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Abstract

In this mini-course we explain how one can construct an orthonormal wavelet basis
starting from a multiresolusition analysis. Also, we present one of the most standard
random wavelet series representation of Fractional Brownian Motion and use it in order
to solve a problem concerning the pointwise Holder regularity of the trajectories of the

latter process

1 Introduction

Fractional Brownian Motion is a quite natural generalization of Brownian Motion (BM) and
its wavelet series representations introduced in [25], can be viewed as a natural extension to
the fractional setting of the representation of BM in the Schauder system due to Lévy [18].
In this introduction we will make a brief recall concerning the latter representation of BM.
Let us first recall that one says that a sequence {e,}, in a Hilbert space H (note that
all the Hilbert spaces we consider in this course are over C the field of complex numbers)
equipped with the inner product (-,-), is an an orthonormal basis of H if and only if (i) and

(i) are satisfied:
(i) For all n/,n” one has (e,/,e,7) =1 if n’ =n” and (e,, e,7) = 0 else.
(ii) the (finite) linear combinations of the e,’s are dense in H.

For example:

e The trigonometric system {(27)~1/2¢¢ : [ € Z} is an orthonormal basis of L?(R/277Z),
the space of the 27-periodic functions defined on the real line and whose squares of the
modulus are Lebesgue integrable on an (or equivalently on each) interval of lenght 27.
Note in passing that one says that a function f defined on the real line is 27-periodic
if one has for almost all £ € R, f(£ + 2m) = f(£).



e The Haar system [13] {1j1(s)} U {2//2h(2's — k) : j €N, k€ Nand 0 < k <2/ — 1}
is an orthonormal basis L?[0, 1], here h(z) = Lio,1/2)(8) = L y2,1)(8)-

Now let {W (t) : t € [0,1]} be a BM over [0, 1]. It can be expressed as the Wiener integral

1
W(t) = /0 Ljo,q(s) dW (s).
By expanding the function s+ 14 (s) in the Haar system, it follows that

+00 271
Lpo,¢1(s) = thjp,1)(s) + Z Z 27/27 (29t — k)27/2h(20s — k),
J=0 k=0
where 7 is the triangle function based on [0, 1] such that 7(1/2) = 1/2 and where the series

converges in L2[0,1]. Next, using the isometry property of Wiener integral one gets that
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W(t)=teog+ Y > 27972720t — k)ejp, (1.1)

j=0 k=0
where gy = fol Lo,y (s) AW (s) and €, = fol 21/21(27s — k) dW (s). Observe that {eo} U {e; :
jeN keNand 0 <k <2 —1} is a sequence of A(0,1) Gaussian random variables. Also
observe that not only the series in (1.1) is convergent for every fixed ¢ in L?(Q) (© being the

underlying probability space) but also it is, with probability 1, uniformly convergent in ¢.

To conclude this introduction, let us emphasize that the representation of BM in the
Schauder system has turned out to be quite useful in the study of fine properties of its

trajectories.

2 Multiresolution Analyses and Wavelet bases

The goal of this section is to present some important results related to the construction of
orthonormal wavelet bases of L?(IR). We refer to the books [10, 14, 20, 23, 24, 29] for detailed
presentations of the wavelet theory and some of its applications.

An orthonormal wavelet basis of L?(R) is an orthonormal basis of L?(R) obtained by
dilations and translations of a function usually denoted by 1 and called a mother wavelet;

more precisely such a basis is of the form
{212p(Px —k) : j€Zand k € Z};

usually one sets ;1. (x) = 29/2(272 — k).



The first proofs which have been given in the literature to show that by dilating and
translating a well chosen function one can obtain an orthonormal basis of L?(R) rely on many
tricky computations [22, 28] and therefore seem to be a bit miraculous. However when the
concept of Multiresolution Analysis (MRA) was introduced the construction of orthonormal

wavelet bases became quite natural.

Definition 2.1 A MRA of L*(R) is a sequence (V;);ez of closed subspaces of L*(R) satis-
fying the following properties:

(a) For every j € Z, V; C Vjq1.

(b) NjezV; = {0}.

(c) UjezV; is dense in L*(R) i.e. UjezV; = L*(R).

(d) For every j € Z, f(x) € V; if and only if f(2x) € Vj41.

(e) There exists a function g € Vo such that the sequence {g(x — k) : k € Z} forms a Riesz
basis of V.

Definition 2.2 Let H be a separable Hilbert space, one says that a sequence {ey : k € Z}

forms a Riesz basis of H if it satisfies the following properties:

(i) The (finite) linear combinations of the ey ’s are dense in H i.e. H = span{ey, : k € Z}.

(i) {ex : k € Z} is a Riesz sequence i.e. there are two constants 0 < ¢ < ¢’ such that for

each complez-valued sequence (ay)rez with a finite number of non vanishing terms, one

2
CZ lax]? < H ZakekH < C’Z lax|?. (2.1)
keZ keZ

keZ

has

Remarks 2.3

(i) Any Riesz basis of H is the image of an orthonormal basis of H by an isomorphism of
H.

(i) Observe that there are many sequences of subspaces of L?(R) which satisfies properties

(a), (b) and (c); whereas properties (d) and (e) are specific to the the concept of MRA.
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Now we are going to explain more precisely properties (d) and (e).

Proposition 2.4 Property (d) means that each space V; is a dilated version of the reference

space Vg, namely one has that
Vi ={f(22) : f(z) € Vo}. (2.2)
The proof of Proposition 2.4 is obvious.

