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Introduction

Definition 1.1

A random variable X defined on a probability space (2, A, P) and with values in a
separable Banach space (E, Bg), is said to be Gaussian centered, when (X, x*) is
a real-valued centered Gaussian random variable for any x* € E*, the topological
dual of E.

Remark 1.1

Let K be a compact metric space and let C(K) be the Banach space of the
continuous real-valued functions defined on K. Assume that {X(t)}iek is a
real-valued centered Gaussian process, defined on (2, A,P) and with continuous
paths (for all fixed w € Q, the function X(-,w) : K = R, t — X(t,w) is
continuous). Then, the map (Q, A,P) — (C(K),Beky), w — X(-,w) is a
centered Gaussian random variable with values in (C(K), Be(k))-
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Introduction

Theorem 1.1

X can be represented as an almost surely convergent random series of the form:

+oo
X :ank, (11)
k=1

where the €, 's are independent N(0, 1) real-valued Gaussian random variables and
the ax 's are some deterministic elements of E.

— See the book of Lifshits (1995) or that of Ledoux and Talagrand (1991) for a
proof Theorem 1.1.

— In the case where X is a Brownian motion B = {B(t)}co,1], two classical
examples of such series representations are:

@ the representation in the trigonometric system,
+oo .
sin(mkt)
B(t) = et + V2> 2
(1) 0 ; Kk

@ the representation in the Faber-Schauder system (it will be presented later).
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Introduction

It is natural to look for optimal series representations of X i.e. those where the

tail of the series:
+oco
E €k,
k=n

tends to zero as fast as possible. This leads to the study of the quantity

+oo 2 1/2 +o0o
Ih(X) = inf <EHZekakH ) X =Y e (1.2)
k=n k=1

In(X) is called the nth /-number of X.
Remark 1.2

The value of I,(X) remains the same even if the random variables € are allowed
to be dependent.

Clearly, lim,— o0 In(X) = 0. The rate of convergence is closely connected with the
small ball behaviour of X.
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Introduction

Theorem 1.2 (Li and Linde 1999)

Let a >0 and b € R be fixed.

© If for some constant ¢; > 0 and every integer n > 1,
I(X) < cin™2(1 + log n)®. (1.3)
Then, there is a constant c; > 0 such that for any e > 0 small enough,
log(B(IX|| < €) > —cxe™/*(log 1/e)P/2. (1.4)

@ Conversely, if (1.4) holds, then there is a constant c3 > 0 such that for each
integer n > 1,

Ih(X) < c3n2(1 + log n) ™. (1.5)

Remark 1.3 (Li and Linde 1999)
When E is K-convex (e.g. LP, 1 < p < o) then (1.3) and (1.4) are equivalent.
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Introduction

The main three goals of our talk are the following;:

(a)

(b)

To connect the Holder regularity (in the mean-square sense) of a centered
continuous real-valued Gaussian process with the rate of convergence of its
I-numbers.

To present the Meyer, Sellan and Taqqu wavelet series representations of
fractional Brownian motion (fBm), and to show that they are optimal; notice
that fBm is the most natural real-valued continuous Gaussian process which
extends Brownian motion.

To investigate, for the Riemann-Liouville process (that is the high-frequency
part of fBm), the optimality of the series representations obtained via the
Haar and the trigonometric bases of L2[0,1].
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Halder regularity and rate convergence of /-numbers

Organization of the talk

© Holder regularity and rate convergence of /-numbers
@ Gaussian processes and operators
@ Proof of the main result of the section
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Halder regularity and rate convergence of /-numbers

Throughout this section, X = {X(t)}c[o,1jv denotes a centered real-valued
Gaussian process with continuous paths.

Definition 2.1

Let H € (0,1]. One says that X is H-Hélder (in the mean-square sense), if there
exists a constant ¢ > 0 such that for all t,s € [0,1]",

E (|X(t) — X(s)]) < c|t —s[*". (2.1)

Remark 2.1

Q It follows from (2.1) that the paths of X are almost surely ~y-Hélder functions
for any v € (0, H), that is, for all t,s € [0, 1]V,

|X(t,w) = X(s,w)| < C'(w)|t —s|". (2.2)

@ Conversely, if the paths of X are almost surely H-Hélder functions then (2.1)
is verified.
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Halder regularity and rate convergence of /-numbers

A classical example of a real-valued, centered, continuous and H-Holder Gaussian
process, is the multivariate fractional Brownian motion By = {By(t)}cjo1jv
whose covariance is given by:

EBy(t)Bu(s) = = (|t + |s]*" — |t — s]*) . (2.3)

