy is induced by the map (B,a') : T(W xw: V') —
W xw V.

Furthermore, our commutative square can be identified with the pullback diagram

Vira
(T'(V),0a) L(ALAV)
Vf.w) \L(vﬁl/\(fwv)’v‘m")
(I'(X),0y) L(ATAX) XD(S1AX) LSt AV)

(Vry Vo)

Ty
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associated to the morphism (f,v) : V. — W xw V' and where o : (I'(X),0,) —
SY AV is given by the composite

(I'(X),0y) == (D(W),95) & S" A V.

Proof. This assertion follows from straightforward verifications. Observe simply
that we have AT A (W xy V') = ALAW x a1 AL AV in view of our definition
of the functor A! A — and similarly for S A (W xy V). O

63.3.13. Lemma. In the situation of [§5.3.11), if the morphism
Vi (F(W)7aﬁ) - (F(W/)7aﬁ’)

is a fibration of dg-coalgebras and (f,v) : V. — W xyu~ V' is a fibration of dg-
modules, then
Vot (T(V),0a) = (T(V'), 0ar)
is fibration of dg-coalgebras as well.
If we assume furthermore that V., and (f,v) are weak-equivalences so that V.,
forms an acyclic fibration of dg-coalgebras and (f,v) forms an acyclic fibration of
dg-modules, then V., forms an acyclic fibration of dg-coalgebras as well.

For (f,v), one can observe that the weak-equivalence property is satisfied as
soon as we assume that w forms an acyclic fibration and v is a weak-equivalence.
In fact, consider the diagram

v

e

{ W Xw V/ —_— W
\ ‘;L—/ Mi//
The pullback of w : W — W’ is an acyclic fibration by standard model category

arguments. If we assume that v is a weak-equivalence, then, by the two out of three
axiom, we conclude that (f,v) is a weak-equivalence as well, as claimed.

Proof. According to 1emma§3.3.10|7 the morphism V) forms a fibration, respec-
tively an acyclic fibration, if (f,v) is so. On the other hand, by the general model
category argument recalled just above this proof, in the pullback diagram

(X>787) - (F(W)aaﬁ)
Ou

l), lv

(T
(L(V"), Oar) —— (L(W'), 9p)

the left-hand side morphism forms a fibration, respectively an acyclic fibration, if
Vw is so. As a conclusion, under the assumptions of the lemma, the morphism V,,
can be decomposed into a composite of fibrations, respectively acyclic fibrations,
and hence forms a fibration, respectively an acyclic fibration, as well. Il

§3.4. Quasi-cofree Hopf A,-modules. The purpose of this subsection is to ex-
tend the constructions of the previous section to the category of Hopf A,-modules.
First, observe that the category of Hopf A,-modules is endowed with a cofree object
functor T' : ASP Mod — AP HopfMod. In fact, the cofree Hopf A-module T'(M)
associated to a A,-module M can be defined explicitly by the cofree coalgebras

L(M)(r) = T(M(r))
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on the dg-modules M (r). Furthermore, the operations 0; : I'(M)(r) — T'(M)(r—1)
can be identified with the morphisms of cofree coalgebras Vy, : T'(M (r)) — T'(M (r—
1)) induced by the operations 9; : M (r) — M(r — 1) on M(r).

For our purposes we extend the notion of a quasi-cofree object to Hopf A,-
modules. Then we observe that the categorical results of the previous section hold
as well for Hopf A,-modules. Finally, we obtain useful sufficient condition for a
map to be a fibrations and acyclic fibrations in that category.

§3.4.1. Quasi-cofree Hopf A.-modules. As usual, in the differential graded frame-
work, the cofree Hopf A,-module I'(M) is equipped with a natural differential
§: (M) — T'(M) induced by the internal differential of M.

The structure of a quasi-cofree Hopf A,-module is defined by a pair

r= (F(M)vaa)

where M is a A.-module, I'(M) denotes the associated cofree Hopf A,-module and
O : T(M) — T'(M) denotes a homogeneous morphism of A,-modules which forms
a coderivation with respect to the coalgebra structure so that the sum § 4+ 0 defines
the differential of the Hopf A,-module I'.

The coderivation 0, : I'(M) — I'(M) is defined by a collection of coderivations
of cofree coalgebras 0, : I'(M(r)) — I'(M(r)) which in turn can be specified by
a collection of homogeneous maps « : I'(M(r)) — M(r). As specified in the
definition, the coderivation 0, is supposed to define a homogeneous morphism of
A,-modules 9, : T'(M) — I'(M). Thus we assume explicitly that d, commutes
with the action of ¥, and with the operations 9; : T'(M(r)) — T'(M(r — 1)).
One can assume equivalently that the permutations w € ¥, induce morphisms of
quasi-cofree coalgebras w : (I'(M(r)),0s) — (I'(M(r)),ds) and similarly for the
operations 9; : M(r) — M(r —1).

Observe that the matching objects of a quasi-cofree Hopf A.-module T' = (T'(M), 0,)
can be defined by the quasi-cofree coalgebras

MI(r) = (D(MM(r)), Oa),

where J, is induced by the homogeneous map « : T(MM(r)) — MM (r) that fits
the commutative diagrams

(MM (r)) —*—=MM(r) ,
g7
(MM (r —1)) Z— MM r)

for 4 = 1,...,r. Similarly, if a morphism of quasi-cofree Hopf A,-modules V :
I' - TV where I' = (I'(M), 0,) and IV = (T'(M’), 8n) is induced by a morphism of
A.-modules f: M — M’, then we have

MF(T) XMF’(r) F/(T) = (F(MM(?”) XMM’(r) M/(T)),a(%a/)).

Moreover, the morphism (p, V) : T'(r) — MI'(r) Xpipr () IV (7) can be identified with
the morphism of quasi-cofree coalgebras induced by the morphism of dg-modules
(M» f) : M(T) - MMOH) XMM’(T) M/(T‘).

§3.4.2. Coalgebra coextensions. As in the case of coalgebras, we consider a mor-
phism of quasi-cofree Hopf A,-modules

Vi (D(M),0q) — (T(N),p)
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induced by a morphism of dg-modules f : M — N. Furthermore, we assume the
existence of a lifting p : (I'(M),d5) — S' A N in a diagram of the form

(T(M),95) —= A' A M —>UAM7 S'AN
Vfl //ﬂ/// lsl/\f

(F(M)aaﬁ)?Al/\NmSl/\N

where the A,-modules A A E are defined by (A'AE)(r) = A A E(r) and similarly
for St A E. To be precise, we assume that p defines a lifting in the category of
dg-modules and hence commutes with the action of permutations and with the
operations 0;.

Clearly, if f is epi, then the existence of p is equivalent to the existence of a
lifting map ' : T'(M(r)) — N(r) in the diagrams

D(M(r)) ——= M(r) ,

<
<
-~
\
\
\
\
\
-~
<

for r € N. The epimorphism assumption implies that p commutes automatically
with differentials and with A,-module operations.
Anyway, as in the case of coalgebras, we have a diagram of Hopf A,-modules

(I'(M), 0a) - T(A! A M)
Vfl \L(VAlAf,VaAM)

(F(N),@g) F(Al/\N) XD(STAN) F(Sl/\M)

(Vxg:Vyp)
and, furthermore, we obtain:

§3.4.3. Claim. The diagram above forms a pullback in the category of Hopf A.-
modules. O

Then:

§3.4.4. Claim. If f : M — N is a Reedy fibration, respectively an acyclic Reedy
fibration, of A.-modules, then so is (AAf,aAM) : AYAM — A'AN x g1 anSTAM.

Proof. This assertion can be deduced readily from the componentwise expansion
of (AL A f,o0 A M) given in observation [§3.3.8, Observe simply that the matching
functor commutes with the cone construction A A — so that

M(A' A M)(r) = AL AMM (1) = 01 @ MM (r) © 1 @ MM (r)
and similarly for M(S A M). O

And, by the usual categorical arguments, we obtain:

§3.4.5. Lemma. In the situation of §3.4.3, if f is a Reedy fibration, respectively
an acyclic Reedy fibration, in the category of A,-modules, then Vy defines a Reedy
fibration, respectively an acyclic Reedy fibration, in the category of Hopf A.-modules.

O
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§3.4.6. Functorial coextensions. Finally, we give also a relative version of this re-
sult in the context of Hopf A.-modules. We consider a commutative square of
morphisms of quasi-cofree Hopf A,-modules

(D(M), ) — > (D(M"), D)

v,,l vf,i

(T(N),d5) — > (T(N'), D)

yielded by a commutative square of A,-module morphisms

M —2= M.

I

N —2> N/
As in the case of coalgebras, we assume the existence of functorial liftings p and p’
of the coderivation maps. Naturally we still assume that p and p’ form A,-module

morphisms. Furthermore, if f and g are epi, then these functoriality requirements
are automatically satisfied.

§3.4.7. Lemma. In the situation of[§3.4.6, if the morphism
Vu « (D(N),95) — (T(N'), 9g)

is a Reedy fibration of Hopf A.-modules and (f,v) : M — N X+ M’ is a Reedy
fibration of A.-modules, then

Vy : ([(M),0a) — (F(M’),@a/)

is also a Reedy fibration of Hopf A.-modules.

If we assume furthermore that V., and (f,v) are weak-equivalences so that V.,
forms an acyclic Reedy fibration of Hopf A.-modules and (f,v) forms an acyclic
Reedy fibration of A.-modules, then V, forms an acyclic Reedy fibration of Hopf
A.-modules as well. O

As in the case of coalgebras, one can observe that the weak-equivalence property
for (f,v) is satisfied as soon as we assume that w forms an acyclic Reedy fibration
of A,-modules and v is a weak-equivalence.

Proof. One can prove this lemma by a tedious but straightforward generalization of
the arguments involved in the case of coalgebras. On the other hand, by definition,
the morphism V,, : (IT'(M), 8,) — (I'(M'), 0y) forms a Reedy fibration, respectively
an acyclic Reedy fibration, in the category of Hopf A,-modules if and only if the
morphism

Vi : (T(M(r)), 8a) — (DMM (r) Xparr () M' (1)), 0tar,0r)
forms a fibration in the category of dg-coalgebras. Accordingly, our claims can

also be deduced from the statement of lemma [§3.3.13] applied to the coalgebra
morphisms

V(u.v)
—

(T(M(r)), 0a) (TMM () Xy M'(r)), O(a,0r)) -

vfl vf,l

(T(N(r)), 95) (CMIN (r) Xpane @y N'(r)), 0s,61))
This observation achieves the proof of lemma O

V (p,w)
_—
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§4. HOPF ENDOMORPHISM OPERADS

§4.1. Introduction and sketch of the section results. The main results of this
memoir are proved in this section. For that reason we give in this introduction a
detailed summary of the content of this section. Thus we give precisions on the
memoir objectives recalled from the memoir introduction.

As in [B1], we let K denote the chain A-operad of Stashefl’s associahedra. We
consider operads P equipped with a fixed operad morphism K — P so that we can
extend the bar construction A — B(A) to the category of P-algebras. To be more
precise, as explained in the introduction of it is natural to assume that A is a
non-unitary algebra and hence to consider the non-unital version of the A..,-operad
K and a non-unital operad P under L. Otherwise we have to replace the algebra
A by its augmentation ideal A and the operad P by the associated reduced operad
P.

Recall that B(A) = T¢(XA) the tensor coalgebra cogenerated by the suspended
dg-module ¥ A. The differential of B(A) is the sum of the internal differential of
A with an additional component 0 : T¢(XA) — T¢(XA) defined by a coalgebra
coderivation such that

n n—r+l1

a(&1®"'®an)zz Z :|:a1®--~®Mr(ak,-~-7ak+r—1)®-~-®an7
r=2 k=1

where the p,.’s are the standard generators of Stasheff’s operad C. These operations
can abusively be identified with their image under the operad morphism I — P.
The bar complex B(A) is equipped with a canonical unit F — B(A) and forms a
connected augmented unitary coalgebra.

The Hopf endomorphism operad of the bar complex. The first goal of this section
is to extend the endomorphism operad construction of [B1] in the context of Hopf
operads. More explicitly, we prove the following theorem:

Theorem §4.A. Let P denote a (non-unital) operad in dg-modules equipped with
an operad morphism K — P, where IC denotes Staheff’s chain operad. There is
a universal unital Hopf operad Q = Hoprndg such that the bar complex of a P-
algebra B(A) is equipped with the structure of a Hopf algebra over Q, functorially
in AePAlg.

More precisely, the Hopf operad Hoprndg operates functorially on the coalgebra
B(A) and so that the unital operation * : F — B(A) agrees with the unit of B(A).
Furthermore we have a one-to-one correspondance between such Hopf operad actions
and morphisms of unital Hopf operads p : Q — Hoprndg.

The proof of this statement relies on the existence of internal hom-objects in the
category of coalgebras. To be precise, as we consider on one hand the bar complex,
which forms an augmented unitary coalgebra, and on the other hand the underlying
coalgebras of a unital Hopf operad, which are supposed to form augmented but
non-unitary coalgebras, we have to adapt our definitions. Explicitly, to any pair
of augmented unitary coalgebras L and M, we associate an augmented coalgebra
HopfHom(L, M) such that a morphism ¢* : K — HopfHom(L, M) is equivalent to
a morphism of augmented coalgebras ¢ : K ® L — M that makes the diagram

K@F =T

]

K®L——M
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commute. Then, for any coalgebra I', the objects HopfEndp.(r) = HopfHom(T'®",T)
form clearly a unital Hopf operad and a morphism of unital Hopf operads p: Q —
HopfEndy is equivalent to a Hopf operad action of Q on I' such that the unital
operation x : ' — I" agrees with the internal unit of the coalgebra I'.

Formally, the endomorphism operad Hoprndg is defined by the end

AEP Alg
HopfEnd 7 (r) :/ ) gHoprom(B(A)‘X’T,B(A)),

also denoted by
HopfEnd (r) = HopfHom sep a15(B(A)®", B(A)),

and where A ranges over the category of P-algebras. Roughly, the idea is to replace
morphisms by natural transformations. The end construction permits simply to
extend this process to internal hom-objects. According to this construction, we
have a morphism

HopfEnd (r) — HopfHom(B(A)®", B(A)),

for all A € P Alg, so that Hoprndg operates on the bar complex B(A) functorially
in A € P Alg. Thus the existence assertion of theorem [§4.A]is a formal consequence
of categorical properties of the category of coalgebras.

Fibration properties and contruction of operad actions. The second goal of this
section is to give more insights into the structure of Hoprndg so that we can prove
the existence and uniqueness results stated in the introduction of this memoir. Let
us outline our constructions more precisely.

First, we observe that Hoprndg forms a quasi-cofree object in the category
of Hopf A,-modules. Recall that a quasi-cofree Hopf A,-module I' = (I'(M),0)
is defined explicitly by a collection of cofree coalgebras I'(M(r)) associated to a
A,-module M and equipped with coderivations 0 : T'(M(r)) — T'(M(r)), which
preserve the A,-module structure, such that the differential of I' is given by the
sum § + 0, where § is the natural differential of the cofree coalgebra induced by
the internal differential of M. For the Hopf endomorphism operad Hopf'EndE7 we
obtain precisely

HopfEnd}; = (I'(PrimEnd}), d)
for the A,-module
PrimEnd}(r) = Homacp a1 Hom(T¢(XA)®" X A)

formed by all homogeneous morphisms 64 : T¢(XA)®" — YA which are functorial
in A.

Then, as in [Bl], we introduce a smaller operad HopfOpg, the Hopf operad
of universal bar operations, that behaves better than the endomorphism operad
HoprndE. As in the context of dg-modules, this operad is equipped with a split
injective morphism Vg : HopfOpg — HoprndE which becomes an isomorphism
if the operad P is X,-cofibrant or if the ground field F is infinite. Explicitly, one
observes that the homogeneous morphisms py : BA®™ @ ... ® BA®™ — YA
associated to operations p € P(n; + --- + n,) span a submodule PrimOp% ()
of PrimEnd% (7). The operad HopfOp} consists of quasi-cofree subcoalgebras of
HopfEnd% (r) such that

HopfOpE (r) = (F(PrimOpg (r)),0).

One checks also that PrimOp} forms also a A,-submodule of PrimEndg so that
HopfOpg forms a quasi-cofree Hopf A,-module.