Proposition 2.5 Property (e) implies that Vg is the subspace of L*(R) of the functions f

whose Fourier transforms can be expressed for almost all £ € R as
F(&) = Ar(©)g(8), (2.3)
where \¢ € L*(R/27Z).
In order to be able to prove Proposition 2.5 we need the following lemma.

Lemma 2.6 Let h € L*(R) and let 0 < ¢ < ¢ be two constants, then the following two

assertions are equivalent.

(i) For each complez-valued sequence (a)rez with a finite number of non vanishing terms,

¢S Jaxf? g/R‘Zakh(x—k)fdxgc’Z|ak|2. (2.4)

keZ keZ keZ

one has

(i) One has for almost all £ € R,

c <> |h(g+2km)* < . (2.5)
kEZ

Observe that (i) means that {h(z — k) : k € Z} is a Riesz sequence.

Remark 2.7 In this course the Fourier transform of a function f € L*(R) is defined for all

£eR as
~ 1

= —— [ e f(2) da.
fle) = %/R f(x)d



PROOF OF LEMMA 2.6: We will only show that (i) = (i7), the proof of (i) = (¢) is not
difficult. Let us assume that (2.4) holds, then it follows from the isometry property of Fourier

L[S awhte—w[ ar= [ pu@Phe? e, 26)

kEZ
where ), is the trigonometric polynomial

§=> are ™ (2.7)

kEZ

transform that

Next, using the 2w-periodicity of A, one obtains that
/|)\ V2[R(E)[2 de = / th (€ + 21r)| >d§. (2.8)
leZ

Let now assume that that £ € R is arbitrary and fixed and the sequence (ag)iez has been
chosen in such a way that for all £ € R,

— 1 ik(&o—
Aal6) = Z— kZO e

where the integer N > 1 is arbitrary and fixed. One has therefore

/ﬂ-’ )\2d§—1and])\()] 1 Sin( (50_5)/2)

—r 21N sin((€0 —€)/2)
Then using (2.4), (2.6), (2.7) and (2.8) one gets that
™ 1 sin?(N(
c</ ( \h €+ 2Im)] )dﬁgc'.
2N sin?(( §0 = lezz
Finally the following lemma allows us to finish our proof. O

Lemma 2.8 For every integer N > 1, let Ky € L'(R/27Z) be a nonnegative function
satisfying ffﬂ Kn(§)dé =1 and

N
K <e—m—
N(&) = 61+N2§2’
for almost all |§| < w, where ¢ > 0 is a constant non depending on N and . For all
F € LY(R/27Z) and & € R we set

™

Ky« F(&)= [ Kn(& —§F(E)de.

—T
Then Ky * F' converges to F'in L'(R/27Z) when N — +o00. As a consequence, there is a
subsequence m v+ Ny, such that lim,, o Kn,, * F(&) = F(&) for almost all &y € R.
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The proof of Lemma 2.8 only requires classical techniques on convolution product, this is
why it is left to the reader.

We are now in position to prove Proposition 2.5.
PROOF OF PROPOSITION 2.5: In view of the fact that {g(x — k) : k € Z} is a Riesz basis of

Vo, any function f € Vj, can be written as

fla) = brg(z — k), (2.9)

kEZ

where the series converges in L?(R) and where the sequence (bg)rcz belongs to 12(Z). Then

it follows from (2.9) and the isometry property of Fourier tranform that

76 = 3 bre™5(¢), (2.10)

kEZ

where the series converges in L?(R). Finally, let us show that for almost all &,

> breMG(e) = Ar(©)5(©),

keZ

where Ay € L*(R/2nZ) is defined as Af(§) = > ;o7 bre . To this end, it is sufficient to
prove that
N 2
lim /R‘)\f(f)— Z bke—zki‘ 1G(6)2 d¢ = 0. (2.11)
k=—N

N—+o00

2
By using the 2m-periodicity of the function ‘)\f(f) — fo:_N bke_’kg‘ as well as (2.5), one
obtains that

/ \Afos)—k:ikae—ikfﬁﬁ(f)r?df - [

21
/
c /
0

and the latter inequality clearly implies that (2.11) holds. O

N
M)~ 3 b (3 (e + 2km)|?) de
k=—N

kEZ

IN

N . 2
M€= Y bre k| e
k=—N

Proposition 2.9 For every j € Z denote by W; the subspace of Vj1 defined by the condition

note that we impose to the spaces V; and W; to be orthogonal. Then it follows from (2.2)
that
W; = {f(2z) : f €W} (2.13)
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Moreover, it follows from properties (a), (b) and (c) that for every J € Z,
+00 +00
12R) = Vs & (D W;) and L2®) = ) W;.
j=J j=—o00
Let us now give two examples of MRA’s.

Example 2.10 Assume that for every j € Z,

Vj = {f c L*(R) : Vk € Z, I/ o = constant},
YR
where f, . denotes the restriction of f to the dyadic interval [2%, %), also assume that

277 27

g = Ijp1y. Then (V})jez forms a MRA of L*(R) usually called Haar MRA; observe that in
this case not only {g(z —k) : k € Z} is a Riesz basis of V{ but it is also an orthonormal basis

of this space. O

The main advantage of the Haar MRA is its simplicity. However, in this case the function
g which generates Vj is discontinuous and this might be a drawback. So, let us now introduce

“a regularised version” of the Haar MRA.