N

The following theorem, is the main result of this section.
Theorem 2.1 (A. and Linde 2008)

Assume that X = {X(t)}.cjo,1v is @ real-valued, centered, continuous and
H-Holder Gaussian process. Then there exists a constant ¢ > 0 such that for

every n > 2,
In(X) < en=H/N\/log n. (2.4)

For proving Theorem 2.1 we will use the operators theory.
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Halder regularity and rate convergence of /-numbers Gaussian processes and operators

Gaussian processes and operators

Let X = {X(t)}¢e[o,1yv be a centered continuous real-valued Gaussian process.
© There exists u: L2 = [2[0,1] — C = C[0,1]" a bounded operator such that
for any t,s € [0,1]",
EX(t)X(s) = (u*ds, u*0s) 2, (2.5)
where u* : C* — L2 is the dual operator of u, and J; is the Dirac measure in

t € [0,1]V; one calls u: an operator generating X.

@ In fact, one can prove that u belongs to the the class
G = G(L?[0,1],C[0,1]"), that is for each orthonormal basis (f;)x>1 of L
and any sequence {¢}«>1 of independent real-valued N'(0,1) Gaussian
random variables the sum

—+o00

ZGku(fk),

k=1

converges almost surely in C.
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Halder regularity and rate convergence of /-numbers Gaussian processes and operators

Some useful properties of G = G(L2[0, 1], C[0, 1]V)
@ Any v € G is a compact operator (see for example the book of Pisier (1989)).
@ The /-norm of any v € G is defined as

1/2

I(v)=|E (2.6)

2
[es)

+o0
> erv(fi)
k=1

this norm is known to be independent of the special choice of the
orthonormal basis (fi)k>1.

@ (G,/) is a Banach space (Linde and Peitsch 1973).

o If v has finite rank and Xj is an arbitrary standard Gaussian random variable
with values in (ker v)L. Then

1/2

I(v) = (E[lv(Xo)l3)
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Halder regularity and rate convergence of /-numbers Gaussian processes and operators

Another useful property of G = G(L2[0,1],CJ[0, 1]V)
Let v € G and define the kernel K : [0,1]V x [0,1] — R by

K(t,x) = (v*6,)(x). (2.7)

Then t — ®(t) = K(t,-) is a continuous function from [0, 1]V into L2[0, 1].
Moreover, for any h € L2[0,1] and t € [0,1]" one has

1
(vh)(t)—/0 K(t,x)h(x) dx. (2.8)

Proof of (2.8): Using (2.7), one obtains that for all t € [0,1]V,

/0 K(t,x)h(x) dx = (v*0¢, h) 2 12 = (vh,0:) c,c- = (vh)(t).
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Halder regularity and rate convergence of /-numbers Gaussian processes and operators

Proof of the continuity of ¢ : t — K(t,-): Using (2.7) and

Il = sup [{f,h)
Ihll2<1

for all f € L2, one gets that for any t;, t, € [0,1]V,

1K (1, ) = K(t2,) |2
= [[v*(65) = v*(00)ll12

= sup [(v'(dy) — v (0r), h)
lhll2<1

= e [(vh)(t2) = (vh)(22)]. (2.9)

Since v is compact, the set {v(h) : ||h]|;2 < 1} is equicontinuous (Arzela-Ascoli
Theorem).

Thus (2.9) implies that @ is a continuous function from [0, 1]V into L2[0, 1].
O
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Halder regularity and rate convergence of /-numbers Gaussian processes and operators

Proposition 2.1

Let X = {X(t)}¢ejoyn be a centered, continuous and real-valued Gaussian
process. Let u € G(L?,C) be an operator generating X i.e. for all t,s € [0,1]",

EX(£)X(s) = (0" ¢, u*65) 12, (2.10)

and
K(t,x) = (u™d;)(x), (2.11)

the kernel corresponding to u. Then

law{X(t) : t €[0,1]"} = /aw{/ol K(t,x)dB(x) : t €0, 1]"’},

where dB is a Brownian measure.
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Halder regularity and rate convergence of /-numbers Gaussian processes and operators

Proof: It follows from (2.10) and (2.11) that for all t,s € [0, 1]V,
1
EX(t)X(s) :/ K(t,x)K(s, x) dx.
0

On the other hand, using the isometry property of Wiener integral one has for all
t,s €[0,1]",

E (/01 K(t,x) dB(x)/Ol K(s, x) dB(x)> - /01 K(t, x)K(s, x) dx.
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Halder regularity and rate convergence of /-numbers Gaussian processes and operators

Corollary 2.1

Let X = {X(t)}sco,1v be a centered, continuous and real-valued Gaussian
process. Recall that X can be represented as,

