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A Daphné, Elena, Luna et Valentina.

“Black
then

white are
all I see

in my infancy.
Red and yellow then came to be,

reaching out to me.
Lets me see.”

Tool, Lateralus.
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Chapitre 1

Introduction

1.1 French version

Ce mémoire est dédié à certains aspects du patchwork, une méthode découverte par
Oleg Viro aux débuts des années 80 permettant de construire des variétés algébriques
réelles en recollant certains patches, qui sont des morceaux de variétés algébriques réelles
plus simples. On s’intéressera dans ce mémoire au cas où les patches sont les plus simples
possibles : des morceaux d’hyperplans (ou éventuellement des espaces linéaires en codi-
mension plus élevée). Dans ce cadre, la méthode prend le nom de ”patchwork combinatoire
primitif”, ou plus simplement ”patchwork primitif”. Elle devient en effet un jeu purement
combinatoire qui permet de construire des variétés algébriques réelles. La question suivante
est encore largement ouverte :

Question. Quelle peut-être la topologie d’une variété algébrique réelle obtenue par patch-
work primitif ?

Résultats principaux de l’article [RS23] avec Kris Shaw et de l’article
[ARS21] avec Charles Arnal et Kris Shaw

Un des résultats principal de ce mémoire est le suivant. Les nombres de Betti bq sont
considérés à coefficients dans le corps à deux éléments F2.

Théorème 1. Soit V une hypersurface algébrique réelle obtenue par un patchwork primitif
dans une variété torique lisse et projective de dimension n. Alors pour tout q ≥ 0,

bq(RV ) ≤

{
hq,q(CV ) si q = (n− 1)/2,

hq,n−1−q(CV ) + hq,q(CV ) sinon.

et le corollaire ci-dessous répond à une conjecture d’Itenberg [Ite17] :

Corollaire 1. Soit V une hypersurface algébrique réelle de RPn obtenue par un patchwork
primitif. Alors pour tout entier 0 ≤ q ≤ n− 1,

bq(RV ) ≤

{
hq,q(CV ) si q = (n− 1)/2,

hq,n−1−q(CV ) + 1 sinon.

Notre preuve du Théorème 1 utilise une description tropicale du patchwork (voir Sec-
tion 3.5) en termes de structures réelles phasées. Nous introduisons alors une suite spectrale
Er

q,p qui converge vers l’homologie de RV , ce qui implique que les nombres de Betti de RV
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sont égaux à la somme des dimensions des F2-espaces vectoriels apparaissant à la page
infinie :

bq(RV ) =
n∑

p=0

dimE∞
q,p.

La première page de cette suite spectrale est isomorphe à l’homologie tropicale à coefficients
dans F2 d’une hypersurface tropicaleX duale à la triangulation utilisée pour le patchwork :

E1
q,p ≃ Hq(X,Fp ⊗ F2).

Cette homologie tropicale est une homologie à coefficients non-constants sur des complexes
polyhédraux. Les coefficients Fp(x) sont des Z-modules qui ne dépendent que de la face à
laquelle appartient le point x (voir Section 3.7 pour plus de détails). Nous obtenons alors
le théorème suivant :

Théorème 2. Soit V une hypersurface algébrique réelle obtenue par un patchwork primitif
à partir d’une hypersurface tropicale X dans une variété lisse et projective de dimension
n. Alors

bq(RV ) ≤
n−1∑
p=0

dimHq(X,Fp ⊗ F2).

Le cadre naturel de ce théorème va au delà des hypersurfaces : il s’énonce naturellement
pour les sous-variétés tropicales non-singulières de variétés toriques tropicales et munies
d’une structure réelle phasée (voir Théorème 9). Nous démontrons ensuite que dans le cas
des hypersurfaces les dimensions des groupes d’homologies tropicales de X sont égales aux
nombres de Hodge de V .

dimHq(X,Fp ⊗ F2) = hp,q(CV ).

Pour ce faire nous procédons en trois étapes. Premièrement, nous démontrons que si p+q <
n−1, alors les groupes d’homologies tropicales de X sont égaux à ceux de la variété torique
tropicale ambiante.

Théorème 3. Soit X une hypersurface tropicale duale à une triangulation primitive
convexe d’un polytope régulier ∆ de dimension n. Alors pour tout p+ q < n− 1

Hq(X,Fp) ≃ Hq(TΣ∆,Fp)

La notation TΣ∆ indique la variété torique tropicale associée à ∆ (voir Section 3.1).
Nous utilisons ensuite ce théorème et la dualité de Poincaré tropicale [JRS18] pour mon-
trer que les groupes d’homologie tropicale sont sans torsion et nous déterminons leurs
dimensions :

Théorème 4. Soit X une hypersurface tropicale duale à une triangulation primitive d’un
polytope régulier ∆ de dimension n. Alors pour tout p et q, les Z-modules Hq(X,Fp) sont
sans torsions, et de plus pour p+ q ̸= n− 1, on a

rkHq(X,Fp) = rkHq(TΣ∆,Fp) = hp,q(CΣ∆).

La notation CΣ∆ indique la variété torique complexe associée à ∆. La dernière étape
consiste à comparer le genre de Hirzebruch tropical au genre de Hirzebruch complexe :
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Théorème 5. Soit X une hypersurface tropicale duale à une triangulation primitive d’un
polytope régulier ∆ de dimension n, et soit CV une hypersurface générique de polytope de
Newton ∆ compactifiée dans CΣ∆. Alors

χ(C•(X,Fp ⊗ F2)) =
n−1∑
q=0

(−1)qhp,q(CV ).

La preuve de ces théorèmes est présentée en détails dans les chapitres 6 et 7. Les
égalités entre dimensions des groupes d’homologies tropicales et nombres de Hodge ont
été étudiées au delà du cadre des hypersurfaces (sur Q) dans [IKMZ19]. Notre approche
est spécifiques aux hypersurfaces mais est valable sur Z et se généralise au delà du cadre
projectif, et même complet. Dans les chapitres 6 et 7, nous ne supposons pas que la variété
torique soit complète, et nous énonçons les théorèmes à la fois pour l’homologie standard
mais aussi pour l’homologie de Borel-Moore (et la cohomologie à support compacte). Nous
noterons par HBM

• l’homologie de Borel-Moore. Par soucis de simplicité, nous présenterons
en détails dans ce mémoire une autre situation ou notre approche fonctionne, et je laisse
le lecteur consulter éventuellement [ARS21] pour d’autres énoncés plus généraux.

Théorème 6. Soit V une hypersurface algébrique réelle de (R∗)n obtenue par un patch-
work primitif. Alors pour tout entier 0 ≤ q ≤ n− 1,

bBM
q (RV ) ≤

{∑q
l=0 h

n−1−q,l(Hn−1
c (CV )) si q < n− 1,∑n−1

l=0 h
0,l(Hn−1

c (CV )) + 2n − 1 sinon.

Dans cet énoncé, le membre de gauche bBM
q indique la dimension du q-ième groupe

d’homologie de Borel-Moore, et dans le membre de droite nous trouvons les nombres de
Hodge-Deligne de la cohomologie à support compacte (voir par exemple [DK]).

Remarque 1.1. Une hypothèse cruciale pour qu’un patchwork produise une variété
algébrique réelle est l’hypothèse de convexité : la triangulation utilisée pour la construc-
tion combinatoire doit être convexe (on dit aussi régulière). En général, on ne sait pas
quelle type de structure on obtient sur un patchwork obtenu à partir d’une triangulation
non-convexe. Néanmoins, dans [BdMR22], les auteurs ont démontré que cette hypothèse
de convexité n’est pas nécessaire pour obtenir les bornes du Théorème 1 : si un patch-
work A est obtenu à partir d’une triangulation primitive (non nécessairement convexe)
d’un polytope ∆, alors bq(A) ≤

∑
p≥0 h

p,q
∆ , où hp,q∆ sont les nombres de Hodges d’une hy-

persurface complexe non-singulière dans le système linéaire associée à ∆. Pour ce faire,
les auteurs interprètent l’homologie tropicale comme une certaine homologie à coefficients
non constants sur un ensemble partiellement ordonné (partially ordered set ou poset) sous-
jacent à la triangulation, et démontrent tous les résultats nécessaires pour le Théorème
1 dans ce cadre. Nous adopterons ce langage dans le dernier chapitre de cette thèse, voir
Chapitre 8.

Résultats principaux de l’article [RRS22] et [RRS23] avec Johannes Rau
et Kris Shaw

La géométrie tropicale, apparue autour des années 2000, donne un nouveau point de
vu sur le patchwork, et en permet a priori l’extension en toute codimension (au delà des
intersections complètes, cadre où le patchwork avait déjà été étendu par Sturmfels [Stu94]).
La primitivité se traduit en géométrie tropicale par la notion de non-singularité. On dit
qu’une variété tropicale est non-singulière (ou localement de degré 1) si elle est donnée
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localement par l’éventail de Bergman d’un matroide. Pour faire du patchwork à partir
d’une variété tropicale, il faut la munir d’une structure supplémentaire, appelée structure
réelle phasée. Nous montrons le résultat suivant :

Théorème 7. Si M est un matroide, il existe une bijection naturelle entre les structures
réelles phasées sur l’éventail de Bergman ΣM et les orientations de M .

Nous généralisons alors la méthode du patchwork combinatoire pour les variétés tropi-
cales non-singulières dans les variétés toriques. Nous montrons notamment que le résultat
d’un patchwork est une variété topologique :

Théorème 8. Soit X une variété tropicale non-singulière dans une variété torique tropi-
cale, et soit E une structure réelle phasée sur X. Alors le patchwork REX est une variété
topologique.

De plus, nous transposons notre résultat de [RS23] à ce cadre.

Théorème 9. Soit X une variété tropicale non-singulière de dimension d dans une variété
torique tropicale, et soit E une structure réelle phasée sur X. Alors

bq(REX) ≤
d∑

p=0

dimHq(X,Fp ⊗ F2).

et

bBM
q (REX) ≤

d∑
p=0

dimHBM
q (X,Fp ⊗ F2).

Nous montrons aussi dans [RRS23] que dans le cas où la variété tropicale est ap-
proximable (on parle de limite tropicale d’une famille analytique, voir [RRS23] ), alors la
topologie de la partie réelle d’un membre de la famille proche de la limite est déterminée
par la variété tropicale avec sa structure réelle phasée.

Théorème 10. Soit X une variété tropicale non-singulière dans une variété torique tro-
picale (associé à un éventail Σ), et soit V = (Vt)0<|t|<1 une famille analytique réelle qui
admet X pour limite tropicale. La structure réelle sur V induit une structure réelle phasée
E sur X et de plus, pour t assez petit et positif, on a un homeomorphisme des paires
(RΣ,RVt) et (RΣ,REX)

Je ne développerai pas dans ce mémoire ce dernier point.

Résultats principaux de l’article [MR25] avec Diego Matessi

Nous étudions dans cet article les patchworks primitifs dans les polytopes réflexifs. Nous
démontrons tout d’abord une version combinatoire de la symétrie miroir ”à la Batyrev”.
Soient ∆ et ∆◦ deux polytopes réflexifs duaux de dimension n+ 1, et soient T et T ◦ des
triangulations primitives centrales (tout simplexe contient l’origine) et non nécessairement
convexes. On associe à T et T ◦ des ensembles partiellement ordonnés XT,T ◦ et XT ◦,T (voir
Chapitre 8 pour plus de détails). Ces deux posets sont isomorphes aux posets sous-jacent
à des hypersurfaces tropicales (qu’on appelle ”miroirs”) dans le cas ou T et T ◦ sont des
triangulations convexes (voir aussi la remarque 1.1). On démontre alors le résultat suivant :

Théorème 11. Soit A un anneau commutatif. Pour tout p ≥ 0 et tout q ≥ 0 on a des
isomorphismes canoniques

Hq(XT,T ◦ ,Fp ⊗A) ≃ Hq(XT ◦,T ,Fn−p ⊗A).



1.2. English version 11

Nous remarquons ensuite qu’un patchwork primitif d’une triangulation centrale T dans
un polytope réflexif ∆ correspond à un diviseur sur F2 dans la variété torique CΣT as-
socié à l’éventail construit sur T . Nous montrons que si deux diviseurs sont linéairement
équivalents (sur F2), alors les patchworks sont isomorphes via un automorphisme torique.
On dénote par RXD le résultat du patchwork associé au diviseur D. Le diviseur D induit
par restriction une classe dans Hn−1(XT,T ◦ ;Fn−1 ⊗ F2) qu’on note simplement D|XT,T◦ .
Nous démontrons alors le résultat suivant :

Théorème 12. Soit D un F2-diviseur de CΣT . Supposons que les Hn(XT ◦,T ,Fk ⊗ F2)
s’annulent pour tout 0 < k < n. Alors RXD est connexe si et seulement si D|XT,T◦ ̸= 0.

1.2 English version

This dissertation is dedicated to certain aspects of patchworking, a method discovered
by Oleg Viro in the early 80s for constructing real algebraic varieties by gluing together
certain patches, which are pieces of simpler real algebraic varieties. In this text we will
focus on the case where the patches are the simplest possible : pieces of hyperplanes
(or possibly higher codimensional linear spaces). In this context, the method is called
“primitive combinatorial patchworking”, or more simply “primitive patchworking”. In fact,
it becomes a purely combinatorial procedure for constructing real algebraic varieties. The
following question is still wide open :

Question. What is the topology of a real algebraic variety obtained by primitive patch-
work ?

Main results from the article [RS23] with Kris Shaw and the article
[ARS21] with Charles Arnal and Kris Shaw

One of the main results of this thesis is the following. Betti numbers bq are considered
with coefficients in the field F2 with two elements.

Theorem 1.2.1. Let V be a real algebraic hypersurface obtained by a primitive patchwor-
king in a non-singular projective toric variety of dimension n. Then for all q ≥ 0,

bq(RV ) ≤

{
hq,q(CV ) if q = (n− 1)/2,

hq,n−1−q(CV ) + hq,q(CV ) otherwise.

The following corollary answers a conjecture due to Itenberg [Ite17] :

Corollary 1.2.2. Let V be a real algebraic hypersurface of RPn obtained by a primitive
patchworking. Then for any integer 0 ≤ q ≤ n− 1,

bq(RV ) ≤

{
hq,q(CV ) if q = (n− 1)/2,

hq,n−1−q(CV ) + 1 otherwise.

Our proof of Theorem 1.2.1 uses a tropical description of patchworking in terms of
phased real structures (see Section 3.5). We introduce then a spectral sequence Er

q,p that
converges to the homology of RV , which implies that the Betti numbers of RV are equal
to the sum of the dimensions of the F2-vector spaces appearing on the infinite page :

bq(RV ) =

n∑
p=0

dimE∞
q,p.
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The first page of this spectral sequence is isomorphic to the tropical homology with F2-
coefficients of a tropical hypersurface X dual to the triangulation used for the patchwor-
king :

E1
q,p ≃ Hq(X,Fp ⊗ F2).

Tropical homology is a non-constant coefficient homology theory on polyhedral complexes.
The coefficients Fp(x) are Z-modules which depend only on the face to which the point x
belongs (see Section 3.7 for more details). We then obtain the following theorem :

Theorem 1.2.3. Let V be a real algebraic hypersurface obtained by a primitive patch-
working from a tropical hypersurface X in a smooth projective variety of dimension n.
Then

bq(RV ) ≤
n−1∑
p=0

dimHq(X,Fp ⊗ F2).

The natural framework for this theorem goes beyond the case of hypersurfaces : it
holds for non-singular tropical subvarieties of tropical toric varieties, equipped with a real
phase structure (see Theorem 1.2.11). We show then that the dimensions of the tropical
homology groups of X are equal to the Hodge numbers of V .

dimHq(X,Fp ⊗ F2) = hp,q(CV ).

To do this, we proceed in three steps. First, we show that if p+q < n−1, then the tropical
homology groups of X are equal to those of the ambient tropical toric variety.

Theorem 1.2.4. Let X be a tropical hypersurface dual to a convex primitive triangulation
of ∆ a regular polytope of dimension n. Then for all p+ q < n− 1

Hq(X,Fp) ≃ Hq(TΣ∆,Fp)

The notation TΣ∆ denotes the tropical toric variety associated with ∆ (see Section
3.1). We then use this theorem and the tropical Poincaré duality [JRS18] to show that
tropical homology groups are torsion-free, and determine their dimensions :

Theorem 1.2.5. Let X be a tropical hypersurface dual to a primitive triangulation of
∆ a regular polytope of dimension n. Then for all p and q, the Z-modules Hq(X,Fp) are
torsion-free, and furthermore for p+ q ̸= n− 1, we have

rkHq(X,Fp) = rkHq(TΣ∆,Fp) = hp,q(CΣ∆).

The notation CΣ∆ indicates the complex toric variety associated with ∆. The final
step is to compare the tropical Hirzebruch genus with the complex Hirzebruch genus :

Theorem 1.2.6. Let X be a tropical hypersurface dual to a primitive triangulation of ∆ a
regular polytope of dimension n, and let CV be a generic ∆ Newton polytope hypersurface
compactified in CΣ∆. Then

χ(C•(X,Fp ⊗ F2)) =

n−1∑
q=0

(−1)qhp,q(CV ).

The proof of these theorems is presented in detail in Chapters 6 and 7. Equalities
between dimensions of tropical homology groups (over Q) and Hodge numbers have been



1.2. English version 13

studied beyond the cases of hypersurfaces in [IKMZ19]. Our approach is specific to hyper-
surfaces but it holds over Z and it generalizes beyond the projective and complete cases.
In chapters 6 and 7, we don’t assume that the toric variety is complete, and we state the
theorems both for standard homology and for Borel-Moore homology. We will denote by
HBM

• the Borel-Moore homology. For simplicity’s sake, I’ll present another situation where
our approach works, and leave the reader to consult the references for other, more general
situations.

Theorem 1.2.7. Let V be a real algebraic hypersurface of (R∗)n obtained by a primitive
patchworking. Then for any integer 0 ≤ q ≤ n− 1,

bBM
q (RV ) ≤

{∑q
l=0 h

n−1−q,l(Hn−1
c (CV )) if q < n− 1,∑n−1

l=0 h
0,l(Hn−1

c (CV )) + 2n − 1 otherwise.

In this statement, the left-hand side bBM
q indicates the dimension of the q-th Borel-

Moore homology group, and in the right-hand side we find the Hodge-Deligne numbers of
the compactly supported cohomology (see for example [DK]).

Remark 1.2.8. A crucial assumption for a patchworking to produce a real algebraic va-
riety is the convexity assumption : the triangulation used for combinatorial construction
must be convex (we also say regular). In general, we don’t know what kind of struc-
ture we get on a patchworking obtained from a non-convex triangulation. Nevertheless,
in [BdMR22], the authors have shown that this convexity assumption is not necessary to
obtain the bounds of Theorem 1.2.1 : if a patchworking A is obtained from a primitive
triangulation (not necessarily convex) of a polytope ∆, then bq(A) ≤

∑
p≥0 h

p,q
∆ , where hp,q∆

are the Hodge numbers of a non-singular hypersurface in the linear system associated with
∆. To this end, the authors interpret tropical homology as a certain homology with non-
constant coefficients on a partially ordered set (partially ordered set or poset) underlying
the triangulation, and prove all the results necessary for Theorem 1.2.1 in this framework.
In Chapter 8, we will also adopt this framework.

Main results of the article [RRS22] and [RRS23] with Johannes Rau and
Kris Shaw

Tropical geometry, which appeared around 2000, gives a new point of view on patchwor-
king, and allows a priori its extension in any codimension (beyond complete intersections,
a framework where patchworking had already been extended by Sturmfels [Stu94]). In tro-
pical geometry, primitivity translates into non-singularity. A tropical variety is said to be
non-singular (or locally of degree 1) if it is locally given by the Bergman fan of a matroid.
To patchwork a tropical variety, we need to enhance it with an additional structure, called
real phase structure. We show the following result :

Theorem 1.2.9. If M is a matroid, there is a natural bijection between the real phase
structures on the Bergman fan ΣM and the orientations of M .

We then generalize the combinatorial patchworking method for non-singular tropical
varieties in toric varieties. In particular, we show that the result of a patchworking is a
topological variety :

Theorem 1.2.10. Let X be a tropical non-singular variety in a toric tropical variety, and
let E be a real phase structure on X. Then the patchworking REX is a topological variety.
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Moreover, we transpose our result from [RS23] to this setting.

Theorem 1.2.11. Let X be a non-singular tropical variety of dimension d in a toric
tropical variety, and let E be a real phase structure on X. Then

bq(REX) ≤
d∑

p=0

dimHq(X,Fp ⊗ F2).

and

bBM
q (REX) ≤

d∑
p=0

dimHBM
q (X,Fp ⊗ F2).