The endomorphism operad HoprndE7 as well as HopfOpE, is composed of Z-
graded coalgebras unlike the Hopf operads considered in [31| since a dg-module of
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homogeneous morphisms is naturally a Z-graded object. Similarly, one can observe
that these operads are unital but non-connected. On the other hand, we consider
only morphisms Q — HopfOpg where Q is a non-negatively graded unital Hopf
operad. One can check that the coalgebra truncation functor sig defined in
induces a truncation functor on operad categories so that a universal N-graded
unital Hopf operad is associated to any Z-graded unital Hopf operad. Accordingly,
any morphism as above admits a factorization

Q —— HopfOph

AN
AN
AN
\

s4¢ (HopfOp7;)

and in the applications one can replace HopfOpZ by the non-negatively graded
operad sig(HopfOpE). If Q is connected, then we can consider a further fac-
torization by a morphism Q — s! sig(HopfOpg) where sl sig(HopfOpE) denotes
the connected unital Hopf operad associated to sig(HopfOpg) by the construction
of For the sake of completness, recall that this functor s. preserves fibrations,
acyclic fibrations and all weak-equivalences between fibrant objects.

As in the previous section, we let a morphism of Z-graded unital Hopf operads
¢ : P — Q be a Reedy fibration, respectively an acyclic Reedy fibration, if the
associated morphism sig(qﬁ) : sig (P) — sig(Q) is so in the model category of non-
negatively graded unital Hopf operads. Equivalently, the morphism ¢ : P — Q is
a Reedy fibration, respectively an acyclic Reedy fibration, if it has the left lifting
property with respect to acyclic Reedy cofibrations, respectively Reedy cofibrations,
of non-negatively graded unital Hopf operads.

We prove that the Hopf operad of bar operations HopfOpE is endowed with the
following property:

Theorem §4.B. The functor P — HopfOpE maps a fibration, respectively an
acyclic fibration, of non-unital operads under K to a Reedy fibration, respectively
an acyclic Reedy fibration, of unital Hopf operads. In particular, the Hopf operad
HopfOpE defines a fibrant object in the category of Hopf operads, for any operad P
under IC.

One can observe that the Hopf endomorphism operad Hoprndg preserve fibra-
tions like HopfOpg but not acyclic fibrations.

Recall that the commutative operad C forms the final object of the category
of unital Hopf operads. In the introduction of this memoir we mention that the

classical shuffle product of tensors corresponds to a morphism V. : C — Hoprnch.
In the final part of this section we check that this morphism admits a factorization

Ve
C —> HopfEnd$
N

AN
V4 N j\ve
Q

HopfOpJCg

In addition we prove the following result:
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Theorem §4.C. Any morphism of unital Hopf operads V, : Q — HopfOp%, where
Q is connected and non-negatively graded, makes commute the diagram

Q" HopfOpS, .

Accordingly, the morphism V., induces an isomorphism
V, : C = st s$8(HopfOp%)

that identifies s} dg(HopfOp p) with the commutative operad.

Finally, our main existence and uniqueness result, theorem [A]of the introduction,
arises as a formal consequence of theorems [§4.B] and [§4.C] We recall our statement
for the sake of completeness. In fact, the claim of theorem [A]is valid for any unital
Hopf operad (not necessarily Eo):

Theorem §4.D. Let £ be a X, -cofibrant non-unital E-operad. Let Q be a unital
Hopf operad.

(a) The bar complex of an E-algebra B(A) can be equipped with the structure
of a Hopf Q-algebra, functorially in A, and so that the unital operation
Q(0) — B(A) agrees with the natural unit of the bar complexr F — B(A)
provided that Q is a Reedy cofibrant object in the category of unital Hopf
operads.

(b) Any such Q-algebra structure where Q is connected and non-negatively
graded satisfies the requirement of the uniqueness theorem of [B1]. More
explicitly, if the unit condition of claim (a) is satisfied and the operad Q
18 connected and non-negatively graded, then, for a commutative algebra A,
the Q-algebra structure of B(A) reduces automatically to the classical com-
mutative algebra structure of B(A), the one given by the shuffle product of
tensors.

We give the proof of these claims assuming theorems [§4.Bland [§4.C] As explained
in the introduction of this memoir, for an E,-operad £, we consider the lifting
problem

HopfOp‘]g3 — Hoprnd%

7
-
P ~
~
~
~

_ v,
Q == ¢ — HopfOp% —— HopfEnd$

which has automatically a solution if Q is cofibrant since, by theorem §4.B] the aug-

mentation of an E.-operad induces an acyclic fibration ¢, : HopfOp% S HopfOp%.
Then the composite morphism

Q Ye, HopfOpg Vo HoprndB

provides an operad action on the bar complex that fulfils the existence assertions
of theorem [§4.D]

Conversely, by the universal definition of the Hopf operad Hoprnd%, any operad
action on B(A) that satisfies our unit requirement is determined by an operad
morphism V : Q@ — Hoprnng. If £ is X¥,-cofibrant, then any such morphism
factors through HopfOp}g since the embedding Vg : HopfOp% — Hoprnd% is an
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isomorphism. Then we deduce from theorem [§4.C| that the diagram

Q —Ys HopfOp%

.

c—> HopfOp%

commutes automatically. For a commutative algebra A, it follows that the action
of @ on B(A) reduces to the classical commutative operad action as claimed by

theorem O

The lifting process can be simplified if we assume that Q is a connected operad.
Namely, if we apply the truncation functors, then, by theorem our lifting
problem becomes equivalent to

s! 98 (HopfOp$%) -

v, 7
P ~

P

Q—¢C

Recall also that the truncation functors preserve acyclic fibrations. Therefore
we obtain that the augmentation of an E.,-operad induces an acyclic fibration

€ 1 Sk sig(HopfOp%)$>C since this morphism represents the truncation of the

morphism ¢, : HopfOp%$>HopfOp% which forms an acyclic fibration by theo-
rem Finally, we obtain that any morphism V,: Q — HopfOp% where Q is a
non-negatively graded connected unital Hopf operad fits this lifting diagram since
C forms the terminal object in the category of unital Hopf operads. As a corollary,
by usual model category arguments, we obtain:

Theorem §4.E. Let £ be a non-unital Ey-operad. Any pair of morphisms of unital
Hopf operads Vo,V : Q — HopfOp‘,gg where Q is a connected and non-negatively
graded unital Hopf operads are left-homotopic.

As in [BI], one could give an interpretation of this uniqueness assertion at the
algebra level. Namely suppose given a pair of morphisms of unital Hopf operads

Vo,V1:0Q — HopfOp%

which provide the chain complex B(A) with the structure of a Hopf Q-algebra.
Then the Hopf Q-algebras (B(A), Vy) and (B(A), V1) can be connected by weak-
equivalences of Hopf Q-algebras

(B(A), Vo) < - = (B(A),V1).

To be precise, we have not checked this claim in full generality. But if we assume
that A is a non-negatively graded dg-algebras, then the bar complex B(A) belongs
to the category of non-negatively graded dg-coalgebra for which we have a model
structure by [I3]. In this context the claim can be deduced from the results of [23]
extended to the ground model category of dg-coalgebras.

Section outline. Here is the plan of this section: in we prove the existence of
an internal hom in the category of coalgebras; in subsections we define the
Hopf endomorphism operad HoprndE7 the related Hopf operad of bar operations
HopfOpg and we make explicit the internal structure of these operads; we prove
the fibration properties asserted by theorem [§4.B] in and we give the proof of

theorem in
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§4.2. Morphism coalgebras. The purpose of this subsection is to construct mor-
phism coalgebras HopfHom(L, M) that satisfy the adjunction property specified in
the section introduction. Before we shall give precisions on the coalgebra categories
that occur in the definition of HopfHom(L, M).

84.2.1. Augmented and unitary coalgebras. In general we work within the category
of augmented coassociative coalgebras denoted by CoAlg? . But, as explained above,
we consider also coalgebras in the category of non-augmented coalgebras CoAlg®,
in the category of augmented unitary coalgebras CoAlg? and in the category of
connected coalgebras CoAlgy.

To be precise, an object K € CoAlg? denotes a coassociative coalgebra equipped
with an augmentation defined by a morphism of coalgebras ¢ : K — F ; an object
L € CoAlg? denotes a coassociative coalgebra equipped with an augmentation and a
coalgebra unit defined by a morphism of augmented coalgebra n : F — L. The unit
cokernel of a unitary coalgebra L = coker(n : F — L) defines an object of CoAlg®.
Clearly, the map L — L defines an equivalence between the category of augmented
unitary coalgebras CoAlg? and the category of non-augmented coalgebras CoAlg®
since any augmented unitary coalgebra L has a natural decomposition L = F®L.

§4.2.2. Cofree unitary coalgebras. The cofree coalgebra I'(V') defined in the previous
subsection is characterized by the adjunction relation

HOII’ldg Mod (K, V) = HomcoAlgi (K, F(V)),

for any augmented coalgebra K € CoAlg?. Notice that I'(V') is equipped with
a canonical unit 7 : F — I'(V) induced by the null morphism 0 : 0 — V. The

unit cokernel of I'(V') is denoted by I'(V'). One observes readily that the following
adjunction relations hold

Homgg Mod (L,V) = Homcoalge (L,T(V)) = Homgcoaige (L, I'(V)),

for any augmented unitary coalgebra L € CoAlg}. Accordingly, the cofree coalgebra
(V) forms also a cofree object in the category of augmented unitary coalgebras
and its unit cokernel I'(V) forms a cofree object in CoAlg®. Clearly, a morphism of
cofree coalgebras Vy : I'(V) — I'(IW) preserves units if and only if the associated
map f : I'(V) — W cancels the unit of I'(V') and hence is equivalent to a map
f:T(V)—=W.

We consider also quasi-cofree objects I' = (I'(V),d,,) in the category of aug-
mented unitary coalgebras CoAlg?. We assume in this case that the coderivation
0o cancels the unit of T'(V) so that the unit morphism of the cofree coalgebra
n:F — T'(V) defines a morphism of dg-coalgebras 7 : F — T'. As in the context of
coalgebra morphisms, it is equivalent to assume that the coderivation 9, is induced
by a map a: (V) — V.

Recall that a tensor product of coassociative coalgebras K ® L is equipped with a
natural coalgebra structure so that the coalgebra categories considered in this mem-
oir are symmetric monoidal. In the language of monoidal categories, our internal
morphism coalgebra HopfHom(L, M) can be characterized by a closure property.
In fact, we define HopfHom (L, M) by the following assertion:

§4.2.3. Proposition. We have a bifunctor
HopfHom, : CoAlg; °? x CoAlg — CoAlg?
that satisfies the adjunction relation
Homcoalge (K @ L, M) = Homcoalge (K, HopfHom(L, M)),

for all augmented coalgebras K € CoAlg} and all augmented unitary coalgebras
L, M € CoAlg?.
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Recall that the forgetful functor from a coalgebra category to the category of
dg-modules creates colimits. This assertion implies immediately that the functor
K — K ® L preserves colimits. On the other hand, we mention in that the
category of coalgebras is equipped with a set of generating objects. Consequently,
the proposition can be deduced from the special adjoint functor theorem.

Nevertheless we prefer to give another proof of proposition so that we
can obtain an explicit construction of HopfHom (L, M) in the case of a quasi-cofree
coalgebra M = (T'(V'), 9). Before observe that the adjunction relation of the propo-
sition is equivalent to the adjunction property specified in the section introduction.
More explicitly, we have the following assertion:

§4.2.4. Fact. Let K € CoAlgf denote an augmented coalgebra. Let L, M € CoAlg]
be augmented unitary coalgebras as in proposition [§].2.3. We have a one-to-one
correspondance bewteen morphisms of augmented coalgebras ¢ : K @ L — M that
make the diagram

K@F =T

o
KoL-2 N

commute and morphisms of non-augmented coalgebras ¢ : K @ L — M such that ¢
is defined by the restriction of ¢ : K®L — M to the summand K ® L of the tensor
product K ® L.

Hence a morphism of augmented coalgebras ¢* : K — HopfHom (L, M) is equiva-
lent to a morphism of augmented coalgebras ¢ : K QL — M that makes the diagram
above commute.

As explained previously, we aim to prove the existence of morphism coalgebras
HopfHom(L, M) by an effective construction. In fact, our arguments rely on a
classical proof of the existence of adjoint functors in a category of coalgebras over
a comonad.

To begin with, we have the following immediate observation:

§4.2.5. Observation. For a cofree coalgebra M = T'(V'), the required morphism
coalgebra is given by the cofree coalgebra

HopfHom(L,T'(V)) = T'(Hom(L,V))

since we have adjunction relations

HomCOAlga (K [024] Z, f(V))

= HOIIldg Mod(K ® Z, V) = Homdg Mod(K7 ]JO’I?’L(Z7 V))
= Homcoalge (K,T(Hom(L,V))). O

These adjunction relations are functorial in K € CoAlg? and L € CoAlgy but the
middle terms are not functors in M = I'(V') € CoAlg?. Therefore we prove directly
that HopfHom(L,T'(V)) = I'(Hom(L,V)) defines a functor on the full subcategory

of CoAlg? generated by cofree coalgebras M = I'(V'). For this purpose we consider
the augmentation morphism of the adjunction of observation [4.2.5}

evr : [(Hom(L,V)) ® L — T(V).

An explicit definition of this morphism can be obtained by going through our ad-
junction relations. We obtain precisely:

§4.2.6. Observation. In the adjunction of observation[§4.2.5
Homcoalge (K @ L,T(V)) = Homcoalge (K, I'(Hom(L,V))),
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the augmentation morphism can be identified with the coalgebra morphism
evr : [(Hom(L,V))® L — T(V)
induced by the composite morphism of dg-modules
T(Hom(L,V))® L — Hom(L,V)® L <%V,
where we consider the universal morphism of the cofree coalgebra
I'(Hom(L,V)) — Hom(L,V),
and the augmentation morphism
ev: Hom(L,V)® L —V
of the adjunction relation
Homgg mod (K @ L, V) = Homag mod (K, Hom(L, V)
in the category of dg-modules. O

Then let

eVF I'(Hom(L,V)) — Hom(L,T'(V)). -

TV
denote the adjoint morphism of evr : T'(Hom(L,V)) ® L — T'(V) in the category
of dg-modules. We obtain:

§4.2.7. Claim. We suppose given a morphism of cofree coalgebras Vi : T(V) —
(W) induced by a morphism of dg-modules f : T(V) — W so that V¢ preserves
the unit of the cofree coalgebra. We consider the morphism of cofree coalgebras

vV, evt T'(Hom(L,V)) — T'(Hom(L,W)).

induced by the composite
T'(Hom(L,V)) o, Hom(I,T(V)) L= Hom(T, W).
We claim that this morphism fits a commutative diagram
Homcoarge (K @ L,T(V)) —— Homcoalgs (K, I'(Hom(L,V)))
l(vf)* J{(Vf* et )x
Homcoalge (K @ L, T(W)) —— Homcoalgs (K, [(Hom(L,W)))

and hence makes the adjunction relation of observation[§].2-5 functorial with respect
to the coalgebra morphism Vy : T'(V) — T'(W).

Proof. One can check that V foevt makes the diagram

I'(Hom(L,V)) @ L —=T(V)

lw

T'(Hom(L,W)) ® L —>T(W)

®

N
-

fx evlua

commute. For this purpose it suffices to compare the composite

—_ _ v *evu ®Z - - ev = s
T(Hom(L,V)) ® T —"— D(Hom(L,W)) ® T <& T(W) &= W

with 7 -V -evp = f - evp. The identity of these morphisms follows from formal
verifications involving essentially adjunctions in the category of dg-modules.



THE UNIVERSAL HOPF OPERADS OF THE BAR CONSTRUCTION 79

According to observation the adjoint of a coalgebra morphism V, : K —
T'(Hom(L,V)) is obtained by the composite

KT Y25 M(Hom(L,V)) © T <5 T(V).
Therefore our adjunction claim follows from the commutativity of the diagram

evp =

K 0T 25 D(Hom(L, V) © T~ T(V)
Vi ek, i 7
Hom(L,W))® L 7 (W)
which is proved above. O

Finally, claim gives the following result:

§4.2.8. Lemma. The map V + I'(Hom(L,V)) extends to a functor on the full
subcategory of CoAlgy formed by cofree coalgebras T'(V) € CoAlg? so that the ad-
Junction relation

HomCOAlga (K X Z,T(V)) = HomCoAlg‘jr (K, F(Hom(f, V)))
is functorial in K, L and T'(V') € CoAlg].
The crux of our construction is supplied by this statement. In fact, according

to general categorical constructions, any coalgebra M is the equalizer of a natural
pair of cofree coalgebra morphisms

dO
M—T(V°) =2 T(VY).

dl
As a consequence:
§4.2.9. Fact. The coalgebra HopfHom (L, M) can be defined by the equalizer diagram

— d° —
HopfHom(L, M) —T(Hom(L,V°)) —T(Hom(L,V%')),
dl
where the morphisms d°, d* are deduced from claim[§4.2.1 The adjunction relation
Homcoalge (K @ L, M) = Homcoaige (K, HopfHom(L, M))

follows then from the case of cofree coalgebras stated in lemmal[§4.2.8 by an imme-
diate and classical exactness argument.