+o0

X(t) = exoult).

k=1

In fact, a possible (but not unique) choice of the continuous functions cv is

ay = u(fy),
where u is an operator generating X and (fi)x>1 is an arbitrary orthonormal basis
of L2]0,1].
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Halder regularity and rate convergence of /-numbers Gaussian processes and operators

Proof: The process X can be represented for every t € [0, 1]V as

X(t) = /01 K(t,x) dB(x), (2.12)

where K is the kernel corresponding to u i.e. for every h € L? and t € [0,1]V,

1
(uh)(t) = / K(£, x)h(x) dx. (2.13)
0
Expanding, for all fixed t € [0, 1]V, the function K(t,-) in the basis (f)x>1 and
then using (2.13), one obtains that

+o0

K(t.) = S (uh)(D)f. (2.19)

k=1

where the series converges in L2([0, 1], dx). Finally, it follows from (2.14), (2.12)
and the isometry property of Wiener integral that
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Halder regularity and rate convergence of /-numbers Gaussian processes and operators

X(t) = i ex(ufe)(t), (2.15)
k=1
where )
€k :/0 fi(x) dB(x), for all k.
O
Remark 2.2

A priori, the series in (2.15) converges in L?(,R) for every fixed t. However,
since u € G(L2[0,1],C[0,1]V), one can show that it also converges almost surely
uniformly in t € [0, 1]V or equivalently that it converges in L?(Q2,C[0,1]V).
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Halder regularity and rate convergence of /-numbers Gaussian processes and operators

The sequence of /-numbers of v, is defined as,
1/2

Ih(u)=inf{ [E . (f)ks1 ONB in [2[0,1] ¥;  (2.16)

2
]

Z exu(fy)

recall that, the sequence of [-numbers of X is defined as:

s\ 1/2

Ih(X)=inf (B o P X =) eagas. . (2.17)
k=n o) k=0

According to Corollary 2.1, a possible choice of the ay’s is ax = u(fy) for all k;
hence
W(X) < In(u). (2.18)

Observe that, the reverse inequality is also true, thus,

Ih(X) = In(u). (2.19)
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Halder regularity and rate convergence of /-numbers Proof of the main result of the section

Proof of the main result of the section

Recall that the goal of this section is to prove that:
Theorem 2.1

Assume that X = {X(t)};c[o,yv is a real-valued, centered, continuous and
H-Holder Gaussian process. Then,

Ih(X) <O (n*H/N\/@) . (2.20)

Reformulation of Theorem 2.1 in terms of operators theory:

Theorem 2.1 (reformulated)

Let H € (0,1] and let u € G(L?[0,1],C[0,1]") be a H-Hélder operator, which
means that, there exists a constant ¢, > 0 such that for any h € L?[0, 1] and
t1,t € [07 l]N,

|(uh)(tz) — (uh)(t2)| < cal|Allia|t — to]". (2.21)

Then Io(u) = O (n=H/N\/log n).
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Halder regularity and rate convergence of /-numbers Proof of the main result of the section

To prove Theorem 2.1 (reformulated), we will use the following proposition:

Proposition 2.2

Let u € G(L?[0,1],C[0,1]). For each a > 0 and b € R, (i) is equivalent to (ii).
(i) The I-numbers of u, satisfies,

In(u) = O (n?(log n)") . (2.22)

(ii) There exists a sequence (uj)j>1 of finite rank operators, such that:
© One has, in the sense of the [-norm,

[e o)
j=1
@ the ranks of the u;’s satisfy

rk(u;) = O (2) (2.23)

and, their |-norms satisfy

(u) = O (2‘311'") . (2.24)
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Halder regularity and rate convergence of /-numbers Proof of the main result of the section

Sketch of the proof of Theorem 2.1 (reformulated): We suppose that N = 1.
For any integers j > 0 and 0 < k < 2 set

= K2 and X, = )
with the convention that )\éj = {1}. We denote by B([0,1]), the Banach space of

the real-valued bounded function on [0, 1], equipped with the uniform norm. Let
v : L2[0,1] — B([0,1]) be the finite rank operator defined for all h € L? as,

2
vih = Z(uh)(tj()lyk. (2.25)
k=0
It is clear that, '
rk (v) < 2/*1 (2.26)
moreover, since u is a H-Holder operator, one has
lu—v|| =0 27"). (2.27)

Let ug = vy and for all j > 1, u; = v; — vj_1. (2.26) implies that rk (u;) < 2J+2
and (2.27) that u =Y u;. It remains to show that /(1;) = O (27H\/j+1).
This can be obtained by using the fact that /(u;) = (E[4;(X;)|%)"?, where X; is
a standard Gaussian random variable with values in (ker u;)*.