We also show in [RRS23] that in the case where the tropical variety is approximable
(we speak of tropical limit of an analytic family, see [RRS23] ), then the topology of the
real part of a member of the family close to the limit is determined by the tropical variety
with its real phase structure.

Theorem 1.2.12. Let X be a non-singular tropical variety in a toric tropical variety
(associated with a Σ fan), and let V = (Vt)0<|t|<1 be a real analytic family that admits X
as its tropical limit. The real structure on V induces a phased real structure E on X and,
moreover, for t small enough and positive, we have an homeomorphism of pairs (RΣ,RVt)
and (RΣ,REX).

I won’t expand on the latter point in this dissertation.

Main results of the article [MR25] with Diego Matessi

In this article, we study primitive patchworking in reflexive polytopes. We first prove
a combinatorial version of mirror symmetry “à la Batyrev”. Let ∆ and ∆◦ be two dual
reflexive polytopes of dimension n+1, and let T and T ◦ be central primitive triangulations
(not necessarily convex). Associated with T and T ◦ are partially ordered sets XT,T ◦ and
XT ◦,T (see Chapter 8 for details). These two posets are isomorphic to the posets underlying
“mirror” tropical hypersurfaces in the case where T and T ◦ are convex triangulations (see
also the remark 1.2.8). We prove the following result :

Theorem 1.2.13. Let A be a commutative ring. For all p ≥ 0 and all q ≥ 0 we have
canonical isomorphisms

Hq(XT,T ◦ ,Fp ⊗A) ≃ Hq(XT ◦,T ,Fn−p ⊗A).

We note that a primitive patchworking of a central triangulation T in a reflexive
polytope ∆ corresponds to a divisor over F2 in the toric variety CΣT associated with
the fan constructed on T . We show that if two divisors are linearly equivalent (over F2),
then the patchworking are isomorphic via a toric automorphism. We denote by RXD the
patchworking associated with divisor D. The divisor D induces by restriction a class in
Hn−1(XT,T ◦ ;Fn−1 ⊗ F2) which we simply denote D|XT,T◦ . We prove the following result :

Theorem 1.2.14. Let D be a divisor over F2 on CΣT . Suppose that the groups Hq(XT circ,T ,Fp⊗
F2) vanish for all 0 < k < n. Then RXD is connected if and only if D|XT,T◦ ̸= 0.
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Chapitre 3

Preliminaries

3.1 Complex, real and tropical toric varieties

Let M ∼= Zn be a lattice, let N = Hom(M,Z) be its dual lattice and define as usual
MR =M ⊗ R and NR = N ⊗ R. A lattice polytope ∆ in MR is the convex hull of a finite
number of points of M . We will denote by greek letters (σ, τ , etc.) the faces of ∆. The
normal fan Σ∆ of ∆ is the collection of convex rational cones {Cσ}σ⪯∆ in NR given by

Cσ = {v ∈ NR | ⟨v, w − u⟩ ≥ 0, ∀u ∈ σ and w ∈ ∆}.

We will work with complex, real and tropical toric varieties. Let us briefly recall how they
are constructed. Let Σ be a rational strongly convex polyhedral fan in NR. For any cone
σ of Σ consider the dual cone

σ∨ = {u ∈MR | ⟨u, v⟩ ≥ 0, ∀v ∈ σ}.

By Gordon’s Lemma, the intersection Sσ = σ∨ ∩ M is a finitely generated semigroup.
For any semigroup S, one can consider the set XS

σ := Hom(Sσ, S) of semigroup homo-
morphisms. If moreover the semigroup S has a topology, we equipp the set XS

σ with the
coarsest topology such that for any λ ∈ Sσ, the corresponding evaluation map XS

σ → S is
continuous. In fact, it is enough to do it for a set of generators of Sσ (say of cardinality
N), and the topology coincides with the induced topology from SN . If σ ⊂ τ , there is a
continuous restriction map from XS

σ to XS
τ .

Definition 3.1.1. The toric variety associated to the fan Σ over the semigroup S is the
direct limit

SΣ := lim−→XS
σ .

Classically, the most common semigroups are either R, C or R+ (for multiplication).
We will also consider the tropical semigroup T := R∪−∞ with the tropical multiplication
being the addition. The neutral element 1T is equal to 0, while the zero element 0T is
−∞. All these semigroups are equipped with the euclidean topology. The torus N ⊗ S∗

is open in SΣ, acts on each XS
σ and this action extends to all of SΣ. The orbits are in

correspondence with the cones of Σ via the map σ → OS
σ , where OS

σ is the orbit of the
point xσ ∈ XS

σ defined by

xσ(m) =

{
1S if m ∈ σ⊥,
0S otherwise .

The orbit OS
σ can also be described as Hom(σ⊥ ∩M,S). Given a point y ∈ OS

σ , we call σ
the sedentarity of y. The order of sedentarity of y, denoted by sed(y), is set to be dim(σ).
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For S = C, we obtain the classical construction of complex toric varieties, see Section
1.3 of [Ful93a]. If Σ = Σ∆ is the normal fan of a lattice polytope, the variety CΣ is
projective. A fan Σ is said to be regular if every cone can be generated by a subset of
a basis of N . The toric variety CΣ is smooth if and only if Σ is regular. A polytope in
MR is also called regular if its normal fan is regular. We say Σ is complete if its support
|Σ|, i.e. the union of its cones, is equal to NR. Completeness is necessary and sufficient for
the toric variety CΣ to be compact. Let us illustrate in the following example two very
important tropical toric varieties : affine and projective tropical spaces.

Example 3.1.2. The tropical affine space is

Tn := (R ∪ −∞)n.

The tropical projective space TPn is

TPn =
Tn\(−∞, . . . ,−∞)

(x0, . . . , xn) ∼ (a+ x0, . . . , a+ xn)
,

where a ∈ T\ −∞.

Tropical affine space Tn is the tropical toric variety associated to the fan that consists of
the negative orthant in Rn and all its faces. Given a subset A of E = {1, . . . , n}, we denote
by ρA the cone generated by {−ei, i ∈ A}, where the ei are the vectors of the standard basis
of Rn. Then the torus orbit Rn

A := OT
ρA

is equal to RE\A, while its closure in Tn, denoted

by Tn
A, can be identified with TE\A.

Similarly, we set e0 = −e1 − · · · − en and for any proper subset A ⊂ {0, . . . , n} we let
σA be the cone generated by {−ei, i ∈ A}. The collection of these cones forms a complete
fan defining the tropical toric variety TPn. We denote the closure of OT

ρA
in TPn by TPn

A.

It can be identified with a projective space TPn−|A| (whose homogeneous coordinates are
labelled by E \A).

For any fan Σ, there is a natural map from CΣ to R+Σ induced by the absolute value
from C to R+ (composition with the logarithm will identify R+Σ with TΣ). In the case
where Σ = Σ∆, one has R+Σ∆ = ∆ and the map CΣ∆ to ∆ is the moment map. In
general, the real toric variety RΣ can be reconstructed combinatorially directly form the
fan Σ as follows (see for example [GKZ08]). For any group homomorphism ξ : M → F2,
consider R+Σ(ξ) a copy of R+Σ. Then

RΣ ≃
⊔

ξ∈Hom(M,F2)

R+Σ(ξ)/ ∼, (3.1)

where (p, ξ) ∼ (p′, ξ′) if and only if p = p′ and ξ|σ⊥ = ξ′|σ⊥ for the unique cone σ such

that p ∈ OR+
σ .

Remark 3.1.3. The logarithm identifies R+Σ with TΣ and one can obtain a similar
description of the real part as (3.1) using tropical toric varieties.

Example 3.1.4. We explicitly describe how to obtain RPn by glueing together multiple
copies of TPn. For every ε = (ε1, · · · , εn) ∈ Fn

2 , let TPn(ε) denote a copy of TPn indexed
by ε. Then

RPn ∼=
⊔
ε∈Fn

2

TPn(ε)/ ∼,
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where ∼ is the equivalence relation generated by identifying x ∈ TPn(ε) and x′ ∈ TPn(ε′)
for ε ̸= ε′, such that [x0, · · · , xn] = [x′0, · · · , x′n]

and
— if x0 ̸= −∞, then there exist a unique 1 ≤ j ≤ n such that εj ̸= ε′j. Moreover, we

must have xj = x′j = −∞.

— if x0 = −∞, then we must have εi ̸= ε′i for all 1 ≤ i ≤ n.

3.2 Polyhedral complexes in tropical toric varieties

A rational polyhedron in a tropical toric variety TΣ is the closure in TΣ of a rational
polyhedron in some stratum OT

ρ . For example, the closure of OT
ρ itself is a rational poly-

hedron that we will denote by TΣρ. For a polyhedron σ in TΣ, the intersection σ ∩ OT
η ,

if non-empty, is a polyhedron in OT
η . A face τ of σ is the closure of a face of any of these

intersections (hence τ is a polyhedron in TΣ). The relative interior relint(σ) is the set
of points in σ not contained in a proper face. We set sed(σ) := sed(y) for an arbitrary
y ∈ relint(σ).

A rational polyhedral complex X in TΣ is a collection of rational polyhedra in TΣ such
that

— if σ ∈ X and τ ⊂ σ is a face, then τ ∈ X,

— if σ1, σ2 ∈ X and σ1 ∩ σ2 ̸= ∅, then σ1 ∩ σ2 is a face of σ1 and σ2.
We refer to the polyhedra σ ∈ X as faces ofX. We will abuse notations and will identity

a polyhedral complex and its support ∪σ∈Xσ. The maximal faces of X are called facets. A
rational polyhedral complex X ⊂ TΣ is called of pure sedentarity ρ ∈ Σ if X = X ∩ OT

ρ .
A polyhedral complex X is of pure dimension d if all its facets have dimension d. In the
following, polyhedral complexes X are always assumed to be rational, of pure dimension,
and of pure sedentarity. Given a polyhedron σ in TΣ of sedentarity ρ, recall that its tangent
space is defined by T (σ) := T (σ ∩ OT

ρ ) ⊂ OT
ρ . Its integer and binary versions are

TZ(σ) := T (σ) ∩Hom(ρ⊥ ∩M,Z)
TF2(σ) := TZ(σ)⊗ F2 ⊂ Zn

2/⟨ρ⟩ ⊗ F2.

For simplicity, we will denote Z(ρ) = Hom(ρ⊥ ∩M,Z) and F2(ρ) = Z(ρ) ⊗ F2. Following
this notation, we will denote sometime by R(ρ) the tropical orbit OT

ρ = Hom(ρ⊥ ∩M,T).

3.3 Primitive patchworking : classical version

Let ∆ be a regular lattice polytope in MR and T a primitive lattice triangulation of
∆. Primitive (or unimodular) means here that all facets of T have lattice volume 1. Let
ε : ∆∩M → F2 be a sign distribution on the lattice points of ∆ (since the triangulation is
primitive, note that the lattice points of ∆ coincide with the vertices of the triangulation).
When we say signs in the context of Viro’s patchworking, we will identify + with 0 ∈ F2

and − with 1.
Recall that the real part of the toric variety associated to Σ∆ is constructed by consi-

dering a certain quotient of copies ∆(ξ) of ∆ for any group homomophism ξ :M → F2, see
Equation (3.1). Denote by T (ξ) the triangulation of ∆(ξ) induced by T . Given a lattice
point v ∈ ∆, the sign of its copy v(ξ) in ∆(ξ) is defined by ε(v(ξ)) = ξ(v)+ ε(v) ∈ F2. For
any ξ and any n-simplex σ of ∆(ξ), separate the vertices having different signs by taking
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Figure 3.1 – Patchworking of a curve dispoving Ragsdale conjecture

the union of convex hulls of barycenters of simplices σ1 ⊂ · · · ⊂ σ such that σ1 is an edge
with different signs. This gives a simplicial complex defining a smooth PL-hypersurface in
the quotient RΣ∆, denoted by XT,ε.

Definition 3.3.1. The triangulation T is called convex or regular if it exists a convex
function µ : ∆ → R such that µ(Zn) ⊂ Z and that the lower faces of the graph of µ project
to the triangulation T .

If µ is a convex function certifying the regularity of T , Viro’s combinatorial patch-
working theorem ([Vir84] for the original statement, but see also [Vir01] [Ite95] [Ite97] or
[Ris93]) states that the PL-hypersurface XT,ε is ambient isotopic (in RΣ∆) to the closure
(in RΣ∆) of the hypersurface in (R∗)n+1 defined by the polynomial∑

v∈∆∩M
(−1)ε(v)tµ(v)xv, (3.2)

for t small enough and positive.

Example 3.3.2. Itenberg used Viro’s combinatorial patchworking to construct a real alge-
braic plane curve of degree 10 disproving Ragsdale’s conjecture [Ite95]. We included here
a picture of this construction in Figure 3.1.

3.4 Tropical hypersurfaces

Let again ∆ be a lattice polytope in MR and T a primitive lattice triangulation of ∆.
Assume that moreover T is convex and let µ : ∆ ∩M → Z be a convex function ensuring
the convexity of T . Consider the Legendre transform of µ (defined over NR) :

µ∗(x) = max
y∈∆∩M

(⟨x, y⟩ − µ(y)). (3.3)

Define the set

Xµ := {x ∈ NR | ∃y1 ̸= y2, µ
∗(x) = ⟨x, y1⟩ − µ(y1) = ⟨x, y2⟩ − µ(y2)} .
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Figure 3.2 – A convex primitive triangulation of the size 6 triangle and a corresponding
tropical sextic.

In other words, the set Xµ consists of points where the maximum in (3.3) is attainted at
least twice. The function µ∗ is called a tropical polynomial since it is a polynomial over the
tropical semiring (R, “+”, “×”), where the tropical addition “+” denotes the maximum,
and the tropical multiplication “×” denotes the standard addition. The set Xµ is called a
non-singular tropical hypersurface : it is a rational balanced polyhedral complex, inducing
a polyhedral subdivision of NR which is dual (as a poset) to the triangulation T (see for
example [BIMS] for more details). Moreover, the compactification of Xµ in the tropical
toric variety TΣ∆ induces a subdivision of TΣ∆ with underlying poset the subposet of
Σ∆ × T :

Φ :=
{
(ρ, σ) ∈ Σ∆ × T | σ ⊂ ρ∨

}
, (3.4)

where ρ∨ denotes here the face of the polytope dual to the cone ρ. The order on the poset
is the inverse of the inclusion, meaning that (ρ, σ) ≤ (ρ′, σ′) iff ρ′ ⊂ ρ and σ′ ⊂ σ (see
[BdMR22] Remark 2.3).

Example 3.4.1. In Figure 3.2 we drew a convex triangulation of the triangle of size 6.
On the right hand side we drew the tropical curve dual to this subdivision (the tropical
curve is unique up to the choice of the convex function which means up to changing the
length of the edges and the position of the vertices in R2).

3.5 Primitive patchworking : tropical version

Let Xµ ⊂ NR be a non-singular tropical hypersurface.

Definition 3.5.1. A real phase structure on Xµ is a collection E = {Eσ}σ∈Facet(Xµ) where
Eσ ⊂ N ⊗ F2 is an (n − 1)-dimensional affine subspace whose direction is the F2-tangent
space of σ. The collection E must satisfy the following property :

If τ is a face of Xµ of codimension 1, then for any facet σ adjacent to τ and any element
ε ∈ Eσ, there exists a unique facet σ′ ̸= σ adjacent to τ such that ε ∈ Eσ′.

A non-singular tropical hypersurface equipped with a real phase structure is called a
non-singular real tropical hypersurface.
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{(0, 0), (1, 0)}

{(0, 0), (0, 1)}

{(0, 1), (1, 0)}

Figure 3.3 – On the left is the real tropical line L ⊂ R2 with a real phase structure E
from Example 3.5.2. On the right hand side the compactification of its real part RLE in
RP 2.

Example 3.5.2. Figure 3.3 depicts a real tropical line L in R2. On each edge σ0, σ1, σ2
of the line there is a set of vectors in F2

2. These vectors indicate all the points in the affine
subspace Eσi for a real phase structure E.

The vertex of the tropical line is the only codimension one face. For (0, 0) ∈ Eσ1, we
have that (0, 0) ∈ Eσ2 and (0, 0) ̸∈ Eσ0. This is the condition in Definition 3.5.1 for the
face σ1 and the element (0, 0).

Example 3.5.3. Let e1, e2, e3 denote the canonical basis of F3
2, and let e0 = e1 + e2 + e3.

The following collection of affine spaces forms a real phase structure on the tropical plane
X in R3 defined by max(x, y, z, 1) :

Eσ12 = ⟨e1, e2⟩, Eσ13 = ⟨e1, e3⟩, Eσ23 = ⟨e2, e3⟩,

Eσ01 = ⟨e0, e1⟩+ e3, Eσ02 = ⟨e0, e2⟩+ e1, and Eσ03 = ⟨e0, e3⟩+ e2.

Given a plane P ⊂ RP 3, the intersection of L with the coordinate hyperplanes of RP 3

defines an arrangement of real hyperplanes on P ∼= RP 2. Such is the picture on the left
hand side of Figure 3.4. Each region of the complement of this hyperplane arrangement on
P ⊂ RP 3 lives in a single orthant of R3 = RP 3\{x0 = 0}. In Figure 3.4, each connected
component of the complement of the line arrangement is labelled with the vector in F3

2

corresponding to this orthant. Let Li = {xi = 0} ∩ P ⊂ RP 3 and set pij = Li ∩Lj. Notice
that the points contained in the affine space Eσij of the real phase structure on X coincide
with the collection of signs of the regions of the complement of the line arrangement which
are adjacent to the point pij.

Remark 3.5.4. The data of a real phase structure on Xµ is equivalent to the data of a
sign distribution on the vertices of the triangulation T : if σ is a facet of Xµ dual to an
edge e of T , the affine hypersurface Eσ of direction σ⊥ contains 0 if and only if the signs
of the two vertices of e are distinct. See [Ren17] for more details.

Definition 3.5.5. Let Xµ be a non-singular tropical hypersurface in NR obtained from an
primitive regular subdivision of a lattice polytope ∆, and let Xµ be its compactification in
TΣ∆. Let E be a real phase structure on Xµ. Given a polyhedron σ in TΣ∆ and ε ∈ N⊗F2

we let σε denote its copy in TΣ∆(ε).



3.6. Matroid fans and non-singular tropical subvarieties 23

L2

(1, 0, 0)

(0, 0, 0)

(0, 1, 0)

(1, 1, 0)

L∞

(1, 0, 1)

(0, 1, 0)

(0, 1, 1)
L3

(0, 0, 1)

L1

σ12

σ01

σ03

σ02

σ13
σ23

Figure 3.4 – The left hand side depicts a real line arrangement in RP 2 arising from a
linear embedding RP 2 → RP 3. On the right is a tropical plane X in TP 3. A real phase
structure on X is described in Example 3.5.3.

Figure 3.5 – The 3 maximal sextic curves up to isotopy

The real part of Xµ with respect to the real phase structure E is denoted REXµ and is
the image in RΣ∆ of ⋃

facets of σ⊂Xµ

ε∈Eσ

σε.

where σε denotes the closure in TΣ∆(ε).

Remark 3.5.6. The classical and tropical versions of primitive patchworking are equiva-
lent. If Xµ is a a non-singular tropical hypersurface obtained from a convex unimodular
triangulation T of a lattice polytope ∆, and if ε in a sign distribution corresponding to a
real phase structure E, then the pairs (XT,ε,RΣ∆) and (REXµ,RΣ∆) are homeomorphic.

Example 3.5.7. In Figure 3.5 we drew 3 possible patchworks that one can obtain from
the tropical sextic curve depicted in Figure 3.2. Remark that in this example, we recover
all possible isotopy types of maximal sextic curves in the plane (constructed by Harnack,
Hilbert and Gudkov respectively).

3.6 Matroid fans and non-singular tropical subvarieties

The local models for non-singular tropical varieties are matroid fans. Let’s begin by
recalling what they are.

A matroid M is a finite set E together with a function rk : 2E → Z≥0, where 2E

denotes the power set of E. The set E is called the ground set of M and rk the rank
function. The rank function is subject to the axioms :
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Figure 3.6 – The projective fan of the matroid U3,4 drawn in R4/(1, . . . , 1) as described
in Example 3.6.1.

1. 0 ≤ rk(A) ≤ |A| for all A ⊆ E

2. if A ⊆ B ⊆ E, then rk(A) ≤ rk(B)

3. if A,B ⊆ E, then rk(A ∪B) + rk(A ∩B) ≤ rk(A) + rk(B).