This assertion achieves the proof of proposition O
As usual for internal hom-objects, we have a composition product
HopfHom(M, N) @ HopfHom (L, M) = HopfHom (L, N)

equivalent to the composite evaluation morphism

HopfHom(M, N) ® HopfHom(L, M) ® L 22 HopfHom (M, N) @ M < N.

For cofree coalgebras M =T'(V) and N = T'(W), we obtain readily:

§4.2.10. Observation. For cofree coalgebras M =T'(V) and N = T'(W), the com-
position product

HopfHom(T(V),T(W)) ® HopfHom(L,T(V)) < HopfHom(L,T'(W))
can be identified with the coalgebra morphism

L'(Hom(T(V),W)) @ T(Hom(L,V)) =% T'(Hom (L, W))
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induced by the composite
L'(Hom(T(V),W)) @ I'(Hom(L,V))

TS Hom(T(V), W) & Hom (L, T(V)) % Hom(T, W)
where we consider the universal projection
T(Hom(T'(V),W)) = Hom(T(V), W),
the morphism
[L(Hom(L,V)) & Hom(L,T(V))
and the composition product of homogeneous maps of dg-modules
Hom(T(V),W) ® Hom(L,T(V)) > Hom(L,W). O

We observe that a morphism of augmented unitary coalgebras ¢ : L — M is
equivalent to a group-like element ¢ € HopfHom(L,M). Formally, the module
F[X] spanned by a set X is usually equipped with the structure of an augmented
coalgebra in which the basis elements x € X are group-like. This coalgebra satisfies
the adjunction relation Homgoalge (F[X], I') = Homge (X, Gr(I')), where Gr(I) de-
notes the set of group-like elements in an augmented coalgebra I' € CoAlg? . One
checks readily that the evaluation of morphisms yields a coalgebra morphism

F[HomCoAlgg (L,M)] QL — M

that satisfies the requirement of fact [§4.2.4] Accordingly, this morphism is equiva-
lent to a morphism of augmented coalgebras

F[Homcoalge (L, M)] — HopfHom (L, M).
We obtain:
§4.2.11. Claim. The coalgebra morphism above yields a canonical bijection
Homcoalge (L, M) = Gr(HopfHom(L, M)).

Proof. This bijection property is stated is a remark. Therefore we just sketch the
proof of this statement. By left exactness, it is sufficient to check the assertion for a
cofree coalgebra M = I'(V) for which we have HopfHom(L,T'(V)) = T'(Hom(L,V)).
In this case, by adjunction, we have natural bijections

Homcoalg: (L, I(V)) = Homag voa(L, T(V)) = Gr(I(Hom(L, V)))

whose composite can be identified with the map of the claim. O

The last assertion of the proof can be deduced from the following observation:
§4.2.12. Observation. For a cofree coalgebra M = T'(V), the map

F[Homconlge (L, I'(V'))] — HopfHom(L,T'(V)).
can be identified with the coalgebra morphism
F[Homcoalge (L, (V)] — I'(Hom(L, V)

induced by the canonical morphism of dg-modules

F[Homcoalge (L, T'(V))]

= F[Homag vod(L, V)] — Homagntoa (L, V)
— Hom(L,V). O
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This assertion arises as a straightforward consequence of our constructions. To
conclude this set of observations, we can form an enriched category of augmented
unitary coalgebras in which morphism objects are given by the morphism coalgebras
HopfHom (L, M). The bijection Homeoalgs (L, M) = Gr(HopfHom(L, M)) yields
an embedding from the ground category to the enriched category of augmented
unitary coalgebras. The morphism coalgebra HopfHom(L, M) extends clearly to
a bifunctor on this enriched category. Observe also that for a group-like element
V € HopfHom(I'(V),I'(W), equivalent to a morphism Vy : I'(V) — I'(W), the
composition process of observation extends the definition of claim

We claim that our construction permits to obtain an explicit realization of the
morphism coalgebra HopfHom(L, M) for a quasi-cofree coalgebra M = (T'(V), 04)-
We obtain precisely the following result:

§4.2.13. Lemma. If M is a quasi-cofree coalgebra, then so is the morphism coal-
gebra HopfHom (L, M). To be more explicit, suppose given a quasi-cofree unitary

coalgebra M = (I'(V'), 0,), where the coderivation 0 : T' (V) — T'(V) is induced by

a homogeneous map o : T(V) — V. Then we have:

HopfHom(L, M) = (I'(Hom(L,V)), 0

Qx evlll)7

where the coderivation 0, ev ['(Hom(L,V)) — I'(Hom(L,V)) is induced by the
composite map

L(Hom(L,V)) o, Hom(L,T(V)) 2% Hom(L,V).
Furthermore, the adjunction augmentation
ev: HopfHom(L,M)® L — M
can be identified with a coalgebra morphism
evr : (I['(Hom(L, V))’aa*cvﬁr
supplied by observation [§4.2.0

Roughly, we check that the equations of lemma involved in quasi-cofree
coalgebra structures hold for the pair (I'(Hom(L,V)), 9, ot ) and that the adjunc-
tion relation of observation extends to quasi-cofree coalgebras. Basically,
our results are consequences of the following commutation relation between the
coderivations and the adjunction augmentation:

)@ L — (T(V),0a)

§4.2.14. Claim. The coderivation 0, ol makes the diagram
T'(Hom(L,V)) © L —>T(V)

aa* evf—‘®L \Laa

evr

I'(Hom(L,V))® L ——=T(V)
commute.

Proof. In the diagram both composites define coderivations 0 : L' — T'(V), where
L' = T(Hom(L,V)). One can extend the correspondence of lemma to this
relative context. Hence these coderivations agree if and only if their composite with
the universal morphism 7 : T'(V') — V agree. Thus, as in the proof of claim
it suffices to compare the composite

p— —_ Qx e-,v11 ®Z — —_ v — T
[(Hom(L,V)) @ L ————T(Hom(L,V)) @ L &5 T(V) LV
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with -« -evp = «a-evp. The identity of these morphisms follows also from formal
verifications. O

As a corollary, we obtain:

84.2.15. Claim. The relation §(«) + ad, = 0 implies the same relation 6(cv ev%) +

s ev% -0

o evt. = 0 for the coderivation 0, evh - Hence the pair

(T(Hom(L,V)), 0

a*cvﬁ)
defines a quasi-cofree coalgebra.
Proof. By adjunction, we deduce from claim [34.2.14] that the diagram

g
evp

I'(Hom(L,V)) — Hom(L,

" u J/ l
ax evp
CVn
L,

IND)
(Oa) =
I(Hom(L,V)) —= Hom(L,T'(V))

Hom(L,V)

—~

commute. Hence the relation §(a) + ad, = 0 implies 6(a)*evfﬂ +ad, ev% =
O ev%) + ev% 0, 1 =0. O
* r

Then lemma [34.2.13]is a consequence of the following claim:

64.2.16. Claim. A dg-module map u : K ® L — V induces a morphism of dg-
coalgebras

Vu: K@ L— (T(V),0,)
to the quasi-cofree coalgebra M = (T'(V),04) if and only if the adjoint map u® :
K — Hom(L,V) induces a morphism of dg-coalgebras

Vut : K — (T(Hom(L,V)),0

a*cvﬁ)

to the quasi-cofree coalgebra (I'(Hom(L,V)),0

:).
Q. evp
Accordingly, the adjunction relation V., — V4 yields an adjunction relation

Homcoalge (K ® L, (T(V), 8a)) = Homcoalgs (K, (T(Hom(L,V)), 0, ..z))

for the quasi-cofree coalgebra M = (T(V), 0.

Proof. The map v : K ® L — V is not assumed to commute with internal differ-
entials. Accordingly, the induced coalgebra morphism V, : K ® L — I'(V) forms
only a morphism of graded coalgebras. Hence, in the correspondence V,, +— V4,
we assume implicitly that we extend the adjunction relations of observation
to morphisms of graded coalgebras. The morphism V, can also be obtained from
V.t by the composite

KoL 2L P (Hom(T, V) @ T 25 T(V)
as in the case of an actual morphism of dg-coalgebras.

Explicitly, we check that the coalgebra map V, : K ® L — I'(V) induced by
u: K®L — V satisfies the commutation relation (§ + 94)V, = V,d for the
differential & + d, of the quasi-cofree coalgebra M = (T'(V),d,) if and only if the
adjoint coalgebra map Vi : K — I'(Hom(L,V)) satisfies the commutation relation
(6490 8 )WVWut = Vyid. This claim is a formal consequence of the observation

Qo ev

above and of the commutation assertion of claim O
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This claim achieves the proof of lemma O
One can observe further that the morphism
(vf)* : Hoprom(L, (F(V)> aa)) - Hoprom(L, (F(W)a aﬁ))

induced by a morphism of quasi-cofree coalgebras V : (I'(V), 0,) — (I'(W), 0p) is
obtained by the same construction as in the case of cofree coalgebras. Namely this
morphism can be identified with a morphism of quasi-cofree coalgebras

V, ¢ (T(Hom(L,V)),0 _:)— (L(Hom(L,W)),0d nr)

fxevis Q. evh, > TP ev

which is induced by the composite map

(Hom(T, V) <5 Hom (L, T(V)) L Hom (T, W).
This observation can be extended to the composition product
HopfHom((I'(V'), 04), (T(W), d3)) ® HopfHom (L, (I'(V'), 0a))
< HopfHom(L, (T(W),d3))
which is also given by the construction of observation
In the next subsections, we consider morphism coalgebras HopfHom(L, M) for

connected coalgebras L and M. Therefore, for our needs, we state connected vari-
ants of our previous assertions.

§4.2.17. Connected coalgebras. First, recall that a unitary coalgebra L is connected
if the iterated coproduct of the associated non-unitary coalgebra A" : L — o
vanishes for n sufficiently large. The full subcategory of CoAlgy formed by con-
nected coalgebras is denoted by CoAlgg. This category is equipped with cofree
object like CoAlg?. One observes precisely that the cofree object cogenerated by
V in CoAlgg is realized by the tensor coalgebra T¢(V') defined by the direct sum

TC(V) — é V(Xm
n=0

and equipped with the diagonal Ay : T¢(V) — T¢(V) @ T¢(V) induced by the
deconcatenation of tensors. In fact, we have clearly an adjunction relation

Homdg Mod (f, V) = HochAlgg (L7 TC(V)),

for any connected coalgebra L € CoAlgy. The unit cokernel of the tensor coalgebra
is also denoted by T (V).

Our results on the morphism coalgebra HopfHom (L, M) associated to connected
coalgebras L and M are consequences of the following observation:

§4.2.18. Observation. If L is a connected coalgebra, then the iterated coproduct
A" KQL — (K®Ii)®" vanishes for n large, for any coalgebra K. Accordingly, the
tensor product K ® L forms also a connected (but non-augmented) coalgebra. [

Accordingly, for a connected coalgebra L, The map K — K ® L defines a functor
from the category of augmented coalgebras to the category of connected coalgebras.
We have clearly:

§4.2.19. Fact. The restriction of the functor M +— HopromLL,M) to connected
coalgebras M defines a right adjoint of the functor K — K ® L considered above.

On the other hand, one can deduce from observation [34.2.18| that the relations
of observation [§4.2.5 hold for a connected cofree coalgebra M = T¢(V'). Explicitly,
we have the following assertion:
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§4.2.20. Observation. If L is a connected coalgebra, then we have adjunction re-
lations

Homcoalgs (K ® L,T°(V))
= Homdg Mod(K ® Z, V) = HOIIldg Mod(K7 I{O’H’L(Z7 V))
= HomCoAlg‘jr (K, F(Hom(f, V)))

Accordingly, for a connected coalgebra L and a cofree connected coalgebra M =
T¢(V), we obtain:

HopfHom(L,T(V)) = T'(Hom(L,V)). O

In fact, one can adapt the previous constructions in order to obtain explicit
realizations of the morphism coalgebras HopfHom (L, M) associated to connected
coalgebras as in the non-connected context. First, we have a tractable realization
of the adjunction augmentation

evy : T(Hom(L, V) @ T — T (V).
Namely:
§4.2.21. Observation. In the adjunction of observation [§4.2.20
Homcoalge (K @ L, T°(V)) = Homcoalge (K, T(Hom(L, V))),

the augmentation morphism can be identified with the morphism of connected coal-
gebras

evy : T(Hom(L,V)) @ L — T (V)
induced by the composite morphism of dg-modules
I'(Hom(L,V))® L — Hom(L,V)® L <5V
as in the case of non-connected coalgebras. U

Then, for quasi-cofree connected coalgebras, we obtain:

§4.2.22. Lemma. If L is a connected coalgebra and M 1is a quasi-cofree connected
coalgebra, then the morphism coalgebra HopfHom(L,M) is a quasi-cofree (non-
connected) coalgebra. More precisely, if M = (T°(V),04), for a coderivation O, :
T(V) — T¢(V) induced by a homogeneous map o : T (V) — V, we have:
HopfHom(L, M) = (U'(Hom(L,V)),0

Qe evgﬂ)’

where the coderivation O
Q4 ev

composite map

o T'(Hom(L,V)) — T'(Hom(L,V)) is induced by the

T(Hom(L,V)) o, Hom(L,T°(V)) 2= Hom(L,V).
Furthermore, the adjunction augmentation
ev : HopfHom(L,M)® L — M
can be identified with the coalgebra morphism
evr : (D(Hom(L,V)),0) @ L — (T (V),0)
supplied by observation [§4.2.21]

Proof. The proof relies on the same verifications as in the case of non-connected
quasi-cofree coalgebras stated in lemma [§4.2.13 O
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For our needs we give the construction of the composition product
HopfHom (M, N) ® HopfHom(L, M) < HopfHom (L, N)

in the case of quasi-cofree connected coalgebras M = (T°(V), ) and N = (T°(W), d3).
By definition, we have simply to determine explicitly the adjoint map of the com-
posite evaluation morphism

HopfHom(M, N) ® HopfHom(L, M) ® L 22 HopfHom (M, N) @ M <% N.

From the assertions of lemma [84.2.22| we obtain:

§4.2.23. Observation. For quasi-cofree connected coalgebras M = (T°(V),d,) and
N = (T<(W),0g), the composition product
HopfHom (M, N) ® HopfHom(L, M) < HopfHom (L, N)
can be identified with the morphism of quasi-cofree coalgebras
(T(Hom(T“(V),W)),d) ® (L(Hom(L,V)),d) == (T'(Hom(L,W)),)

induced by the composite

L(Hom(T(V),W)) @ T(Hom(L,V))

W®evg

— Hom(T"(V),W) ® Hom(L,T°(V)) = Hom(L, W)
where we consider the universal projection
L(Hom(T"(V),W)) = Hom(T"(V), W),
the morphism
T(Hom(L,V)) o, Hom(L, T (V))
and the composition product of homogeneous maps of dg-modules
Hom(T"(V),W) ® Hom(L, T (V)) = Hom(L,W). O

As explained before for cofree coalgebras, this construction covers the definition
of the coalgebra morphism

(V)« : HopfHom (L, (T*(V'),0a)) — HopfHom (L, (T(W),J3))

induced by a morphism of quasi-cofree connected coalgebras V¢ : (I'°(V),0q) —
(T°(W), 03) since V can be identified with a group-like element in the morphism
coalgebra HopfHom ((T¢(V'), 0), (T¢(W), 03)).

The relation HopfHom(L, M) = (I'(Hom(L,V)),d) is also trivially functorial in
L € CoAlgg. To be explicit, if ¢ : K — L is a morphism of connected coalgebras,
then the associated morphism

¢* : HopfHom(L, (T°(V),8.)) — HopfHom (K, (T*(V'), 0,))
can be identified with the morphism of quasi-cofree coalgebras

¢* : (D(Hom(L,V)),0,, .+)— (T(Hom(K,V)),0, )

Qxevp Qyevy
induced by the map
Hom(L,V) 2, Hom(K,V).
Observe that the adjunction augmentations evyr and evy have also an explicit

description with respect to our construction of the cofree coalgebra. Namely we
have the following straightforward assertion:
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§4.2.24. Observation. The adjunction augmentation
evp : D(Hom(L,V))® L — T(V)

defined in observation can also be obtained by a restriction of the natural
morphism

evy : {H Hom(L, V)®"} ®L — H yen
n n>0
defined componentwise by the composite

{[]Hom@,v)*"} & T
n
Id — — n — — v®n
.8k, Hom(L,V)®" ® L ldes”, Hom(L,V)®" @ L®™ & — v&n,
If the coalgebra L is connected, then this morphism admits a further restriction to
the adjunction augmentation

evp : D(Hom(L, V) @ L — T°(V)
of observation[§4.2.21].