O
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The Meyer, Sellan and Taqqu wavelet representations of fBm

Organization of the talk

© The Meyer, Sellan and Taqqu wavelet representations of fBm
@ Representation of Brownian motion in the Faber-Schauder system
@ Wavelet representation of fBm without a scaling function
@ Wavelet representation with a well-localized scaling function
@ Optimality of both representations
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The Meyer, Sellan and Taqqu wavelet representations of fBm

— {BH(t)}tefo.1), the fractional Brownian motion (fBm) of Hurst parameter
H € (0,1), is the continuous centered real-valued Gaussian process with
covariance,

E (Bu(s)B(t)) = 5 (s + |t — Is — ¢, (31)

when H = 1/2, fBm reduces to Brownian motion, otherwise its increments are
correlated and even display long-range dependence when H € (1/2,1).

— Kiihn and Linde (2002), have obtained sharp estimates of the asymptotic
behaviour of (I,(Br))n>1, the sequence of the /-numbers of fBm; namely, there
exist two constants 0 < ¢; < ¢, such that for all n > 2,

an~Hy/logn < I.(By) < on~Hy/logn (3.2)

Observe that Theorem 2.1 allows to recover the second inequality in (3.2).
— It seems natural to look for explicit optimal random series representations of
fBm; in view of (3.2) their rate of convergence must be, n="/log n.

The main goal of this section is to present the Meyer, Sellan and Taqqu
wavelet representations of fBm, and to show that they are optimal.
Roughly speaking, they consist in expressing fBm as a series of approximations
with successive scale refinements; they are reminiscent of the representation of
Brownian motion in the Faber-Schauder system.
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The Meyer, Sellan and Taqqu wavelet rep ions of fBm Rep! ation of Brownian motion in the Faber-Schauder system

Representation of Brownian motion in the Faber-Schauder
system

+o02—1

B(t)=cot+ Y > u277r(2Jt - k), (3.3)
j=0 k=0
where:
@ ¢o and ¢, x are independent real-valued (0, 1) Gaussian random variables,
@ T is the triangle function based on [0, 1],

@ the series is almost surely uniformly convergent in t € [0, 1].

The expansion (3.3) was introduced by Paul Lévy in 1948. It has turned out to be
very useful in the (fine) study of Brownian motion; for instance it allows to prove

that Brownian paths do not satisfy a uniform or a pointwise Holder condition of
order 1/2.
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The Meyer, Sellan and Taqqu wavelet representations of fBm Representation of Brownian motion in the Faber-Schauder system

Proposition 3.1

The series expansion of Brownian motion in the Faber-Schauder system is optimal.

For proving Proposition 3.1, we need the following two lemmas.
Lemma 3.1

There is a constant ¢ > 0 such that for any integer N > 1 and for each centered
Gaussian real-valued sequence Zi, ..., Zy one has,

IE( sup |Zk|> < c(1+log )2 sup (E|Z?)"?. (3.4)

1<k<N 1<k<N

Lemma 3.2

For any t € [0,1] and for each integer j > 0, there is at most one integer k, such
that 0 < k < 2 and 7(2t — k) # 0.
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The Meyer, Sellan and Taqqu wavelet representations of fBm Representation of Brownian motion in the Faber-Schauder system

Proof of Proposition 3.1: Lemma 3.2 implies that for all j > 0 and t € [0, 1],

k=0

21
> lgullr(@t — k)| < ( sup _|€j,k> (17 lloo- (3.5)
0<k<2

Using (3.5), the gaussianity of the €j.k's and Lemma 3.1, one has for all m € N,

m 2-1
Qm=E | sup |B(t) —ept— Z Z 272, kT (2t — k)
t€[0.1] j=0 k=0
+o00 )
<q Z 272 sup ej4l
e 0<k<2

IN

+o0 1/2
(e)) Z 2_j/2(1 +j)1/2< sup ]E|€j,k|2>

[ 0<k<

+o0
Q@ Y, 2P+ )7 < 2m (1 + m)2
Jj=m+1

Thus, the expansion of {B(t)}:c[o,1] in the Faber-Schauder system is optimal.
O
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The Meyer, Sellan and Taqqu wavelet representations of fBm Wavelet representation of fBm without a scaling function

Wavelet representation of fBm without a scaling function

We suppose that:

@ ) is a smooth and well-localized real-valued mother wavelet defined on R,
o {2//2(2t — k); j € Z and k € Z} is an orthonormal basis of L?(R),

@ 1, the Fourier transform of 4, is a smooth and well-localized function.