The rank function defines a closure operator on subsets by

cl(A) = {i ∈ E | rk(A) = rk(A ∪ i)} ⊇ A.

A subset F ⊆ E is a flat ofM if it is closed with respect to this operator, namely cl(F ) = F .
The flats of a matroid M ordered by inclusion form a lattice, known as the lattice of flats,
which we denote by L.

A loop is an element of the ground set for which rk(i) = 0. Parallel elements are pairs
of non-loop elements for which rk(ij) = 1. A matroid is simple if it contains no loops or
parallel elements. A circuit is any set A ⊂ E such that |A| = rk(A)+1 and rk(A) = rk(A\i)
for any i ∈ A. A coloop is an element that does not belong to any circuit.

Given a loopfree matroid M on the base set E, we denote by ΣM the affine matroid
fan in RE and by PΣM = ΣM/⟨(1, . . . , 1)⟩ the projective matroid fan in RE/⟨(1, . . . , 1)⟩.
We now describe how to construct both of these fans following Ardila and Klivans [AK06].
Fix the vectors vi = −ei where {e1, . . . , en} is the standard basis of RE for E = {1, . . . , n}
and set vI =

∑
i∈I vi for any subset I ⊂ E. For a chain of flats

F = {∅ ⊊ F1 ⊊ F2 ⊊ · · · ⊊ Fk ⊊ E}

in the lattice of flats L, define the k + 1-dimensional cone

σF = ⟨vF1 , . . . , vFk
,±vE⟩≥0.

The affine matroid fan ΣM is the collection of all such cones ranging over the chains in L.
In particular, the top dimensional faces of ΣM are in one to one correspondence with the
maximal chains in the lattice of flats of M . The projective matroid fan PΣM is the image
of ΣM in the quotient RE/(1, . . . , 1).

Example 3.6.1. The uniform matroid of rank k+1 on n elements will be denoted Uk+1,n.
The flats of the matroid M = Uk+1,n are all subsets of {1, . . . , n} of size less than or equal
to k and {1, . . . , n}. Therefore, the faces of top dimension of ΣM are in bijection with
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ordered subsets of size k. For example, the ordered set {i1 < i2 < · · · < ik} corresponds to
a chain of flats

F = {∅ ⊊ F1 ⊊ · · · ⊊ Fk ⊊ E}

where F1 = {i1} and Fi+1 = Fi ∪ ii+1, which in turn corresponds to the cone

σF = ⟨vF1 , . . . , vFk
,±vE⟩≥0.

The projective fan for U3,4 is shown in Figure 3.6. The dotted rays in this fan correspond
to the 6 rank 2 flats.

There are coarser fan structures on the support of the fan ΣM . For example, the fan
with maximal cones σI = ⟨vi1 , . . . , vik ,±vE⟩ where I = {i1, . . . , ik} ranges over all subsets
I of E of size k, has the same support as ΣM . This in known as the coarse matroid fan
of M [AK06].

If a matroid M has loops L = cl(∅), then we set ΣM := ΣM/L ⊂ RE\L and PΣM :=

PΣM/L ⊂ RE\L/(1, . . . , 1). We will often assume E = {0, . . . , n}. Note that by Example

3.1.2 we can consider RE\L = OT
ρL

as a torus orbit of Tn+1, and RE\L/⟨(1, . . . , 1)⟩ = OT
ρL

as a torus orbit of TPn (excluding the trivial case E = L). In this sense, in the following
we will regard ΣM and PΣM as subsets of Tn+1 and TPn, respectively.

Definition 3.6.2. [MR, Chapter 6] Let Σ be a fan and TΣ the associated tropical toric
variety. Let X ⊂ TΣ be a polyhedral subspace and consider p ∈ X of sedentarity ρ ∈ Σ
and sed(p) = dim(ρ) = k.

Then X is non-singular at p if there exist
— a toric isomorphism ψ : TUρ → Tk × Rn−k = TUρ{1,...,k} ⊂ TPn,

— an open neighbourhood p ∈ U ⊂ TUρ,

— a matroid M on E = {0, 1, . . . , n},
such that ψ(p) = (−∞, 0) and ψ(X ∩ U) = PΣM ∩ ψ(U).

The polyhedral subspace X is a non-singular tropical subvariety of TΣ if it is non-
singular at all its points.

3.7 Cellular cosheaves, tropical and poset (co)homology

Let Σ be a fan, let X be a polyhedral complex in TΣ and R be a commutative ring. A
cellular cosheaf F on X is a collection of R-modules F(τ) for every face τ of X together
with linear maps iστ : F(σ) → F(τ) for every inclusion of faces τ ⊂ σ such that iσσ = id
and iτυ ◦ iστ = iσυ for every chain υ ⊂ τ ⊂ σ.

Given a cellular cosheaf F on X, the groups of cellular (Borel-Moore) q-chains with
coefficients in F are

Cq(X;F) =
⊕

dimσ=q
σ compact

F(σ) and CBM
q (X;F) =

⊕
dimσ=q

F(σ).

The boundary maps ∂ : Cq(X;F) → Cq−1(X;F) are the usual cellular boundary maps
combined with the cosheaf maps iστ .

The q-th (Borel-Moore) homology groups of F on X are

Hq(X;F) = Hq(C•(X;F)) and HBM
q (X;F) = Hq(C

BM
• (X;F)).
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A morphism F → G of cellular cosheaves on a polyhedral complex X is a collection of
morphisms F(τ) → G(τ) for every face τ of X which commute with the restriction maps
of both F and G. We get the induced notions of kernels, cokernels, and exact sequences
of morphisms of cellular cosheaves on X.

Let X be a non-singular tropical subvariety of a tropical toric variety TΣ defined by
a fan Σ. If OT

ρ and OT
η are two strata corresponding to cones ρ ⊂ η of Σ then there is a

canonical projection map of tangent spaces producing the map

πρη : TZ(OT
ρ ) → TZ(OT

η ). (3.5)

If σ is a polyhedron of sedentarity ρ such that σ ∩ OT
η ̸= ∅, then πρη maps TZ(σ) onto

TZ(σ ∩ OT
ρ ).

Definition 3.7.1. Let X be a polyhedral complex in TΣ. The p-multi-tangent spaces of
X are cellular cosheaves Fp on X defined as follows. For a face τ ∈ X of sedentarity ρ,
we set

Fp(τ) =
∑

τ⊂σ⊂TΣρ

p∧
TZ(σ). (3.6)

Given τ ′ ⊂ τ of sedentarity η, the maps of the cellular cosheaf iττ ′ : Fp(τ) → Fp(τ
′) are

given by composing ∧pπρη :
∧p TZ(σ) →

∧p TZ(σ ∩ TΣη) from (3.5) with the inclusion
maps

∧p TZ(σ ∩ TΣη) → Fp(τ
′).

The groups

Hq(X;Fp) and HBM
q (X;Fp)

are called the (p, q)-th (Borel-Moore) tropical homology group.

We define the (Borel-Moore) tropical signature of X as

σ⋄(X) :=
∑
p,q

(−1)qH⋄
q (X;Fp),

where ⋄ is either empty, denoting usual homology, or ⋄ is BM, denoting Borel-Moore
homology. Notice that σ⋄(X) is also equal to

∑
p,q(−1)qH⋄

q (X;Fp ⊗Q).

Let’s go back to the case of hypersurfaces. It is shown in [BdMR22] that one can still
define an analogue of tropical homology over non-convex triangulation. It is done by means
of so-called poset homology. We recall briefly this theory here. Let P be a poset. One can
view P as a category, whose objects are its elments and whose morphisms are the ordered
pairs x ≤P y. For any ring R, an R-cosheaf F on P is a contravariant functor ιF from P
to the category of R-modules. Given additional assumptions on P as explain below, one
can associate a differential complex (C•(P ;F), ∂) to any cosheaf F . A cover relation in
P is a pair x ⋖ y such that there exists no z ∈ P with x < z < y. A grading on P is a
function dim : P → Z such that dim(y) − dim(x) = 1 for any cover relation x ⋖ y . An
interval of length 2 is an interval [x, y] such that dim(y) − dim(x) = 2. We say that P
is thin if every interval of length 2 contains exactly 4 elements. A signature is a map s
from the set of all cover relations of P to {±1}, and it is called balanced if any interval of
length 2 contains an odd number of −1’s. Given a graded, thin poset P with a balanced
signature and a cosheaf F on P , its differential complex is defined by

Cq(P ;F) =
⊕

dim(x)=q

F(x), ∂ : Cq(P ;F) → Cq−1(P ;F),
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where for all x ∈ P of dimension q, one has

∂|F(x)(a) =
∑
y⋖x

s(y ⋖ x)ι(y ≤P x)(a).

Since the poset is thin, we have ∂2 = 0. The homology groups of (C•(P ;F), ∂) are denoted
as usual by H•(P ;F). If a subset U of P is closed under taking larger elements (sometimes
U is called open), one can restrict the differential complex and the homology groups to
U . We denote this restriction by C•(U ;F) and H•(U ;F). Also maps of cosheaves induce
maps between homology groups, and short exact sequences of cosheaves induce long exact
sequences of homology groups.

3.8 Reflexive polytopes and Batyrev mirror symmetry

A lattice polytope ∆ is called reflexive if it is defined by a system of inequalities
⟨v, u⟩ ≤ 1 with v ∈ N and u ∈MR. In particular, it implies that Int(∆) ∩M = {0}, i.e. 0
is the unique interior lattice point of ∆. The dual polytope ∆◦ ⊂ NR is defined as

∆◦ = {u ∈ NR | ⟨u, v⟩ ≤ 1, ∀v ∈ ∆}

If ∆ is reflexive, then ∆◦ is a lattice polytope which is also reflexive and (∆◦)◦ = ∆.

A reflexive polytope ∆ ⊂ MR defines another fan, in the same space MR called the
face fan of ∆ denoted by Ξ∆ whose cones are the cones over the faces of ∆. We have the
following relations

Ξ∆ = Σ∆◦ and Ξ∆◦ = Σ∆.

If ∆ is a regular reflexive polytope, then the cones of Ξ∆◦ are also regular. So all faces
of ∆◦ are simplices with no integer points in the interior. Moreover, if σ is a facet of ∆◦,
then the convex hull of the origin in N with σ is a unimodular simplex.

Given a pair of dual polytopes ∆ and ∆◦, we can consider anticanonical subvarieties
X and X◦ inside CΣ∆ and CΣ∆◦ respectively. These are both Calabi-Yau varieties and
they constitute a so called mirror pair. Typically these varieties, as well as the ambient
toric varieties, will be singular. Sometimes singularities can be resolved in the realm of
Calabi-Yau varieties by a crepant resolution. The easiest way to do this, if possible, is to
consider unimodular convex central subdivisions.

Definition 3.8.1. Let ∆ ⊂MR be a reflexive polytope. A triangulation of ∆ with vertices
in M is called central if it is obtained by taking convex hulls of the origin in M and any
element of a triangulation of the facets of ∆. We will denote by ∂T the simplices of T
which are contained in the boundary ∂∆.

Let T be a unimodular central triangulation of ∆. Denote by ΣT the fan constructed
by taking the cones from the origin of M over the simplices in the subdivision of ∆. This
fan is a refinement of the fan Ξ∆ = Σ∆◦ . So it defines a desingularization CΣT of CΣ∆◦ .

In this article we assume there exist unimodular triangulations T and T ◦ of ∆ and ∆◦

respectively, we do not always assume they are convex. In this case generic anti-canonical
hypersurfaces in CΣT ◦ or CΣT are smooth Calabi-Yau varieties. From now on we will
denote by X and X◦ smooth anticanonical hypersurfaces in CΣT ◦ and CΣT respectively,
instead of the singular ones in CΣ∆ and CΣ∆◦ . When the triangulations are not convex
these may be non-projective. In the projective case, i.e. when T and T ◦ are both convex,



28 Chapitre 3. Preliminaries

Batyrev and Borisov [BB96] proved that the Hodge numbers of X and X◦ satisfy the
following mirror identity (see also [Cox99])

hp,q(X) = hn−p,q(X◦).

This relation is in fact proved in Theorem 4.15 of [BB96] in the case where the Hodge
numbers are replaced by the so called stringy-Hodge numbers, which only depend on
the singular Calabi-Yau. Then, Proposition 1.1 of [BB96] states that the stringy Hodge
numbers coincide with the Hodge numbers of the smooth, projective crepant resolution
given by T and T ◦.



Chapitre 4

Real phase structures on
matroidal fans

In this chapter, we introduce the notion of real phase structure on matroidal fans and
we explain the main steps of the proof of the following theorem from [RRS22].

Theorem 4.0.1. Given a fixed matroid M , there is a natural bijection between orienta-
tions M of M and real phase structure on the matroid fan ΣM . In other words, oriented
matroids and real phase structures on matroid fans are cryptomorphic concepts.

4.1 The definition of real phase structures

Definition 4.1.1. A collection of subsets S1, . . . , Sk ⊂ V is called an even covering if
every element in V is contained in an even number of the sets. Equivalently,

S1△ . . .△Sk = ∅,

where S△T := (S ∪ T ) \ (S ∩ T ) is the symmetric difference.

For a vector space V over F2, we denote by Affd(V ) the set of all affine subspaces in
V of dimension d.

Definition 4.1.2. Let Σ be a rational polyhedral fan of pure dimension d in Rn. A real
phase structure E on Σ is a map

E : Facets(Σ) → Affd(Fn
2 )

such that

1. for every facet σ of Σ, the set E(σ) is an affine subspace of Fn
2 parallel to σ, in

formulas, T (E(σ)) = TF2(σ) ;

2. for every codimension one face τ of Σ with facets σ1, . . . , σk adjacent to it, the sets
E(σ1), . . . , E(σk) are an even covering.

Definition 4.1.3. Let E be a real phase structure on Σ. A reorientation of E is a real
phase structure E ′ obtained by translating all affine subspaces in a real phase structure E
by a fixed vector ε ∈ Fn

2 . In other words E ′(σ) = E(σ) + ε for all σ ∈ Σ.
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Figure 4.1 – Three line arrangements in F3
2 from Example 4.1.6.

We now give an equivalent reformulation of Condition (2) in Definition 4.1.2 in the
case of matroid fans. Notice first that there is a one to one correspondence between real
phase structures on ΣM and PΣM induced by the projection FE

2 → FE
2 /(1, . . . , 1).

Suppose E is a real phase structure on a d-dimensional rational polyhedral fan Σ and
let τ be a codimension 1 face of Σ. Then the affine subspaces E(σi) where σi are the facets
adjacent to τ all contain the direction of the (d− 1)-dimensional linear space TF2(τ). The
even covering property at the codimension one face τ can be equivalently checked on the
lines in Fn

2/TF2(τ) obtained as projections of the E(σi)’s.
Given an arrangement of lines L1, . . . , Lk ∈ Aff1(V ), its intersection complex is the

simplicial complex that consists of a vertex for every line and a simplex on the vertices
i1, . . . , iq for every point in Li1 ∩ · · · ∩ Liq .

Definition 4.1.4. An arrangement of lines L1, . . . , Lk ∈ Aff1(V ) is a necklace of lines
if its intersection complex is a cycle graph. An arrangement of subspaces E1, . . . , Ek ∈
Affd(V ) whose tangent spaces share a d−1-dimensional linear space W is called a necklace
arrangement if the projection to V/W yields lines L1, . . . , Lk forming a necklace of lines.

Remark 4.1.5. We will use this definition exclusively for vector spaces over F2. Under
this assumption, two lines L1, L2 form a necklace if and only if L1 = L2. If a necklace
arrangement consists of more than two lines, then these lines must be pairwise distinct.

For subspace arrangements of higher dimension, note that the definition of necklace
arrangement is independent of the choice of W . Indeed, if this choice is not unique, then
the affine spaces are all parallel and hence form a necklace if and only if k = 2 and
E1 = E2.

Example 4.1.6. Figure 4.1 shows three different line arrangements in F3
2. The points in

F3
2 are represented as vertices of a cube. Lines in Fn

2 are in correspondence with pairs of
points. So in the figure a line is represented by an edge joining two points. The first line
arrangement consists of 4 lines, and the 4 lines considered as subsets of F3

2 do not form
an even cover in the sense of Definition 4.1.1. In the second example, there are 6 lines,
which form an even cover but do not form a necklace arrangement. The third example is
collection of 4 lines forming a necklace arrangement.

We can establish the following alternative for condition (2) in Definition 4.1.2 in the
case of matroid fans.

(2’) For every codimension one face τ of Σ with facets σ1, . . . , σk adjacent to it, the
subspaces E(σ1), . . . , E(σk) form a necklace arrangement.

The proof of the following lemma can be found in [RRS22].
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Lemma 4.1.7. Let E : Facets(Σ) → Affd(Fn
2 ) be a map satisfying condition (1) from

Definition 4.1.2. If E satisfies condition (2’), then it also satisfies condition (2). Moreover,
if Σ = ΣM (or Σ = PΣM ) is an affine (or projective) matroid fan, then the two conditions
are equivalent.

Definition 4.1.8. Given a finite set S, a necklace ordering of S is an equivalence class
of two cyclic orderings of S, which are related by reversing the order. For example, a cycle
graph defines a necklace ordering of its vertices.

Remark 4.1.9. A real phase structure on a matroid fan ΣM determines at every codimen-
sion one face of ΣM a necklace ordering of the facets of ΣM adjacent to the codimension
one face. The necklace ordering is defined by the cycle graph of the necklace line arrange-
ment at each codimension one face. A reorientation of a real phase structure in the sense
of Definition 4.1.3 induces the same necklace ordering of facets adjacent to codimension
one faces as the original real phase structure.

Example 4.1.10. Consider the projective fan of the uniform matroid M = U2,n. The fan
PΣM ⊂ Rn−1 has n edges generated by the images of the vectors v1 = −e1, . . . , vn = −en
in Rn/⟨(1, · · · , 1)⟩. Denote by ρi the image of the vector vi. Note that

∑
vi = 0. Choosing

a real phase structure on PΣM amounts to choosing the following ingredients :

1. A necklace ordering of the n edges corresponding to ρi1 , . . . , ρin ;

2. A point p ∈ Fn−1
2 ≃ Fn

2/⟨(1, · · · , 1)⟩ that serves as the intersection point of E(ρi1)
and E(ρi2).

From this information, a collection of affine lines E(ρi) satisfying the conditions of De-
finition 4.1.2 can be uniquely recovered. For example, the choice of point p determines
both E(ρi1) and E(ρi2), since their tangent spaces are fixed. By the necklace arrangement
property, the point p+

∑j−1
k=2 vik is in the affine line E(ρij ) for j ≥ 3, where the vector sum

is considered mod 2. This determines all of the affine lines E(ρij ).
Figure 4.2 shows the fan PΣM ⊂ R4/⟨(1, 1, 1, 1)⟩ ∼= R3 for M = U2,4 together with an

assignment of affine spaces along its edges that determine a real phase structure. The indu-
ced necklace ordering of the facets is σ2, σ3, σ1, σ4. From Figure 4.2, we see that the point
p is contained in the intersection E(σ2)∩E(σ3). If we set p = (0, 0, 0, 0) ∈ F4

2/⟨(1, 1, 1, 1)⟩,
then the corresponding necklace of lines is the last of the three arrangements in F3

2
∼=

F4
2/⟨(1, 1, 1, 1)⟩ depicted in Figure 4.1.

Example 4.1.11. For the matroid M = Un−1,n we will show that there is a unique real
phase structure on PΣM up to reorientation. Such real phase structures were considered
in [RS23].

By [RS23, Lemma 3.14], a real phase structure E on PΣM satisfies

|
⋃
σ

E(σ)| = 2n−1 − 1.

Therefore there is exactly one element ε in the complement Fn−1
2 \ ∪σ E(σ). Up to reorien-

tation we can suppose that ε = (0, . . . , 0).
Since PΣM is of codimension one in Rn−1, for each facet σ of PΣM there is a choice

of exactly two affine subspaces of Fn−1
2 which are parallel to the reduction of the span of σ

in Fn−1
2 . One of these spaces is an honest vector subspace and hence contains (0, . . . , 0).

Therefore, if we are to associate to each σ an affine subspace E(σ) and wish to avoid
that it contains (0, . . . , 0), then the choice of affine space at each top dimensional face
is determined. This proves that there is at most one real phase structure on PΣM , up to
reorientation in the sense of Definition 4.1.3.
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p+ v3 + TZ2(σ1)

p+ TZ2(σ3)

p+ TZ2(σ2)

p+ v2 + TZ2(σ4)

Figure 4.2 – The projective fan of the matroid U2,4 from Example 4.1.10 drawn in
R4/⟨(1, . . . , 1)⟩ with the labelling of the faces indicating the assignment of an affine space
E(σi) parallel to TZ2(σi).