Example 2.11 (a regularised version of Example 2.10) Let m > 1 be a fixed integer and
for every j € Z set

v, = {f e PR)NC™YR) : Vk e Z, I = a polynomial of degree m},

& k41
[2J" Y] )

where C™~1(RR) denotes the space of m — 1 times continuously differentiable functions on the
real line. Also assume that g is the B-spline of order m i.e. g = ]IE‘(;T 1) (g is the convolution
product of the indicator of [0,1), m times by itself. Then (V;);cz forms a MRA of L?(R).
Observe that supp g = [0, m + 1] and also {g(z — k) : k € Z} is not an orthonormal sequence

but only a Riesz sequence. O

Now we are going to give some general results concerning MRA’s. The first result shows
that starting from g, one can always construct a function ¢ such that {p(x —1) : | € Z}

forms an orthonormal basis of Vj.

Proposition 2.12 Let ¢ be the function defined as
. 9(&)
a6 = - (2.14)
(Zrez 36 + 26m)12)




Then there are two sequences (a;)iez and (by)icz of 1>(Z) such that

Zalg (x —1) and g(x Zblcp (x —1), (2.15)

l€Z leZ
where the series converge in L*(R); moreover {p(x —1) : | € Z} is an orthonormal basis of

Vo. As a consequence, for all J € Z, {27/%p(27x —1) : 1 € Z} is an orthonormal basis of V.

In order to be able to show that Proposition 2.12 holds, we need the following lemma.
Lemma 2.13 Let h € L3(R). The following assertions are equivalent.
(i) {h(x — k) : kK € Z} is an orthonormal sequence.

(ii) For almost all £ € R,
> [h(e + 2km)? = 1. (2.16)

kEZ

PROOF OF LEMMA 2.13: Observe that the fact that {h(x — k) : k € Z} is an orthonormal

sequence is equivalent to: for all sequence (dj)kez with a finite number of non vanishing

/‘dehx— ‘ )| de =3 |y

keZ keZ

terms, one has

Thus, taking in Lemma 2.6 ¢ = ¢/ = 1, one obtains Lemma 2.13. ]

We are now in position to prove Proposition 2.12.
PROOF OF PROPOSITION 2.12: It is Vf?fgth to notice that Lemma 12/.26 entails that the 27-
periodic functions ( > kez 9(E+F2km) |2> and ( > kez 9(E+2km) |2> belong to L?(R/277Z).
Therefore, there are two sequences (a;);ez and (b;);ez of 12(Z) such that

. o —zl{ _
Jim | <k€%g £ 4 2kn)| ) Z ae | de = 0 (2.17)
and
. leé _
Jim | (Zg (€ + 2k)] ) Z be= | de = 0. (2.18)
Let us show that (2.17) and (2.18) imply that
N 2
Nlinjoo/R ’(p(a:) - Z arg(x — l)‘ dx =0 (2.19)

I=—N



and
N 2
I ( _ b —z‘ dz = 0. 2.20
Gl /R g(x) ZZZ_:N wp(z—1)| do (2.20)

It follows from the isometry property of Fourier transform, from (2.14) and from Lemma 2.6
that

N
/)gp Zalgm—l’ dx
R -N
N

/)tp Z e ‘ d¢

/RKZN”’” ) —Zaze el g6 2, d
keZ
/0 (Z!g &+ 2km)| ) — Z ale-d& (Z |§(§—|—2mﬂ')|2) d¢
keZ meZ
/ (Z\g§+2lm ) - Z age —ite |
keZ

Finally combining the latter inequality with (2.17) one gets (2.19). (2.20) can be proved in
the same way.

Let us now show that {¢(z — k) : k € Z} is an orthonormal basis of Vj. It follows (2.14)
and Lemma 2.13 that {¢(x — k) : k € Z} is an orthonormal sequence. Moreover, (2.15) and
the fact that Vo = span{g(x — k) : k € Z} imply that Vj = span{p(x — k) : k € Z}. O

Proposition 2.14 Let ¢ be a function such that {o(x —k) : k € Z} is an orthonormal basis
of Vo. Then there is a function mo € L?>(R/2rZ) such that for almost all ¢ € R one has

P(28) = mo(§)(8) (2.21)

and
Imo(€)* + [mo(€ +m)[* = 1. (2.22)

Note that one usually calls ¢ a scaling function since it satisfies (2.21).

PROOF OF PROPOSITION 2.14: It follows from (d) and (a) that 2 'p(271'2) € V.1 C V,
moreover p(2¢) is the Fourier transform of 271¢(271z). Thus using Proposition 2.5, (2.14)
and Lemma 2.6 one can show that (2.21) is satisfied. Let us show that (2.22) also holds.
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Lemma 2.13 combined with (2.21) and the 27-periodicity of myg, implies that for almost all
§ eR,

1= 1326 +2km)2 = [mo(&) Y 1B + 20m)[? + Imo (€ +m)* D |B(€ + 7 + 2Um) 2

keZ keZ keZ
= |mo()]* + |mo(& + )%
]

Now we are going to see how on can construct an orthormal wavelet basis of L?(R) starting
from a scaling function. Before stating the main result, it is useful to make the following

remark.

Remark 2.15 We use use the same notations as in Proposition 2.14. Let m; € L*(R/27Z)
be the function defined for almost all £ € R as

mi(€) = e ®mo(E + 7). (2.23)

Then, one has for almost all £ € R

lmy (&) + mi(€ +m)> =1 (2.24)

and
mo(&)ma(§) +mo(§ +m)mi(§+7) =0 (2.25)
O

Let us now state the main result of this section.