Under these assumptions, for any H € (0, 1),

Wp(t) = /R f(gf,(ﬁ)/ d¢ and W_p(t) = /R e (i) M1/ (€) de,

the fractional primitive of ¢ of order H + 1/2, and its fractional derivative of
order H +1/2, are well-defined, smooth and well-localized real-valued functions.

Theorem 3.1 (Meyer, Sellan and Taqqu 1999)

The sequences of functions {2/?Wy(2/t — k); j € Z and k € Z} and
{2112V _ (2t — k); j € Z and k € 7.} are two biorthogonal bases of L?(R).
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The Meyer, Sellan and Taqqu wavelet representations of fBm Wavelet representation of fBm without a scaling function

These bases are well-adapted to the analysis of fBm:
Theorem 3.2 (Meyer, Sellan and Taqqu 1999)
The fBm {BH(t)}te[o,1] can be expressed as:

—+o00 —+o00

Bu(t)= > > 27 (Wu(Zt — k) = Wu(—k)) €k, (3.6)

Jj=—00 k=—00

where the €; i 's are independent N'(0,1) Gaussian random variables and the series
is almost surely uniformly convergent in t. Moreover,

R

— (3.6) is almost a Karhunen-Loeve expansion of By.
— It allows to obtain some local and asymptotic properties of By (nowhere
differentiability, moduli of continuity, behaviour at infinity, and so on).
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The Meyer, Sellan and Taqqu wavelet representations of fBm Wavelet representation of fBm without a scaling function

Proof of Theorem 3.2: Let us start from the harmonizable representation of
fBm:

ettt —1
Br(t) :/RWC’B(O, (3:8)
where dB is the " Fourier transform” of the Brownian measure dB. Expanding the

function £ — ﬁ in the orthonormal basis
{2772e4/2 (2mi¢); je zand k e 2}

and then, using the isometry property of the integral /()dé it follows that
R
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The Meyer, Sellan and Taqqu wavelet representations of fBm Wavelet representation of fBm without a scaling function

ité -
Bu(e) = | o 9BO = X asu® (3.9)

where the
=29 [ ) B
R
are independent N(0, 1) real-valued Gaussian random variables and

, 1
a,-,k(t)—zf/?/Rwe'kﬁ/? P(277¢) de. (3.10)

The series (3.9) is almost surely uniformly convergent in t (It6-Nisio Theorem).
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The Meyer, Sellan and Taqqu wavelet representations of fBm Wavelet representation of fBm without a scaling function

Let us now prove that
ajk(t) =27 (Wy(2t — k) — Wy(—kK)) . (3.11)
As the first two moments of the wavelet 1) vanish, one has,
¥(€) = 0(&), (3.12)

which implies that

— , t— J 2 § —J —l w 2 §
ajk(t) =2 1/2/]R (t=k/2)e (Ig()H+1/)2 d§ —2 J/Q/R ekl (,5()H+1/)2 dg.

(3.13)

Finally, setting 7 = 27/¢ in the latter two integrals, one obtains (3.11).
O
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The Meyer, Sellan and Taqqu wavelet representations of fBm Wavelet representation with a well-localized scaling function

Wavelet representation with a well-localized scaling
function

The mother wavelet 1) satisfies the same conditions as previously and ¢ is a
corresponding scaling function.

As $(0) =1 # 0, the fractional primitive of ¢ of order H + 1/2, can only be
defined when H € (0,1/2); moreover, it is irregular and bad localized.

= The problem of finding a wavelet expansion of fBm with a well-localized
scaling function is tricky. However, we need to have this well-localization for the
expansion to be optimal.

To overcome this difficulty Meyer, Sellan and Taqqu have replaced the fractional
primitive of ¢, by the function ® defined as,

R emiE 12
u(e) = (”5) B(c). (3.14)
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The Meyer, Sellan and Taqqu wavelet representations of fBm Wavelet representation with a well-localized scaling function

Theorem 3.3 (Meyer, Sellan and Taqqu 1999)

Let Wy and W_y be the fractional primitive of order H 4+ 1/2 and the fractional
derivative of order H+ 1/2, of the mother wavelet ). Let &y be as in (3.14) and
let ®_4 be defined as,

—=fE —H—1/2A
the ™ +l_§ ) B(©). (3.15)

CTLH(f) = (
Then for any m € Z,
{2"’/2¢H(2’"t ) le Z} U {2j/2\IIH(2jt —K):jE€Z, j>m ke Z}
and