4.2 Deletion and contraction of real phase structures

We briefly recall the notion of minors of a matroid. LetM be a matroid with ground set
E and rank function rk. For S ⊂ E, then the deletion of S is the matroidM\S with ground
set E\S and rank function rkM\S(A) = rkM (A). The contraction ofM by S is the matroid
M/S whose ground set is again E\S and rank function rkM/S(A) = rkM (A∪S)−rkM (A).
Lastly, the restriction of M to S is the matroid M |S whose ground set is S and rank
function rkM |S is the restriction of rkM . Notice that M |S = M\Sc, where Sc = E \ S. A
minor of a matroid M is any matroid obtained from M by a sequence of deletions and
contractions.

For any subset A ⊂ E, we denote by pA : RE → RE\A the projection which forgets
the coordinates xi for all i ∈ A. If the matroid M has loops L ⊆ E, we use the same
notation for the projection pA : RE\L → RE\(L∪A). We also use the shorthand pi in the
case A = {i}.

If i is a loop or coloop of M , then M\i = M/i, so deletion and contraction are
equivalent. The support of ΣM\i is the image of the projection of the matroid fan ΣM

under the projection pi. Note that this is also true if i is a loop, in which case, according
to our conventions, ΣM\i = ΣM and pi = id. If i is not a coloop, then the facets of ΣM\i
are the projections of facets of ΣM whose dimensions are preserved under pi.

Suppose that i is not a loop of M . Note that by our convention regarding loops,
we have ΣM/i = ΣM/cl(i). The support of the matroid fan of M/i is the set {x ∈
RE\cl(i) | |p−1

cl(i)(x)| > 1}. The facets of ΣM/i are the images of facets of ΣM whose di-
mensions are not preserved under the projection by pcl(i). More details on the geometry of
ΣM , ΣM\i, and ΣM/i and their relations under pi can be found in [Sha13, Section 2] and
also [FR13, Section 3].

A real phase structure on the fan of a matroid M induces canonical real phase struc-
tures on the fans of all minors of M . We will describe the induced real phase structures
for elementary deletions and contractions of a matroid M . The geometric idea is very
simple : Given a facet σ of the matroid fan of a minor, we pick a facet σ̃ of ΣM that
projects to σ. Then the affine space associated to σ is the projection of E(σ̃). Given that
we work with the fine subdivision of ΣM induced by the lattice of flats, the choice of σ̃ is
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in general not unique. To simplify the proofs in the following sections, we make a specific
choice for σ̃. However, Definition 4.2.1 is independent of this choice, as discussed after the
definition. For σ a facet of ΣM\i, let p

∗
i (σ) be the facet of ΣM which is obtained by taking

the closure in M of all the flats of M\i occurring in the chain of flats describing σ when
i is not a coloop of M . If i is a coloop of M , prolongate the chain by one piece by adding
i everywhere. Note that pi(p

∗
i (σ)) = σ. Moreover, if i is not a coloop p∗i (σ) is the unique

facet that projects to σ. For σ a facet in ΣM/i corresponding to the chain of flats

∅ =⊊ F1 ⊊ · · · ⊊ Fk ⊊ E \ cl(i),

set p⋄cl(i)(σ) to be the facet of ΣM given by the chain

cl(∅) ⊆ cl(i) ⊊ F1 ⊔ cl(i) ⊊ · · · ⊊ Fl ⊔ cl(i) ⊊ E.

Note that pcl(i)(p
⋄
cl(i)(σ)) = σ. By abuse of notation, we use the same letter pA for the

reduction mod 2 counterpart pA : FE
2 → FE\A

2 .

Definition 4.2.1. Let E be a real phase structure for the matroid fan ΣM and choose
i ∈ E. The deletion E\i is the real phase structure on ΣM\i given by

(E\i)(σ) = pi(E(p∗i (σ)))

for any facet σ of ΣM\i. The contraction E/i is the real phase structure on ΣM/i given by

(E/i)(σ) = pcl(i)(E(p⋄cl(i)(σ)))

for any facet σ of ΣM/i.

As previously mentioned, for σ a facet of either ΣM\i or ΣM/i, we are free to replace
p∗i (σ) or p

⋄
cl(i)(σ) in the above definition with any facet of ΣM which projects onto σ under

pi or pcl(i), respectively. Any such facet will be contained in the same facet of the coarsest
subdivision of the support of ΣM as the facets p∗i (σ) or p⋄cl(i)(σ), respectively. Therefore,

Conditions (1) and (2) of a real phase structure imply that E must assign the same affine
space to any such choice of face. Both propositions are proved in [RRS22].

Proposition 4.2.2. The maps E\i and E/i from Definition 4.2.1 define real phase struc-
tures on ΣM\i and ΣM/i respectively.

Proposition 4.2.3. Let E be a real phase structure for the matroid fan ΣM of the matroid
M and choose i ̸= j ∈ E. Then

E\i\j = E\j\i,
E\i/j = E/j\i,
E/i/j = E/j/i.

This proposition shows that one can reorder the sequence of deletions and contractions
without changing the result. So we can iterate the operations of deletion and contraction
to construct general minors E\A/B.
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4.3 Matroid orientations and real phase structures

Here we will produce a real phase structure on a matroid fan from an oriented matroid.
We will use the covector description of oriented matroids. For an oriented matroid M, on
ground set E, the covectors of M are a subset C ⊆ {0,+1,−1}E . Let X ∈ C. For i ∈ E,
the i-th coordinate of X is denoted by Xi. The positive and negative parts of X are
respectively

X+ := {i ∈ E | Xi = +1} ,

and

X− := {i ∈ E | Xi = −1} .

The support of X is

Supp(X) := {i ∈ E | Xi ̸= 0} .

The composition operation ◦ on covectors X and Y is defined by

(X ◦ Y )i =

{
Xi if Xi ̸= 0

Yi if Xi = 0.

The separation set S(X,Y ) is defined by

S(X,Y ) := {i ∈ E | Xi = −Yi ̸= 0} .

The covectors of an oriented matroid satisfy the following axioms :

1. 0 ∈ C

2. X ∈ C if and only if −X ∈ C

3. X,Y ∈ C implies that X ◦ Y ∈ C

4. If X,Y ∈ C and i ∈ S(X,Y ) then there exists a Z ∈ C such that Zi = 0 and
Zj = (X ◦ Y )j = (Y ◦X)j for all j ̸∈ S(X,Y ).

The set of covectors C forms a lattice under the partial order 0 < +1,−1 considered
coordinatewise. There is a forgetful map ϕ from oriented matroids to matroids which
preserves rank and the size of the ground set. Given an oriented matroid M, we let
M = ϕ(M) denote its underlying matroid. We can describe the forgetful map on the level
of the covector lattice C of M and the lattice of flats L of M . Given a covector X ∈ C
the forgetful map assigns ϕ(X) = Supp(X)c ∈ L where Ac denotes E \ A. The image
of a covector of the oriented matroid under the forgetful map is a flat of the underlying
matroid [BLVS+99, Proposition 4.1.13].

The set of topes T are the maximal covectors with respect to the partial order on
C. If the underlying matroid of M has no loops we have T ⊆ {+1,−1}|E|. Let M be
an oriented matroid with collection of topes T and underlying lattice of flats L. For
F ∈ L and T ∈ T , we denote by T \ F ∈ {0,+1,−1}E the vector obtained by setting all
coordinates in F to 0. We say F is adjacent to T if T \F ∈ C. More generally, given a flag
F := F0 ⊊ F1 ⊊ F2 ⊊ · · · ⊊ Fk of flats in L, we define the set of topes adjacent to F by

T (F) = {T ∈ T | T \ Fi ∈ C for all i = 0, . . . , k}.
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l1

l2

l3

l4

Figure 4.3 – The intersection of a real arrangement of 4 generic planes in R3 with the
unit sphere. Assigning the covector (+,+,+,+) to the region bounded by the spherical
triangle facing the viewer formed by l1, l2, l3 determines the covectors of all regions.

Example 4.3.1. A set H1, . . . ,Hn of hyperplanes in Rr defined by linear forms l1, . . . , ln
produces an oriented matroid on {1, . . . , n}. The underlying matroid on {1, . . . , n} is gi-
ven by the rank function rk(A) = codim(∩i∈AHi). A covector corresponds to a cell of
the decomposition of Rr induced by the positive regions H+

i = {li(x) ≥ 0} and negative
regions H−

i = {li(x) ≤ 0}. Assuming that none of the linear forms are identically equal
to zero, the topes are in bijection with the cells in the complement of the arrangement.
The flat associated to a covector is in bijection with the set of hyperplanes containing the
corresponding cell. Figure 4.3, shows the intersection of an arrangement of four planes
in R3 with a sphere. The underlying matroid of this arrangement is the uniform matroid
U3,4. There are 14 cells of dimension two in the subdivision of the sphere induced by the
intersections of the four planes. These are the topes of the oriented matroid. Each cell of
the complement is labelled by a tuple {+,−}4 corresponding to the sign of the linear forms
l1, . . . , l4 evaluated at a point in the open cell.

Remark 4.3.2. If T is a tope then T ◦ X = T for any X and X ◦ T is always another
tope, which is distinct from T if and only if X+ ⊈ T+ or X− ⊈ T−. Given a subset
F ⊂ E, the reflection rF (X) of a covector X in F is given by flipping the signs for all
e ∈ F while keeping the signs for e ∈ E \ F . The reflection of a covector X in a flat F is
not always a covector of the oriented matroid. However, note that if F is adjacent to the
tope T , then rF (T ) is also a tope. Indeed, setting X = T \ F , note that we can rewrite
rF (T ) = X ◦ (−T ), hence the statement.

Recall that given any flat F of M , there is a vector in ΣM defined by vF :=
∑

i∈F vi,
where vi = −ei, see Section 3.6. We denote by εF the reduction of vF modulo 2. Note that
rF ((−1)ε) = (−1)ε+εF .

Remark 4.3.3. We would like to make the following remark on our choice of conventions.
In this paper, we use both the multiplicative and additive notation on the group of two
elements ({0, 1},+) and ({1,−1}, ·). When speaking of real phase structures we work with
vector spaces over F2, therefore it is preferable to use the additive notation and denote
the field of two elements by {0, 1}. On the other hand it is tradition that the covectors of
oriented matroids take values in {0,+,−} and we also make use of the group structure
on {+,−}. We routinely use the notation ε to denote elements of the field {0, 1} or of
vector spaces over this field. We use uppercase roman letters, for example, X,Y, T , to
denote covectors. Covectors can be multiplied entry by entry and this operation is denoted
by T · T ′.
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To go from the additive group notation to the multiplicative group notation for vectors,
we use (−1)ε = ((−1)ε1 , . . . , (−1)εn), where ε = (ε1, . . . , εn). This defines a bijection

FE
2 → {+1,−1}E , (4.1)

ε 7→ (−1)ε.

Definition 4.3.4. Let M be a loopfree oriented matroid on the ground set E and let ΣM ⊆
RE the fan of the underlying matroid M = M. For every facet σF of ΣM corresponding
to the maximal flag of flats F , we set

EM(σF ) = {ε | (−1)ε ∈ T (F)} ⊆ FE
2 .

If M has loops L = cl(∅), we set EM(σ) := EM\L(σ) ⊆ FE\L
2 .

The following proposition is proved in [RRS22].

Proposition 4.3.5. The map EM : Facets(ΣM ) → Affd(F
E\cl(∅)
2 ) from Definition 4.3.4

defines a real phase structure on ΣM .

To summarise, we have constructed a map from orientations of M (that is, oriented
matroids M such that M =M) to real phase structures on ΣM ,

{Orientation of M} {Real phase structure on ΣM},E (4.2)

which is given by E(M) = EM. The main result of this paper claims that this map is
bijective. We note that the map is injective, since the topes of M can be recovered from
E as

T = {(−1)ε | ε ∈
⋃
σ

E(σ)},

where σ runs through all facets of ΣM and moreover, an oriented matroid is determined
by its collection of topes [dS95].

Remark 4.3.6. Given an oriented matroid M and a subset S ⊂ E, the reorientation of
M along S is the oriented matroid M′ whose topes are the covectors rS(T ) for any tope
T of M. Clearly, in this case EM′ is a reorientation of EM (in the sense of Definition
4.1.3) with translation vector εS. Hence the map E from (4.2) descends to a map modulo
reorientations on both sides.

Example 4.3.7. Here we consider the matroid M = U2,n and describe how we can
construct an inverse to the map in (4.2). By Example 4.1.10, a real phase structure E
on ΣM determines a necklace ordering of {1, . . . , n}. Note that Example 4.1.10 described
the projective matroid fan which can be obtained from ΣM by quotienting by (1, . . . , 1). To
determine an orientation of M from the real phase structure E, let H1, . . . ,Hn ⊂ R2 be a
collection of pairwise distinct lines passing through the origin in R2, arranged so that the
clockwise/anticlockwise appearance of these lines when making a turn around the origin
defines the same necklace ordering on {1, . . . , n} as the real phase structure E. Two lines
Hi, Hj border a chamber of R2 if and only if E(σi) ∩ E(σj) ̸= ∅. Moreover, if this is satis-
fied then Hi, Hj border exactly two chambers which are related by the antipodal map. If the
intersection of the two affine spaces E(σi) and E(σj) is non-empty, then it consists of two
points ε, ε′ = ε + (1, . . . , 1). Assigning (−1)ε to one of the chambers bordered by Hi, Hj

and (−1)ε
′
to the other chamber determines an orientation of U2,n. See Figure 4.4 for the

example of the 4 lines in R2 corresponding to the real phase structure on the projective fan
of U2,4 from Figure 4.2. This procedure associates to any real phase structure on ΣM , an
orientation of M and it is easily checked that it provides an inverse map to E from (4.2).
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H3

H4

H1

H2

(+,+,+,+)

(+,+,−,+)

(−,+,−,+)(−,+,−,−)

(−,−,−,−)

(−,−,+,−)

(+,−,+,+)(+,−,+,−)

Figure 4.4 – An arrangement of 4 lines through the origin in R2 as used in Example
4.3.7 to go from real phase structures to oriented matroids. The necklace ordering of the
lines corresponds to the necklace ordering of the facets of PΣM defined by the real phase
structure in Figure 4.2.

Example 4.3.8. Here we consider the matroid M = Un−1,n. Orientations of M can be
constructed from generic real hyperplane arrangements like in Example 4.3.1. Moreover,
in Example 4.1.11 we showed that ΣM carries a unique real phase structure up to reorien-
tation. By Remark 4.3.6, the map (4.2) is surjective and hence bijective. An analogous
discussion shows that (4.2) is bijective for M = U1,n.

Our main theorem is to prove the equivalence of real phase structures on matroid
fans and matroid orientations. In the more general framework of matroids over hyper-
fields, oriented matroids are identical to matroids over the sign hyperfield S = {0,+,−}
[BB18]. More precisely, a chirotope describing an oriented matroid can be interpreted as
Grassmann-Plücker function on Er with values in S. Correspondingly, the affine subspaces
provided by real phase structures live in a vector space over F2

∼= S∗. For a general hyper-
field H the non-zero elements form a group H∗ under multiplication and we can exchange
the role of affine subspaces of Fn

2 for cosets of subgroups of (H∗)n.

Question. Can matroids over a general hyperfield H be equivalently formulated by speci-
fying cosets of the group (H∗)n on top dimensional faces of a matroid fan Σ ⊆ Rn ?

4.3.1 Real subfans and oriented matroid quotients

In this subsection, we introduce the concept of real subfans and study their relationship
to oriented matroid quotients. Besides the intrinsic importance of these constructions, they
will be used in the following subsection in the induction step in the proof of Theorem 4.0.1.

Given a real phase structure E on a polyhedral fan Σ, we extend the definition of E to
non-maximal cones τ ∈ Σ by setting

E(τ) =
⋃

σ facet
τ⊂σ

E(σ).

As an example, note that if E = EM is induced by an oriented matroid M, the description
of E(σF ) as the set of elements ε such that (−1)ε is adjacent to F extends to non-maximal
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cones σF , that is,
EM(σF ) = {ε | (−1)ε ∈ T (F)} ⊆ FE

2 . (4.3)

The set above no longer has the structure of an affine subspace over FE
2 when σF is not a

top dimensional face of the fan.

Definition 4.3.9. Given a real phase structure E ′ on a fan Σ′, we say that (Σ′, E ′) is a
real subfan of (Σ, E) if Σ′ ⊆ Σ and for any τ ∈ Σ′ we have E ′(τ) ⊆ E(τ).

Real subfans occur naturally when considering the pair of contraction and deletion of
a real phase structure along the same subset, as the following proposition shows (its proof
can be found in [RRS22]).

Proposition 4.3.10. Let M be a matroid on the ground set E and let E be real phase
structure on ΣM . Let F be a flat ofM . Then (ΣM/F , E/F ) is a real subfan of (ΣM\F , E\F ).

We denote by M1 and M2 two oriented matroids on the same ground set E. For
i = 1, 2, we denote by Mi, Σi, Ei the underlying matroids, associated matroid fans, and
associated real phase structures, respectively.

We call M1 a quotient of M2 if all covectors of M1 are covectors of M2, see [BLVS
+99,

Section 7.7]. In this case, M1 is a quotient of M2, that is, all flats of M1 are flats of M2,
see [BLVS+99, Corollary 7.7.3].

Proposition 4.3.11. Let M1 and M2 be two loopfree oriented matroids on E. Then M1

is a quotient of M2 if and only if (Σ1, E1) is a real subfan of (Σ2, E2).

For a proof, we refer to [RRS22].

Example 4.3.12. For M = U3,4, the choice of a real phase structure on ΣM ⊂ R4 is
equivalent to the choice of ε ∈ F4

2 such that ε, ε′ ̸∈ ∪σE(σ), where ε′ = ε+ (1, . . . , 1).
The uniform matroid M ′ = U2,4 is an ordinary matroid quotient of U3,4. Given a real

phase structure E on M , there are 12 real phase structures on M ′ such that ΣM ′ equipped
with one of these real phase structures produces a real subfan of (ΣM , E). We now describe
them. For every i ∈ {1, . . . , 4} consider the chain of flats

Fi := {∅ ⊂ {i} ⊂ {1, 2, 3, 4}} .

The corresponding cone σi is in both ΣM and ΣM ′. The set E(σi) consists of three affine
spaces of dimension 3 in F4

2 which form a necklace arrangement. Moreover, the complement
F4
2\E(σi) is the unique affine space of dimension two parallel to TF2(σi) containing the

points ε, ε′.
Contained in E(σi) there are precisely 3 affine spaces of dimension 2 parallel to TF2(σi).

These three affine spaces arise as the intersections of the 3-dimensional affine spaces in
the necklace arrangement at σi. It follows from this that if E ′(0) ⊂ E(0), then (ΣM ′ , E ′)
is a real subfan of (ΣM , E). This is because if E ′(0) ⊂ E(0) then for each face σi the
affine space E ′(σi) cannot be equal to the 2-dimensional affine space F4

2\E(σi), and hence
E ′(σi) ⊂ E(σi).

Following the description from Example 4.1.10, there are a total of 24 real phase struc-
tures on ΣM ′ given by combining the choice of 3 necklace orderings and a choice of the
points in the intersection E ′(σi1) ∩ E ′(σi2) where i1 and i2 are consecutive faces in the
necklace ordering. Of the 24 real phase structures there are exactly 12 which contain ε, ε′

and 12 which do not contain them. Therefore, for M ′ = U2,4 there are a total of 12 real
subfans (ΣM ′ , E ′) of (ΣM , E) for a fixed real phase structure E.
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The uniform matroid M ′′ = U1,4 is also an ordinary matroid quotient of U3,4. The
matroid fan of M ′′ = U1,4 is just a point which we denote by 0. A real phase structure E ′

on ΣM ′′ produces a real subfan of (ΣM , E) if and only if E ′′(0) ̸= {ε, ε′}.

Following Theorem 4.0.1, the containment E ′(0) ⊂ E(0) corresponds to containment
of topes of the corresponding oriented matroids. This relation between oriented matroids
corresponds to weak maps, [BLVS+99, Proposition 7.7.5]. The condition of being a real
phase subfan is not always equivalent to having E ′(0) ⊂ E(0) as the next example shows.