Theorem 2.16 (Mallat and Meyer 1986) We use the same notations as in Proposition 2.1/
and Remark 2.15. For almost all & we set

~

¥(28) = m1(§)@(8)- (2.26)
Then:
(1) {¢Y(x — k) : k€ Z} is an orthonormal basis of Wy.

(ii) For every J € 7, {27202z —1) : 1 € Z} U{29/ %Xz —k) : j€Z,j>J and k € 7}

is an orthonormal basis of L*(R).
(iii) {29/%(2x — k) : j € Z and k € Z} is an orthonormal basis of L*(R).
In order to be able to prove Theorem 2.16 we need the following two lemmas.
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Lemma 2.17 Let f € LY(R/27Z) be a function whose all Fourier coefficients vanish i.e.
f027r e R F(&)dE =0 for all k € Z. Then for almost all € € R, f(&) =

PROOF OF LEMMA 2.17: For each trigonometric polynomial 7'(¢) one has fo% T()f(&)de =

0. Next assuming that

LY o 1 SN - 6)/2)
(e ‘\/7]62:06 ‘ 2N sin?((& —€)/2) '

where the real £ and the integer NV > 1 are arbitrary and fixed, it follows that

/277 1 sin?(N(& —€)/2)
0 2N sin2((§0—§)/2)

f(§)d§ = 0.

From the other hand, Lemma 2.8 entails that there is a subsequence m +— N,, such that for
almost all £y € R,

. 1 sin?(Np(&o — €)/2)
m—+oo Jo 2Ny, sin?((& — €)/2)

f(&) d§ = f (%)

Lemma 2.18 Let F,G € L*(R), the following two assertions are equivalent.
(i) One has for alll € Z, [ F(x)G(x —1)dz = 0.
(ii) One has for almost all § € R, >, F(& 4 2km)G(€ + 2krm) = 0.

PrOOF OF LEMMA 2.18: it follows from Plancherel formula and from the 27 periodicity of
e that

/RF(a:)G(a:—l)da::/ ¢ F(6)G(€) de = / ”5 ZF§+2IW §+2k7r)> de,

R keZ

which means that the sequence ( Jg F(x)G(x —1) dx)l ; is the sequence of the Fourier co-
€

efficients of the function ), F(& + 2kn)G(€ + 2kn). Then Lemma 2.17 allows us to finish

our proof. 0

PROOF OF THEOREM 2.16: First notice that (2.26) implies that for every k € Z, 2¢(% k) €
Vo and consequently that ¢ (z — k) € 4.
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Let us show that i(x — k) € Wy. It is sufficient to show that [, 1(x — k)p(z —1)dz =0
for all I € Z, which is equivalent to [ ¥(x)¢(x — 1) dz = 0 for all I € Z. In view of Lemma
2.18, this remains to show that for almost all £ € R,

> " B(E + 2k (€ + 2km) = 0. (2.27)

kEZ

By using (2.21), (2.26), the equality >_, _, |§(n+ 2mm)|? = 1 for almost all n € R and (2.25)

one obtains that

Z P& + 2km)Y(€ + 2k7r)

keZ

= Z| 2 4 2mm |2+m0(§+7rm1 + ) Z\gp + 7+ 2mm)|?
meZ meZ

_ mg(g)m1(§) + mo(g 4 7r)m1(§ 4 =0

and thus one gets (2.27).
Let us now show that {¢(x — k) : k € Z} is an orthonormal sequence. In view of Lemma
2.13, it is sufficient to prove that for almost all £ € R,

> [(€ + 2km)? =
keZ
This is a straightforward consequence of (2.26), the equality >, |§(n + 2mm)|? = 1 for
almost all n € R and (2.24).
Let us now show that Wy = span{ip(x — k) : k € Z}. In view of the equalities V =
span{p(x — k) : k € Z} and V) = V) @ W), this is equivalent to show that

Vi = span{p(x — k), Y(x — k) : k€ Z}

i.e. for any f € V) satisfying for all k € Z,

/ o(x — k) f(x)de = / Y(x — k) f(z)dx =0, (2.28)
R R

one has f(z) = 0 for almost all € R. Observe that the fact that f € Vi, Proposition 2.4
and Proposition 2.5 imply that there is Ay € L?(R/27Z) such that for almost all £ € R one

has
F(&) = A\ (€/2)8(8/2). (2.29)
Using (2.28), Plancherel formula, (2.29), (2.21) and (2.26) one gets that

/R e (E)AH(€)|B(E)[2 de = 0 (2.30)
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and

/R e~ ()M (€)|B(E) [ de = 0. (231)

(2.30), (2.31), the equality Y, ., |P(£+2km)|* = 1 for almost all £ € R and the 27-periodicity
of mo(§)A¢(§) and my(§)A¢(§) imply that

o 27
| e em@ne e = [ e m e (6 e ~o.
0 0

Thus we obtain that for all p € Z

2
| (mo@s(6) + mofé + mste+ ) de =0
and
2 )
/0 e (my (€A (€) + ma(€ + mAp(€ + 7)) dE = 0.

Therefore using Lemma 2.17 we get that for almost all £ € R,

{ mo(E)AF(€) + mo(6 +mMAf(E+7) =0
m1(E)Af(€) + mi (€ +m)Ap(E+ ) =0.

Moreover, it follows (2.23) and (2.22) that for almost all £ € R,

B B

(2.32)

mi(§) ma(§+m)

Thus (2.32) entails that A¢(§) = 0 for almost all £ € R.