{2m/2¢_H(2mt —N):le Z} U {21/2w_H(2ft —K):jEZ j>m ke Z}

are two biorthogonal bases of L(R).
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Theorem 3.4 (Meyer, Sellan and Taqqu 1999)

For any m € 7, the fBm {By(t)}+c[0,1] can be expressed as:

+oo
Bu(t) = 27™ 3" oy(2mt— 1S
I=—o00
+oco +oo

+> 0> 27, (Pt — k) — by, (3.16)

Jj=mk=—o00
where {S;H,)}IGZ is a FARIMA(0,H-1/2,0) random walk and {€; k}j>m ez Is a

sequence of independent real-valued N (0,1) Gaussian random variables. The
series in (3.16), are almost surely uniformly convergent in t; moreover,

m)

st — 2’"(”“)/ By(t)®_pn(2™t — ) dt
R

and

€k = 21(H+1)/ Bu(t)V_p(2t — k) dt.
R
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The main two advantages of the latter representation with respect to the
representation without scaling function are the following.

© The first term isolates the low frequencies and gives the tendency while the
second term involves fluctuations around it.

@ FBm can be approximated by the first term and Mallat pyramidal algorithm
allows to compute by induction the coefficients S, ;, | € Z for any m > 1.
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Optimality of both representations

Theorem 3.5 (A. and Taqqu 2003)

For each integer J > 0, let
Fy={(j,k)€7% 0<j<Jand |kl <(J—j+1)"22/+*) and
P, ={(j,k) € 7% —J < j < —1 and |k| < 27/2}. For every integer n > 3 with
B =128 Z;’i p~2, let T, C Z? be a set satisfying the following properties:
e 7, contains, at most, n indices (j, k),
e foralln> 3, Fypn U Pyny C I, where J(n) is the unique integer such that
62J(n) <n< B2J(n)+1’
At last let

Bun(t)= > 27 (Wn(2t — k) — Wu(—k)) €. (3.17)
(,k)ETn

Then there is a r. v. C > 0 of finite moments such that a.s. for all n > f3,

sup |Bu(t) — Bu.a(t)] < Cn~ (1 + log n)Y/2. (3.18)
te[0,1]
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Theorem 3.6 (A. and Taqqu 2003)

We suppose that 3, F; and J(n) are the same as in Theorem 3.5. For every
integer J > 0 let Q; = {I € Z; |I| < 27}. For every integer n > 3, let I C Z and
T C 72 be two sets satisfying the following properties:

e 7 contains at most n/2 indices | and I,/ contains at most n/2 indices (j, k),

o foreveryn> 3, Q) C I, and Fy,,) CI;.

At last let
Bua(t) = > ou(t—1NS) (3.19)
ez,
+ > 27 (Wp(Pt — k) = Wi(—k)) €k
U.k)ETy

Then there is a r. v. C > 0 of finite moments such that a.s. for all n > f3,

sup |Bu(t) — Bu.a(t)] < Cn=H(1 + log n)'/2. (3.20)
te[0,1]
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Remark 3.1

Another optimal series representation of fBm has been introduced in 2003 by
Dzhaparidze and Van Zanten. It has some similarities with the expansion of
Brownian motion in the trigonometric system.
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Classical series representations of RLp

Organization of the talk

@ Classical series representations of RLp
@ Some generalities on Riemann-Liouville process
@ Optimality of classical series representations
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Some generalities on Riemann-Liouville process

{R*(t)}¢te[0,1), the Reimann-Liouville process (RLp) of parameter o > 1/2, is
defined as the Wiener integral,

1 1
R¥(t)==— [ (t—s)7 "'dB 4.1
(0= 7y | (=257 dBCs). (a1)
with the convention that for all (x,7) € R?, (x)1 = x7 if x > 0 and (x)] = 0 else.
Remark 4.1

o {R!(t)}tepo,1 is the usual Brownian motion.

o If1/2 < a < 3/2, then {R*(t)}¢eo,1) differs from {B,_1,2(t)}tepo,1), the
fBm of Hurst parameter H = o —1/2, only by a very smooth process, namely,

()= [ {97t - (o e

sometime {R(t)}¢c(0,1) is called the high-frequency part of fBm and
{Q%(t)}tepo,1) the low-frequency part.
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@ An advantage of RLp with respect to fBm is that its parameter « can take
any value strictly greater than 1/2, while the Hurst parameter of fBm is
necessarily obliged to belong to (0, 1).

o The semigroup property of RLp: for each real number 8 > 1/2, we denote
by C#~1/2[0, 1], the Holder space on [0, 1] of order 5 — 1/2, and we denote
by /5 : L2[0,1] — C#~%/2]0, 1] the fractional primitive operator of order f3,
defined, for all h € L2[0,1] and t € [0, 1] as,