Example 4.3.13. Consider again the uniform matroid M = U3,4. The rank 2 matroid N
on E = {1, . . . , 4} where 1, 2 are parallel and 3, 4 are parallel is also an ordinary matroid
quotient of U3,4. The matroid fan of N is an affine space of dimension 2 in R4 and hence
there are 4 possible real phase structures on ΣN . However, only one of these possible real
phase structures produces a real subfan of (ΣM , E). Indeed, if ρ1 and ρ2 denote the two
half spaces which are top dimensional cones of ΣM , then E(ρ1) and E(ρ2) are transversely
intersecting affine subpaces of dimension 3 in F4

2, and hence their intersection E(ρ1)∩E(ρ2)
gives the unique real phase structure on ΣN yielding a real subfan. Yet three out of the
four real phase structures on ΣN satisfy E ′(0) ⊂ E(0) and hence correspond to weak maps
of oriented matroids.

4.3.2 The proof of Theorem 4.0.1

In this section we indicate how to prove Theorem 4.0.1. The idea of the proof is
a follows : We use double induction on rank and corank of M . The induction step is
governed by corank 1 quotients of oriented matroids and (real) tropical modifications,
respectively. The crucial ingredient on the oriented matroid side is the positive answer to
the factorization problem in corank 1. We start by recalling the related facts.

Let M1 be a quotient of M2. The factorization problem asks the question whether
there exists an oriented matroid M on a larger ground set E′ ⊃ E such that rkM(Ec) =
rk(M2)− rk(M1), M1 = M/Ec and M2 = M\Ec = M|E.

Interestingly, the general answer to this question is no, see [Ric93]. For our purposes,
however, it sufficient to consider rk(M2)−rk(M1) = 1, in which case the answer is positive
[RZ94]. Here we present a slight generalization of the statement, which allows for parallel
elements. The proofs can be found in [RRS22].

Lemma 4.3.14. Let E′ = E ⊔ F be a finite set. Let M1 and M2 be oriented matroids
on E such that M1 is a quotient of M2 and rk(M2)− rk(M1) = 1. Then there exists an
oriented matroid M on E′ such that rM(F ) = 1, F contains no loops of M, M/F = M1

and M\F = M2. Moreover, the oriented matroid M is unique up to reorientation of
elements in F .

Lemma 4.3.15. Let M be a matroid on E and let F be a flat of rank 1. Let E and E ′ be
two real phase structures on ΣM such that E/F = E ′/F and E\F = E ′\F . Then E and E ′

agree up to reorientation by an element ε in the kernel of pF .

Lemma 4.3.15 and Lemma 4.3.10 tell us that deletion and contraction of real phase
structures behave as expected in relation to oriented matroid quotients and real subfans
in Proposition 4.3.11. Combining this with the existence of rank 1 extensions proved in
Lemma 4.3.14, we are able to prove Theorem 4.0.1.

Proof of Theorem 4.0.1. We need to show that any real phase structure E on a matroid
fan ΣM can be represented as E = EM for some oriented matroid M. We proceed by
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double induction on rank and corank. The base cases for the induction are U0,n and Un,n

and they are trivial.
In the general case, let F be an arbitrary flat ofM of rank 1. Without loss of generality

we may assume that M is loopfree. By the induction assumption, the real phase struc-
tures E/F and E\F are represented by oriented matroids, say M1 and M2, respectively.
By Lemma 4.3.10 and Proposition 4.3.11 we know that M1 is a quotient of M2. If F is a
connected component ofM , then the claim follows from the induction assumption applied
to each connected component. Otherwise, we have rk(M2) − rk(M1) = 1. By Lemma
4.3.14, there exists an oriented matroid M on E such that rM(F ) = 1, the flat F contains
no loops of M, M/F = M1 and M\F = M2. Since M/F = M/F and M\F = M\F ,
the uniqueness of this extension for ordinary matroids implies that M = M , see [Whi86,
Proposition 8.3.1]. It follows that E ′ = EM and E are two real phase structures on ΣM

whose deletion and contraction along F agree. By Lemma 4.3.15, they agree up to reorien-
tation along some ε. Since reorientations of oriented matroids and real phase structures
are compatible, this shows that the corresponding reorientation of M represents E , which
proves the claim.

Remark 4.3.16. The previous discussion shows that oriented matroid quotients (or real
subfans of codimension 1 of matroid fans) play a special role. In general, if (Σ1, E1) is a real
subfan of (Σ2, E2), we may ask whether this inclusion can be completed to a chain of real
subfans whose dimensions increase by one in each step. Interestingly, there is a counter-
example of Richter-Gebert [Ric93, Corollary 3.4] which shows that this is in general not the
case. It tropical language, it gives rise to a pair of real matroid subfans (Σ1, E1) ⊂ (Σ2, E2)
with dimΣ1 = 1 and dimΣ2 = 3 such that there exists no real matroid fan (Σ, E) such
that (Σ1, E1) ⊊ (Σ, E) ⊊ (Σ2, E2).

This is in contrast to non-oriented matroids (equivalently, matroid fans without real
phase structures), where the factorization problem can be answered affirmatively and hence
such chains always exist [Whi86, Chapter 8.2]
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Real phase structures on
non-singular tropical varieties

5.1 Non-singular patchworks : the definition

Let M be a n-dimensional lattice and let Σ ⊂ NR = Hom(M,R) be a rational strongly
convex polyhedral fan. LetX ⊂ TΣ be a non-singular tropical variety. Assume for simpicity
that the relative interior of any facet of X is of order of sedentarity 0 (meaning that it
is contained in the tropical orbit OT

0
∼= Rn). We refer to [RRS23] for the more general

situation. Assume also that X is of pure dimension, and denote it by d.

Definition 5.1.1. A real phase structure on X is a map

E : Facets(X) → Affd(N ⊗ F2)

satisfying

1. for every facet σ of X, the set E(σ) is an affine subspace of N ⊗ F2 parallel to σ.

2. for every codimension one face τ of X with facets σ1, . . . , σk adjacent to it, the sets
E(σ1), . . . , E(σk) are an even covering.

Remark 5.1.2. The definition is exactly the same as the real phase structure of a fan,
and in fact we could define the same way a real phase structure on any rational polyhedral
complex in TΣ. We restrict ourself to the case of a tropical variety because it is the case
we are interested in here.

We extend the real phase structure to faces of X of any dimension. Remind some
notations from Section 3.2. If ρ is a cone of a fan Σ, we denote Z(ρ) = Hom(ρ⊥ ∩M,Z)
and F2(ρ) = Z(ρ)⊗ F2 and also R(ρ) the tropical orbit OT

ρ = Hom(ρ⊥ ∩M,T). Given an
arbitrary face τ ⊂ X of sedentarity η, we set

E(τ) =
⋃

σ∈Facets(X )
τ⊂σ

π(E(σ)),

where π denotes the canonical projection π : N ⊗ F2 → F2(η). Note that in general E(τ)
is not an affine subspace of F2(η).

Example 5.1.3. The tropical line in TP 2 from Example 3.5.2 contains three points of
non-zero sedentarity. The projection of the affine vector spaces Eσ1 , Eσ2 for the horizontal
and vertical edges are simply 0 ∈ F1(TPn+1

{1} ) ⊗ F2 and 0 ∈ F1(TPn+1
{2} ) ⊗ F2, respectively.

For the diagonal edge we obtain Eσ0 = 1 ∈ F1(TPn+1
{0} )⊗ F2.
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•{0}
{(0, 0), (1, 0)}

σ1

•
{0}

{(0, 0), (0, 1)}

σ2

•{1}

{(0, 1), (1, 0)}

σ0

Figure 5.1 – The extension of the real phase structure on the tropical line from Example
3.5.2 to faces of non-zero sedentarity.

Example 5.1.4. The real phase structure on the tropical plane X ⊂ TP 3 from Example
3.5.3 can be extended to the facets of all strata XI for I a proper subset of {0, . . . , n+1}. If
|I| = 1 then XI is a tropical line in as in Example 3.5.2. Consider for example I = {1} and
the facet ρ2 = σ12 ∩ X{1}. The projection πσ12ρ2 has kernel the first coordinate direction

and therefore Eρ2 = ⟨e1, e2⟩/⟨e1⟩ ⊂ F1(TP3
{1}) ⊗ F2. Furthermore, X{12} is a point and

EX{12} = 0.

Recall from the preliminaries (see also [GKZ08]) that the real toric variety RΣ is
homeomorphic to the following space ⊔

ξ∈Hom(M,F2)

TΣ(ξ)/ ∼, (5.1)

where the TΣ(ξ) are disjoint copies of TΣ and (p, ξ) ∼ (p′, ξ′) if and only if p = p′ and
ξ|σ⊥ = ξ′|σ⊥ for the unique cone σ such that p ∈ OT

σ . We will denote the quotient 5.1 by
RTΣ. It is a cellular complex homeomorphic to RΣ as a topological spave but having its
own cellular structure. For example the spaces RTn and RTPn are obtained by gluing 2n

copies of Tn and TPn respectively and are homeomorphic to Rn and RPn respectively. To
explain the connection to the real toric variety RΣ, first note that log : (R≥, ·) → (T,+)
(with log(0) = −∞) is an isomorphism of semigroups. Moreover, R can be described as
the semigroup quotient of R≥×F2 modulo {0}×Z2. Hence we get an extended semigroup
homomorphism logR : R → RT. These semigroup homomorphisms yield homeomorphisms
Log : R≥Σ → TΣ and LogR : RΣ → RTΣ. Note also that this construction is a tropical
reformulation of for example [GKZ08, Theorem 11.5.4].

Example 5.1.5. We consider the tropical affine space TΣ = Tn. In continuation of the

notation introduced in Example 3.1.2, given A ⊂ E = {1, . . . , n} and ε ∈ FE\A
2 , we denote

by Tn
A(ε) the corresponding copy of Tn

A in RTn. Instead of tuples (A, ε), we can alternatively
label the strata of RTn by the set of signed vectors C ∈ {0,+1,−1}n. The connection is
given by setting A = E \ supp(C) and C|supp(C) = (−1)ε.

For i = 1, . . . , n, we use the shorthand Hi :=
⋃

ε∈FE\{i}
2

Tn
{i}(ε) ⊂ RTn. Under LogR,

this subset corresponds to the coordinate hyperplane {xi = 0} ⊂ Rn.

Given a polyhedron σ in OT
ρ and ε ∈ F2(ρ), we let σ(ε) denote the copy of σ in RTΣ.

We extend the notion of polyhedral complex from TΣ to RTΣ by declaring the sets σ(ε)
to be the polyhedra of RTΣ.
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Definition 5.1.6. Let X be a non-singular tropical variety in TΣ equipped with a real
phase structure E. The patchwork of (X, E) is the polyhedral complex REX in RTΣ given
by

REX = {σ(ε) : σ ⊂ X, ε ∈ E(σ)}.

5.2 Non-singular patchworks are topological manifold

In this section we give a proof of the following theorem. See [RRS23] for eventually
more details.

Theorem 5.2.1. Let X ⊂ TΣ be a non-singular tropical subvariety of a tropical toric
variety TΣ. Let E be a real phase structure on X. Then the patchwork REX is a topological
manifold.

We start with two essential examples describing the faces of the simplicial complexe
coming from patchworking closure of (affine and projective) matroidal fans

Example 5.2.2. Let M be an oriented matroid with underlying matroid M and let E
be the associated real phase structure on ΣM . Hence E is also a real phase structure on
ΣM ⊂ Tn. By combining Example 5.1.5 with the definition of E, we see that the faces of the
polyhedral complex REΣM ⊂ RTn are labelled by the chains of covectors 0 < Z1 < · · · < Zl

from M. The lattice of covectors is called sometime the big face lattice. See [BLVS+99,
Definition 4.1.2]. The final covector Zl determines the stratum of RTn that contains the
face. The associated chain of flats Fi = ϕ(Zl−i) determines the corresponding face of ΣM .
The map ϕ here denotes the forgetful map from oriented matroids to matroids sending a
covector X to the flat Supp(X)c, see Section 4.3. In particular, the intersection Hi∩REΣM

is the subcomplex corresponding to all chains such that i ∈ ϕ(Zl).

Example 5.2.3. Let M be an oriented matroid with underlying matroid M and let E be
the associated real phase structure on PΣM ⊂ Rn+1/(1, . . . , 1) ≃ Rn. Again, we denote by
the same letter the induced real phase structure on PΣM ⊂ TPn.

Pick ε ∈ Zn+1
2 such that T = (−1)ε is a tope of M. We denote by TPn(ε) ⊂ RTPn

the copy of TPn in RTPn obtained as the projection of Tn+1(ε). We are interested in the
polyhedral complex REPΣM ∩ ∂TPn(ε). By Examples 3.1.2 and 5.2.2, it is a simplicial
complex whose faces are labelled by chains of covectors 0 < Z1 < · · · < Zl < T or, in other
words, chains of flats ∅ ⊊ F1 ⊊ · · · ⊊ Fl ⊊ E which are touching T . The lattice of flats
touching ε is known as the Las Vergnas lattice of M with respect to T . We denote it by
FM
lv (T ). See [BLVS+99, Definition 4.1.2]

The simplicial complexes mentioned in the previous examples have been studied by
Folkman and Lawrence in the context of the topological representation theorem for orien-
ted matroids. We translate the results to our setup in the following proposition. To state
the results in the conventional way, it is useful to intersect with a sphere Sn−1 ⊂ RTn. A
natural choice for Sn−1 is given by taking, in each stratum Tn(ε) of RTn, the symmetric
copy of the boundary of the negative orthant, that is

S(ε) = {x ∈ Tn(ε) | ∀ i xi ≤ 0 and ∃ i : xi = 0}.

The union of all of the S(ε) in RTn is a polyhedral sphere of dimension n− 1, see 5.2. In
fact, it is the boundary of a cube. We do a simple example to help the reader with all the
heavy notations.
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•(0, 0) ⊂ T2((0, 0))

{0} × [−∞, 0]

Figure 5.2 – On the left is a polyhedral sphere (drawn in red) in RT2. On the right is
some patchwork REPΣM (drawn in red) in RTP2 for the uniform matroid M = U2,3.

Proposition 5.2.4. Let M be a matroid of rank d on n elements and let E be a real phase
structure on ΣM .

1. The complexes REΣM ∩ Sn−1, REPΣM and REΣM are topological manifolds and
homeomorphic to Sd−1, RPd−1 and Rd, respectively.

2. For a sign vector ε ∈ ∪σ∈ΣM
E(σ), the complexes REPΣM ∩ ∂TPn(ε) and REPΣM ∩

TPn(ε) are topological manifolds (with boundary in the second case) and homeo-
morphic to Sd−2 and Dd−1, respectively.

3. The subcomplexes Hi ∩ REΣM ∩ Sn−1 ⊂ REΣM ∩ Sn−1, i = 1, . . . , n, form a pseu-
dosphere arrangement. The associated oriented matroid is equal to ME .

Démonstration. Let M = ME denote the oriented matroid associated to E by Theorem
4.0.1. By Example 5.2.2, the simplicial complex REΣM ∩ Sn−1 ⊂ RTn is a geometric rea-
lization of the order complex of the poset C of covectors of M. Analogously, by Example
5.2.3, given ε such that T = (−1)ε is tope of M, the simplicial complex REPΣM ∩∂TPn(ε)
is the order complex of the poset FM

lv (T ) \ {0, T}. The statements then follow from the
Folkman-Lawrence topological representation theorem [FL78]. See also [BLVS+99, Theo-
rems 4.3.3, 4.3.5, 5.2.1].

Proof of 5.2.1. Fix a point p ∈ X. Let ψ : TUρ → Tk ×Rn−k, p ∈ U ⊂ TUρ and M be the
objects guaranteed by the definition of X being non-singular at p. Since (−∞, 0) ∈ PΣM ,
the set F = {1, . . . , k} is a flat ofM . After replacingM by F⊕M/F (and possibly shrinking
U), we may assume that vF is contained in the lineality space of PΣM . In particular, any
facet of PΣM (in the coarse sense) intersects ψ(U). It follows that ψ induces a real phase
structure from X ∩ U on PΣM .

Given an open subset of a toric variety U ⊂ TΣ, we denote by RU ⊂ RTΣ the open
subset obtained by copying U in each stratum TΣ(ε) ⊂ RY . We consider the open subset
RX ∩ RU ⊂ RX. By definition, under ψ it is homeomorphic to RPΣM ∩ ψ(RU). Since
RPΣM is a topological manifold by Corollary 5.2.4, it follows that RX is a topological
manifold at all points in RX ∩RU . Since p was arbitrary, these sets cover RX, hence the
claim follows.



Chapitre 6

A spectral sequence for the
homology of a patchwork

In this section, given a non-singular tropical subvariety X of a tropical toric variety TΣ
and a real phase structure E on X, we describe following [RS23] a filtration of H∗(REX;F2)
and we give a proof of the following theorem

Theorem 6.0.1. If X is a d-dimensional non-singular tropical subvariety equipped with
a real phase structure E, then

bq(REX) ≤
d∑

p=0

dimHq(X;Fp ⊗ F2)

and

bBM
q (REX) ≤

d∑
p=0

dimHBM
q (X;Fp ⊗ F2).

Moreover, the (Borel-Moore) Euler characteristic of REX is equal to the (Borel-Moore)
tropical signature of X, namely,

χ(REX) = σ(X), χBM(REX) = σBM(X).

6.1 The sign cosheaf

Let X be a polyhedral complex in TΣ. Suppose X is equipped with a real phase
structure E . We now recall the sign cosheaf defined in [RS23].

We define the abstract vector space SE(τ) with basis given by the elements of E(τ),

SE(τ) = F2 ⟨wε | ε ∈ E(τ)⟩ . (6.1)

The vector space SE(τ) is a linear subspace of the abstract vector space F2 ⟨wε | ε ∈ TF2(TΣρ)⟩ ,
where ρ is the sedentarity of τ . It follows from the definition of a real phase structure that

iττ ′ : SE(τ) → : SE(τ
′), wε 7→ wπρη(ε) (6.2)

is a well-defined linear map for all τ ′ ⊂ τ of sedentarity η (resp. ρ). The map πρη are the
ones defined in Equation 3.5.

Definition 6.1.1. The sign cosheaf SE on X is the cellular cosheaf on X given by the
spaces in (6.1) and the cosheaf maps in (6.2).
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Example 6.1.2. We describe some of the vector spaces SE(τ) and maps between them for
the real phase structure on the tropical plane X ⊂ TP 3 from Example 3.5.3.

For the facets σ01, σ12, and σ13 of sedentarity 0 from Example 3.5.3 we have,

SE(σ01) = ⟨wε3 , wε1+ε3 , wε1+ε2 , wε2⟩,

SE(σ12) = ⟨w0, wε1 , wε2 , wε1+ε2⟩, and

SE(σ13) = ⟨w0, wε1 , wε3 , wε1+ε3⟩.

Consider the one dimensional face τ1 of sedentarity 0 and in direction e1. Then we have

SE(τ1) = ⟨wε | ε ∈ Eσ12 ∪ Eσ13 ∪ Eσ01⟩ = ⟨w0, wε1 , wε2 , wε1+ε2 , wε3 , wε1+ε3⟩,

and there is an injection iσ12τ1 : SE(σ12) → SE(τ1).
For the face ρ2 from Example 5.1.4 we have

SE(ρ2) = ⟨w0, wε2⟩ ⊂ F2

〈
wε | ε ∈ F1(TPn+1

{1} )⊗ F2

〉
.

The map iσ12ρ2 : SE(σ12) → SE(ρ2) has kernel generated by wε1 and wε1+ε2. These bases
elements correspond to the points in the kernel of the map πσ12ρ2.

The proof of the next proposition is exactly the same as the proof of Proposition
3.17 in [RS23]. We denote by C•(REX;F2) and C

BM
• (REX;F2) the ordinary cellular chain

complexes of REX over F2.

Proposition 6.1.3. Let X be a polyhedral complex with real phase structure E and asso-
ciated sign cosheaf S. Then we have isomorphisms of chain complexes

C•(X;S) ∼= C•(REX;F2) and CBM
• (X;S) ∼= CBM

• (REX;F2)

and therefore also isomorphisms

Hq(X;S) ∼= Hq(REX;F2) and HBM
q (X;S) ∼= HBM

q (REX;F2).

6.2 The filtration of the sign cosheaf

We describe here a filtration of the sign cosheaf SE . This filtration is a direct ge-
neralisation of the one described in [RS23] in the case of hypersurfaces. Given a subset
H ⊂ TF2(ρ), we denote by Affp(H) the set of all p-dimensional affine subspaces of TF2(ρ)
contained in H. For a subset G ⊂ TF2(ρ), set

wG :=
∑
ϵ∈G

wϵ ∈ F2 ⟨wε | ε ∈ TF2(ρ)⟩ .