To summarize, whenever it makes sense, we have a commutative diagram:

I(Hom(L,V)) ® L —=T(Hom(L,V)) © T = {I], Hom(L.V)*"} & T. O
| |
evry | evr | evnl
Y B \
(V) € I(V) S Lo VE"

Recall simply that the cofree coalgebra is endowed with a natural embedding

T'(Hom(L, M)) — [ [ Hom(L, M)*"

given by the composite
- {a"} + rpyen 727 + A n®n
T'(Hom(L, M)) ~— [[T'(Hom (L, M))*" == [ Hom(L, M)®",

n

where we consider the n-fold coproducts A™ and the canonical projection 7 of the
cofree coalgebra I'(Hom(L, M)) (see observation [§3.2.6).

§4.3. The Hopf endomorphism operad of the bar complex. Let I' be an
augmented unitary coalgebra. The Hopf endomorphism operad of T' is the uni-
tal Hopf operad HopfEnd. defined by the morphism coalgebras HopfEnd(r) =
HopfHom(T'®",T). Observe that HopfEnd(0) = F. This operad satisfies the fol-
lowing expected property (announced in the section introduction):

§4.3.1. Proposition. The Hopf operad HopfEndy operates on the coalgebra I' so
that T forms a Hopf algebra over HopfEndy and the unital operation HopfEnd(0) —
T" agrees with the unit of I.

Furthermore, the Hopf endomorphism operad HopfEnd is the universal Hopf
operad with this property. To be more explicit, we have a one-to-one correspondance
between Hopf algebra structures as above and morphisms of unital Hopf operads

P — HopfEndy-.

Proof. This proposition is a direct consequence of the adjunction relation for the
internal hom HopfHom(I'®",T'). Observe simply that a Hopf operad action such
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that P(0) — T agrees with the unit of " gives rise to a commutative diagram of
coalgebras

P(r) ———TF

]

P(r)@T®" —T

as in fact Indeed recall that the composition product P(r) @ P(0)®" —
P(0) is supposed to commute with coalgebra augmentations. Consequently, the
augmentation € : P(r) — F is equivalent to a composite with unital operations.
More precisely, we have a commutative diagram

Plr) ———=TF

P(r) ® P(0)®" —— P(0)

from which we deduce the commutativity of the considered diagram. O

§4.3.2. The Hopf endomorphism operad of the bar complex. The Hopf endomor-
phism operad of the bar construction in the category of P-algebras is defined by the
formula

HopfEndZ (r) = HopfHom gep a15(B(A)®", B(A)),

where, according to the conventions of [BI], the right hand-side denotes the end
of the bifunctor HopfHom(B(A)®" B(A)) over the category of P-algebras. As
explained in the section introduction, this operad HoprndE satisfies the following
feature by construction:

§4.3.3. Fact (theorem . The Hopf endomorphism operad Hoprndg oper-
ates functorially on the coalgebra B(A) so that B(A) forms a Hopf algebra over
HopfEnd% and the unital operation HopfEndp(0) — B(A) is given by the unit of
the bar construction B(A).

Furthermore, the Hopf endomorphism operad HoprndE 1s the universal unital
Hopf operad with this property. To be more explicit, we have a one-to-one correspon-
dance between such Hopf actions and morphisms of Hopf operads Q — Hoprndg
that preserve unital operations.

The aim of this subsection is to give more insights into the structure of the
Hopf endomorphism operad Hoprndg. For this purpose, we give first structure
results for the Hopf endomorphism operad of the bar complex of a fixed P-algebra
HopfEnd g 4). Then we use the relation

AEP Alg
HopfEnd7 (r) :/ HopfEnd g 4(r)

to extend our results to the Hopf endomorphism operad Hoprndg.

§4.3.4. On the coalgebra structure of the Endomorphism operad of the bar complez.
First, observe that the morphism coalgebra HopfHom(L, B(A)) is quasi-cofree, for
any connected coalgebra L, since the bar complex B(A) is defined by a quasi-cofree
connected coalgebra B(A) = (T°(XA),d). More precisely, according to results of
the previous section, we have

HopfHom(L, B(A)) = (I'(Hom(L,XA)), ),
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for a coderivation 9 : I'(Hom(L,XA)) — I'(Hom(L,XA)) determined functorially
by the differential of B(A). For L = B(A)®", we have identifications

T = @ N A®MF My
my+-+mp>0

and  Hom(L,$A)=  J[  Hom(ZA®™* +m 54).
my+-+mp>0
Consequently, we obtain

HoprndB(A) (r) = (F(PrimEndB(A)(r)),a)

where  PrimEndpga)(r) = H Hom (L A®™ttme 51 4),
mi+-+mp>0

To be precise, the differential of L = B(A)®" is given by the sum of the in-
ternal differential of £ A together with extra terms O given by the bar coderiva-
tion 0 : B(A) — B(A) on the ith factor of L. By convention we assume that
the coderivation 0 : I'(PrimEndp(4)(r)) — I'(PrimEndp(4)(r)) of HopfEnd g 4)(r)
includes these bar coderivations on the source 97 as well as a coderivation 9% de-
termined by the bar coderivation on the target. Accordingly, we assume that the
differential ¢ : I'(PrimEndpg(4)(r)) — I'(PrimEndpg4)(r)) is determined by the
internal differential of A only.

Observe that the action of permutations w € X, on HopfHom(B(A)®", B(A))
as well as the partial composites with unital operations 0; = — o; * are induced by
coalgebra morphisms on the source B(A)®". But, according to the constructions
of the previous section, any operation on the source of HopfHom(L, B(A)) can be
identified with the morphism of quasi-cofree coalgebras induced the same operation
on the source of Hom (L, B(A)). Therefore we obtain immediately:

§4.3.5. Proposition. The modules PrimEndpg4) (r) are equipped with a A.-module
structure so that the coalgebras

HopfEnd g 4) (r) = (F(PrimEndB(A) (r)), 8)
form a quasi-cofree Hopf A,-module.

The purpose of the next paragraphs is to make explicit the structure of the
endomorphism operad HoprndZ with respect to the representation supplied by the
assertion above. More specifically, we give an explicit definition of the coderivations
O and 9V of HopfEnd g 4(r) in §4.3.7|E of the A*-module structure in and of
the operad composition products in [34.3.9] We obtain our results simply by going
through the definition of the endomorphism operad and the constructions of
More specifically, for the coderivations, we deduce the construction of from
lemma [§4.2.22} for A,-module operations and composition products, we deduce
the constructions of paragraphs from observation and remarks
below this statement.

But first, in the next paragraph, we give an explicit definition of the operad
evaluation product HopfEnd g 4(r) ® B(A)®" — B(A).

§4.3.6. On the evaluation product. By definition, the evaluation product of the
Hopf endomorphism operad HopfEnd 5 4) is an instance of the universal evaluation
product of a morphism coalgebra

HopfHom (L, M) ® L =% M

in the case L = B(A)®" and M = B(A) = (T°(XA),9). We apply the explicit
constructions of the previous subsection in order to obtain the expansion of an
operation ev(y) : B(A)®" — B(A) associated to an element v € HopfEnd 5 4)(r).
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First, let & = 7(y) denotes the image of v under the canonical projection
7 : HopfEndg(4)(r) — PrimEndp(4)(r). Recall that ¢ represents a natural trans-

formation 6 : L — YA equivalent to a collection of natural maps

0 = {em*} S H HomAGPAlg(2A®m1+'“+mr, ZA)

M

that represent the components of the map 6. According to lemma and
observation the natural transformation 6 determines the composite of the
operation ev(y) : B(A)®™ — B(A) with the natural projection 7 : B(4) — ZA.
Equivalently, for each component X A®™1++mr  B(A)®" we have a commutative
diagram:

Orm.

NA®MIt My YA
B(AYEr =00, B(4)

where we consider the natural projection 7 : B(A) — XA of the bar complex.
Then consider the tensors

7O A () = 291 ®---®0" € PrimEnd ) (r)®"

associated to the n-fold coproduct of v in HopfEndp 4)(r). According to obser-

vation [§4.2.24] the operation ev(y) : B(A)®" — B(A) has an expansion of the
form

oo

ev(n(ar,an) =S {3 [0l b @ @0l ap)]}
n=t exA®n
for all elements in the bar complex a;, ..., a, € B(A), where we consider the n-fold

diagonals Y ol @ --- @ o € B(A)®" of the tensors o; € B(A).
§4.3.7. On differentials. Recall that

HopfHom(B(A)®", B(A)) 25 HopfHom(B(A)®", B(A))

denotes the coderivation of HopfHom(B(A)®", B(A)) induced by the bar coderiva-
tion on the ith factor of the tensor product B(A)®". By construction, these
coderivations 9 = Ogn are induced by maps

: .
PrimOpp ) (r) — PrlmOPB(A)(T)'

Explicitly, for a map 6 : SA®™++mr _ $1A the components of 3(f) are given
by the composite of § with the natural transformations

EA@ml®...®2A®mi+n71®...®2A®m7-

h
a_i>EA®m1®...®2A®mi®...®2A®mT

induced by the operations u, € K(n) on the factors ax ® -+ ® ag1n—1 such that
mi+-+mi1+1<k<k+n—-1<mi+---+m;_1+m;+n—1. Accordingly,
the map 3" maps the component Hom (S A®™m1++mr 5 4) of PrimEnd g (4)(r) to
the components Hom(SA®™ 1+ Fmitn=1+mr 53 4) guch that n = 2,3,....

The other coderivation of HopfEnd g 4)(r), denoted by

HopfHom(B(A)®", B(A)) 25 HopfHom(B(A)®", B(A)),
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is yielded by the bar coderivation of the target. According to lemma [34.2.22| and
observation[§4.2.24] this coderivation can be identified with a coderivation 9V = g
of the cofree coalgebra I'(PrimEndp(4)(r)) induced by a homogeneous morphism

['(PrimEndg(4)(r)) < [],, PrimEnd g4)(r)®" LI PrimEndpga)(r)
K B

51)

)

where p, has a component

&) Hom(SA®™++m 54) Lo Hom(SAm+4me 524),

j=1
for all collections such that m; = m} +---+m@, fori = 1,...,r. Explicitly, the mor-

phism /i, maps a tensor product of homogeneous morphisms 6; : NASm+tml
YA to the composite

T A®MLt M Sh*

TAST L g L @ RO bt U880, 4 g g A L A

where Sh* = Sh(m}) € ¥,,,+...+m, denotes the bloc permutation which shuffles the
rn tensor groupings SA®™ according to the permutation Sh € %,,, such that

Sh(j—1)r+i)=>G(—-1)n+j, fori=1,...,randj=1,...,n.

§4.3.8. On A,-module structures. By definition, the action of the symmetric group
¥, on HopfEnd g 4) (1) = HopfHom(B(A)®", B(A)) is given by tensor permutations
on the source. Then we observe in that this action is induced by an action
of ¥, on the dg-module PrimEndpg4)(r). In fact, a permutation w € X, gives rise
to a natural isomorphism

EA@mw_1(1)+-“+mw_1(T) =, N A®MLt - Amy
given by the permutation of the 7 blocs of tensors A®™i specified by w. The
composite of a homogeneous map 8 : YA™ T A with this isomorphism

yields a map
wh : DA T e s 1A

and this process defines the action of ¥, on the dg-module
PrimEndpga)(r) = H Hom (X A®™H+mr 51 4).
myi+--4m,>0

Similarly, the morphisms 0; : HopfEnd g 4)(r) — HopfEnd g4 (r—1) are induced
by the canonical morphisms

BAP*" ' ~BA)® - ®@F®---® B(A) — B(A)®"

given by the insertion of a unit at the ith position of the tensor product. Conse-
quently, this operation on HopfEnd g4 (r) is induced by an operation on PrimEnd g4 (r):

i : HopfEnd g 4y (1) — HopfEnd g 4)(r — 1).
Explicitly, this operation is given by the projection onto the components
Hom(EAGBml+---+0+---+mr7 ZA)

for which m; = 0. Observe that these components of PrimEndpg(4)(r) are naturally
identified with components of PrimEndg(4)(r —1).
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§4.3.9. On composition products. By definition, and according to the result of ob-
servation [§4.2.23] the partial composition product
o; : HopfEnd g(4)(s) ® HopfEnd g 4(t) — HopfEnd g 4)(s +t — 1)

can be identified with the morphism of cofree coalgebras induced by a morphism
of dg-modules

PrimEndp(4)(s) ® I'(PrimEndg(4)(t))
— PrimEndp(4)(s) ® H PrimEnd g 4)(t)®™ X, PrimEndpg4)(s +t —1)

which has components
Hom(ZA®m1+-~+ms’EA) ® {® Hom(EAn’f-i--“-i-nf’ 214)}
k=1

i, Hom(SAM+- it dn)tedme 54

for all collections such that m = m; and n; = n]1 + -+ nj'. Explicitly, for
homogeneous maps ¢ : A+ M T A and 1y, 1 TASM TN 5 YA k=
1,...,m, the map v;(¢ @ {ty ® - - - @ ¥, }) is defined by the composite

TA®Mt ARttt tms

m
2isgmg. g {® 2A®”’f+'“+nf} ® - @ LA®M:
k=1
Id®-®{Q L Pr}®-®ld

SAP™M @ @ BAPT @ - @ DAY
2, 24,
where Sh; = Sh;(n¥) € ¥,,1..1n, denotes the bloc permutation which shuffles

J
the tm tensor groupings YA according to the permutation Sh € Y, defined

in 237

§4.3.10. On operad units. The operad unit of the Hopf endomorphism operad is
represented by the collection

{1d*"} € T] Hom(2A, £A)®",

where Id € Hom(XA, X A) is the identity morphism. In fact, this collection repre-
sents the image of the identity morphism Id : B(A) — B(A) under the bijection

Homeoarge (B(A), B(A)) = Gr(HopfHom(B(A), B(A)))

defined by claim

Observe that the identity morphism Id € Hom(XA,XA) specifies also a unit
element in PrimEndpg(4)(1). Accordingly, the module PrimEnd g(4) forms a unitary
A-module.

As announced, we deduce structure results on the Hopf endomorphism operad
Hoprndg from the assertions obtained in the previous paragraphs on HopfEnd g 4).
This pre-statement follows from the following formal assertion:

§4.3.11. Fact. Consider quasi-cofree coalgebras of the form
(TN(G(X,Y),0x,v),
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where G : C°? x C — dgMod s a bifunctor on an essentially small category and
such that the coderivation Oxy is natural in X, Y € C. Let Gxec(X,X) =

fXGC G(X,X). The morphisms of quasi-cofree coalgebras
(T(Gxec(X, X),0x x) — (T(G(X, X), 0x,x)

induced by the natural morphism of dg-modules Gxec(X,X) — G(X, X) yields an
end isomorphism

_ [Xec
(M(Gxec(X, X), 0x x) = / (N(G(X, X), dx.x).

Then we deduce from proposition [§4.3.5)

§4.3.12. Proposition. The Hopf endomorphism operad Hoprndg forms a quasi-
cofree Hopf A,-module such that

HopfEnd}(r) = (F(PrimEndg (r)),0),

where
A€P Alg
PrimEnd} (r) = / PrimEndp4)(r)

= H HOmAGPA]g(EA®m1+‘.V+mT7 EA).
mi+-+my>0

The differential of HoprndZ, the A,-module structure and the operad structure
can also be deduced from the constructions of paragraphs 04.3.9 extended to
natural transformations.

§4.4. The Hopf operad of universal bar operations. We use ideas of [BI)
Section 1.2] in order to reduce the structure of the operad HopfEnd%. Precisely,
for an operad P, we consider the natural morphism

P(m) — Homacp alg(A®™, A)
which identifies an operad element p € P(m) with the associated operation p :

A®™ — A defined for A a P-algebra.