1
(Ish)(t) = ﬁ / (t — )"~ h(s) s (42)

then one has (I3R%)(t) = R**A(t).
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Series representation of RLP by an orthonormal basis:

Let F = (fi)k>1 be an arbitrary orthonormal basis of L2[0, 1]. Expanding, for every
fixed t € [0,1], the function s — (t — s)?" ! in this basis, one gets that

Mg

(o fic) ()i (-)- (4.3)

(t=)57 =

==
Il

1

Next, using the isometry property of Wiener integral, it follows that

Mg

R(t) = ) _(lafi)(t)ex, (4.4)

X
Il

1

where
(s = ( /0 (s) dB(s))kzl, (4.5)

is a sequence of independent real-valued A/(0,1) Gaussian random variables.
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Remark 4.2
@ The previous series is called the series representation of RLp by the basis F.

@ A priori, this series is, for every fixed t, convergent in L2(Q), where Q denotes
the underlying probability space. However, It6-Nisio Theorem allows to show
that it is also convergent, with probability 1, uniformly in t.

Theorem 4.1 (Kiihn and Linde 2002)

For all o > 1/2, there are two constants 0 < ¢; < ¢, such that for every n > 2,

clnf‘”l/zx/logn < I,(R¥) < an*a+1/2\/|og n,

where [,(R®) denotes the nth |-number of RLp.

Theorem 4.2 (Schack 2009)

For all « > 1/2, any Daubechies wavelet basis of L2[0, +00) with at least
max{2[a + 1/2] 4 3,7} vanishing moments, generates an optimal random series
representation of R%.
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Optimality of classical series representations

The main two results of this section:
Theorem 4.3 (A. and Linde 2009)
For all 1/2 < o < 3/2, the Haar basis of L?[0, 1],

H:= {1} U{hjx : j€Noand 0 < k <2},
where

PYESREYES

hj,k == 21/2 (1[ 2k 2/(74»1] - I[M 2k+2 ),

U+ PR

generates an optimal series representation of R<.

Theorem 4.4 (A. and Linde 2009)

For all 1 < o < 2, the trigonometric basis of L2[0, 1],
T := {1} U{V2cos(kr-) : k € N},

generates an optimal series representation of R“.
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Remark 4.3

o When o > 3/2, the random series representation of R* generated by the
Haar basis is rearrangement non-optimal i.e. the optimality does not hold
even if the terms of the series are renumbered (A. and Linde 2009); the latter
result remains true when o = 1 (Lifshits 2009).

@ The random series representation of R® generated by the trigonometric basis
is rearrangement non-optimal if o« > 2 (A. and Linde 2009).

e Kiihn and Linde (2002) have shown that the random series representation of
R® generated by the trigonometric basis is optimal if o« € (1/2,1].
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From now on, we will mainly focus on the proof of the theorem which concerns
the Haar basis.
Let us set

1
h_y=1ande_; = / h_1(s) dB(s).
0

We denote by {¢; x : j € Ng, 0 < k <2 — 1}, the sequence of the real-valued
N(0,1) Gaussian random variables, defined as,

1
Ej’k:/o hj"k(S) dB(S)

At last, recall that 1, : L2[0,1] — C*~1/2[0, 1], is the fractional primitive operator
of order a.

The series representation of R* by the Haar basis can be expressed as:

+o002/—1

Re(t) = e_1(lah-1)(t) + D > € ullahji)(2). (4.6)

j=0 k=0
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The latter infinite sum will be approximated by the finite sum,

J—12-1

RS (t) = e-1(lah-1)(t) + D> €jullahji)(t) (4.7)

Jj=0 k=0
in which there are exactly 27 terms.

Theorem 4.5 (A. and Linde 2009)

Suppose 1/2 < o« < 1. Then there is a random variable C > 0 of finite moments
of any order, such that one has almost surely, for every J € N,

sup |RY(t) — RG(t)| < c2= (@12 /1],
te[0,1]

Theorem 4.6 (A. and Linde 2009)

Suppose 1 < ae < 3/2. Then there is a constant ¢ > 0, such that one has almost
surely, for every J € N,

E sup |RY(t) — R§(t)| < c2= (@ 1/2I\ /17,

te[0,1]
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In order to be able to prove the latter two theorems, we need some preliminary
results.