Finally, we define
Kp(H) := ⟨wG | G ∈ Affp(H)⟩.

Definition 6.2.1. Let X be a polyhedral complex of sedentarity ρ in TΣ with real phase
structure E. For all p, we define a collection of cosheaves Kp on X. On a face τ of X of
sedentarity η, we set

Kp(τ) =
∑
σ⊃τ

Kp(πρη(E(σ))) ⊂ SE(τ), (6.3)

where the sum runs through facets of X. If τ ′ ⊂ τ , the cosheaf maps Kp(τ) → Kp(τ
′) are

the restrictions of the maps iττ ′ : SE(τ) → SE(τ
′).
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Remark 6.2.2. Note that, with the assumption from above,

E(τ) =
⋃
σ⊃τ

πρη(E(σ)),

where the union runs through facets of X. This explains the inclusion Kp ⊂ SE mentioned
in the above definition. In fact, the cosheaves Kp form a filtration of SE given by

Kd ⊂ · · · ⊂ K2 ⊂ K1 ⊂ K0 = SE . (6.4)

Indeed, any affine subspace G of dimension p can be written as disjoint union G = H1⊔H2

of two affine subpaces of dimension p−1. Then wG = wH1+wH2, which shows Kp ⊂ Kp−1.

Example 6.2.3. For the real tropical plane from Example 3.5.3 we describe the filtration in
(6.4) for some faces. For every facet σij of X, the vector space K1(σij) is of codimension
one in SE(σij). Moreover, the vector space SE(σij) is two dimensional. Therefore, the
only element in Aff2(SE(σ)) is the whole vector space itself. This implies that K2(σij) =
⟨wSE(σij)⟩, in particular it is one dimensional. For instance for σ12 we have,

SE(σ12) = ⟨w0, wε1 , wε2 , wε1+ε2⟩,

K1(σ12) = ⟨w0 + wε1 , w0 + wε2 , w0 + wε1+ε2⟩, and

K2(σ12) = ⟨w0 + wε1 + wε2 + wε1+ε2⟩.

For the face τ1 from Example 6.1.2, since K1(τ1) is generated by K1(σ01), K1(σ12), and
K1(σ13), we have

K1(τ1) = ⟨w0 + wε1 , w0 + wε2 , w0 + wε1+ε2 , w0 + wε3 , w0 + wε1+ε3⟩.

For p = 2 we have
K2(τ1) = ⟨wSE(σ01), wSE(σ12)⟩,

since wSE(σ01) + wSE(σ12) + wSE(σ13) = 0.

Assume that H ⊂ TF2(TΣρ) is a affine subspace. Then by general linear algebra we
have

Kp(H)/Kp+1(H) ∼=
p∧
T (H), (6.5)

induced by mapping wG to v1 ∧ · · · ∧ vp. Here G ∈ Affp(M) and v1, . . . , vp form a basis of
T (G). Furthermore, note that Fp can be written in the form

Fp(τ) =
∑
σ⊃τ

p∧
πρη(TF2(σ))

analogous to (6.3). Since

πρη(TF2(σ)) = πρη(TF2(E(σ))) = TF2(πρη(E(σ))),

the restriction of the map Kp(TF2(TΣρ)) →
∧p TF2(TΣρ) from (6.5) to Kp(τ) takes image

in Fp(τ). Hence, it gives rise to a morphism of cellular cosheaves Kp → Fp. Applying (6.5)
to each summand, we see that this morphism is surjective and Kp+1 lies in the kernel.
Since the sum is not a direct sum, in general, we cannot conclude that Kp+1 is equal to
the kernel. Equality holds, however, if X represents a non-singular tropical variety. This
is the content of the following proposition.
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Proposition 6.2.4. Let X be a non-singular tropical variety in TΣ with a real phase
structure E. Then for all p there is an exact sequence of cosheaves

0 → Kp+1 → Kp → Fp → 0.

Démonstration. The proof follows the same lines as the proof of Proposition 4.10 in [RS23].
As mentioned before, it is true in general that Kp+1 → Kp (the inclusion map) is injective,
Kp → Fp is surjective, and Kp+1 ⊂ ker(Kp → Fp). We prove equality in the last statement
by a comparison of dimensions. More precisely, let X be a polyhedral complex and pick a
face τ ⊂ X. It suffices to show that

dimX∑
p=0

dimFp(τ) = dimSE(τ).

This statement is a local statement and so by Definition 3.6.2 we may assume X = PΣM

for some matroid M . By Theorem 4.0.1 there is an oriented matroid M representing the
real phase structure on X.

The dimension of SE(τ) is equal to | ∪σ⊂X E(σ)| and so 2 dimSE(τ) is equal to the
number of topes of the oriented matroid of M . By [Zas75], the number of topes of M
is equal to (−1)rχM (−1), where χM is its characteristic polynomial of the underlying
matroid M of M, see also [BLVS+99, Theorem 4.6.1]. Thus dimSE(τ) = (−1)rχ̃M (−1)
where χ̃M (t) is the reduced characteristic polynomial of M . Finally, by [Zha13], we obtain

(−1)rχ̃M (−1) =
∑

0≤p≤r

dimFp(ΣM ),

and the proof follows.

6.3 The spectral sequence

We now establish the spectral sequence relating the homology of the patchwork of a
tropical manifold to the tropical homology groups.

We denote the complex of relative chains by

C⋄
• (X;Kp,Kp+1) := C⋄

• (X;Kp)/C
⋄
• (X;Kp+1)

where the ⋄ denotes either normal or Borel-Moore homology. This is the 0-th page of
the spectral sequence for the chain complex C⋄

• (X;SE) obtained by the filtration by the
Kp cellular cosheaves. Thanks to Proposition 6.2.4, we obtain the following statement,
analogous to [RS23, Proposition 4.12].

Corollaire 6.1. Let X be a non-singular tropical variety in TΣ with a real phase structure
E. The first page of the spectral sequence associated to the filtration of the chain complex
C⋄
• (X;SE) by the chain complexes C⋄

• (X;Kp) has terms

E1,⋄
q,p

∼= H⋄
q (X;Fp).

Proof of Theorem 6.0.1. The pages of a spectral sequence satisfy dimE∞
q,p ≤ dimEr

q,p for
all r. By 6.1, and the convergence of the spectral sequence associated to the filtration we
obtain

dimH⋄
q (X;SE) =

dimX∑
p=0

E∞,⋄
q,p ≤

dimX∑
p=0

E1,⋄
q,p =

dimX∑
p=0

H⋄
q (X;Fp).
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The first part of the theorem now follows since dimH⋄
q (REX;F2) = dimH⋄

q (X;SE) by
6.1.3.

For the relation between the tropical signature and the Euler characteristic of REX,
using again 6.1.3 we have χ⋄(REX) = χ⋄(SE), and moreover,

χ⋄(SE) =
∑
p,q

(−1)qE∞,⋄
q,p =

∑
p,q

(−1)qE1,⋄
q,p =

∑
p

χ⋄(Fp) = σ⋄(X).

This completes the proof.

6.4 Case of plane curves

In this section we explicitly describe the only possibly non-zero differential map in
the spectral sequence in the case of curves. In this case, Viro’s primitive patchworking
construction, equivalently, the real phase structures on tropical curves, can be reformulated
in terms of admissible twists. For definitions and examples of tropical curves, tropical toric
surfaces, the twist description of Viro’s patchworking, and the tropical homology of tropical
curves we refer to [BIMS].

Given a compact non-singular tropical curve C in a tropical toric surface there is
another equivalent way of describing a real phase structure on C in terms choosing a subset
of twisted edges of the bounded edges of C ∩ R2 satisfying an admissibility condition. A
collection T of bounded edges of a tropical curve C∩R2 is admissible if for all γ ∈ H1(C;F0)
we have ∑

e∈T∩Supp(γ)

ve = 0 ∈ F2
2,

where ve is the primitive integer direction of the edge e. The edges in T are called twisted
edges because of how a real algebraic curve near a tropical limit C with a real phase
structure given by the twisted edges behaves under the logarithm map. See the right
hand-side of Figure 6.1.

Let C be a non-singular compact tropical curve with a real phase structure E . For a
bounded edge e of C0, its symmetric copy, eε in RCE , is adjacent to two other edges eε1, e

ε
2

of RCE which are also contained in the quadrant corresponding to ε. The twisted edges for
a real phase structure E correspond to those edges e of C for which e1, e2 are not contained
in a closed half space of R2(ε) whose boundary contains eε. A detailed description of this
approach can be found in [BIMS, Section 3.2].

Using the twist formulation we describe explicitly the map

∂1 : H1(C;F0) → H0(C;F1)

arising from the spectral sequence on the chain level when the curve C is compact. In this
case, both of the above homology groups are isomorphic to Fg

2, where g is the first Betti
number of C. For explicit calculations of the tropical (co)homology of tropical curves see
[BIMS, Section 7.8].

Example 6.4.1. Figure 6.1, shows a non-singular plane tropical cubic with a twist-
admissible set of edges, and the image by coordinatewise logarithm map Log of the real
part RV of the curve V which is defined by a Viro polynomial. Figure 6.2 depicts RCT .
Notice that this curve is maximal in the sense of Harnack’s inequality, namely b0(RV ) =
g(CV ) + 1.
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Figure 6.1 – On the left is a non-singular cubic with a twist-admissible set of edges. On
the right hand side is the image by the coordinatewise logarithm map of RV .

Figure 6.2 – The real part RV for the real cubic from Figure 6.1 and Example 6.4.1.

Let C̃ denote the first barycentric subdivision of C, which results in adding a vertex
in the middle of each edge. Then the vertices of C̃ are the vertices of C together with
additional vertices ve for each edge of C. For every edge e of C there are now two edges
e′ and e′′ of C̃, moreover ve is in the boundary of each of these edges.

We can extend any cellular cosheaf G, in particular, F0,F1, or SE , to a cellular cosheaf
on C̃ in the following way. Set G(ẽ′) = G(ẽ′′) = G(e). If ve is the midpoint of an edge e
then define G(ve) = G(e). The cosheaf morphisms G(ẽ′) → G(ve) are the identity maps.
Changing the cellular structure does not change the homology groups of the cosheaves
F0,F1, and SE . Namely, Hi(C̃;F0) ∼= Hi(C;F0), Hi(C̃;F1) ∼= Hi(C;F1), and Hi(C̃;SE) ∼=
Hi(C;SE).

For a cellular homology class γ ∈ H1(C;F0), we denote by Supp(γ) the collection
of edges of C appearing in some chain representing γ. This is well defined since we are
working with F2-coefficients.

Theorem 6.4.2. Let C be a non-singular compact tropical curve in a tropical toric surface.
Suppose C is equipped with a real phase structure corresponding to a collection of twists T
of edges of C. Then the boundary map of the spectral sequence ∂1 : H1(C̃;F0) → H0(C̃;F1)
is given by

∂1(γ) =
∑

e∈T∩Supp(γ)

ve ⊗ se,

where se is the generator of F1(ve). In particular, the number of connected components of
RC is equal to dimKer(∂1) + 1

Démonstration. It is enough to prove the statement for cycles in C which are boundaries
of bounded connected components of the complement R2\C since they form a basis of
H1(C;F0). Given such a cycle γ ∈ C1(C̃;F0), we first choose a lift γ̃ ∈ C1(C;SE) as
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ẽ1

ẽ2

v E(e2) = {ε′′, ε(v)}

E(e1) =

{ε′, ε(v)}

Figure 6.3 – The cycle γ of the cubic from Figure 6.1 and the lift around a vertex.

follows. Let v be a trivalent vertex of C and suppose that v is in the cycle γ. Let ẽ1 and ẽ2
be the two edges of C̃ (or half edges in C) which share the endpoint v and are contained
in γ, see Figure 6.3. Let ε(v) denote the unique element in E(ẽ1) ∩ E(ẽ2).

We set

γ̃ =
∑

ẽ∈γ∩C̃

ẽ⊗ wε(v) ∈ C1(C;SE),

where in the sum above v, is the unique trivalent vertex of C̃ adjacent to the edge ẽ.

If e ∈ Edge(C ∩ γ) ∩ T and v, v′ are the two adjacent vertices of e, then wε(v) and
wε(v′) are different and the image of the sum in F1(e) is equal to we. If e is not twisted,
then wε(v) = wε(v′). This proves that ∂γ̃ ∈ C0(C;K1) is supported by the midpoints of
twisted edges and that the image in F1(e) of the coefficient over e is exactly the generator
of F1(e). This proves the lemma.

Example 6.4.3. Consider the tropical curve C in both sides of Figure 6.4. The red mar-
kings on the edges denote collections of twisted edges T1 on the left and T2 and the right.
It can be verified that both collections of twists are admissible.

Consider the basis γ1, γ2, γ3 of H1(C;F0) where γi’s are the boundaries of the three
bounded connected components of R2\C. Let γ∗1 , γ∗2 , γ∗3 denote the dual basis of H0(C;F1).
We can represent the map from ∂1 from Theorem 6.4.2 by a matrix using these two ordered
bases and we obtain the matrices 0 1 1

1 0 1
1 1 0

 and

 1 1 1
1 1 1
1 1 1

 ,

for the twists T1 and T2, respectively. The matrix on the left has a 1-dimensional null space,
and therefore a real algebraic curve produced from the collection of twists on the left of
Figure 6.4 has two connected components. On the right the matrix has a 2-dimensional null
space and the curve from the twists on the right of Figure 6.4 has 3 connected components.

6.4.1 M-curves and Haas theorem

Haas in his thesis [Haa97] studied maximal curves obtained by primtive patchworking.
In particular, he found a necessary and sufficient criterion for maximality (see also [BIMS,
Section 3.3] and [BBR17]). Here as an example we reformulate and reprove Haas criterion
for maximality using the techniques of the last section.

Definition 6.4.4. An edge e of a tropical curve C in a 2-dimensional non-singular tro-
pical toric variety TY is called exposed if e is in the closure of an unbounded connected
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Figure 6.4 – The curve C with two collections of twists T1 and T2 from Example 6.4.3.

component of TY0\C0. The set of exposed edges is denoted by Ex(C). Denote by Exc(C)
the complement of Ex(C) in the set of bounded edges of C0 ∩ TY0.

The following theorem is a reformulation of Haas maximality condition reproved using
the description of the map in the spectral sequence from Theorem 6.4.2.

Theorem 6.4.5 (Haas maximality condition [Haa97]). Let C be a non-singular compact
tropical curve in a tropical toric variety equipped with a real phase structure corresponding
to a collection of twisted edges T ⊂ Edges(C). Then RC is a maximal curve if and only if
T ∩ Exc(C) = ∅ and for every cycle γ ∈ H1(C;Z2) the intersection γ ∩ T consists of an
even number of edges.

Démonstration. By the spectral sequence, the curve RC is maximal if and only if ∂1 = 0.
Cycles in C1(C;F0) which are boundaries of connected components of the complement
R2\C form a basis of H1(C;F0). There are g := b1(C) such cycles and we denote them by
γ1, . . . , γg. Therefore, it suffices to show that ∂1(γi) = 0 for all i.

For C a non-singular tropical curve there is a non-degenerate pairing :

⟨ , ⟩ : H0(C;F1)×H1(C;F0) → F2

induced from the pairing on integral homology groups for non-sinuglar tropical curves in
[Sha11]. A similar non-degenerate pairing defined between tropical homology and cohomo-
logy groups is also defined in [BIMS, Section 7.8] and [MZ14, Section 3.2]. On the chain
level this pairing is :

⟨β, γ⟩ = |EdgeSupp(β′) ∩ γ| mod 2,

where β′ ∼ β and β′ ∈ C0(C̃;F1) is supported on the midpoints of edges of C. The set
EdgeSupp(β′) consists of the edges of C whose midpoint is in the support of β′. Therefore,
it suffices to show that for all pairs of such cycles γi and γj , the non-degenerate pairing
⟨∂1(γi), γj⟩ is zero.

The intersection γi ∩ T is even if and only if ⟨∂1(γi), γi⟩ = 0. Secondly, the pairing
⟨∂1(γi), γj⟩ = 0 if and only if γi ∩ γj ∩ T is a set of even cardinality. Since γi and γj
are boundaries of convex regions in R2 they can only intersect in at most one edge of C.
Therefore, the intersection γi ∩ γj ∩ T must be empty and the statement is proved.
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Bounds on Betti numbers for
hypersurfaces

In this chapter, we indicate how to find the bounds in Theorem 1 and Theorem 6 from
Theorem 1.2.3. We proceed in three steps. First we prove that the tropical homology groups
of a non-singular hypersurface is given under the horizontal line of the Hodge diamond
p+ q = n by the tropical homology of the ambient space. Then e apply tropical Poincaré
duality to show that the tropical homology groups are torsion free and to compute their
rank for all p, q such that p+q ̸= n. Finally, we use the tropical Hodge genus to deduce the
rank in the remaining case p + q = n. Everything in this chapter extend to non-primitve
triangulation by [BdMR22].

7.1 Heredity theorem for tropical hypersurfaces

Let ∆ be a non-singular lattice polytope in MR (of dimension n) and T be a convex
primitive lattice triangulation of ∆. Let µ : ∆ ∩M → Z≥0 be a convex function ensuring
the convexity of T . Denote as in Section 3.4 by Xµ the associated tropical hypersurface in
NR. Let Σ be a subfan of Σ∆, and denote simply by X the compactification of Xµ in TΣ.
We indicate here how to prove the following theorem and refer to [ARS21] for eventually
more details.

Theorem 7.1.1. The map induced by inclusion

i∗ : H
⋄
q (X;Fp) → H⋄

q (TΣ;Fp)

is an isomorphism when p+ q < n− 1 and a surjection when p+ q = n− 1.

Recall that the ⋄ notation denotes either the standard or Borel-Moore homology. The
tropical hypersurface X induces a polyhedral structure on TΣ. We will use this polyhedral
structure on TΣ to compute its cellular tropical homology groups. If Z ′ ⊂ Z is a rational
subpolyhedral complex and G is a cosheaf on Z, then the restriction cosheaf G|Z′ is a
cosheaf on Z ′ which assigns the Z-module G(σ) for σ a face of Z ′. The cosheaf G|Z′ can
also be considered as a cosheaf on Z. In this case, it assigns G(σ) if σ is a face of Z ′ and
0 otherwise.

Since we consider the polyhedral structure on TΣ induced by X, the tropical hyper-
surface X is a rational subpolyhedral complex of TΣ and we have the cosheaves FTΣ

p |X ,
which can be considered on X or TΣ as described above.
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To prove Theorem 7.1.1, we consider two exact sequences of cosheaves. The first is the
exact sequence of cosheaves on TΣ given by,

0 → FTΣ
p |X → FTΣ

p → Qp → 0. (7.1)

The second one consists of cosheaves on X and is given by,

0 → FX
p → FTΣ

p |X → Np → 0. (7.2)

The injective maps on the left hand side of both cosheaf sequences are both natural
inclusions on the stalks over faces. The cosheaves Qp and Np are defined as the cokernel
cosheaves in both short exact sequences. The cosheaves FTΣ

p |X , FTΣ
p , and FX

p are all
free Z-modules. Moreover, we proved in [ARS21] that since X is a non-singular tropical
hypersurface, the cosheaves Qp and Np are also cosheaves of free Z-modules.

Proposition 7.1.2. If X is a non-singular tropical hypersurface in Y , the cosheaves Qp

and Np from (7.1) and (7.2) are cosheaves of free Z-modules.

Example 7.1.3. Consider again the tropical line X in TP2. Then the cosheaf Qp on TP2

assigns the trivial Z-module to any face of TP2 which is also a face of X. For σ a face of
TP2 and not a face of X, then Qp(σ) = FTP2

p (σ). The inclusion maps Qp(σ) → Qp(τ) are

either 0 or equal to ιστ : FTP2

p (σ) → FTP2

p (τ).
For x the unique vertex of sedentarity 0 of X, the cosheaf Np assigns Np(x) = 0, for

all p < 2. When p = 2, we have Np(x) =
∧2 Z2.

For an edge σi of X the Z-module Np(σi) is a free module of rank 1, similarly for the
three other vertices τi of X that have non-zero sedentarity.

We proved in [ARS21] the following two vanishing propositions.

Proposition 7.1.4. For all q < n− 1, one has H⋄
q (TΣ;Qp) = 0 and therefore the map

H⋄
q (X;FTΣ

p |X) → H⋄
q (TΣ;FTΣ

p )

is an isomorphism when q < n− 1 and a surjection when q = n− 1.