We have proved that {¢)(x — k) : k € Z} is an orthonormal basis of Wy. Then (2.13)
implies that for all j € Z, {27/2¢(2/x — k) : k € Z} is an orthonormal basis of W;. From
the other hand, for all J € Z, {2//2p(27x — 1) : | € Z} is an orthonormal basis of V; (see
Proposition 2.12). Thus it follows from the last part of Proposition 2.9, that {27/2¢(272—1) :
1€ ZYU{29/2(2x — k) : j € Z,j > Jand k € Z} is an orthonormal basis of L?(R) and
{29/24)(27x — k) : j € Z and k € Z} is an orthonormal basis of L?(R) as well. O

To end this section, let us state (whithout proof) a result which will be quite useful in
the sequel.

First recall that S(R) the Schwartz class is the space of infinitely differentiable functions
f which satisfy for all p € Nand N € N,

N
sup (14 Jz]) /()] < +o0, (2.33)
x€ER

where f®) denotes the derivative of f of order p (with the covention that f O =r ).
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Theorem 2.19 (Meyer 1985) There exist a scaling function ¢ and a mother wavelet ¢ which

generate an orthonormal basis of L*(R) and satisfy the following properties
(i) ¢, ¥ € S(R).
(ii) suppPp C [—4{, %r] and for all £ € [—%’r, 2{], P =1.

(iii) suppt C {€ € R« L& < [¢| < &£}

A wavelet basis generated by such ¢ and ¢ is called a Meyer wavelet basis.

3 Fractional Brownian Motion

The goal of this section is to present some results concerning the uniform and the pointwise
Holder regularity of fractional Brownian motion (FBM). We refer to the books [11, 12, 27]
for detailed presentations of the properties of FBM and related processes.

Let {X(t) : t € R} be a centered real-valued Gaussian process, recall that its law (i.e. its
distribution) is completely determined by its covariance function defined for all t1,t5 € R as
EX(t1) X (t2).

One says that {X(¢) : t € R} is self-similar of parameter H (where H € (0, 1)) if for all
a>0

law{z(at) : t € R} = law{a®’ X (t) : t € R}; (3.1)

Observe that (3.1) implies that X(0) = 0 almost surely. Indeed, one has for all a > 0,

E|X(0)? = E| X (a0)|?> = a?7E| X (0)|?, then letting a goes to 0 one obtains that E| X (0)|> = 0.
One says that {X (¢t) : t € R} is with stationary increments if for all ¢1,%2 € R,

law(X (t2) — X (1)) = law(X (t2 — t1) — X(0)). (3.2)

Proposition 3.1 For every H € (0,1), up to a multiplicative constant cy, there is a unique
(in distribution) H -self-similar and stationary increments Gaussian process. This process is
called FBM of Hurst parameter H and denoted {Bp(t) : t € R}. Moreover its covariance
function satisfies for all t1,t2 € R,

C
EBy (t1)Bu(ts) = §{|t1|2H Pty — t2|2H}. (3.3)

PROOF OF PROPOSITION 3.1: Let {X(¢) : ¢t € R} be a H-self-similar and stationary incre-
ments Gaussian process. It follows from (3.2) and (3.1) that for every reals ¢; and t2 one

has
E|X (t2) — X(t1)]* = E|X(|t2 — t1])|* = cnlta — t1[*,
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where cy = E| X (1)|2. From the other hand one has
EX (t1)X (t2) = L 2 2 — 2
D)X (t2) = S EIX (@)1 + E[X (82)]° — E[X (1) - X(t2)

O

Remark 3.2 FBM reduces to a Brownian Motion (BM) when H = 1/2. FBM was in-
troduced in 1940 by Kolmogorov as a way to generate Gaussian “spirals” in Hilbert space
[16] and it was made popular by Mandelbrot and Van Ness [21] in 1968. It is quite useful
in many areas: biology, hydrology, geology, telecommunications and so on. One of its main
advantages with respect to BM is that its increments are correlated and they even display

long-range dependence when H > 1/2:

+o00
> E{(Bu(l+1) - Bg(1))(Bu(1) — Bu(0))| = +oc.
=0

Indeed, it follows from (3.3) that for all |I| big enough,

E{(Bu(l+1) = Ba(®)(Bu(1) ~ Ba(O)| = S[l1+ 117 — 2 4 |1 — 17|

C
_ 7HM2H”1—|-Z71‘2H+’1—[71|2H—2’

cy2H|2H — 1’|l\2H—2
e :

Proposition 3.3 (stochastic integral representations of FBM)

(i) Non anticipative moving average representation: up to a multiplicative constant
law{Bg(t) : t e R} = law{ / ((t - s)f_l/2 - (—s)f_l/z) dW(s) : t € R}, (3.4)
R

where (az)ffl/2 = 2H=12 if £ > 0 and ($)ffl/2 = 0 else, and where dW is the real-
valued white noise i.e. the derivative in the sense of tempered distribution of the Wiener

process.

(i) Harmonizable representation: up to a multiplicative constant

oite _ -
law{Bg(t) : t e R} = law{ /R (Zg)H+11/2 dw () : te R}, (3.5)
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where (ig)HJrl/Z — ’g‘H+l/2ei(H+l/2)7r/2 if € >0 and (ZE)H+1/2 — ‘§|H+1/267i(H+1/2)7r/2
if € < 0 and where dW is the complex-valued white-noise obtained by “Fourier trans-

formation” of the real-valued white noise i.e. for every f € L*(R),
[ roaws = [ feare). (3.6)
R R

Let us now determine the uniform Hoélder regularity of the trajectories of FBM.