Remark 4.4
One has

(lohj i )(t)
2i/2 (2k+1) /271 (2k+2)/27H1
= /2 t'fs)f“r_1 ds/( (tfs)j‘;—l ds

M +1) | Joxjoina 2k41) /241

24/2 2k +2 2k + 1\ @ 2k \@
- {(-F2) - 2(e-Ga) + (=)' |
a—|—]_ 20+ )4 2+ )4 2J+1) 4

The following lemma allows to estimate (/o h;j «)(t).
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Lemma 4.1

For each reals v > 0 and t € [0, 1], and for all integers j € Ng and 0 < k <2/ —1,
we set

Aqjk(t) = (t—%)i—%t—%)ijt (t—;—fl)i (4.8)

Furthermore, let Ej(t) the unique integer satisfying:

ks(£) k(1) +1
o St<o—.

(4.9)

with the convention that E(l) =2/ — 1. Then,
(I) fOr 3// k Z ’/\(/J(t) + 1, one has A’Yaj7k(t) = O,‘

(ii) there is a constant ¢ > 0, only depending on v, such that for all j € No and
0 < k < kj(t), one has

Ay ()] < 2777 (1 + i(8) - k)H. (4.10)
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The following lemma, results from Borel-Cantelli Lemma; it provides sharp
estimates of the asymptotic behaviour of the sequence of the real-valued N(0,1)
Gaussian random variables, {€jx : j €Ny, 0 < k <2/ —1}.

Lemma 4.2

There exists a random variable C > 0 of finite moment of any order such that one
has almost surely, for every j € Ng and 0 < k < 2/ — 1,

lejkl < Cy/1+].
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Proof of the optimality when 1/2 < a < 1:

It follows from the latter two lemmas that almost surely for every t € [0, 1] and
JeN,

[R(t) — Ry (1) ZZ € k[ (T i) (2))]

j=J k=0

o N

CIZZJal/z Z(Hk k) 2
k=0

G2 (a 12) /T 1.

Observe that the condition 1/2 < v < 1 plays a crucial role in the proof. Indeed,
one has

IN

IN

>

'(t

—

a— I
(1 +ki(t) — k) " < Y p* 2 < oo, (4.11)
p=1

k=0

only when it is satisfied.
O
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Main ideas of the proof of the optimality when 1 < o < 3/2:

We want to show that there is a constant ¢; > 0, such that one has for every
JEN,

E(A)) < 2~V /14, (4.12)
where
As = sup [R%(t) — Ry (t)]. (4.13)
te[0,1]

First step: We prove that there is a constant ¢; > 0, such that one has for every

JeN,
E(B)) < g2~V /14, (4.14)

where
By= sup |R¥(K277)) - R}(K277)). (4.15)

0<K<2/,KeNy
Second step: We prove that there is a constant ¢z > 0, such that one has for
every J € N,
0<E(A,— B)) < 27"V /1. (4.16)
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Proof of the first step:

Lemma 4.3

There exists a constant ¢ > 0 such that for any N € N and any real-valued
centered Gaussian sequence Zi, ..., Zy one has,
1/2

E{ sup |Zk|}§c(1—|—logN)1/2 sup (E|Z[?)
1<k<N 1<k<N

(4.17)

Therefore, there is a constant ¢; > 0 such that for all J € N,

B sup  |R(K2T) = RE(K2))|

0<K<2/ KeNy

o\ 1/2
<a(l+ )M sup (E‘RQ(K2J)) - R?(KTJ))\ ) :
0<K<2/ ,KeNy

Then the following lemma allows to finish the proof.
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Lemma 4.4
There is a constant ¢ > 0 such that one has for all t € [0,1] and J € N,

2
E|R(t) — R§(t))| < c27J(a—1),

Proof Lemma 4.4: Using the fact that {ej’k 1 JENy, 0< k< p - 1} is a
sequence of independent real-valued A/(0,1) Gaussian random variables and using
the previous estimations of the (I, hj «)(t)'s, one gets that for all J € N,

2
E|R"(t) - R7 ()|
too2-1 oo 2—1
_E(ZZEJk(I hj i )( ) (Iahi ) ()2
j=J k=0 j=J k=0
oo ki(t) B e
<q 22*1(20471 (1 +ki(t) — k) < g2 J2e1)
] k=0
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Optimality of the representention by the trigonometric basis:

Roughly speaking, when « € (1/2,2], the optimality of the representention by the
trigonometric basis, can be shown, by following the main lines as in the proof of
the latter theorem, and by using the fact there is a constant ¢ > 0 such that for
all integer kK > 1,

sup |(fa{cos(km)})(t)] < ck™@ (4.18)
t€[0,1]
and
sup |(fa{sin(km-)})(t)] < ck™« (4.19)
tef0,1]
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