§4.4.1. Fact (See loc. cit.). The morphism
'P(m) — HOIIlAe'p Alg(A®m, A)
is split injective in general and defines an isomorphism if the operad P is X-
projective or if the ground field F is infinite.
For our purpose we consider the module
PrimOpp(r) = H AP(my + -+ m,),
mi+-+m,.>0

where AP denotes the operadic suspension of P (see [I4]), and the associated cofree
coalgebra
HopfOp% (1) = T'(PrimOph5 (7).
Recall that the suspension AP of an operad P is the operad whose algebras are
suspensions XA of P-algebras A. This operad satisfies the relation AP(r) =
$1I="P(r) @ sgn(r), where sgn(r) denotes the signature representation of %,..
We have canonical embeddings

@m* : A'P(Wh TR mr) SN j-_IO,mAePAlg(EA(X)WH—...—i-ww7 EA)

which induce embeddings of dg-modules © : PrimOpp(r) — PrimEndp(r) and
embeddings of coalgebras Ve : HopfOph(r) — HopfEnd% (7). These embeddings
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form an isomorphism if the operad P is X.-projective or if the ground field is
infinite. As a consequence, the module HopfOpg is equipped with the structure of
a differential graded operad that reflects the structure of the Hopf endomorphism
operad of the bar construction. Precisely, we have the following assertion:

§4.4.2. Proposition. The coalgebras HopfOpg(T) are equipped with the structure
of a differential graded Hopf operad so that HopfOpg forms a quasi-cofree Hopf
A -module and the canonical embeddings

Ve : HopfOp% (1) — HopfEnd7 (r)
form a morphism of differential graded Hopf operads.

We check this proposition simply by going through the constructions of In
fact, we perform analogous constructions for HopfOpg so that we provide HopfOpE
with the structure of a suboperad of Hoprndg. Then we obtain explicit definitions
for the structure of the Hopf operad HopfOpE.

First, for the differential, we have:

§4.4.3. Claim.

(a) The dg-coalgebra HopfOpg(r) can be equipped with coderivations O that
correspond to the terms Ol of the differential of HopfEndp(r) under the
embedding HopfOp (r) < HopfEndy ().

(b) The dg-coalgebra HopfOpg(r) can be equipped with a coderivation 0° that
corresponds to the term 9Y of the differential of Hoprndg(r) under the
embedding HopfOph (1) «— HopfEnd}(r).

Consequently, the dg-module HopfOpg(r) forms a quasi-cofree subcoalgebra of

HopfEnd5 ().

Proof. The construction of the differentials 8/ and 9* of HopfOp’ (1) are immediate
consequences of the assertions of

Fori=1,...,r, the coderivation 9" : HopfOpp (r) — HopfOphp(r) is induced by
amap ! : PrimOp}(r) — PrimOp}(r) given componentwise by maps

A’P(m1+...+mi+...+mr)’6_">A7)(m1+...+(mi+n_1)+...+mr)

such that 8'(p) = > ;D Ot tin, where the summation ranges over the interval ¢ =
mi+---+mi—1+1,....m+ - +my_1 +m;.

The term §° : HopfOph(r) — HopfOph(r) of the differential is defined by
a coderivation 8" = 9. of the cofree coalgebra HopfOpp(r) = I'(PrimOpp(r))
determined by a homogeneous morphism

[ (PrimOpp (r)) & [[,, PrimOpFp (r)®" L PrimOpp(r) ,

K )

R

where p, has a component
QR AP(m] + -+ +mi) L5 AP(my + -+ m,),
j=1

for all collections such that m; = m} + -+ + m'. This morphism g, is deﬁned
explicitly by the formula . (p1®- - -®py,) = Sh(m?)-pn(p1, - .., pn), where Sh(m?) €
Yy 4+ +m, denotes the bloc permutation introduced in O

Then for the A,-module structure:
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84.4.4. Claim. The modules PrimOpg(r) can be equipped with an action of the
symmetric group ¥, and with operations d; : PrimOpp(r) — PrimOpp(r — 1) so
that PrimOpZ forms a A.-submodule of PrimEndg.

The module PrimOpg(l) is also equipped with a unit element 1 € PrimOpg(l)
that corresponds to the unit element of PrimEndp (1) (see . Accordingly,
the module PrimOp’, forms a unitary A, -submodule of PrimEnd’.

Proof. This result is also an immediate consequence of the explicit definition of the
A-module structure of PrimEndg given in [§4.3.8
Explicitly, the action of a permutation w € ¥, on

PrimOph(r) = H AP(my +---+m,)
mit-+mp>0
is given componentwise by the action of the bloc permutations

w(muﬁl(l) v“v’"'ufl(r))

AP(my + -+ my)

AP(my-1(1) + -+ + M1
and the operation
i : PrimOp% (r) — PrimOpp(r — 1)

is given by the projection onto the components of PrimOpg (r) such that m; =0
which can be identified with components of PrimOph(r — 1) as in the case of
PrimEnd7 (7).

The unit operation 1 € AP(1) corresponds tautologically to the identity mor-
phism Id : ©A — A that defines the unit element of the module PrimEnd% (1)
and hence specifies an appropriate unit element in PrimOpg(l). O

Finally, for the operad structure:

§4.4.5. Claim. The dg-coalgebras HopfOpg (r) = T(PrimOpy(r)) are equipped with
an action of the symmetric group induced by the action of 3, on PrimOpg (r). We
have also composition products

o; : HopfOphp(s) © HopfOph(t) — HopfOpp (s +t — 1)
so that HopfOpZ forms a Hopf suboperad of Hoprndg.

Proof. As in the case of the Hopf endomorphism operad Hoprndg7 the partial
composition product

o; : HopfOph(s) ® HopfOpp(t) — HopfOph (s +t — 1)

is the morphism of cofree coalgebras induced by a morphism of dg-modules
PrimOp}(s) @ I'(PrimOpJp (1))
< PrimOp%(s) ® H PrimOp} (£)®™ 25 PrimOpp (s 4+t — 1)

which has components

m

AP(my + - +m,) ® {®AP(n’f+--.+nf)}

k=1
T AP(my + - g e my),

for all collections such that m = m; and n; = nj1 + -+ nj". We have explicitly
V(P @{q @+ @ qm}) = Shi(nk) - p(1,...,q1,...,qm, ..., 1), where the operation
qx is substituted to the entry k = mq + --- +m;_1 + k of p and where Shl(nf)
denotes the bloc permutation introduced in
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Observe also that the operad unit of HoprndE corresponds to an element
of HopfOpg. Namely this element can be represented by the collection

{1%7} € [ [ PrimOpp(1)®",

where 1 € AP(1) is the unit of P. O

This claim achieves the proof of proposition [§4.4.2] To recapitulate, we have the
following result:

§4.4.6. Lemma. The dg-coalgebras HopfOpE(r) equipped with the differentials sup-

plied by claim [54.4.3 and the structure specified by claim [§4.4.5 form a differential
graded unital Hopf operad. Moreover, the canonical embeddings

Ve : HopfOph (r) < HopfEnd7 (r)

define a mnatural morphism of unital Hopf operads which is an isomorphism if the
operad P is X.-projective or if the ground field F is infinite.

In addition we obtain the following assertion:

§4.4.7. Observation. The Hopf operad HopfOpg(r) forms a quasi-cofree Hopf A -
module such that

HopfOpg (r) = (F(PrimOpg (r)), 8) ,
where O is composed of the coderivations 9" and O specified in [§4.4.5, (]

§4.5. Fibration properties. One can deduce from formal properties of monoidal
model categories that a Hopf endomorphism operad HopfEndr is a Reedy fibrant
object if T" is a fibrant unitary dg-coalgebras. One can extend this assertion to
connected unitary coalgebras because the adjoint definition of morphism coalgebras
holds in the connected context as well by fact As any quasi-cofree connected
coalgebra T' = (T¢(V),d,) forms a fibrant object in the category of connected
coalgebras, we obtain that the Hopf endomorphism operad of the bar complex
HopfEnd g4 is Reedy fibrant.

In the next paragraphs, we give another more effective proof of this assertion
in order to extend our results to the Hopf operad of bar operations HopfOpE.
Explicitly, as mentioned in the introduction of we prove that the augmentation
morphism of the Hopf endomorphism operad HopfEnd 5 4 splits up into a sequence

HopfEnd g4y = lim ck,;, HopfEnd g4y — ...

- — ckyp, HoprndB(A) — ¢kt HOprndB(A) AR
= Cko HoprndB(A) = C,

where cky, HopfEnd g4y — cky—1 HoptEndp 4y is obtained by a coextension of
a cofree Hopf A,-modules morphism. Then we extend this result to the Hopf
endomorphism operad of the bar complex HoprndE and to the Hopf operad of
bar operations HopfOpg.

§4.5.1. On A.-module structures and the canonical filtration of the bar complex. Re-
call that the A,-module structure of a Hopf endomorphism operad HopfEnd(r) =
HopfHom(T'®" T') is deduced from operations on the source. To be more precise, one
can observe that the tensor powers of a unitary coalgebra I'®" form a left Hopf A*-
module. The symmetric group operates on I'®” by tensor permutations and we have
operations 9° : T®"~! — T'®" given by the insertion of a coalgebra unit * : F — T" at
the ith place. The induced operations w* : HopfHom(I'®",T') — HopfHom(I'®",T)
and (0Y)* : HopfHom(T®",T) — HopfHom(T'®*"~1 T') determine the A*-module
structure of HopfHom (I'®",T).
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The quotient Hopf A,-modules ck;,, HopfEnd g 4) are associated to a sequence of
Hopf A.-submodules of B(A)®". Explicitly, for m € N, we let sk,,(B(A)®") denote
the submodule of B(A)®" such that:

sk (B(A)®) = &P NASmttm
m>mi+--4m, >0

Recall that B(A)®" is equipped with coderivations denoted by 07 and given by
the bar coderivation of the ith factor of B(A)®", for i = 1,...,r. Clearly, the
submodule sk,,, B(A)®" is preserved by the bar coderivations 9 and hence form a
dg-submodule of B(A). In fact, we have more precisely:

§4.5.2. Observation. We have 9 (sk,,(B(A)®")) C sk,,_1(B(A4)®").

Proof. By definition, the bar coderivation 07 maps the module SA®™ C B(A)
into components ¥ A®™i="*t1 < B(A) such that n > 2. Hence the assertion is
immediate. (|

Then, as expected, we have clearly:
§4.5.3. Fact. The dg-modules
sk, (B(A)®") € B(A)®"

are preserved by the diagonal and by the differential of B(A)®", by the action of
the symmetric group and by the operations 0° : B(A)®" — B(A)®"~1. Hence these
dg-modules define a nested sequence of Hopf A.-submodules of B(A)®" such that

B(A)®" = colim,, sk,,,(B(A)®").

As a corollary we obtain:

§4.5.4. Fact. The coalgebras
cky, HopfEnd g 4)(r) = HopfHom(skn, B(A)®" B(A))
define a tower of quotient Hopf A.-modules of HopfEnd g4y such that
HoptEnd g4y = limy, ck,, HopfEnd g4 .
Furthermore, we have
cky, HopfEnd g4y = (I'(cky, PrimEndp(4)), 9),

where cky, PrimEnd g4y denotes the quotient A.-module of PrimEndp(a) defined
by
cky, PrimEndpa)(r) = H Hom(XA®™1ttmr 51 4).
m2>mi+---+my;>0
Observe that ck,, HopfEnd 4y forms also a unital unitary quotient Hopf A.-
module of HopfEndp4). Explicitly, we have clearly ck,, HopfEndpg4)(0) = F.
Furthermore, the collection

{1a*"} € [[ Hom(2A, £A)®"

that represents the unit element of HopfEnd B(A) specifies clearly a unit element
in cky, HoptEnd g4 for all m > 1 and projects tautologically to the unit element
of the commutative operad for m = 0.

Clearly, the Hopf A,-module
HopfEndJ, (r) = HopfHom ycp p1,(B(A)®", B(A))
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is equipped with a similar decomposition induced by the decomposition of HopfEnd B(A)-
Explicitly, we have Hoprndg = lim,,en ckyp, Hoprndg for unital unitary Hopf A,-
modules such that:

cky, HopfEnd; (1) = HopfHom pcp a1, (skim B(A)®", B(A)).
Furthermore, we have
ck,, HopfEnd%, = (I'(ck,, PrimEnd7), 9),
for unitary quotient A,-modules of PrimEnd7}, that can be defined by
cky, PrimEndg(4)(r) = H Hom pep alg(ZA®™ T 4mr 51 4).

m>my+---+m.>0
We check that the requirements of [§3.4.2] are satisfied for the Hopf A,-modules
(I'(ckm, PrimEndpg(4)), d) so that the morphisms
P ¢ (T(ckp, PrimEndpg(a)),d) — (I'(cky,—1 PrimEndpa)), 0)
have the structure specified in and similarly for the functorial Hopf endomor-
phism operad Hoprndg. First, for HopfEnd g4, we have explicitly:

§4.5.5. Claim. Let K = PrimEndg4). The homogeneous maps [ = Zh,ﬂ” :
[(K) — K that determine the coderivations 8 = 9},8" of HopfEndp 4y admit
factorizations

NK)—2

.

T(ckpn K) = 2 = chpn1 K
As a corollary, the projection morphisms
P ¢ (D(cky, K),0) — (T'(cky—1 K), 0)
fit coextension diagrams of the form

(T(cks, K), 0) (A A ¢k, K)

| |

(P(Ckm,1 K), 8) —_— F(Al A\ Ckm,1 K X S1Acky—1 K Sl A\ Ckm K)

Proof. For the coderivations & = 9!, the assertion is a corollary of observation [§4.5.2
since these coderivations are induced by the components 9! of the differentials
of B(A)®". Explicitly, by observation [§4.5.2] the maps 0 have factorizations

h

B(A)®r % B(A)®r

| T

sk, B(A)®" — — > gk, 1 B(A)®"

which yield a factorization at the level of PrimEndp(4):

h
PrimEndp(a) # PrimEndp(4)

| T

ckp, PrimEndg(4) — — > cky,—1 PrimEnd g4
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Recall that the other differential 0 = 0" is induced by homogeneous morphisms

['(PrimEndg(a)(r)) — HPrimEndB(A)(r)@’” LN PrimEndpga)(r)
which admit a component

&) Hom(SAZ™++mi s 4) 20 Hom(SAS™++mr 514)
j=1

for all n > 2 and for all collections (m]) such that m; = m! + - +m?. Clearly, if
m{+~~~+n{ > m — 1 for some j, as we assume mf + --- +n¥ > 0 for all k, we
obtain m; + -+ m, :Zi’jmg >m{+-~-+ni >m — 1.

Accordingly, for a given tensor u; ® -+ ® u, € PrimEndp(a) (r)®" if we have
uj € Hmjl-_s__“%_mbm_l Hom(ZAm{‘*""‘*‘mz’7 Y A) for some j, then we obtain p(u; ®

o ®@Un) € [T, 4o fmyom Hom(EAm{“‘""*‘mi, Y A) so that p, admits a factorization

[, PrimEndp ) (r)er —— PrimEndp ) (r)

| |

ckpy—1 PrimEnd g4y (r)®™ 2ok PrimEndg)(r)
and this assertion implies our claim for the differential 9°. O

Observe that the lifting construction of the claim is natural in A. To give a
more proper assertion we should extend this structure result to Hopf A,-modules
of morphisms HopfEnd g 4) p(a+), which are defined by

HOprndB(A)7B(A/) (’I") = Hoprom(B(A)®T, B(A/))

One checks precisely that the coderivation liftings
I'(cky,, PrimEnd g4y, B(a)) — . k-1 PrimEnd ), par

are functorial in A and A’. In fact, this assertion holds simply because the modules
cky, PrimEndp(4), p(as) are quotient of PrimEndp(4) p(as)- As a consequence, we
obtain:

§4.5.6. Fact. The coderivation liftings of claim [§{.5.5] induce a coderivation lifting

I'(ck,, PrimEnd}) — 2 ks PrimEnd’,

on the end of the A.-modules ck,, PrimEndp(4). As a consequence, the results of

claim hold for the A.-module K = PrimEndg and the quotient Hopf A.-
modules
ck,, HopfEndy, = (T'(ck,, PrimEnd%), 9)

of the Hopf endomorphism operad Hoprndg.
‘We prove now that the Hopf operad of universal operations HopfOpg is equipped

with the same decomposition as the Hopf endomorphism operad Hoprndg. We
consider the dg-modules

cky, PrimOpp(r) = I1 AP(my + -+ +my)
m>m e me >0
which come equipped with a canonical embedding

cky, © 1 ckyy, PrimOpg (r) = ckpy PrimEndg (r).
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These modules equipped with the canonical projections

Py : Ckyy PrimOpF (1) — cky, 1 PrimOp% ()
form clearly a subtower of ck,, PrimEnd7(r) such that
PrimOpg (r) = limy, cky, PrimOpg (r).
We have in addition:

§4.5.7. Fact. The dg-modules ck,y, PrimOpE(r) defined above can be identified with
the image of PrimOp 5 (r) under the composite map

PrimOpJ(r) < PrimEnd} (r) — ck,, PrimEnd}(r)
As a corollary, we obtain the following assertions:

§4.5.8. Fact.