Proposition 3.4 {By(t) : t € R} has a modification {By(t) : t € R} whose trajectories
satisfy, with probability 1, a uniform Hélder condition of any order v < H on each compact
subset K C R i.e. there is an event Q* of probability 1 such that for allw € Q*, all v € (0, H)
and all t1,t9 € K,

1B (t1,w) — Bp(ta,w)] < c(w)|t1 — ta|, (3.7)
where C > 0 is a random variable of finite moment of any order only depending on K and
~. From now on {By(t) : t € R} will be identified with {By(t) : t € R}.

Proposition 3.4 is a straightforward consequence of the following lemma.

Lemma 3.5 Let T be an arbitrary positive real number and let {X(t) : t € [-T,T]} be a
Gaussian process. Assume that for all t1,to € [-T,T],

EIX(t) — X(t2)[? < clts — ta", (3.8)

where H € (0,1) and ¢ > 0 are two constants. Then there exists a modification of {X(t) :

t € [-T,T]} whose trajectories satisfy, with probability 1, a uniform Hélder condition of any
order v € (0, H).

Lemma 3.5 can be obtained (see for instance [3, 12]) by using the equivalence of Gaussian
moments (i.e. if Z is a centered Gaussian random variable then for all real p > 0 there is
a constant ¢(p) > 0 only depending on p such that E|Z|P = (E|Z|?)?/?) and the following

generalized version of Kolmogorov criterion (see for instance [15]).

Lemma 3.6 (a generalized version of Kolmogorov criterion) If a stochastic process {X (t) :
t € [-T,T]} satisfies for all t1,t2 € [-T,T],

E|X (t) — X (t2)]° < c|t; — ta|' T,

for some constants 6 > 0, ¢ > 0 and ¢ > 0. Then {X(t) : t € [-T,T]} has a modification

whose trajectories satisfy with probability 1 a uniform Hoélder condition of any order v €

[0,£/0).
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Proposition 3.7 With probability 1, the trajectories of {Bg(t) : t € R} fail to satisfy a

uniform Holder condition of any order v > H on any interval I with non empty interior.

PRrROOF OF PROPOSITION 3.7: Assume ad absurdum that there are I a compact interval with

non empty interior and € > 0 such that

IP( |Br (t1) — By (t2)] - OO) 50
ttoel  [tn — to] e ’

By (t1)—Br(t2)
‘tl_t2|H+e

for Gaussian processes (see for instance [19]) that, almost surely,

|Br (t1) — By (t2)]
ttael  [tn — to] e

with the convention that = 0 if ¢;1 = t5. Then it follows from the zero-one law

Finally using a Borell type inequality (see for instance [1]) one gets that

]E( |Bu(t1) — BH(tz)!2>
ti,tael ‘tl - t2’2H+2€

But this is impossible since

iy ElBa(t) - By (ta)]?
[t1—t2|—0 |t1 — t2|2H+25

= +o00.

O

Propositions 3.4 and 3.7 show that the critical uniform Holder exponent of a typical
trajectory of FBM is H. Let us now determine the critical pointwise Holder regularity of
a typical trajectory of FBM. To this end, we need to define the notion of pointwise Holder
exponent, for sake of simplicity we will restrict to the setting of locally bounded and nowhere
differentiable functions, note in passing that the notion of pointwise Holder exponent can be

defined in a much more general setting (see for instance [2, 7]).

Definition 3.8 Let {X(t) : t € R} be a stochastic process whose trajectories are with proba-
bility 1 locally bounded and nowhere differentiable functions. Let ty € R be fized. ax(tg) the
pointwise Holder exponent of X at tg is defined as

X(t h)— X(t
ax(to):sup{oceR+ : limsup| (fo+h) (o)l :O}.
h—0 ||

ax(to) is with values in [0,1], the smaller it is the more oscillating is the process X in a

neighbourhood of tg.
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Let us now state the main result of this section.

Theorem 3.9 The pointwise Holder exponent of FBM satisfies the following property: There
15 Q* an event with probability 1 such that for all tg € R and w € Q* one has

ap, (to,w) = H.

Remarks 3.10

(i) The difficult part in the proof of Theorem 3.9 is the inequality ap, (to,w) < H, the
other inequality, namely ap,, (to,w) > H, is a straightforward consequence of the fact
that a typical trajectory of FBM satisfies a uniform Holder condition of any order

v e (0,H).

(ii) The event Q* in Theorem 3.9 does not depend on ty; if one allows this event to depend
on ty then the theorem easily results from the following lemma which has been obtained
in [3].

0

Lemma 3.11 Let {X(t) : t € R} be a centered Gaussian process whose trajectories are con-
tinuous with probability 1 and let tg € R be a fixed point. Assume that there is a nonnegative
real 0 which satisfies for all arbitrarily small e > 0

E|X (to + h) — X (to)?

e = +00. (3.9)

lim sup
h—0

Then there exists S, an event of probability 1 which a priori depends on to, such that one
has for all w € Q , ax(to,w) < 4.

Remark 3.12 In Lemma 3.11, for sake of simplicity, we have assumed that that the trajec-
tories of {X(¢) : t € R} are continuous with probability 1, however this hypothesis can be
weakned. g

PROOF OF LEMMA 3.11: Assume ad absurdum that there is g > 0 such that
P(ax(to) > 5+€0/2) > 0.