Proposition 7.1.5. For all p+ q ≤ n− 1, one has

H⋄
q (X;Np) = 0

and therefore the map
H⋄

q (X;FX
p ) → H⋄

q (X;FTΣ
p |X)

is an isomorphism when p+ q < n− 1 and a surjection when p+ q = n− 1.

Now the proof of Theorem 7.1.1 follows by combining the statements in Propositions
7.1.4 and 7.1.5.

7.2 Tropical homology of non-singular hypersurfaces are tor-
sion free

In this section we prove the following theorem as in [ARS21]. Again X denotes the
compactification of a non-singular tropical hypersurface Xµ inside TΣ, where µ is a convex
function certifying the convexity of a primitive triangulation of ∆ and Σ is a subfan of
Σ∆.
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Theorem 7.2.1. If the standard (resp. Borel-Moore) tropical homology groups of TΣ are
torsion free then also the standard (resp. Borel-Moore) tropical homology groups of X are
torsion free.

We indicate the proof which is a standard application of the universal coefficient theo-
rem :

Démonstration. By the universal coefficient theorem for cohomology for every p and q we
have the following short exact sequence :

0 → Ext(Hn−q−2(X;FX
n−1−p),Z) → Hn−1−q(X;Fn−1−p

X ) →
Hom(Hn−1−q(X;FX

n−1−p),Z) → 0.

Notice that the cohomology of the sheaf Fn−1−p
X appears in the middle term because

Cq(X;Fp
X) ∼= Hom(Cq(X;FX

q ),Z).

If p+ q ≥ n− 1, then 2n− 2− p− q < n, and it follows from Theorem 7.1.1 that

Hn−q−2(X;FX
n−1−p)

∼= Hn−q−2(Y,FY
n−1−p).

Since Hn−q−2(Y ;FY
n−1−p) is a free Z-module by hypothesis, we conclude that

Ext(Hn−q−2(X;FX
n−1−p),Z) = 0.

Also the Z-module Hom(Hn−1−q(X;FX
n−1−p),Z) is free since it consists of maps to a free

module. Therefore, for all p+ q ≥ n− 1 we have

Hn−1−q(X;Fn−1−p
X ) ∼= Hom(Hn−1−q(X;FX

n−1−p),Z)

and Hn−1−q(X;Fn−1−p
X ) is torsion free. The tropical hypersurface X is a non-singular

tropical manifold, so by Poincaré duality for tropical homology with integral coefficients
from [JRS18] we have

Hn−1−q(X;Fn−1−p
X ) ∼= HBM

q (X;FX
p )

for all p, q. This, combined with the torsion freeness of Hn−1−q(X;Fn−1−p
X ) established

above, proves that HBM
q (X;FX

p ) is torsion free for all p+ q ≥ n− 1.
Notice that applying the above argument to the tropical homology of TΣ shows that if

the groups Hq(TΣ,Fp) are torsion free for all p and q, then HBM
q (TΣ,Fp) are also torsion

free for all p and q. It follows from this and Theorem 7.1.1, that HBM
q (X;FX

p ) is torsion
free for p+ q < n, so the Borel-Moore tropical homology groups of X are all torsion free.

To prove that the standard tropical homology groups of X are torsion free, we use the
universal coefficient theorem for cohomology with compact support. For every p and q we
have the following short exact sequence

0 → Ext(HBM
q−1 (X;FX

p ),Z) → Hq
c (X;Fp

X) →
Hom(HBM

q (X;FX
p ),Z) → 0.

Since HBM
q (TΣ,Fp) are torsion free for all p and q, it follows from Theorem 7.1.1 that

HBM
q (X,Fp) are torsion free for all p+ q < n− 1. Then the Z-modules HBM

q (X;FX
p ) are

torsion free for all p and q, and the Z-modules Hq
c (X;Fp

X) are also torsion free for all p
and q. Applying again Poincaré duality, we have

Hq
c (X;Fp

X) ∼= Hn−1−q(X;FX
n−1−p),

and Hq(X;FX
p ) are also torsion free for all p and q.
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We now establish that the integral tropical homology groups of a projective tropical
toric variety are torsion free. For a non-singular projective complex toric variety CΣ∆, we
let hp,q(CΣ∆) denote its (p, q)-th Hodge number. Recall that hp,q(CΣ∆) = 0 if p ̸= q and
the numbers hp,p(CΣ∆) form the toric h-vector of ∆ [Ful93b, Section 5.2].

Proposition 7.2.2. The integral tropical homology groups of a non-singular projective
tropical toric variety TΣ∆ are torsion free. Moreover, we have

rankHq(TΣ∆;Fp) = hp,q(CΣ∆).

In particular, we have Hq(TΣ∆;Fp) = 0 unless p = q.

Démonstration. We now switch to computing the cellular homology groups of TΣ∆ using
the polyhedral structure on TΣ∆ which is dual to the polyhedral structure on the defining
fan Σ∆. Let us first show that Hq(TΣ∆;Fp) = 0 for all p > q. A face σ of dimension q of
TΣ∆ has sedentarity order n− q. By Definition of the Fp, we have that Fp(σ) =

∧pF1(σ)
where dimF1(σ) = q. Therefore, we have Fp(σ) = 0 if p > q. Hence the chain groups
Cq(Y ;Fp) are equal to zero for any q < p, which implies that Hq(Y ;Fp) = 0 for q < p.

The tropical cohomology groups are the cohomology of the complex dual to the tropical
cellular complexes. Therefore we can apply the universal coefficient theorem for cohomo-
logy [Hat02, Theorem 3.2] to get the exact sequence

0 → Ext(Hq(TΣ∆;Fp),Z) → Hq+1(TΣ∆;Fp) →
Hom(Hq+1(TΣ∆;Fp),Z) → 0.

(7.3)

When q < p we have Hq(TΣ∆;Fp) = 0, so there is the isomorphism

Hq+1(TΣ∆;Fp) ∼= Hom(Hq+1(TΣ∆;Fp),Z).

The tropical toric variety Y is a tropical manifold, thus Poincaré duality for tropical
homology with integral coefficients from [JRS18] states that

Hq+1(TΣ∆;Fp) ∼= Hn−q(TΣ∆;Fn+1−p).

If q ≥ p, then n− 1− q < n− p and applying the isomorphism above we obtain

Hq+1(TΣ∆;Fp) = Hn−1−q(TΣ∆;Fn−p) = 0.

This means that

Tor(Hq(TΣ∆;Fp)) = Ext(Hq(TΣ∆;Fp),Z) = 0,

and so Hq(TΣ∆;Fp) is torsion-free for all q ≥ p and thus for all p, q. We also see from the
sequence in (7.3) that Hq(TΣ∆;Fp) = 0 for all q ̸= p.

All of the chain groups for the cellular tropical homology of TΣ∆ are also free so we
have

χ(C•(TΣ∆;Fp)) :=

n∑
q=0

(−1)qrankCq(TΣ∆;Fp) = (−1)prankHp(TΣ∆;Fp).

Let fq denote the number of strata of TΣ∆ of dimension q. Then (f0, . . . , fn) is the
f -vector of ∆. Then for every p and q we have rankCq(TΣ∆;Fp) =

(
q
p

)
fq. Therefore,

χ(C•(TΣ∆;Fp)) :=

n∑
q=0

(−1)q
(
q

p

)
fq = (−1)php,

where (h0, . . . , hn) is the h-vector of the simple polytope ∆. By [Ful93b, Section 5.2], we
have hp = dimH2p(CΣ∆) = hp,p(CΣ∆) which completes the proof.



7.3. Hirzebruch polynomials 57

7.3 Hirzebruch polynomials

So far, using Theorem 7.1.1, Theorem 7.2.1 and Proposition 7.2.2, one can prove that
if Σ = Σ∆, then for any p, q such that p+ q ̸= n− 1, one has

dimHq(X,Fp ⊗ F2) = hp,q(CΣ∆).

To determine the remaining groups dimHq(X,Fp ⊗ F2) when p+ q = n, we will consider
tropical and complex Hirzebruch polynomials. Again, let ∆ be a lattice polytope inMR (of
dimension n) and T be a convex primitive lattice triangulation of ∆. Let µ : ∆∩M → Z≥0

be a convex function ensuring the convexity of T , and denote by Xµ the associated tropical
hypersurface in NR. Let Σ be a subfan of Σ∆, and denote simply by X the compactification
of Xµ in TΣ. Let XC be a torically non-degenerate complex hypersurface of CΣ of Newton
polytope ∆. Recall that the Hirzebruch genus of XC is defined by

χy(XC) =
∑
p,q

ep,qc (XC)y
p, (7.4)

where ep,qc (XC) is defined via the mixed Hodge structure on XC by

ep,qc (XC) :=
∑
k

(−1)khp,q(Hk
c (XC)).

See for instance [DK]. We define the F2-tropical Hirzebruch genus of X by

χtrop
y (X) :=

d∑
p,q=0

(−1)p+q dimHBM
q (X,Fp ⊗ F2)y

p.

Note that using the universal coefficient theorem for the field F2, one obtains that

χy(X) =

d∑
p,q=0

(−1)p+q dimHq
c (X;Fp ⊗ F2)y

p,

in accordance with the classical definition (7.4). We recall the proof of the next proposition
which can be found also in [ARS21] or [RRS23] (where it is more general).

Proposition 7.1.
χy(XC) = χy(X).

Démonstration. Given ρ ∈ Σ, we set Xρ
C := XC ∩ OC

ρ and Xρ := X ∩ OT
ρ . We first claim

that both sides of the equation are motivic in the sense that

χy(XC) =
∑
ρ∈Σ

χy(X
ρ
C), χy(X) =

∑
ρ∈Σ

χy(X
ρ).

The first equation follows from the fact that the Hirzebruch genus is motivic. On the
tropical side, it follows from the following computation :

χy(X) =
∑
p,q

(−1)p+q dimHBM
q (X,Fp)y

p

=
∑
p

∑
σ⊂X

(−1)p+dimσ dimFp(σ)y
p

=
∑
ρ∈Σ

∑
p

∑
Sedσ=ρ

(−1)p+dimσ dimFp(σ)y
p

=
∑
ρ∈Σ

χy(X
ρ).
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It hence suffices to consider the case Σ = {0}, so we now assume that X is in Rn and XC
is in (C∗)n. In [KS16, Section 5.2], Katz and Stapeldon give a formula for the χy genus
of a torically non-degenerate hypersurface in the torus. Their formula utilizes regular
subdivisions of polytopes to refine the formula in terms of Newton polytopes of Danilov
and Khovanskii [DK]. Note that they use the term schön in exchange for torically non-
degenerate. Recall that ∆ is the Newton polytope for XC and T a regular subdivision of
∆. Then the formula is

χy(XC) =
∑
F⊂T
F ̸⊂∂∆

(−1)n−dimFχy(XC,F ), (7.5)

where XC,F is the hypersurface in the torus (C∗)n defined by the polynomial obtained
by restricting the polynomial defining XC to the monomials corresponding to the lattice
points in the face F of ∆̃. Again, we show that the analogous statement holds tropically.
To do so, we denote by S(σ) the star of X at σ :

S(σ) := {v ∈ Rn | ∀ε≪ 1, x+ εv ∈ X} ,

where x is any point in the relative interior of σ. The set S(σ) is naturally a fan of
dimension n− 1 in Rn. Applying Poincaré duality [JRS18] we obtain that

χy(X) =
∑
p,q

(−1)p+q dimHBM
q (X,Fp)y

p

=
∑
p,q

(−1)p+q dimHn−1−q(X,Fn−1−p)y
p

=
∑
p

∑
σ⊂X

σ bounded

(−1)p+d−dimσ dimFn−1−p(σ)y
p

=
∑
σ⊂X

σ bounded

(−1)dimσ
∑
p

(−1)p+n−1 dimH0(S(σ),Fn−1−p)y
p

=
∑
σ⊂X

σ bounded

(−1)dimσ
∑
p

(−1)p+n−1 dimHBM
d (S(σ),Fp)y

p

=
∑
σ⊂X

σ bounded

(−1)dimσχy(S(σ)).

It is then sufficient to prove that χy(S(σ)) = χy(XC,F ) if F is the face of ∆ dual to
σ. This follows from the fact that for any linear subvariety L ⊂ (C∗)n with associated
matroidal fan ML, one has

χy(L) = χy(PΣM ).

By [KS12, Lemma 7.5], the Hirzebruch genus of L is equal to the reduced characteristic
polynomial µM (y) of M . Moreover, by [Zha13] and [OT92], the dimension of Fp(PΣM ) is
the (n− 1− p)-th coefficient of µM (y). Then we get

χy(L) = µM (y)

=
∑
p

(−1)n−1−p dimFn−1−p(PΣM )yp

=
∑
p

(−1)p+n−1 dimHBM
n−1(PΣM ,Fp)y

p

= χy(PΣM ).
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Corollary 7.3.1. For any p, q, one has

dimHq(X,Fp ⊗ F2) = hp,q(XC).

7.4 Proof of Itenberg’s conjecture and beyond

We conclude this chapter by combining the main statements to prove the main Theorem
in [RS23]. Recall one more time our notations. Let ∆ be a non-singular lattice polytope
in MR (of dimension n) and T be a convex primitive lattice triangulation of ∆. Let
µ : ∆ ∩ M → Z≥0 be a convex function ensuring the convexity of T . Denote by Xµ

the associated tropical hypersurface in NR, and by X its compactification in TΣ∆. Denote
by XC a non-degenerate complex hypersurface in CΣ∆ of Newton polytope ∆. Then

Theorem 7.4.1. Let E be a real phase structure on X. Then for all 0 ≤ q ≤ n,

bq(REX) ≤

{
hq,q(XC) if q = (n− 1)/2,

hq,n−1−q(XC) + hq,q(XC) if not.

In particular, for ∆ being the n-simplex Conv(0, de1, · · · , den) one recovers Itenberg’s
conjecture.

Démonstration. By Section 6.0.1, we get

bq(REX) ≤
n−1∑
p=0

dimHq(X;Fp ⊗ F2).

By Corollary 7.3.1, we know that dimHq(X,Fp⊗F2) = hp,q(XC), and the proof follows.

We would like to present here also the case where we do not compactify Xµ. We will
denote X = Xµ ⊂ NR and XC a non-degenerate complex hypersurface in NC of Newton
polytope ∆.

Theorem 7.4.2. Let E be a real phase structure on X. Then for all 0 ≤ q ≤ n− 1,

bBM
q (REX) ≤

{∑q
l=0 h

n−1−q,l(Hn−1
c (XC)) if q ̸= n− 1,∑n−1

l=0 h
0,l(Hn−1

c (XC)) + 2n − 1 if not.

Démonstration. Again by 6.0.1, we get

bBM
q (REX) ≤

n−1∑
p=0

dimHBM
q (X;Fp ⊗ F2).

By Theorem 7.2.1, we know that dimHBM
q (X;Fp ⊗ F2) = rankHBM

q (X;Fp⊗). Remind
that

Hq(Rn;Fp) =

{∧p Zn if q = 0,

0 if q ̸= 0
and HBM

q (Rn;Fp) =

{∧p Zn if q = n,

0 if q ̸= n.
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By Theorem 7.1.1 and Poincaré duality, one obtains that if p+ q ̸= n− 1 then

HBM
q (X;Fp ⊗ F2) =

{∧n−1−p Fn
2 if q = n− 1,

0 if q ̸= n− 1.

The hypersurface XC is a non-singular affine variety, so the Andreotti-Frankel theorem
and Poincaré duality imply Hk

c (XC) = 0 if k < n. By the Lefschetz-type theorems for the
Hodge Deligne numbers on Hn

c (XC) [DK, Section 3], if k > n one has

hp,q(Hk
c (XC)) =


(
n+ 1

p+ 1

)
if p = q and k = n+ p

0 otherwise.

Therefore

ep,qc (XC) =



(−1)nhp,q(Hn
c (XC)) if p+ q ≤ n and p ̸= q

(−1)nhp,q(Hn
c (XC)) + (−1)n+p

(
n+ 1

p+ 1

)
if p+ q ≤ n and p = q

(−1)n+p

(
n+ 1

p+ 1

)
if p+ q > n and p = q

0 otherwise.

Using Proposition 7.1, we obtain that if p ̸= 0 then

dimHBM
n−1−p(X,Fp ⊗ F2) =

n−1−p∑
q=0

hp,q(Hn−1
c (XC)),

and

dimHBM
n−1(X,F0 ⊗ F2) =

n−1∑
q=0

h0,q(Hn−1
c (XC)) + n.

Then if q ̸= n− 1, one has

bBM
q (REX) ≤

q∑
l=0

hn−1−q,l(Hn−1
c (XC)),

and for q = n− 1 we get

bBM
n−1(REX) ≤

n−1∑
l=0

hn−1,l(Hn−1
c (XC)) + 2n − 1.



Chapitre 8

Patchworking and mirror
symmetry

8.1 Combinatorial mirror pairs

Let ∆ be a lattice reflexive polytope and let T be an unimodular central triangulation
of ∆. Let us introduce first some important notations we will use all along this chapter.
Given a simplex σ ∈ T

— denote by C(σ) ∈ ΣT the cone over σ ;

— denote by σ⊥ the subspace of N orthogonal to the integral tangent space of σ ;

— if σ ̸= 0, let
σ∞ = σ ∩ ∂∆.

Given a cone ρ ∈ ΣT

— denote by S(ρ) the simplex ρ ∩∆ ;

— denote by σ̂ the simplex S(C(σ)), i.e. the convex hull of 0 and σ.
In particular, when 0 ∈ σ, then σ̂ = σ and σ∞ is the unique facet of σ contained in ∂∆.
If 0 /∈ σ, then σ∞ = σ.

Given two fans Σ and Σ′ such that Σ is a refinement of Σ′,
— for every cone ρ ∈ Σ, denote by min(ρ) the smallest cone of Σ′ containing ρ.

If Σ is the normal fan of a polytope ∆
— denote by ρ∨ the face of ∆ which is normal to ρ, and by F∨ the cone of Σ which

is normal to the face F of ∆.

Definition 8.1.1. Let T be an unimodular convex central triangulation of ∆ and T ◦ be
an unimodular convex central triangulation of ∆◦, induced respectively by convex functions
µ and µ◦. We denote by Xtrop the compactification of Vµ inside TΣT ◦ and by X◦

trop the
compactification of Vµ◦ inside TΣT .

The tropical variety Xtrop induces a subdivision of TΣT ◦ with underlying poset the
subposet of T ◦ × T defined by

P(T ◦, T ) :=
{
(τ, σ) ∈ T ◦ × T | 0 ∈ τ and σ ⊂ min(C(τ))∨

}
.

Recall that C(τ) is the cone (in ΣT ◦) over τ . The fan ΣT ◦ is a refinement of the fan Ξ∆◦ ,
which is the normal fan of ∆. Then by definition min(C(τ))∨ is a face of ∆. The order on
the poset P(T ◦, T ) is also the inverse of the inclusion.
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Example 8.1.2. Let

∆ = Conv((−1,−1), (−1, 2), (2,−1)).

It is a reflexive polygon and its dual is given by

∆◦ = Conv((1, 1), (−1, 0), (0,−1)).

Denote by T and T ◦ their unique primitive central triangulations. They are both convex.
We draw in Figure 8.1 the subdivision of TΣT ◦ induced by a tropical curve dual to T and
some examples of cells in the underlying poset P(T ◦, T ).

σ1

σ2

σ3

(τ2, σ2)

τ1

τ2
(τ3, σ3)

τ3
(τ1, σ1)

Figure 8.1 – The subdivision of TΣT ◦ induced by a tropical curve dual to T .

In fact in this chapter we do not assume any convexity hypothesis. For any T and T ◦

as above (not necessarily convex), one can still consider the posets P(T, T ◦) and P(T ◦, T ).
Recall that to any poset P is associated an abstract simplicial complex, called the order
complex, whose vertices are the elements of P and whose simplices are the (finite) no-
nempty chains of P . Moreover, to any simplicial complex, there is a topological space cal-
led the geometric realization defined by formal convex combinations of vertices belonging
to a simplex. The geometric realization of a poset P will be denoted by |P |. By definition,
the geometric realization is subivided into simplices : for any chain x• = (x1 < · · · < xn)
in P , we denote the corresponding simplex of |P | by |x•|. We will consider here a coarser
subdivision, defined as follows. For any x ∈ P , consider the set of chains whose elements
are smaller than x :

x≤ = {x• chains in P | xk ≤ x ∀k} ,

and

F (x) =
⋃

x•∈x≤

|x•|.