(a) The dg-modules ck,, PrimOp% (1) form unitary quotient A,-modules of PrimOph
so that the canonical embedding © : PrimOpg — PrimEndg splits up into
an embedding of A.-module towers

{cky, PrimOpp }, < {cky, PrimEnd} },,,.

(b) The coalgebras T'(ck,, PrimOph5(r)) are preserved by the differential of HopfOpp
and define unital unitary quotient Hopf A.-modules of HopfOpg. Accord-
ingly, the canonical morphism Vg : HopfOpg — Hoprndg splits up into
a morphism of Hopf A.-module towers

{ck,, HopfOph },n < {ck,, HopfEndR },,,
where ck,, HopfOpp = (I'(ck,, PrimOp}y), d).
We have in addition:

84.5.9. Fact. The assertion of claim holds for K = PrimOpE. To be more
precise, let K' = PrimEndg. The factorization of the homogeneous maps 3 =
L BY : T(K') — K' that determine the coderivations 0 = O, 0° of the quasi-
cofree Hopf A,-module HopfEndh = (I'(K"),d) admit a restriction to T'(ck,, K).
As a corollary, the projection morphisms
Py ¢ (D(cky, PrimOph), 8) — (I'(ck,,_1 PrimOp}), d)

can be obtained by coextensions of the form specified in like the projection
morphism of Hopf endomorphism operads Hoprndg and HoprndB(A).

This assertion can either be deduced from the relationship between the Hopf
operad of bar operations HopfOpg and the Hopf endomorphism operad Hoprndg
or can be checked directly as in the proof of claim [§4.5.5|for the Hopf endomorphism
operad HopfEnd g 4.

We use the decomposition HopfOpE = lim,,, ck,, HopfOpg and the results of
in order to prove the fibration properties asserted by theorem Namely we
prove:

§4.5.10. Claim (theorem [§4.B)). The morphism
s : HopfOpg — HopfOpg/

induced by a fibration, respectively an acyclic fibration, of non-unital operads ¢ :
P — P’ forms a Reedy fibration, respectively an acyclic Reedy fibration, of Hopf
As-modules.

For this purpose we check first the following statement:
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§4.5.11. Observation. If ¢ : P — P’ is a fibration, respectively an acyclic fibration,
of non-unital operads, then the map

Ko b i '
Pk 92 pr ckp, PrlmOpE

. P
ckp—1 PrimOpyp X e PrimOp7

ck,, PrimOp}p,
is a Reedy fibration, respectively an acyclic Reedy fibration, of A.-modules.

Proof. Recall that a morphism of A,-modules f : M — N forms a Reedy fibra-
tion, respectively an acyclic Reedy fibration, if the morphisms (p, f) : M(r) —
MM (r) xmn ) N(r) are fibrations, respectively acyclic fibrations, of dg-modules,
for all r € N.

The matching object of the A,-module M = ck,, PrimOpg can clearly be iden-
tified with the restricted product

/
M PrimOpj (r) = [[ AP(m1 + -+ +m,)
which ranges over the collections m > mj + --- +m, > 0 such that m; = 0 for
some i. For M = ck,, PrimOp}; and

»r Ko PrimOpg,7

J— N P
N = ckpp—1 PrimOpyp X k1 PrimOpT,

the relative matching object MM (r) Xy () N(r) can be identified with the direct
product

/ 1 ,
HA’P(ml—I—n-—l—mT) XH AP (my +---+m,),
where H;n ranges over all collections m > mi + --- +m, > 0 such that m; =0

for someiorm—1>m;+---+m, >0 and H; ranges over all collections m >
mi+---+m, > 0such that m; > 0fori=1,...,r. Moreover, the relative matching
morphism (¢, u) is given componentwise by the identity of AP(my + --- + m,.) or
by the morphism ¢ : AP(mq + -+ +m,) — AP’ (my +---+m,). Accordingly, this
morphism forms clearly a fibration, respectively an acyclic fibration, if ¢ is so. O

Then we deduce an inductive proof of the properties of claim [34.5.10] from the
results of §3] Explicitly, we prove the following statement:

§4.5.12. Claim. Under the assumptions of claim[§4.5.10, the morphism
ckpy &y ckpy HopfOpg — cky, HopfOpg/

is a Reedy fibration, respectively an acyclic Reedy fibration of A.-modules, for all
m € N.

Proof. We apply lemma [§3.4.7) to the commutative square

ckim P ’
ckop, HopfOp7BD —>ck,, HopfOpE

cKin—1 Px

K1 HopfOpE —> k1 HopfOpE,

Under the assertion of observation we obtain that ck,, ¢, forms a fibration,
respectively an acyclic fibration if ck,,_1 ¢ is so. Hence the claim follows by
induction. O

This result achieves the proof of claim [§4.5.10] and theorem [§4.B]
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§4.6. Universal bar operations for the commutative operad. As recalled in
the memoir and section introductions, the bar complex B(A) of a commutative
algebra A is equipped with an associative and commutative product —: B(A) ®
B(A) — B(A), the shuffle product of tensors, that provides B(A) with the structure
of an associative and commutative differential graded Hopf algebra. This product
is equivalent to a morphism of unital Hopf operads V. :C — Hoprnd%.

In the introduction we claim also that:

§4.6.1. Lemma. The morphism V. :C — Hoprnd% admits a factorization

v. c
C — HopfEndj
N

N
Vy N j\vt—)
Q

HopfOpCB
Here is the proof of this lemma.

Proof. The r-fold shuffle product yields the operad evaluation product
ev:C(r)® B(A)®" — B(A).

To make explicit the associated morphism V. : C(r) — HopfEnd$%(r), we consider
the composite of this evaluation product with the projection B(A) — XA and the
associated adjoint morphism which gives a map

¢: C(r) — PrimEnd$(r).
According to the construction of lemma [54.2.22] the morphism V. is the coalgebra

morphism
V. :C(r) — (T(PrimEnd%(r)), 9)

induced by this map c.
We apply this construction. First, the components of ¢(1,) € PrimEndCB(r)7
where 1, € C(r) denotes the generator of C(r), are given by composites

DAY @ ... @ DA® 5 B(A)®T = B(A) — YA

By definition of the shuffle product, these composites are given by the identical
morphism of XA on components such that

0 for k #1,
my =
1 fork=1

and vanish otherwise. As a consequence, the maps
C(lr)m* S HomAEC Alg(2A®m1+m+mTa EA)

are identified with the natural transformations ©(v,,, ) associated to elements v,,, €
AC(mq+---+m,) given by operad units 1 € AC(0+---+14---+0). Accordingly,
the maps ¢ : C(r) — PrimEnd$(r) admit factorizations

C(r) —% PrimEndS, ()

N
N
NN
N

PrimOp% (r)
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and the induced coalgebra morphisms

C(r) —% (T(PrimEndS, (), 9) -

S
(D (PrimOp (1)), )

return a factorization V. : C — HopfOp% of the given operad morphism V..
Observe that this factorization defines automatically an operad morphism since

Vo : HopfOpCB — HoprndCB is an injection. This assertion can also be checked

directly from the explicit form of the map V.. O

The goal of the next paragraphs is to prove that any morphism of unital Hopf

operads
V, : @ — HopfOp§,

where Q is connected and non-negatively graded, matches the same construction.
This gives the result of theorem stated in the introduction of this section.
In fact, our arguments uses only the unital unitary Hopf A,-module structure of
a unital Hopf operad. Therefore our claim holds naturally for connected unital
unitary Hopf A,-modules and not only for connected unital Hopf operads. Finally,
we check the following statement:

§4.6.2. Claim (Compare with theorem[§4.C)). Any morphism of unital unitary Hopf
A -modules V, : M — HopfOpCB, where M is connected and non-negatively graded,
makes commute the diagram

v
M

- HopfOp% .
NP
C

Recall that a unital unitary A,-module refers to a A,-module equipped with a
distinguished element * € M (0) that spans M (0) and with a unit element 1 € M(1)
such that 0;(1) = *. Furthermore, a unital unitary A,-module is connected if
M(1) = F as in the case of a unital operad. These objects are equipped with a
canonical augmentation € : M — C given by the A,-module operation nj : M(r) —
M(0) = F associated to the initial map ng : @ — {1,...,r}. In the case of an
operad, the augmentation can be identified with the operadic composite with unital
operations €(p) = p(x,. .., *).

Any morphism of Hopf A.-modules V, : M — HopfOp% is determined by a
collection of dg-module maps p : M(r) — PrimOp%(r) as in the case of the com-
mutative operad M = C since HopfOp% consists of quasi-cofree Hopf coalgebras.
We check that these maps agree with the maps 7 : C(r) — PrimOp$%(r) considered
in the proof of lemma Accordingly, we have automatically p = e so that
V,=V,-e

For our purpose we determine the components of PrimOpCB (r) of degree * > 0.
To begin with, we have the following easy observation:

§4.6.3. Observation. In degree x > 0, we have AC(m), =0, for all m > 0.

In degree * = 0, we have AC(m)g = F if m = 1 and AC(m)g = 0 for all
m > 1. ]
Proof. By definition, we have

AC(m), =X C(m)s = C(M)sim_1
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(up to signs). Consequently, the module AC(m), is concentrated in degree x =
1 — m. The observation follows. g

As a consequence, we obtain immediately:

§4.6.4. Observation. In degree x > 0, we have PrimOp$(r), = 0. In degree x = 0,
we have PrimOp%(1)g = F and PrimOp%(r)o = [I,.. AC(mi+---+m;)o is reduced
to components of the form AC(O+---+1+4---40)g =F, where my, =0 except for
one index k = 1 for which we have m; = 1. O

In order to determine the components of a morphism Q(r) — PrimOp%(r), we
consider again the A,-module operation n} : M(r) — M (1) associated to the map
n; : {1} — {1,...,7} such that n;(1) = ¢. In fact, we observe that these operations
isolate the degree 0 components of PrimOp%. More formally, we have the following
assertion:

§4.6.5. Observation. In degree 0, we obtain PrimOp%(1)g = AC(1) = F and the
operations
nt : PrimOp% (r) — PrimOp$ (1)
yield an isomorphism
(n}); : PrimOp%(r)g = F*".

Proof. By definition of the A,-module structure of PrimOp$ (see claim [§4.4.4)) the
morphism

n:‘:HAC(m1+~~~+mT)OHIF

M s

is an identical morphism on the component AC(mq + - -+ 4+ m;.)g such that
0 for k #1,
mg = )
1 fork=1

and vanishes otherwise.
The claim follows immediately since the module PrimOp$ (r)o is the product of
these components AC(0+ -+ 1+ --- + 0)¢ according to the previous observa-

tion [§4.6.4] O
Then claim [§4.6.2) arises as a corollary of the following result:

§4.6.6. Observation. Suppose given a morphism of unital unitary Hopf A.-modules
V,: M — HopfOp% induced by homogeneous maps of degree 0:

p: M(r) — PrimOp$(r).

If we assume that M is connected, so that M (1) = F, then the maps p are deter-
mined in degree x = 0 by the commutative triangle

r)o —————> PrimOp$ (r)o -

\/

If we assume that M is non—negatively graded, then the other components of p
vanish since we observe that PrimOp%(r), = 0 in degree x > 0.

Proof. Recall that the maps
p: M(r) — PrimOp% (r)
are given by the composite of the associated coalgebra morphisms
V, : M(r) — (T(PrimOp%(r)), d)
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with the projection I'(PrimOp%(r)) — PrimOp$%(r). These projections commute
with A,-module operations by construction since HopfOpCB = (F(PrimOp%),a) is
defined as a quasi-cofree Hopf A,-module. Accordingly, so do the maps p : M(r) —
PrimOp%(r).

Recall also that the operad unit of HopfOp% is represented by the collection

1= {19"} € [[ PrimOp(1).

Consequently, the projection HopfOp%(l) — PrimOpCB(l) maps this unit to the
element 1 € AC(1) that generates the degree 0 component of PrimOp%(1). Since
a morphism of unitary A,-modules is supposed to preserve units, we have V,(1) =
{1®7}. As a consequence, if M is connected, then the component p : M(1) —
PrimOp% (1) of the map p is given by the identical morphism of M(1) =
PrimOp$(1)o = F.

Then our claim follows from the commutativity of the diagrams

M (r) — PrimOp%(r) ,
l’if ln?
M(1) — PrimOpf(1)
forr >1and¢=1,...,r, and from the previous observation. O

These verifications achieve the proof of claim and hence of theorem [§4.C}
U

As asserted in the section introduction, claim [§4.6.2] implies that the morphism
Vy:C— HopfOpCB induces an isomorphism

V, : € = sl 8 (HopfOp%)
that identifies the image of HopfOp% under the truncation functors with the com-

mutative operad. As a consequence, we obtain that the augmentation morphism of
an F.,-operad induces an acyclic fibration of connected unital Hopf operads

€. : st 558 (HopfOp%) 3C

since truncation functors preserve fibrations and acyclic fibrations. As a corollary,
for a connected unital Hopf operad Q, the lifting problem considered in the section
introduction is equivalent to adjoint lifting problems

st 98 (HopfOp$,) HopfOp&,
v, 7 i v, 7 \L
- ~ ~ -
QT——¢ Q——C

which have automatically a solution if Q is cofibrant.

§4.7. Prospects: actions of cellular operads. Thinking about it, in our con-
struction, we consider a natural cocellular decomposition of the Hopf operad of
universal bar operations HopfOpg which arises from the degreewise filtration of
the bar complex B(A). In subsequent work, we plan to study operadic cellular
structures giving rise to refinements of this cocellular decomposition. As alluded to
in the memoir introduction, this might shed light on the algebraic structure of the
bar complex for subclasses of particular algebras. This prospect motivates in part
our presentation choices and the detailed accounts of
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Toward effective constructions
§5. THE EXPLICIT EQUATIONS OF HOPF OPERAD ACTIONS

§5.1. Introduction. In this section we address the issue of constructing effectively
Hopf operad actions on the bar construction. In fact, our results can supply explicit
recursive constructions for the operations Vy(q) : B(A4)®"™ — B(A) associated to
operad elements ¢ € Q(r). Our purpose is to give this elementary construction
either as an illustration of our techniques or for a direct application.

To be explicit, we consider again the universal Hopf endomorphism operad
Hoprnd, defined in the operad of universal bar operations HopfOpg, de-
fined in and the canonical morphism Vg : HopfOpg — Hoprndg. According
to theorem [§4.A] the action of a unital Hopf operad Q on the bar complex is equiv-
alent to a morphism Vy : Q@ — HopfOpZ. In we observe that the natural
morphism Vg is an isomorphism. Consequently:

Fact §5.A. For a X.-projective operad P, any morphism Vg : Q — HoprndE i
equivalent to a composite

Vo

Hoprndg .

N ~

Vo N\ Ve
HopfOpE
As a byproduct, the action of a unital Hopf operad Q on the bar complex is actually

determined by a morphism to the Hopf operad of universal bar operations V, : Q —
HopfOpE such that Vg = VgV,,.

Then, as an application of the structure results of we obtain that the opera-
tions Vg(q) : B(A)®" — B(A) satisfy the following characteristic properties:

Fact §5.B. The components

s A@mitm, TA

[ |

B(A)®r VelD _ p(ay

of an operation Vg(q) associated to an element g € Q(r) are given by the evaluation
of operations

Pmly---,mr(Q) € AP(my+---+m;)
associated to q.

Recall that AP denotes the operadic suspension of P: the operad whose algebras
are suspensions YA of P-algebras A.

Fact §5.C. The operation Vg(q) : B(A)®" — B(A) associated to an element
q € Q(r) has an expansion of the form

Vo(@(an.....0r) = S {E[pta)0h- .o & - 9 0 et ..o .

n=1

EXA®N
for elements in the bar complex a1, ...,a, € B(A), where we consider the n-fold
diagonals Y al @ --- @ a € B(A)®" of the tensors a; € B(A), the n-fold diag-
onals S.q' @ -~ @ q* € Q(r)®™ of the operation q € Q(r) and the homogeneous
transformations _
0,(q") : BA®™ @ ... @ AP — YA
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defined by the operations p,i (¢’) € AP(mi + -+ ml) associated to the elements
¢ € Q(r).

The arguments are surveyed in[§5.2} According to these statements, our problem
is reduced to the construction of appropriate maps p,,, : Q(r) — AP(my + -+ +
m,). In we recall briefly the structure of the Hopf operad of natural bar
operations HopfOpg and we make explicit the equations satisfied by the maps p,,,
associated to an operad morphism V, : Q — HopfOpg. Our results are recorded
in theorem in this subsection.