This implies that

| X (to + h) — X(to)| < ) >0,

P( Sup |h|d+e0/2

he[—1,1]

18



with the convention that W

for Gaussian processes (see for instance [19]) that, almost surely,

= 0 if h = 0. Then, it follows from the zero-one law

| X (to +h) — X(to)]
|h|0+e0/2

sup
he[-1,1]

Next, using a Borell type inequality (see for instance [1]) one gets that

[ X (to + h) = X (to)?
E( sup
<h€[—1,1] |h[20+=0 )

)

which contradicts (3.9). O

We will prove Theorem 3.9 by means of a wavelet method which uses the same ideas as
in [6, 5]. To this end, now we are going to present one of the most standard wavelet series
representation of FBM which has been in introduced in [25] (and in another form in [8]).
First, it is convenient to define the left-sided fractional primitive of order H + 1/2 and the
right-sided fractional derivative of order H + 1/2 of a Meyer mother wavelet. We refer to the

book [26] for a detailed presentation of the notions of fractional integrals and derivatives.

Definition 3.13 Let ¢ be a Meyer mother wavelet.

(i) The left-sided fractional primitive of order H +1/2 of 1 is denoted by Vi and defined
forallz € R as

Uy () = /R emg(@z)(g) de. (3.10)

Zf)H+1/2

(i) The right-sided fractional derivative of order H + 1/2 of 1 is denoted by ¥_pg and
defined for all x € R as

V(o) = [ D) (i) ds (3.11)

Remarks 3.14

o Uy U_p e S(R) since ¢ € S(R) and ¢ is compactly supported and vanishes in neigh-

bourhood of zero.
e By using the fact that ¢ is real-valued one can show that Wz and ¥_g are real-valued.

0
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Theorem 3.15 Let {By(t) : t € R} = {fR(igii;deW(g) Lte R} be the FBM. Let
{ejr : (j, k) € ZXZL} be the sequence of i.i.d. real-valued N'(0,1) Gaussian random variables
defined as

ik = / 27I/2e k2 G (—27I ) dW (€) = / 29/ 24p(—27t — k) AW (€). (3.12)
R R
Then {Bp(t) : t € R} can be represented as

B (t) =Y 27 e, (0 (27t — k) — Uy (—k)), (3.13)

JEZ kel

where the series is with probability 1 uniformly convergent in t on each compact subset of R.

PROOF OF THEOREM 3.15: First observe that for every (j, k) € Z x Z, the Fourier transform
of the function 29/2¢)(2/z — k) is Q*j/Qe*ikQ_j§J(2*jf). Also observe that

270/2¢= k28 (2 g) = 27712 ey (~2 7T,
since the Meyer wavelet v is real-valued. By using the fact that
{222z —k) : j€Z, kel)

is an orhtonormal basis of L?(R) and the isometry property of Fourier transform, it follows
that
(2791226 (—270¢)  j e Z, ke Z)

is an orthonormal basis of L?(R). By expanding for every fixed ¢t € R, the function & —

(1.21;517;11/2 in the latter basis, it follows that
e —1 —§/2 ik279E T o—j
W = Z ¢k (t)2 € Y(=277¢), (3.14)
(J,k)EZXZ

where the series is convergent in L?(R) and

. iwe 1 o~
cjn(t) =279/ /R (fg)ffwe‘“ﬂ SP(277¢) de;

observe that by setting in the latter integral n = 277¢, one has that
cik(t) =279 (VU (27t — k) — Uy (—k)).

Next, using (3.14) and the isometry property of Wiener integral, one obtains that

ite .
/R(;)Hﬂlﬂ dW(€) = > crtejn (3.15)

(G,k)EZXZ
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where €1, = [ 9273/2¢ik27 084y (_ i) dW (€). A priori, the series in (3.15) is, for every fixed
t, convergent in L?(2), € being the underlying probability space. Let us show that it is
also, with probability 1, uniformly convergent in ¢ € K, K being an arbitrary compact
subset of R. We denote by (D,)nen & sequence of finite subsets of Z x Z satisfying D,, C
D41 for every n and Z X Z = UpenD,. It follows from Theorem 12.3 in [9] that the
functional sequence (3, 1yep, Cjik()€jk)nen is weakly relatively compact in C'(K) the space
of continuous function over K equipped with the uniform norm. Indeed, one has for every
tita € K

2 ) ‘el(tl t2)§ _ 1)?
E‘ > (Cj,k(tl)—cg',k(tz))fj,k’ < D lert) =) = / e %
(4,k)€Dn (4,k)EZXTZ

- C‘tl - t2’2H7

where ¢ > 0 is a constant non depending on n. Finally, it follows from It6-Nisio Theo-

rem (see Theorem 2.1.1 in [17]) that, with probability 1, >°; yep, ¢jk(t)e)k converges to
zt£ .

Jz @ HHI/Q dW({) in C(K) as n — +o0. O

Let us now state a very useful lemma, whose proof mainly relies on Borel-Cantelli Lemma

(see for instance [25, 4]).

Lemma 3.16 There are an event 1] of probability 1 and a random variable Cy of finite

moment of any order such that one has for allw € ], j € Z and k € Z

les6(w)| < CL(w)y/log(2 + |j] + [k]).

We also need the following proposition which provides a sharp estimation of the asymtotic
behaviour of FBM at infinity.

Proposition 3.17 There is a random variable Cy of finite moment of any order such that
for allw € Q7 and t € R one has

1Bu(t,w)| < D 27 e (w)|[ W5 (27t—k) = i (—k)| < Co(w)(1+[t))+/Tlog [log(2 + [¢])]-
(j,k)ez?
(3.16)

The proof of Proposition 3.17 is a bit technical, it relies on Lemma 3.16 as well as on the
fact that Ui € S(R). We refer to [5] for a proof of a more general result in the setting of

Fractional Brownian Sheets.