The coarser subdivision of |P | we consider is defined by

|P | :=
⋃
x∈P

F (x). (8.1)
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Example 8.1.3. Let Σ be a fan. It defines a poset with the order given by reversing the
inclusion of cones. Then |Σ| with the coarser subdivision (8.1) is isomorphic (as a CW-

complex) to the tropical toric variety TΣ. The isomorphism is given by F (σ) → OT
σ for

any cone σ.

The cells F (τ, σ) associated to elements (τ, σ) in the poset P(T ◦, T ), form a regular
CW-structure on TΣT ◦ . The following proposition is proved in [MR25].

Proposition 8.1.4. The poset P(T ◦, T ) is the face poset of a regular CW-structure on
TΣT ◦ with cells F (τ, σ).

Again, in the case of convex triangulations, this subdivision is the subdivision induced
on TΣT ◦ by Xtrop. We will be intersted more specifically in the subposet of P(T ◦, T )
defined by

P1(T ◦, T ) := {(τ, σ) ∈ P(T ◦, T )|dim(σ) ≥ 1} .

In the convex case, this poset parametrizes Xtrop. As it will appear later, this poset will be
the support of the cosheaves we will consider. Denote by XT ◦,T the geometric realization
|P1(T ◦, T )| as defined above with the subdivision (8.1). Define the following subspace of
XT ◦,T :

ST ◦,T = {F (0, σ) ∈ XT ◦,T | 0 ∈ σ} . (8.2)

This is topologically a sphere and in the case where XT ◦,T = Xtrop, this is the union of all
bounded faces of Xtrop in NR.

Definition 8.1.5. Let T be a unimodular central triangulation of a reflexive polytope ∆
and T ◦ a unimodular central triangulation of its dual ∆◦. The pair of CW-complexes

(XT ◦,T , XT,T ◦)

is called a combinatorial mirror pair.

8.2 Combinatorial mirror symmetry

Define P∞(T ◦, T ) to be the subposet of P(T ◦, T ) consisting of elements whose first
coordinate is non zero. Its elements parametrize the boundary of TΣT ◦ . In [MR25] we
prove the following lemma.

Lemma 8.2.1. The map

pT ◦,T : P∞(T ◦, T ) −→ P∞(T, T ◦)

(τ, σ) 7→ (σ̂, τ∞)
(8.3)

is an isomorphism of posets.

Example 8.2.2. In Figure 8.2, we represented the geometric realization of the poset
P(T, T ◦), where T and T ◦ are defined as in Example 8.1.2, with some examples of cells.
Notice that the cells (τ2, σ2) and (τ3, σ3) appearing in Figure 8.2 correspond, under the
map pT ◦,T , to the cells with the same label in Figure 8.1.

We will next refine the poset P(T ◦, T ), in order to extend this correspondence to the
whole poset minus the origin.

Definition 8.2.3. The poset J (T ◦, T ) is the subposet of T ◦ × T defined by



64 Chapitre 8. Patchworking and mirror symmetry

σ1

σ2

σ3

(τ1, σ1)

τ1

τ2
(τ2, σ2)

(τ3, σ3)

τ3

Figure 8.2 – The subdivision P(T, T ◦)

— If σ ̸= 0 and 0 ∈ σ, then consider all pairs (τ, σ) such that τ ∈ ∂T ◦ and σ∞ ⊂
min(C(τ))∨.

— If σ ∈ ∂T , consider all pairs (τ, σ) such that τ ̸= 0 and σ ⊂ min(C(τ))∨.
Define J S(T ◦, T ) the subposet of J (T ◦, T ) consisting of pairs of the first kind, and by
J∞(T ◦, T ) the subposet of J (T ◦, T ) consisting of pairs (τ, σ) such that 0 ∈ τ .

Notice that we do not consider the pair (0, 0) in J (T ◦, T ). In fact, by definition the
pair (0, 0) would be isolated (i.e. not comparable to any other pair inside J (T ◦, T )).

It follows from the definition that the map from J (T ◦, T ) to P(T ◦, T ) \ (0, 0) sending
(τ, σ) to (0, σ) if 0 /∈ τ , and to itself if 0 ∈ τ is surjective. The poset J (T ◦, T ) is still a
graded poset (with the same grading as before), thin and still admits a balanced signature.
In fact, its geometric realization (as defined above) is a subdivision of the one of P(T ◦, T )
(minus the cell F (0, 0)). Similarly, the geometric realization of J S(T ◦, T ) is a subdivision
of ST ◦,T , and J∞(T ◦, T ) = P∞(T ◦, T ). As a corollary of Lemma 8.2.1, one obtains the
following

Lemma 8.2.4. The map

jT ◦,T : J (T ◦, T ) −→ J (T, T ◦) (8.4)

sending
— (τ, σ) to (σ̂, τ∞) if 0 ∈ τ and σ ∈ ∂T ,

— (τ, σ) to (σ∞, τ̂) if τ ∈ ∂T ◦ and 0 ∈ σ, and

— (τ, σ) to (σ, τ) if (τ, σ) ∈ ∂T ◦ × ∂T
is an isomorphism of posets.

Notice that jT ◦,T sends J S(T ◦, T ) to J S(T, T ◦), sends J∞(T ◦, T ) to J∞(T, T ◦) and
preserves the dimensions.
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Example 8.2.5. In Figures 8.3 and 8.4 we represented the geometric realizations of the
posets J (T, T ◦) and J (T ◦, T ), where T and T ◦ are defined again as in Example 8.1.2.
The cells depicted in the two figures are dual in the sense that they correspond under the
map jT ◦,T .

σ

τ

(τ∞, σ)

(τ∞, σ̂)

(τ, σ)

Figure 8.3 – The subdivision J (T, T ◦)

We extend the cosheaves Fp(τ, σ) to the poset J (T ◦, T ) by precomposing with the
map from above sending (τ, σ) to (0, σ) if 0 /∈ τ and to itself if 0 ∈ τ . Define as before

J 1(T ◦, T ) := {(τ, σ) ∈ J (T ◦, T )| dim(σ) ≥ 1} .

The geometric realization of J 1(T ◦, T ) defines a subdivision of XT ◦,T and it is the support
of the cosheaf Fp. One has a canonical isomorphism

Hq(J (T ◦, T );Fp) ∼= Hq(XT ◦,T ;Fp).

We defined now the mirror cosheaf.
Let (τ, σ) ∈ J S(T ◦, T ). Since σ∞ ⊂ min(C(τ))∨, in particular the cone C(τ) is a subset

of σ⊥∞. Then ⟨C(τ)⟩ ∧ Fp−1(0, σ∞) is a submodule of Fp(0, σ), and we can consider the
quotient.

Definition 8.2.6. Let p ≥ 0. The p-th mirror cosheaf Mp is defined over J (T ◦, T ) as
follows :

— if σ ̸= 0 and 0 ∈ σ, then define

Mp(τ, σ) =
Fp(0, σ)

⟨C(τ)⟩ ∧ Fp−1(0, σ∞)
(8.5)

where ⟨C(τ)⟩ is the submodule generated by C(τ) ∩ N . When p = 0, we define
M0(τ, σ) = Z.

— for all other elements (τ, σ) ∈ J (T ◦, T ) set

Mp(τ, σ) = 0. (8.6)
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(σ∞, τ)

σ

(σ, τ) (σ∞, τ̂)

τ

Figure 8.4 – The subdivision J (T ◦, T )

The cosheaf maps are induced by the ones from Fp.

Notice that the support of Mp is J S(T ◦, T ), and that moreover

Mp(τ, σ) = Fp(0, σ) when 0 ∈ σ and dimσ = 1.

We proved in [MR25] the following result :

Theorem 8.2.7. Let A be a commutative ring. For all q ≥ 0, there are canonical isomor-
phisms

Hq(J (T ◦, T );Fp ⊗A) ∼= Hq(J (T ◦, T );Mp ⊗A), (8.7)

Hq(J (T ◦, T );Mp ⊗A) ∼= Hq(J (T, T ◦);Mn−p ⊗A). (8.8)

Moreover, they induce a canonical isomorphism

Hq(XT ◦,T ;Fp ⊗A) ∼= Hq(XT,T ◦ ;Fn−p ⊗A). (8.9)

Corollary 8.2.8. If T and T ◦ are convex subdivisions, and Xtrop and X◦
trop are some cor-

reponding tropical hypersurfaces as in Definition 8.1.1, then we have the mirror symmetry
of the tropical Hodge diamonds

dimHq(Xtrop;Fp ⊗Q) = dimHq(X
◦
trop;Fn−p ⊗Q).

Definition 8.2.9 (Mirror classes). Two classes γ ∈ Hq(P(T ◦, T );Fp ⊗ A) and γ′ ∈
Hq(P(T, T ◦);Fn−p⊗A) are called mirror classes if they coincide under isomorphism (8.9).
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8.3 Patchworking and divisor in the mirror

Consider the Picard group of a toric variety CΣ with F2 coefficients, denoted by
PicF2(CΣ). For a smooth toric variety CΣ with Σ a complete fan in M , this group is
computed as follows. Let DivtoricCΣ be the free module generated by toric divisors, i.e.

DivtoricCΣ =
∑

ρ∈Σ(1)

F2Dρ

where the sum runs over all rays of the fan (i.e. 1-dimensional cones) and Dρ is the toric
divisor associated to the ray. Then we have the following short exact sequence

0 → N ⊗ F2 → DivtoricCΣ → PicF2(CΣ) → 0. (8.10)

The second arrow is the map n 7→
∑

ρ⟨n, vρ⟩Dρ, where vρ ∈ M ⊗ F2 is the mod 2
reduction of the primitive generator of the ray ρ, see [Ful93b] and [CLS11].

We now go back to the dual reflexive polytopes ∆ and ∆◦ with unimodular central
triangulations T and T ◦. Suppose we do patchworking with T and some sign distribution
ε, thus obtaining a PL-hypersurface XT ◦,T,ε in RΣT ◦ , which , in the convex case, is isotopic
to a real Calabi-Yau variety.

The sign distribution ε also determines a toric divisor Dε ∈ DivtoricCΣT as follows.
Let o ∈ T be the unique interior lattice point, then the other lattice points v ∈ ∂T are
the primitive generators of the rays of the fan ΣT . Therefore we can define

Dε =
∑

ε(v)=ε(o)

Dv.

It is clear that, up to inverting the sign of every lattice point in T , there is a one to
one correspondence between toric divisors with F2 coefficients on CΣT and a choice of
patchworking signs on T . Therefore we denote by XT ◦,T,D the PL-hypersurface in RΣT ◦

constructed by the patchworking signs determined by D ∈ DivtoricCΣT . We prove in
[MR25] the following proposition :

Proposition 8.3.1. If two divisors D and D′ in DivtoricCΣT define the same class in
PicF2(CΣT ) then XT ◦,T,D and XT ◦,T,D′ coincide, up to an automorphism of RΣT ◦.

Example 8.3.2. The real cubic curves in P2 obtained from patchworking with the sign
distribution corresponding to D = D7 + D8 and to D = D8 are depicted in Figure 8.5.
Notice that the first one is connected, while the second one is not.

8.4 Connectedness

In this last section, we will use Theorem 8.2.7 combined with the spectral sequence from
Section 6.3 to give a necessary and sufficient condition on a patchworking of a reflexive
polytope to be connected in terms of the mirror. Let first recall the reformulation of a
real phase structure from [BdMR22] in terms of triangulation. Remind that we consider
non-necesseraly convex triangulations.

Definition 8.4.1. A real phase structure on (∆, T ) is the data E given by a choice, for
every edge σ ∈ T , of an element Eσ ∈ N⊗F2

σ⊥ , such that for any two dimensional simplex
τ ∈ T the number of edges σ of τ such that Eσ = 0 is either 0 or 2.
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D1 D2 D3 D4

D5

D6

D7

D8

D9

Figure 8.5 – The signs corresponding to D = D7 +D8 and to D = D8 and the corres-
ponding real cubics.

Definition 8.4.2. Let E be a real phase structure on (∆, T ). For (τ, σ) ∈ P1(T ◦, T ), define

E(τ, σ) = {s ∈ N ⊗ F2/⟨C(τ)⟩ | πγ(s) = Eγ for some edge γ ⊂ σ} ,

where πγ : N ⊗ F2/⟨C(τ)⟩ → N ⊗ F2/γ
⊥.

Define also

PR(T
◦, T ) = {(τ, σ, s) | (τ, σ) ∈ P(T ◦, T ), s ∈ N ⊗ F2/C(τ)} .

The set PR(T
◦, T ) is also a poset, where the order is given by (τ, σ, s) ≤ (τ ′, σ′, s′) if

(τ, σ) ≤P (τ ′, σ′) and πτ ′,τ (s
′) = s, where πτ ′,τ : N ⊗ F2/⟨C(τ ′)⟩ → N ⊗ F2/⟨C(τ)⟩ is the

F2 reduction of the projection maps (3.5). Consider the geometric realization of the poset
PR(T

◦, T ) and its subdivision given by

|PR(T
◦, T )| =

⋃
(τ,σ,s)∈PR(T ◦,T )

F (τ, σ, s).

where
F (τ, σ, s) =

⋃
(τ,σ,s)•∈(τ,σ,s)≤

|(τ, σ, s)•|.

In [MR25] we proved the two following propositions

Proposition 8.4.3. The poset PR(T
◦, T ) is the face poset of a regular CW-structure on

RΣT ◦ with cells F (τ, σ, s).

Given a real phase structure E on (∆, T ), consider the following subposet of PR(T
◦, T ) :

P1
E(T

◦, T ) = {(τ, σ, s) ∈ PR(T
◦, T ) | dimσ ≥ 1, s ∈ E(τ, σ)} .

Proposition 8.4.4. Let E be a real structure on (∆, T ) and let ε : ∆ ∩M → F2 be a
corresponding sign distribution. Then P1

E(T
◦, T ) is a regular CW-structure on XT ◦,T,ε.
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There is an obvious surjective map from PR(T
◦, T ) to P(T ◦, T ) by forgetting the

last coordinate, and results from Section 6.3 extend to this case. We state them in this
framework for reader convenience. The proofs are similar as in [RS23].

Definition 8.4.5. The sign cosheaf on P(T ◦, T ) is given by

S(τ, σ) := FE(τ,σ)
2 .

For ε ∈ E(τ, σ), we will denote by wε the corresponding generator of S(τ, σ).

Proposition 8.4.6. For every integer q, the groups Hq(XT ◦,T ;S) and Hq(XT ◦,T,ε;F2) are
isomorphic.

Proposition 8.4.7. Let E be a real structure on (∆, T ). There exists a filtration of co-
sheaves on P(T ◦, T )

0 = Kn+1 ⊂ Kn ⊂ Kn−1 ⊂ · · · ⊂ K0 = S

such that
Kp/Kp+1 ≃ Fp.

The spectral sequence (Ek
p,q, δ

[k]) associated to this filtration has first page

E1
p,q = Hq(XT ◦,T ;Fp)

and converges to H•(XT ◦,T ;S) which by Proposition 8.4.6 is the homology of XT ◦,T,ε.
To simplify a little the notations in this section, for a Z-cosheaf G, we will denote by

GF2 the tensor product G ⊗ F2. Let D =
∑

ρ∈ΣT (1) aρDρ be a toric divisor on CΣT with
F2-coefficients. Denote by supp(D) the support of D, meaning the set of rays in ΣT with a
non-vanishing coefficient. Again, to simplify the notations we will identify the ray ρ with
the segment S(ρ) in T . The divisor D defines, by the same formula, a divisor on TΣT and
when restricted to XT,T ◦ it defines a class in Hn−1(XT,T ◦ ;FF2

n−1) represented by the cycle

D|XT,T◦ :=
∑

ρ ∈ supp(D)
dim(δ) = 1 and δ ⊂ min(ρ)∨

(ρ, δ)⊗ vρ,δ,

where vρ,δ is the generator of Λn−1
F2

( δ
⊥

ρ ).

Remark 8.4.8. If T and T ◦ are convex, the Viro polynomial defines the mirror family
of complex hypersurfaces X◦

t in CΣT , and the divisor D restricts to a family of divisors
D|X◦

t
=

∑
ρ∈ΣT (1) aρDρ ∩X◦

t . Each Dρ ∩X◦
t when restricted to the toric orbit OC

ρ defines

in turn a Viro polynomial which is the one of the tropical hypersurface XT,T ◦ ∩ OT
ρ . The

facets of XT,T ◦ ∩ OT
ρ are precisely dual to the edges δ of ∆◦ such that δ ⊂ min(ρ)∨.

On the other hand the divisor D also defines a real phase structure E = ED on (∆, T )
and a corresponding patchworking XT ◦,T,ε. Now we indicate how to prove the following
theorem :

Theorem 8.4.9. Assume that

Hn(XT ◦,T ;FF2
k ) = 0 for all 0 < k < n. (8.11)

Then the patchworking XT ◦,T,ε is connected if and only if [D|XT,T◦ ] = 0 in Hn−1(XT,T ◦ ;FF2
n−1).



70 Chapitre 8. Patchworking and mirror symmetry

Remark 8.4.10. The hypothesis (8.11) is satisfied if ∆ is a polytope giving rise to
a non-singular toric variety. This follows from Proposition 3.2 in [BdMR22] (see also
[ARS21]). We expect that in the convex case, the tropical divisor class [D|XT,T◦ ] vanishes

in Hn−1(X
◦
trop;F

F2
n−1) if and only if, for t small enough, the class of the complex divisor

[D|X◦
t
] vanishes in the Picard group modulo 2 of X◦

t .

Recall that the real phase structure ED defines a sign cosheaf SD on P(T ◦, T ) and
induces a spectral sequence (Ek

p,q, δ
[k]) converging toH∗(XT ◦,T ;SD). Obviously the spectral

sequence depends on D, but to keep notation simple we remove D from the decorations.
In particular the number of connected components of XT ◦,T,ε is given by the dimension of
the homology group

Hn(XT ◦,T,ε,F2) ∼=
⊕
k

E∞
k,n.

Therefore, with assumption (8.11), the number of connected components of XT ◦,T,ε can
be either one or two. If the differential at the first page

δ[1] : Hn(XT ◦,T ;FF2
0 ) → Hn−1(XT ◦,T ;FF2

1 )

does not vanish, i.e. it is injective, then XT ◦,T,ε is connected. If it vanishes we need to
study also higher differntials δ[k]. Recall that XT ◦,T contains the sphere S = ST ◦,T (see
(8.2)) and it is homotopically equivalent to it. One direction of Theorem 8.4.9 follows from
the following

Theorem 8.4.11. Let S ∈ Hn(XT ◦,T ;FF2
0 ) be the generator. Then δ[1](S) and [D|XT,T◦ ]

are mirror classes. In particular, if [D|XT,T◦ ] ̸= 0 then XT ◦,T,ε is connected.

For the proof, we refer to [MR25].
We now investigate what happens when δ[1]S = 0, (i.e. if [D|XT,T◦ ] = 0). In this case

the term E2
0,n is equal to Hn(XT ◦,T ;FF2

0 ), and thus generated by S. More generally the

term Ek
0,n is equal to Hn(XT ◦,T ;FF2

0 ) as long as δ[j]S = 0 for all j < k. The next theorem
proves the other direction in Theorem 8.4.9.

Theorem 8.4.12. If δ[1]S = 0, then

E∞
0,n = Hn(XT ◦,T ;FF2

0 ) = F2

In particular, assuming (8.11), if [D|XT,T◦ ] = 0 then the patchworking XT ◦,T,ε has two
connected components.

Again, we refer to [MR25] for the proof.

Example 8.4.13. Let D =
∑

aρ
Dρ be supported in the interior of the facets of ∆, then

D|XT,T◦ = 0, since divisors in the interior of maximal faces are mapped to vertices by
the blowdown map Bl : TΣT → TΣ∆◦. In particular XT ◦,T,ϵ will have two connected
components.

Example 8.4.14. Consider the divisors D = D7 + D8 and D = D8 as in Figure 8.5.
In the first case D|XT,T◦ is one point, in the second D|XT,T◦ = 0 (see Figure 8.6). The
corresponding patchworkings are depicted in Figure 8.5 and they are respectivley connected
and disconnected.

Example 8.4.15. Consider the two reflexive polytopes in Figure 8.7, where T is on the
left. We have drawn an example of patchworking and the corresponding divisor. The divisor
D|XT,T◦ consists of two points and therefore it is zero ( mod 2). Indeed any patchworking
in this example will be disconnected.
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Figure 8.6 – The intersection of XT,T ◦ with two different divisors.
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Figure 8.7 – Two dual reflexive polygons. A divisorD in the mirror and the corresponding
disconnected patchworking. The divisor intersects the mirror curve in two points, i.e.
D|XT,T◦ = 0.
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