One can observe that these equations give rise to a recursive definition for the
operations Vg(q) : B(A)®" — B(A) associated to elements of a cellular cofibrant
operad Q. For the sake of precision, we state this recursive definition in a theorem,
namely theorem in Then we survey the abstract lifting arguments set in
sections in order to prove this theorem and to give thorough justifications for
this recursive construction.

To recapitulate: in we give an elementary interpretation, in term of opera-
tions, of our abstract structure results; in we survey our lifting arguments and
we give a recursive construction of the action of an operad on the bar complex.

§5.2. The expansion of operations on the bar complex. As stated in the
section introduction, the goal of this subsection is to make explicit the equations
satisfied by maps py,, : Q(r) — AP(m1+---+m,) in order to obtain an elementary
and effective characterization of the action of a unital Hopf operad on the bar con-
struction. This result is obtained as a consequence of constructions of the previous
section. Namely such a collection of maps is associated to coalgebra morphisms
V,:9(r) — HopfOpg(r) that specify an operad action on the bar complex if and
only if they define a morphism of unital Hopf operad. Therefore we relate simply
the equations of an operad morphism to equivalent properties for the maps p,,, .
For this aim we recall briefly the definition of the Hopf operad of universal bar
operations HopfOpg.

§5.2.1. Recalls: the coalgebra structure of the universal Hopf operads. Precisely,
recall that the Hopf endomorphism operad HoprndE, respectively the Hopf operad
of universal bar operations HopfOpg7 is defined by quasi-cofree coalgebras such that

HopfEnd% (r) = (D(PrimEnd}(r)), d),
where  PrimEnd%(r) = H Hom gep ag(ZA®™ Tt 5 4),

mytm,>0
respectively
HopfOp (r) = (I (PrimOpZ (), 9),

where PrimOpp(r)=  [[  AP(mi+-+m,).
mi+-+m,.>0

The isomorphism

((PrimOpj), d) ~2 (I (PrimEnd}), 9)

HopfOpE HoprndE
is induced by the canonical morphisms

[T AP+ +my) 2 Homaep aig(SAZ™++m 54)
mi+--+m.>0

HopfEnd% (r)

PrimOp% (r)
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which map an operad element p € AP(my + --- + m,) to the associated natural
operation O(p) : LA®M T e 54

According to 1emma a coalgebra morphism Vg : Q(r) — HopfEnd(r) is
determined by a homogeneous map of degree 0

0:9(r)— PrimEndg(T)
such that 8 = 7Vy, where we consider the natural projection
HopfEnd% (1) = (D(PrimEnd’ (r)), d) = PrimEnd ] (r).

Similarly, a coalgebra morphism V, : Q(r) — HopfOpE(r) is determined by a
homogeneous map p : Q(r) — PrimOphy(r) such that § = 7V,. If we assume
Vo = VaV,, then we have also the relation § = Op.

The precise purpose of this subsection is to make explicit the equations satisfied
by a collection of maps p : Q(r) — HopfOpp(r) so that the associated coalgebra
morphisms V, : Q(r) — HopfOpZ (r) define a morphism of unital Hopf operads.

§5.2.2. On the expansion of operations. Before we explain briefly that, for the ac-
tual operation Vy(q) : B(A)®" — B(A) associated to an element ¢ € Q(r), the
maps O, (q) : BA®™++me 51 A considered in fact are determined by the
components

O, = Q(r) — Homaep Alg(EA®m1+”'+mr, YA)

of the maps 6 : Q(r) — PrimEndJ}(r). In fact, this relationship is obtained in[§4.3.6
where we make explicit the evaluation product of a Hopf endomorphism operad

HopfEnd g 4)(r) ® B(A)®" — B(A).

The expansion given in fact for an operation Vy(q) : B(4)®" — B(A) comes
also from this paragraph.

Recall simply that the Hopf endomorphism operad HopfEndp,4) consists of
quasi-cofree coalgebras HopfEndpg 4 (r) = (I'(PrimEndp(4)(4)),d) like the uni-

versal Hopf endomorphism operad Hoprndg except that we replace the modules
of natural transformations

PrimEndE (r)= H Hom acp Alg(2A®m1+"'+mT, S A)
Myt tme>0

by the modules of homogeneous morphisms

PrimEndB(A) ('r) = H HOm(EA®m1+'“+mT’ ZA)
mi+--+my>0

associated to the given P-algebra A. The canonical morphism Hoprndg —
HopfEnd (4 is induced by the obvious maps

Homaep alg(BA®™ T4 ST 4) — Hom(ZA®™ 47 31 4)

given by the specialization of a natural transformation to the given algebra A.

Therefore the assertions of[§4.3.6|together with fact give exactly the claim of
fact and the expansion of fact for an operation Vy(q) : B(A)®" — B(A).

The operations p,, (¢) € AP(mq + --- + m,) that occur in facts are
also yielded by the components p,,, : Q(r) — AP(my1 + --- + m,) of the maps

p: Q(r) — PrimOp}(r). Finally, we have the following theorem that fulfils the
objective of this subsection:
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Theorem §5.D. A collection of maps
b+ Q) = AP(my + -+ m,)
determines a morphism of unital operads V, : Q — HopfOpg if and only if the
following properties are satisfied:
(a) for the unit element 1 € Q(1), we have

(1) = Le AP(1)  ifmi =1,
Pl =0 e AP(mq) otherwise,

(b) for any element q € Q(r), we have the permutation relation

Pml,...,m,.('w : q) = U}(ml, ce 7m"") ’ pmw(l)a“wmw(r) (q)7

for all permutations w € X, and the A-module relation

Pma,...,m, (q) = Pma,...,mi,.;my (q R0 *)a

for all collections my such that m; = 0;
(c) for a composite operation po;q € Q(s+t—1), where p € Q(s) and q € Q(¢),
we have the composition relation

pr.(poiq) =
S ki) oo ) (L s (0. (@), 1)
m
for indices (my), (n«) such that
mg =1, fork=1,...,1—1,
mi; =m ranges over positive integers,
myp =lgre—1 fork=i+1,...,s,
ng =lgri—1 fork=1,...t
and where we consider the partitions nj +---+n}* = ny and the operations
p,i (¢7) associated to the m-fold diagonals Y q' @ --- @ ¢" € Q(s)®" of
the element q € Q(s); on the right-hand side, the operations Pri (¢7) are
substituted to the entriest =mq+---4+m;—1+1,...,mi+---+m;_1+m

of the operations pp,, (p);
(d) for any element q € Q(r), we have the differential relation

5(pm. (q)) = pm.(6()) + pm. (9(q))
= >3 ) - o (@), o (™) }

iZ{ZPm;(Q) Otun}};

in the first summation we consider the n-fold diagonals Y q¢' @ --- @ ¢" €
Q(r)®™ of ¢ and the partitions m}+---+ml = m;; in the second summation
we consider the collections m!, such that m! = m, for * # i and m) =
m; +n—1 and t ranges over the intervalt =my+---+m;_1+1,...,m; +
SR L e o 47

Proof. This theorem follows from direct applications of lemma [§3.3.1 and from the
explicit definition of the Hopf operad HopfOpZ: in general, as a Hopf operad struc-
ture is determined by coalgebra morphisms and since the Hopf operad HopfOpg
consists of quasi-cofree coalgebras, it is sufficient to check relations onto PrimOpg.
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The properties (a-c) reflect the equations satisfied by an operad morphism V,
Q(r) — HopfOph(r). Explicitly, the unit relation V,(1) = 1 is equivalent to the
commutativity of the diagram

/\

—— > HopfOpp(1)

where we consider the coalgebra morphism n:F — Q(1), respectively n : F —
HopfOp75 (1), specified by the unit element 1 € Q(1), respectively 1 € HopfOph(1).
As explained above, the identity of the coalgebra morphisms V,n = 7 is satisfied if
and only if the composite of these morphisms with the projection 7 : HopfOpE (1) —
PrimOpJp(1) agree. Thus we obtain the equation

mV,(1) =n(1) & p(1) = =(1).

If we go back to the definition of the unit element of HopfOpg given in the proof
of claims then we obtain exactly the relation (a) of the theorem.

Similarly, the permutation relation V,(wq) = wV,(¢) and the A,-module rela-
tion V,(q 0; x) = V,(q) o; * are equivalent to the commutativity of diagrams of
coalgebra morphisms. Namely:

v v
Q(r) —> HopfOpy(r) , respectively — Q(r) —> HopfOpp(r) -

\Lw iw J{(’)i iai
v, v,
Q(r) — HopfOpy(r) Q(r) — HopfOpy(r)

Then the commutativity of these diagrams is equivalent to the relations

m(Vp(wg)) = m(wV,(q)) < plwg) = wp(q),
respectively m(V,(qo; %)) = 7(V,(q) 05 ¥) < p(qo; ) = 0i(p(q))-
If we go back to the definition of the A,-module structure of PrimOp};g given in the
proof of claim [§4.4.4] then we obtain immediately the relation (b) of the theorem.
Notice that the statements (a-b) assert exactly that the maps p : Q(r) —
PrimOp% (r) define a morphism of unitary A,-modules.
The composition relation V,(po; ¢) = V,(p) 0; V,,(q) is given by the diagram

Q(s) ® Q(t) _ Ye®Ve HopfOp7, (s) @ HopfOpp(t) -

Q(s+t—1) o HopfOpp(s 4+t — 1)

Again this diagram commutes if and only if the involved morphisms agree on the
quotient object PrimOpp (s + t — 1) of HopfOph(s + ¢ — 1). The quotient of the
evaluation product

HopfOp7 (s) @ HopfOpp(t) = HopfOph(s +t — 1)

is made explicit in the proof of claim If we go back to this definition, then
we obtain exactly the relation (c) of the theorem.
Finally, recall that a morphism of quasi-cofree coalgebras, like

Q(r) =& (D(PrimOp} (r)), ),

HopfOpZ, (r)
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commutes with differentials if and only if the associated map p satisfies the equation

where 3 : T'(PrimOph(r)) — PrimOph(r) denotes the homogeneous map that
determine the coderivation 0 = Jg of the quasi-cofree coalgebra (see lemma.
In the case of the Hopf operad of bar operations HopfOpp (r) = (I'(PrimOpp(r)), )
this coderivation 0 is composed of components 9, 9% associated to maps 3%, 3% (see

claim [§4.4.3)). If we apply the formula given in the proof of claim [54.4.3] then we

obtain exactly the relation (d) of the theorem. The terms

> pm;,(q) ot pin,  respectively Z{Z Sh’(m{)'ﬂn(pmi(ql)a~'~7pm1}(qn))},
n,t n

represent precisely components of 3 (p(q)) € PrimOpZp(r), respectively 3%(p(q)) €
PrimOpJ (7). O

§5.3. Lifting process and effective constructions. According to results of
for an E-operad £, a morphism V, : @ — HopfOp%, that supplies effectively
an operad action on the bar complex, can be obtained by lifting the morphism
Vy:C— HopfOp% associated to the classical shuffle product for the bar complex
of commutative algebras. Explicitly, a morphism V,: Q — HopfOp% is defined by
a solution of the lifting problem

HopfOp% .
v, -7 i
Q——C — HopfOp§

The purpose of this subsection is to survey our arguments in order to make this
lifting process effective. As a byproduct, we obtain a recursive definition of the
operation Vy(q) : B(A)®" — B(A) associated to an element ¢ € Q(r). We state
this result as a theorem in order to motivate the study of this subsection.

In order to obtain effective results we need to have an effective model of an E-
operad £. Explicitly, we suppose given a computable strong deformation retract

e Y
s —— \) v,
n
where £ is an E-operad of which € : £ — C is the augmentation. Similarly, we
have to consider a cofibrant Hopf operad Q provided with a manageable cellular

structure. To be explicit, we assume that Q is a connected unital Hopf operad that
arises as the colimit of a sequence of Hopf operads

x=0 ' 505 ... 5 9% 5 ... = colimy Q= Q
obtained by pushouts

ay I d—1
|

o
Y
Fu(Dh) = = = Q!

where i : F,(C?) — F,(D?) is a morphism of free operads associated to a Reedy
cofibration of Hopf A,-modules i?: C? — D9, In addition we shall assume that %
splits ¥,-equivariantly degreewise so that D¢ is identified as a dg-¥,-module with
a direct sum D¢ = (04 @ E?,9) for a projective ¥,-module E¢ defined effectively
as a direct summand of a finitely generated free ¥,-module. For simplicity we
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can assume that E? is a free Y,-module equipped with a finite set of generators
.. Equivalently, the operad Q is associated to a quasi-free reduced operad Q =
(F(B~, E?),0) for modules of generators E? such that E4(r) = @, F[Z,]¢,.
The suboperads Q¢ are determined by Q¢ = (F (@?:0 E%),0). The differential
of a basis element &, € E%(r) is given by a sum (§ + 9)(&.) € Q%(r), where
5(&x) € E(r) and (&) € Q471 (r). According to results of the previous section,
the Boardman-Vogt construction can supply explicit operads Q = WD(S) that
satisfy these requirements.

In the abstract context, the morphism Vy : Q — Hoprnd% can be obtained
effectively by applications of cellular lifting properties. In an equivalent elementary
fashion, the maps pp,, : Q(r) — A E(m1+- - -+m,) that determine the action of Q on
the bar construction are obtained inductively as solutions of differential equations.
In the effective context, we can use the chain contraction v : £(m) — £(m) in order
to specify solutions of these equations. Then our result takes the following form:

Theorem §5.E. In the context set in the previous paragraphs, an appropriate
collection of maps

Pm, t Qr) = AE(m1+ - +m,)
that give rise to an action of Q on the bar construction can be defined recursively
by the following requirements:

(a) for the unit element 1 € Q(1), we have

1= [renem ipm=1,
Pt = N0 € AE(my) otherwise;

(b) for a composite operation po;q € Q(s+t—1), where p € Q(s) and q € Q(¢),
we have

pr.(poiq) =

Z{Z Shz(”f) * Pm (p)(l, <+ vy Pnl (q1)> s apnT(qm)a AR 1)}7

m

for indices (my), (n«) such that

mp =1 fork=1,...,1—1,

mi; =m ranges over positive integers,
mp =lgre—1 fork=i+1,...,s,

ng =lgri—1 fork=1,...,t

and where we consider the partitions nj +---+n* = ny and the operations
pni(qj) associated to the m-fold diagonals > ¢* ® -+ ® ¢" € Q(s)®" of
the element q € Q(s); on the right-hand side, the operations p, ; (¢7) are
substituted to the entriest=mq+---+m;_1+1,...,my+---+ 77*11-,1 +m
of the operations pp,, (p);

(c) for a permutation w € X,, we have the relation

Pmy,...,m, (w : Q) = w(ml, e amr) TPy (1) 5 Mo () (Q)v

for any operation q € Q(r);
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(d) for a generator &, € Q(r), we set
Pms e, (Ex) = Py eem, (03 %) if my = 0 for some 1,

prns ey (€)= V] . (8(60)) + P (D(6)
= {3 Shm) - (o (6. iz (€0)}

+ Z{Z P (€x) ot un}} otherwise;
i ot

in the first summation we consider the n-fold diagonals > &L @ - @ ¢ €
Q(r)®™ of the operation &, and the partitions m} + -+ +m? = m;; in the
second summation we consider the collections m/, such that ml, = m, for
x #4 and m;, = m; +n — 1 and t ranges over the interval t = my + -+ +
mi—1+1,...omy+ -+ my—1 +my.

Thorough justifications of this recursive constructions can be obtained directly
from the assertions of theorem One checks essentially that the terms on
the right-hand side of the equation of pp,, .. m,.(§:) are determined by opera-
tions pn, ... n,.(¢) which are either associated to elements ¢ € Q(r) of lower degree
than &, or such that ny +---+n, <mi + -+ m,.

In this subsection we give another proof of this theorem in order to illustrate the
abstract lifting arguments of sections

§5.3.1. Connectedness assumptions. Throughout this subsection we assume that Q

is connected and non-negatively graded. Consequently, our lifting problem can be

simplified according to observations of the introduction of 54| (see also .
Explicitly, recall that we have truncation functors

1 Sig 1 sy *
dgz Op, — dgn Op, — dgy Op;

that target to the category formed by the non-negatively graded and connected
unital Hopf operads. Furthermore, by adjunction, our lifting problem is equivalent
to

sk sig(HopfOp%) C— HopfOp%

Q- C = C
since we have s! sig (HopfOpCB) = C. In the construction of the next paragraphs we

do not need to introduce truncation functors explicitly. Thus we consider only a
reduced lifting problem:

HopfOp% .

v, 7 l
7
7
7

Q—¢C

By adjunction, we are ensured that any lifting morphism in this diagram factorizes
through s! sig(HopfOp%) and all the lifting problems considered in this paragraph
are equivalent.