Proposition 3.18 For allw € Qf and (j, k) € Z x Z one has

£ n(w) = 20+ / Bur(t, )0y (27t — k) dt. (3.17)
R
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In order to be able to prove Proposition 3.18 we need the following lemma.
Lemma 3.19 (i) [ V_p(t)dt = [ ¥y (t)dt = 0.
(i) For all (j,k) € Z x Z and (j', k') € Z X Z one has

Lif (j,k) = (J', k')

o (i"+5)/2 / Uy (20t — KU gy (20¢ — k) dt —
R 0 else.

PROOF OF LEMMA 3.19: Let us first give the proof of part (7). One has [, W_g(t)dt =
V27U _(0) = 0, since U_g(€) = (—i€)TH1/24(¢) and ¢ vanishes in a neighbourhood of 0.
Similarly, one can show that [, Wg(t)dt = 0.

Let us now give the proof of part (i7). It follows from Plancherel formula that

2<J”+j>/2/ (20t — KU _ (27t — k) dt
R

— 9—("+i)/2 / e~ '2 € (o3 )~ H-1/2y( 97 ¢)e—ih2 7€ (_j2-d €)H+1/25(2-3€) de
R

— o(H+1/2)(f'~)~ (i +1)/2 / e~ W2I €D (9T ) e ih2IE D (23 €) dE
R

_ 2(H+1/2)(j’—j)+<j’+j>/2/ @'t — KVt — k) dt.
R
Finally, by using the orthonormality of the functions 27/2¢)(2/t — k), j € Z and k € Z we can

finish our proof. (|

PROOF OF PROPOSITION 3.18: It follows from the dominated convergence Theorem (we can
use this theorem thanks to Proposition 3.17 and to the fact that ¥_gy € S(R)) and from
Lemma 3.19 that

2j(1+H)/BH(t,w)\I/_H(2jt—k) dt
R

= 2i(1+H) /R > 27 (w) (\IJH(QJ"t — ) — po(—k;’)) U_py (2t —k)dt
(' k)22

= ) 2tUM () / (qu(zj’t_ K — \IIH(—k:)>\ILH(2jt— k) dt
(' ') €72 ®

= Y 2t (w) / Uy (2t — KNU_g (27t — k) dt
(7' ) ez? ®

= 8]‘7]4;((4)).
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For every j > 1 and [ € Z let 1/5. be the random variable defined as
vh = max{|e; jiym| 1 0<m < j— 1}, (3.18)

Lemma 3.20 Assume that one has for some wy € 2} and some ty € R, ap, (to,wo) > H.
Then

lim sup V]l-j (fo) (wo) = 0,
Jj—+oo

where 1j(ty) = max{l € Z : jl < 27ty}.

PROOF OF LEMMA 3.20: The assumption a g, (to,wo) > H and Proposition 3.17 imply that
there exist g > 0 and ¢y > 0 such that one has for all t € R,

]BH(t,wo) — BH(to,W(])’ < Co‘t — t0|H+£O. (3.19)

Next by using the fact that 27(+H) [ W_ (27t — k) dt = 0 and (3.19), it follows that
lejul = 2j(1+H)’ /R (BH(taWO) - BH(to,wo)>\If_H(2jt — k) dt
< () /R |Br (t,wo) — B (to, wo)|[¥_ g (27t — k)| dt
< Y+ /]R It — to| 0| W_ (27t — k)| dt

< C()QjH/ 12775 — (tg — 277k) |50 |W_p(s)| ds (setting s = 27t — k)
R

)Ho—i-so

< 270 (1 +|20t0 — k| , (3.20)

where ¢; > 0 is a constant which does not depend on j and k. Let us now assume that k is
of the form
k= ]lj (to) +m
where m € {0,...,j — 1}. Observe that it then follows from the definition /;(ty) that
0 < 2t — jl;(to) < J.

One has therefore

Ho+
)5 < (2o, (3:21)

(14 127t - jl;(to) — ml
Finally, (3.20) and (3.21) imply that for all j > 1,
l . e /e ;
v (wo) = max{le iy o) em(@0)] £ 0 < m <~ 1) < er2790(25) .
L (to)

Thus we obtain that limsup;_, v/ (wo) = 0. O
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Lemma 3.21 There is 25 an event of probability 1 included in 27 such that for all p € Z

and all w € Q5 one has

lim inf min{v}(w) : (p—1)27 < jI < (p+1)27} > 1/2.

Jj—+oo

PROOF OF LEMMA 3.21: Let p € Z be fixed. by using (3.18) and the fact that {; ji4m :
0 <m < j—1} is a sequence of N'(0,1) independent random variables, one obtains that for

every j > 1,
P(min{yé(w) C(p-1)2 << (p+1)2) < 1/2)

< > P el <1/2})
(p—1)29 <jI<(p+1)27
(p+1)2  (p—1)2 L (Y2 gy NI
< , - : +1 ved
B ( J J ) <\/27r ~1/2 ‘ :r:)

Therefore, one has that
+w . .
ZP(min{Vé(w) t(p—1D2 <jl<(p+1)2} < 1/2) < 0.
j=1

Finally by using Borel-Cantelli Lemma we can finish our proof g

PROOF OF THEOREM 3.9: The fact that for all w € Q3 and t € R one has ap, (t,w) < H is

a straightforward consequence of Lemmas 3.20 and 3.21. g
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