§5.3.2. Lifting construction for a cellular cofibrant Hopf operad. The idea is to
define our lifting by induction by using cellular structures. For this aim we assume
that Q arises as the colimit of a sequence of Hopf operads

*:Q_1—>Q0—>---—>Qd—>-~-—>co]imdgd:Q
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obtained by pushouts

fd
Fu(Ch) —= Q"1

I

o

Y

Fu(DY) = = =01

where i¢ : F,(C?) — F.(D?) is a morphism of free operads induced by a Reedy

cofibration of unitary A,-modules i%. % — D4,

Then the lifting V, : Q — HopfOp% can be obtained as the colimit of morphisms
V, = Vg 0% — HopfOp% constructed by induction on d. Accordingly, we are
reduced to specify inductively a lifting in the diagram of unitary Hopf A,-modules

0l —— F.(C9) Q*~! —= HopfOp§ ,
o
pi=— C

for all d > 0.

§5.3.3. Cocellular structures and lifting constructions. In order to obtain these Hopf
A-module liftings, we consider the cocellular decomposition of HopfOp% intro-
duced in Explicitly, recall that HopfOp}g is the limit of a tower of quasi-cofree
Hopf A,-modules ck,, HopfOp% such that ck,, HopfOp% = (I'(ck,, PrimOp%), 8).
Furthermore, the projection morphism

P © Ckm HopfOp% — ckyp—1 HOpfOp%
fits in a coextension diagram

(D(K),9) L(A'AK) :

| |

(D(L),0) ——=T(S'AK xginp AYAL)

where we let K = ck,, PrimOpr and L = ck,,_1 PrimOpr.

The lifting V,, : D* — HopfOp% can be obtained as the limit of morphisms
V,=V,, : D4 — cky, HopfOp% constructed by induction on m. Accordingly, we
are reduced to specify inductively a lifting in the diagram of unitary A.-modules

0t —— ([(K),0) ————= A'AK ;

7
-
l oz

Di=——> (T(L),0) —= S' A K xgiar, ALAL
for all m > 0.

Recall that A'AK = (01 K®1® K, d), for homogeneous elements 01 and 1 such

that 0(01) = 1. Furthermore, we observe in (see more especially fact [§3.3.4))
that a morphism 5 : D — A' A K has the form

p(&) = =01 @6(p)(&) +1 @ p(&),

for a homogeneous map p : D¢ — K of degree 0. In fact, the morphisms Vo=V, :
D?(r) — cky, HopfOp% (1) can be identified with the coalgebra morphisms induced

by these maps p = pp, : D4(r) — ck,, PrimOp%(r) (see [§3.3.6| and claim [§3.3.7)).

Accordingly, in an elementary fashion, the lifting p determines the components
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pm(§) = {pm. (&)} € Hm>m1+.4.+mr>0 AE(my+ -+ m,) of the collection of oper-
ations associated to an element £ € E4(r).

In the next paragraph we survey the definition of the coextension diagram above
in order to give an elementary interpretation of this lifting construction.

§5.3.4. The elementary interpretation of the lifting process. Recall that A' A K =
(01® K ®1® K,d). We have similarly

S'ANK xgia, A"ANL=(019 K®1® L,0)
and the canonical map

(a/\K,Al/\pm)
e

A'ANK SYAK xginp, AVAL

can be identified with the obvious morphism

(01®1d,01®p,,)
-

1o K®1eK,d) 01 K®1®L,Jd)

induced on one summand by the identity of K and on the other summand by the

projection morphism p,, : K — L (see and more especially observation [§3.3.8)).
The precise construction of the commutative square

(I'(K),9) A'NK
(T(L),0) —= S' A K xgiap A'AL
is given in [§3.3.6] Recall that the morphism
(T'(K),0) -0l Kol K

is defined on the summand 01 ® K C 01 ® K & 1 ® K by the homogeneous maps
B = B BY that determine the coderivations 9 = 9, 9" of the quotient Hopf op-
erad ck,, HopfOp%. The other component of this morphism is given simply by the
canonical projection of the cofree coalgebra I'(K). The morphism

(T(L),0) = 01© K ®1® L

is defined similarly once we observe that the homogeneous maps 3 = 30, 3V that
determine the coderivations of the Hopf operad HopfOp% admit factorizations

['(PrimOp%) N PrimOp? -

Accordingly, in the lifting problem considered in the previous paragraph

Cl— 01Kl K,

~ /7
l p/ i
~
—

Dd/? NeK®lel
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the lower horizontal morphism is given by 5(§) = 01 ® BV, ,(§) + 1 ® pm-1(§),
where we consider the map pn,—1 : D* — L = cky_; PrimOp% specified by in-
duction, the induced coalgebra morphism V, , : D¢ — (T(L),0) and the map
B:T(L) — K defined by a quotient of the total coderivation of HopfOp&.

Therefore the lifting morphism p : D¢ — A A K is associated to a map pm,—_1 :
D? - K = ck,, PrimOpr that can be characterized by the relation p,, pm = pm—1
and by the equation

6(pm(€)) - pm((s(g)) - pm(a(f)) = _ﬂvpyn—l(g)'
In fact, for a component p,,, (§) of pm(§), we recover the equation of theorem

5(pm. (€)) = pm. (5(€)) = pm. (9(6)) =
=S Shmd) - o (€1, (€ |

+ Z{Z Pm/, (5) 04 Mn}~

K2

The important point addressed in this lifting process is that the right-hand side of
this equation consists of components p,, (¢) such that ny +---+mn, <m —1 and
that are already specified by the inductive construction. Similarly, as we assume
d(€) € C4, the term pyy,, (6(€)) is determined by the map
Vd—l
c? — Q%' Z2 ., HopfOp5

specified at a previous stage of this inductive construction.

Finally, the lifting 5 : D? — A A K has to be defined as a morphism of unitary
A,-modules. Therefore, in the next paragraph, we survey the construction of liftings
in the Reedy model category of A,-modules in order to achieve our construction.

§5.3.5. On A.-module liftings and the Reedy model structure. In fact, in view of the
definition of the Reedy model structure (see more especially the proof of claim
for properties M4.i-ii), the components of the lifting morphism p : D¥(r) — A A
K (r) can be obtained by induction on r as lifting morphisms in the diagrams of
Y ,-modules

C(r) M(r) )

7
—
—~
—~
~
~
-

Dd(T) — MM(’I") XMN (r) N(T)

where M = K AAY and N = S' A K xgiap AV AL

We make the cartesian product MM (r) xyn () N(r) explicit in order to make
this lifting process effective. In fact, we have clearly

MM (r) =01 @ MK(r)®1® MK(r)

and MM (r) xyny N(r) =01 @ K(r) © 1@ (MK (r) xmpey L(r)).
By definition of the A,-module structure of PrimOp%, we obtain
!
MK (r) xypy Lr) = [[ AE(my + -+ m,),

where H’m ranges over all collections m > mi + --- +m, > 0 such that m; =0
for some i or m — 1 > mq + --- + m, > 0 (compare with observation [§4.5.11]).
Furthermore, the matching morphism K(r) — MK(r) xyp¢y L(r) is given by
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the obvious projection of K(r) = [[,, A&(m1 + --- + m,) onto the components
of MK( ) XML(’I") L(’I")

As a conclusion the maps p,,, : D¥(r) — AE(my + - - - +m,.) that determine our
lifting p : D4(r) — Al A K(r) can be characterized by the following properties:
— for the unit element 1 € D4(1), we have

1) = 1eAEQ)  ifmy =1,
Pt =0 € A&(my) otherwise

so that p defines a morphism of unitary A,-modules;
— for a permutation w € 3., we have the equivariance relations

Pmy,...,m, (w : g) = w(mla cee 7m7") TPy (1) s M () (f)
which imply that p commutes the action of w; if m; = 0 for some 4, then we have
Pry e (§) = Py, (0i€)

so that the composite of p with the matching morphlsm K(r) — MK (r) Xpp ) L(r)
matches the previously defined components of p;
— otherwise we have the differential equation

(pm. (§)) = pm..(6(€)) — pm*(a(ﬁ)) =

= {0 s (€. €)}
+ Z{Z Pm/, (5) 04 Nn,t}a

where in the first summation we consider the n-fold diagonals Y ¢! @ --- ® " €

D(r)®™ of the element ¢ and the partitions m} + --- +m? = m;, in the second

summation we consider the collections m/ such that m. = m, for x # 7 and

m} =m; +n — 1 and ¢ ranges over the interval t = mq +---+m;—1 +1,...,m3 +
et mi—1 +m;.

Clearly, if we assume that the morphism i¢ : C¢(r) — D(r) splits equivariantly
so that D4(r) = (C4(r) ® E4(r),d) for a finitely generated free ¥,-module E¢(r) =
@D, F[X, )&, then one can fix easily a map p,, : DUr) — K(r) that fulfils our
requirements. In fact, it is sufficient to specify solutions of our differential equation
for generators & = &, of E4(r). If the operad £(r) is equipped with a contracting
homotopy v : £(r) — &£(r) as stated in the introduction, then a solution can be
specified by the formula of theorem

Pt (€)= 1] P (3(60)) + pm. (91E0))

_ Z{Z Sh(md) - (st (€1), - P (€1)}
:I:Z{me;(fn) o un}}

Hence this comprehensive survey of our lifting constructions gives thorough justifi-
cations for the recursive construction of theorem O
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Hopf A,-module,
cofree, [67]
matching object of a, [26]

quasi-cofree,
Reedy model category of Hopf A.-modules,

Hopf endomorphism operad

of a coalgebra,
of the bar construction, [87] [02]

Hopf operad, [24]
Boardman-Vogt’ construction of a,
connected,
free unital,
of universal bar operations, [92]
Reedy model category of unital Hopf operads, [27]
unital,

internal edge of a tree,
leaves of a tree,

length tensor,
module of length tensors, [33]

matching object
of a A,-module,
of a Hopf A,-module,
of a quasi-cofree Hopf A,-module,

morphism coalgebra, [76]
composites in a, [79] 85
of a cofree coalgebra,
of a connected coalgebra,
of a quasi-cofree coalgebra,
of a quasi-cofree connected coalgebra,
of a tensor coalgebra, [84]

morphism of r-trees, 32]

non-unital
A.-module,
¥,-module,
operad,

operad
connected,
free non-unital,
free unital,
Hopf,
Hopf algebra over a, [24]
Hopf endomorphism operad
of a coalgebra,
of the bar construction,
Hopf operad of universal bar operations,
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non-unital,
free, [13]
unit operation of an, [I0]
unital,
free,
unital Hopf,
unitary, [I0]
connected, [T5]

quasi-cofree
coalgebra, [60]
connected coalgebra
morphism coalgebra of a,
Hopf A.-module,

Reedy
fibration
of A,-modules,
of Z-graded Hopf operads, [73|
of Hopf A,-modules,
model category
of A,-modules,
of Hopf A,-modules,
of unital Hopf operads, [27]
of unital operads, 23]

root of a tree, [32]

tensor coalgebra
morphism coalgebra of a, [84]

tree
n-reduced, [33]
r-tree, [32]
cell metric,
edge contraction in a,
internal edge of a, [32]
isomorphism of r-trees, [33]
labeling of an r-tree,
leaves of a,
morphism of r-trees,
root of a,

treewise tensor product,

unit
element of a ¥,-module,
of a coalgebra, 24]
operation of an operad, [10]

unital
A.-module, [T4]
Hopf operad,
operad,
operation, [I0]
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unital operad
reduced operad of a,

unitary
A.-module,
¥.-module,
coalgebra,
operad, [10]
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NOTATION GLOSSARY

cl: the truncation functor, left adjoint to the category embedding il, see
also [27] for Hopf objects

CoAlg®: the category of non-augmented coassociative coalgebras,

CoAlgf: the category of augmented coassociative coalgebras,

CoAlg?: the category of augmented unitary coassociative coalgebras,

CoAlgg: the category of connected augmented unitary coassociative coalge-
bras, [76}

D7: the cubical chain complex build on the internal edges of a tree 7, [33|

A A E: the cone of a dg-module E,

0;: the operadic composite with a unital operation in an operad or the corre-
sponding operation in a A,-module,

OJq: the coalgebra coderivation induced by a map «,

OP': the coalgebra coderivation induced by the bar coderivations on the source
in HopfEnd g 4), HopfEnd7; and HopfOp7,

0": the coalgebra coderivation induced by the bar coderivation on the target
in HopfEnd g 4), HopfEnd% and HopfOp%,

e: the augmentation of an augmented object In a category, [II} of a unital
operad, of a coalgebra of the Boardman-Vogt construction,
of the chain interbal,

E(7): the edge set of a tree,

E'(7): the set of internal edges in a tree,

no: the initial morphism of A, [[4]

n%: the O-face of the chain interval,

n': the 1-face of the chain interval,

ev: the evaluation morphism for internal hom objects in general,

evr: the internal evaluation morphism for cofree coalgebras, [77]

evr: the internal evaluation morphism for tensor coalgebras, [84] [30]

F: the ground field, [I0]

F(M): the free non-unital operad,

F.(M): the free unital operad,

F.(T): the free unital operad generated by a Hopf A,-module,

I'(V): the cofree coalgebra,

T(V): the unit cokernel of the cofree coalgebra,

['(M): the cofree Hopf A.-module, [67]

HopfHom(L, M): the morphism coalgebra of unitary coalgebras L and M,

HopfEndy: the Hopf endomorphism operad of a coalgebra,

HoprndZ: the Hopf endomorphism operad of the bar construction,

HopfOpg: the Hopf operad of unversal bar operations,

HopfOp!: the category of unitary Hopf operads,

HopfOp}: the category of connected unital unitary Hopf operads,

I: the chain interval,

I,: the entry set of a vertex in a tree,

il: the embedding for the subcategory of connected objects, in the category
of unital unitary operads, respectively A,-modules, [I5] see also [27] for Hopf
objects

iig: the embedding of a category formed by N-graded objects into the Z-graded
ones, [60]

loot the natural embedding of the cofree coalgebras into the cartesian product
of tensor modules,

K: Stasheff’s chain operad of associahedra,

L: the unit cokernel of a unitary coalgebra,
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A.: the category of injective maps,
A?: the hom set in A,, @
ASP HopfMod,: the category of non-unital Hopf A,-modules,
AP Mody: the category of non-unital A,-modules,
A® Modg: the category of non-unital unitary A,-modules,
AP Mod(l, /C: the category of non-unital unitary A,-modules augmented over
the underlying A,-module of the reduced commutative operad,
A® HopfMod}: the category of non-unital unitary Hopf A,-modules,
AP: the suspension of an operad,
MM: the matching object of a A,-module,
MC': the matching object of a Hopf A,-module,
V: the morphism of cofree coalgebras, respectively of quasi-cofree coal-
gebra, [61] induced by a map f, see also [68] for Hopf A,-modules
Op(l): the category of non-unital unitary operads,
Op!: the category of unital unitary operads,
Op:: the category of connected unital unitary operads,
Op(lJ /C: the category of non-unital unitary operads augmented over the re-
duced commutative operad, [T1]
P: the reduced operad of a unital operad, l .
PrimEndp(4): the module of cogenerators of the quasi-cofree Hopf A,-module
HopfEnd g4,
PrimEndE: the module of cogenerators of the quasi-cofree Hopf A,-module
Hoprndg,
PrimOpE: the module of cogenerators of the quasi-cofree Hopf A.-module
HopfOpg,
P(I): the numbering free version of an operad component,
7: the universal morphism of the cofree coalgebra, [56]
sl: the truncation functor, right adjoint to the category embedding il, see
also [27] for Hopf objects
f the truncation functor, right adjoint to the category embedding i i 4,
see also [73] for the case of Hopf operads
Sh(m?): a bloc shuffle permutation,
S A E: the suspension of a dg-module E, see alsofor Hopf A,-modules
o N E: the cone projection, see also [69] for Hopf A,-modules
¥« Modg: the category of non-unital ,-modules,
hIM Mod(l): the category of non-unital unitary X,-modules,
DIN Modz‘) /C: the category of non-unital unitary ¥,-modules augmented over
the underlying X ,-module of the reduced commutative operad, [11]
T°(V): the tensor coalgebra,
T°(V): the unit cokernel of the tensor coalgebra,
(r) the category of 7-trees,
(7") a poset formed by isomorphism classes of r-trees,
"(r): a poset formed by isomorphism classes of r-trees with no more than d
Vertices, B3]
0" (r): a poset formed by isomorphism classes of reduced r-trees,
7/eo: an edge contraction in a tree,
7+ the terminal r-tree, 33|
7(P): the module spanned by the operadic labelings of a tree 7,
V(7): the vertex set of a tree,
W (P): the Boardman-Vogt construction of an operad,
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